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Persistent homology and Floer-Novikov theory

MICHAEL USHER
JUN ZHANG

We construct “barcodes” for the chain complexes over Novikov rings that arise
in Novikov’s Morse theory for closed one-forms and in Floer theory on not-
necessarily-monotone symplectic manifolds. In the case of classical Morse theory
these coincide with the barcodes familiar from persistent homology. Our barcodes
completely characterize the filtered chain homotopy type of the chain complex; in
particular they subsume in a natural way previous filtered Floer-theoretic invari-
ants such as boundary depth and torsion exponents, and also reflect information
about spectral invariants. We moreover prove a continuity result which is a natural
analogue both of the classical bottleneck stability theorem in persistent homol-
ogy and of standard continuity results for spectral invariants, and we use this to
prove a C°-robustness result for the fixed points of Hamiltonian diffeomorphisms.
Our approach, which is rather different from the standard methods of persistent
homology, is based on a non-Archimedean singular value decomposition for the
boundary operator of the chain complex.

53D40; 55U15

1 Introduction

Persistent homology is a well-established tool in the rapidly-developing field of topo-
logical data analysis. On an algebraic level, the subject studies “persistence modules,”
i.e., structures V consisting of a module V; associated to each ¢+ € R with homo-
morphisms oy : Vg — V; whenever s < ¢ satisfying the functoriality properties that
oss = ly,, the identity map on module Vi, and oy, = oy, 0 0y (more generally R
could be replaced by an arbitrary partially ordered set, but this generalization will not
be relevant to this paper). Persistence modules arise naturally in topology when one
considers a continuous function f: X — R on a topological space X; for a field IC
one can then let V, = H.({f < t};K) be the homology of the ¢-sublevel set, with
the oy being the inclusion-induced maps. For example if X = R" and the function
f: R" — R is given by the minimal distance to a finite collection of points sampled
from some subset S C R”, then V, is the homology of the union of balls of radius ¢
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around the points of the sample; the structure of the associated persistence module has
been used effectively to make inferences about the topological structure of the set S in
some real-world situations, see e.g. [Ca09].

Under finiteness hypotheses on the modules V; (for instance finite-type as in [ZCO05]
or more generally pointwise-finite-dimensionality as in [Cr12]), provided that the
coefficient ring for the modules V; is a field XC, it can be shown that the persistence
module V is isomorphic in the obvious sense to a direct sum of “interval modules” Ky,
where I C R is an interval and by definition (/C;); = K for ¢ € I and {0} otherwise
and the morphisms oy, are the identity on /C when s, € I and O otherwise. The
barcode of V is then defined to be the multiset of intervals appearing in this direct sum
decomposition. When V is obtained as the filtered homology of a finite-dimensional
chain complex, [ZCO05] gives a worst-case-cubic-time algorithm that computes the
barcode given the boundary operator on the chain complex.

If f: X — R is a Morse function on a compact smooth manifold, a standard construc-
tion (see e.g. [Sc93]) yields a “Morse chain complex” (CM.(f), ). The degree-k part
CMy(f) of the complex is formally spanned (say over the field KC) by the critical points
of f having index k. The boundary operator 0: CM;4(f) — CM(f) counts (with
appropriate signs) negative gradient flowlines of f which are asymptotic as t — —o0
to an index-(k + 1) critical point and as ¢ — oo to an index k critical point. For
any ¢t € R, if we consider the subspace CM'(f) < CM.,(f) spanned only by those
critical points p of f with f(p) < ¢, then the fact that f decreases along its negative
gradient flowlines readily implies that CM(f) is a subcomplex of CM.,(f). So taking
homology gives filtered Morse homology groups HM'(f), with inclusion induced maps
HM:(f) — HML(f) when s < t that satisfy the usual functoriality properties. Thus
the filtered Morse homology groups associated to a Morse function yield a persistence
module; given a formula for the Morse boundary operator one could then apply the al-
gorithm from [ZC05] to compute its barcode. In fact, standard results of Morse theory
show that this persistence module is (up to isomorphism) simply the persistence module
comprising the sublevel homologies H.({f < t}; K) with the inclusion-induced maps.

There are a variety of situations in which one can do some form of Morse theory for
a suitable function A: C — R on an appropriate infinite-dimensional manifold C.
Indeed Morse himself [M34] applied his theory to the energy functional on the loop
space of a Riemannian manifold in order to study its geodesics. Floer discovered some
rather different manifestations of infinite-dimensional Morse theory [FI88a], [F188b],
[F189] involving functions .A which, unlike the energy functional, are unbounded above
and below and have critical points of infinite index. In these cases, one still obtains
a Floer chain complex analogous to the Morse complex of the previous paragraph
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and can still speak of the filtered homologies HF' with their inclusion-induced maps
HF* — HF'; however it is no longer true that these filtered homology groups relate
directly to classical topological invariants—rather they are new objects. Thus Floer’s
construction gives (taking filtrations into account as above) a persistence module. If
the persistence module satisfies appropriate finiteness conditions one then obtains a
barcode by the procedure indicated earlier; however as we will explain below the
finiteness conditions only hold in rather restricted circumstances. While the filtered
Floer groups have been studied since the early 1990’s and have been a significant tool
in symplectic topology since that time (see e.g. [FIH94], [Sc00], [EP03], [OhO5],
[U13], [HLS15]), it is only very recently that they have been considered from a
persistent-homological point of view. Namely, the authors of [PS14] apply ideas
from persistent homology to prove interesting results about autonomous Hamiltonian
diffeomorphisms of symplectic manifolds, subject to a topological restriction that is
necessary to guarantee the finiteness property that leads to a barcode. This paper
will generalize the notion of a barcode to more general Floer-theoretic situations. In
particular this opens up the possibility of extending the results from [PS14] to manifolds
other than those considered therein; this is the subject of work in progress by the second
author.

The difficulty with applying the theory of barcodes to general Floer complexes lies in
the fact that, typically, Floer theory is more properly viewed as an infinite dimensional
version of Novikov’s Morse theory for closed one-forms ([N81], [Fa04]) rather than
of classical Morse theory. Here one considers a closed 1-form « on some manifold
M which vanishes transversely with finitely many zeros, and takes a regular covering
71 M — M on which we have 7*« = df for some function f: M — R. Then f will
be a Morse function whose critical locus consists of the preimage of the (finite) zero
locus of « under ; in particular if the de Rham cohomology class of « is nontrivial
then 7m: M — M will necessarily have infinite fibers and so f will have infinitely many
critical points.

One then attempts to construct a Morse-type complex CN,.(f) by setting CNi(f) equal
to the span over K of the index-k critical points' of f, with boundary operator
0: CNi+1(f) — CNi(f) given by setting, for an index-(k + 1) critical point p of
7.

p= > npagq

indf (9)=k

Tecs

index” means Morse index in the finite-dimensional case (see, e.g. [Sc93]), and typically
some version of the Maslov index in the Floer-theoretic case (see, e.g. [RS93]).
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where n(p, g) is a count of negative gradient flowlines for f (with respect to suitably
generic Riemannian metric pulled back to M from M) asymptotic to p in negative time
and to ¢ in positive time. However the above attempt does not quite work because the
sum on the right-hand side may have infinitely many nonzero terms; thus it is necessary
to enlarge CN;(f) to accommodate certain formal infinite sums. The correct definition
is, denoting by Crit(f) the set of critical points of f with index k:

D) CNeH =< D app |ap € K, (VC € R)#{pla, # 0, f(p) > C} < o0)
PECrit(f)

Then under suitable hypotheses it can be shown that the definition of 0 above gives
a well-defined map 0: CN;_{(f) — CNi(f) such that 9> = 0. This construction can
be carried out in many contexts, including the classical Novikov complex where M
is compact and various Floer theories where M is infinite-dimensional. In the latter
case, the zeros of « are typically some objects of interest, such as closed orbits of a
Hamiltonian flow, on some other finite-dimensional manifold. In these cases, just as in
Morse theory, 0 preserves the R-filtration given by, for ¢ € R, letting CN,’((]NC) consist
of only those formal sums Zp app where each f(p) < ¢. In this way we 0~btain ﬁltere~d
Novikov homology groups HN'(f) with inclusion-induced maps HN*(f) — HN'(f)
satisfying the axioms of a persistence module over K.

However when the cover M — M is nontrivial, this persistence module over X does
not satisfy the hypotheses of many of the major theorems of persistent homology—the
maps HN*(f) — HN'(f) generally have infinite rank over K (due to a certain “lifting"
scenario which is described later in this paragraph) and so the persistence module is
not “g-tame” in the sense of [CASGO12]. As is well-known, to get a finite-dimensional
object out of the Novikov complex one should work not over X but over a suitable
Novikov ring. From now on we will assume that the cover 7: M — M is minimal
subject to the property that 7*« is exact—in other words the covering group coincides
with the kernel of the homomorphism [, : 7;(M) — R induced by integrating o over
loops; this will lead to our Novikov ring being a field. Given this assumption, let
I' < R be the image of I,. Then by, for any g € I', lifting loops in M with integral
equal to —g to paths in 47, we obtain an action of I" on the critical locus of f such that
Ff(») — f(gp) = g. In some Floer-theoretic situations this action can shift the index by
s(g) for some homomorphism s: I' — Z. For instance, in Hamiltonian Floer theory s
is given by evaluating twice the first Chern class of the symplectic manifold on spheres,
whereas in the classical case of the Novikov chain complex of a closed one-form on
a finite-dimensional manifold, s is zero. Now let I' = kers, so that I" acts on the
index-k critical points of f, and this action then gives rise to an action of the following
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Novikov field on CNi(f):

AT = Z agT*®
ger

ag € K,(VC € R)(#{gla, # 0, g < C} < 00)

It follows from the description that CNk(f) is a vector space over ART of (finite!)
dimension equal to the number of zeros of our original o € Q' (M) which admit a lift
to M which is an index-k critical point for f—indeed if the set {p1,...,pm} C M
consists of exactly one such lift of each of these zeros of « then {pi,...,pm,} is a
AT basis for CNi(f).

Now since the action by an element g of I' shifts the value of f by —g, the filtered
groups CN,’(()?) are not preserved by multiplication by scalars in AT, and so the
aforementioned persistence module {HF'(f)} over K can not be viewed as a persistence
module over AT, unless of course I' = {0}, in which case A*T = . Our strategy
in this paper is to understand filtered Novikov and Floer complexes not through their
induced persistence modules on homology (cf. Remark 1.1 below) but rather through
the non-Archimedean geometry that the filtration induces on the chain complexes. This
will lead to an alternative theory of barcodes which recovers the standard theory in the
case that I' = {0} (cf. [ZCO05], [CdSGO12] and, for a different perspective, [B94]) but
which also makes sense for arbitrary I', while continuing to enjoy various desirable
properties.

We should mention that, in the case of Morse-Novikov theory for a function f: X — S',
a different approach to persistent homology is taken in [BD13], [BH13]. These works
are based around the notion of the (zigzag) persistent homology of level sets of the
function; this is a rather different viewpoint from ours, as in order to obtain insight
into Floer theory we only use the algebraic features of the Floer chain complex—in a
typical Floer theory there is nothing that plays the role of the homology of a level set.
Rather we construct what could be called an algebraic simulation of the more classical
sublevel set persistence, even though (as noted in [BD13]) from a geometric point of
view it does not make sense to speak of the sublevel sets of an S'-valued function.
Also our theory, unlike that of [BD13], [BH13], applies to the Novikov complexes of
closed one-forms that have dense period groups. Notwithstanding these differences
there are some indications (see in particular the remark after [BH13, Theorem 1.4]) that
the constructions may be related on their common domains of applicability; it would
be interesting to understand this further.
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1.1 Outline of the paper and summary of main results

With the exception of an application to Hamiltonian Floer theory in Section 12, the
entirety of this paper is written in a general algebraic context involving chain complexes
of certain kinds of non-Archimedean normed vector spaces over Novikov fields A =
AT (In particular, no knowledge of Floer theory is required to read the large majority
of the paper, though it may be helpful as motivation.) The definitions necessary for our
theory are somewhat involved and so will not be included in detail in this introduction,
but they make use of the standard notion of orthogonality in non- Archimedean normed
vector spaces, a subject which is reviewed Section 2. Our first key result is Theorem
3.4, which shows that any linear map A: C — D between two finite-dimensional
non-Archimedean normed vector spaces C and D over A having orthogonal bases
admits a singular value decomposition: there are orthogonal bases B¢ for C and Bp
for D such that A maps each member of B¢ either to zero or to one of the elements of
Bp. In the case that C and D admit orthonormal bases and not just orthogonal ones
this was known (see [KelO, Section 4.3]); however Floer complexes typically admit
orthogonal but not orthonormal bases (unless one extends coefficients, which leads to
a loss of information), and in this case Theorem 3.4 appears to be new.

In Definition 4.1 we introduce the notion of a “Floer-type complex” (Cy, 0, {) over
a Novikov field A; this is a chain complex of A-vector spaces (C,,d) with a non-
Archimedean norm e’ on each graded piece Cj that induces a filtration which is
respected by 0. We later construct our versions of the barcode by consideration of
singular value decompositions of the various graded pieces of the boundary operator.
Singular value decompositions are rather non-unique, but we prove a variety of results
reflecting that data about filtrations of the elements involved in a singular value decom-
position is often independent of choices and so gives rise to invariants of the Floer-type
complex (Cy, 0, ¢). The first instance of this appears in Theorem 4.11, which relates
the boundary depth of [U11],[U13], as well as generalizations thereof, to singular value
decompositions. Theorem 4.13 shows that these generalized boundary depths are equal
to (an algebraic abstraction of) the torsion exponents from [FOOOQ9]. Since the def-
inition of the torsion exponents in [FOOOQ09] requires first extending coefficients to
the universal Novikov field (with I' = R), whereas our definition in terms of singular
value decompositions does not require such an extension, this implies new restrictions
on the values that the torsion exponents can take: in particular they all must be equal
to differences between filtration levels of chains in the original Floer complex.
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1.1.1 Barcodes

Our fundamental invariants of a Floer-type complex, the “verbose barcode” and the
“concise barcode,” are defined in Definition 6.3. The verbose barcode in any given
degree is a finite multiset of elements ([a], L) of the Cartesian product (R/T") x [0, co],
where I' < R is the subgroup described above and involved in the definition of the
Novikov field A = AXT . The concise barcode is simply the sub-multiset of the verbose
barcode consisting of elements ([a],L) with L > 0. Both barcodes are constructed
in an explicit way from singular value decompositions of the graded pieces of the
boundary operator on a Floer-type complex.

To be a bit more specific, as is made explicit in Proposition 7.4, a singular value
decomposition can be thought of as expressing the Floer-type complex as an orthogonal
direct sum of very simple complexes> having the form

2

<o = 0 — spanp{y} — spanp{0y} -0 —--- or -+ —0— spanp{x} - 0— ---

and the verbose barcode consists of the elements ([£(dy)], £(y) — £(Jy)) for summands
of the first type and ([/(x)], o) for summands of the second type. The concise barcode
discards those elements coming from summands with £(0y) = £(y) (as these do not
affect any of the filtered homology groups).

To put these barcodes into context, suppose that I' = {0} and that our Floer-type
complex (Cy,0,£) is given by the Morse complex CM,(f) of a Morse function f
on a compact manifold X (with ¢ recording the highest critical value attained by a
given chain in the Morse chain complex). Then standard persistent homology methods
associate to f a barcode, which is a collection of intervals [a,b) with a < b < o0,
given the interpretation that each interval [a,b) in the collection corresponds to a
topological feature of X which is “born” at the level {f = a} and “dies” at the level
{f = b} (or never dies if b = c0). Theorem 6.2 proves that, when I = {0} (so
that R/T" = R), our concise barcode is equivalent to the classical persistent homology
barcode under the correspondence that sends a pair (a, L) in the concise barcode to
an interval [a,a + L). (Thus the second coordinates L in our elements of the concise
barcode correspond to the lengths of bars in the persistent homology barcode.) To relate
this back to the persistence module {HM,(f)}cr = {H.({f < t};K)},cr discussed
earlier in the introduction, each HM;(f) has dimension equal to the number of elements

The “Morse-Barannikov complex” described in [B94], [LNV 13, Section 2] can be seen as
a special case of this direct sum decomposition when I' = {0} and the Floer-type complex is
the Morse complex of a Morse function whose critical values are all distinct; see Remark 5.6
for details.
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(a, L) in the degree-k concise barcode such that a < ¢t < a + L, and the rank of the
inclusion-induced map HM;(f) — HM,(f) is equal to the number of such elements
witha<s<t<a-+L.

When T is a nontrivial subgroup of R, a Floer-type complex over A is more akin
to the Morse-Novikov complex of a multivalued function f, where the ambiguity of
the values of f is given by the group T' (for instance, identifying S' = R/Z, for
an S!'-valued function we would have I' = Z). While this situation lies outside the
scope of classical persistent homology barcodes for reasons indicated earlier in the
introduction, on a naive level it should be clear that if a topological feature of X is born
where f = a and dies where f = b (corresponding to a bar [a, b) in a hypothetical
barcode), then it should equally be true that, for any g € I', a topological feature
of X is born where f = a + g and dies where f = b + g. So bars would come in
I"-parametrized families with I" acting on both endpoints of the interval; such families
in turn can be specified by the coset [a] of the left endpoint a in R/I" together with the
length L = b — a € [0, 0c0]. This motivates our definition of the verbose and concise
barcodes as multisets of elements of (R/T") x [0, co]. In terms of the summands in (2),
the need to quotient by I' simply comes from the fact that the elements y and x are
only specified up to the scalar multiplication action of A \ {0}, which can affect their
filtration levels by an arbitrary element of I". The following classification results are
two of the main theorems of this paper.

Theorem A Two Floer-type complexes (Cy,d¢c,{c) and (Dy,Op,fp) are filtered
chain isomorphic to each other if and only if they have identical verbose barcodes in
all degrees.

Theorem B Two Floer-type complexes (Cy, Oc, £¢) and (D, Op, £p) are filtered chain
homotopy equivalent to each other if and only if they have identical concise barcodes
in all degrees.

Theorem A includes the statement that the verbose (and hence also the concise) barcode
is independent of the singular value decomposition used to define it; indeed this
statement is probably the hardest part of Theorems A and B to prove. We prove these
theorems in Section 7.

As should already be clear from the above discussion, the only distinction between the
verbose and concise barcodes of a Floer-type complex (Cy, 0, £) arises from elements
y € C, with ¢(0y) = £(y). While our definition of a Floer-type complex only imposes
the inequality ¢(dy) < #(y), in many of the most important examples, including the
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Morse complex of a Morse function or the Hamiltonian Floer complex of a nonde-
generate Hamiltonian, one in fact always has a strict inequality £(dy) < £(y) for all
y € Cyx \ {0}. For complexes satisfying this latter property the verbose and concise
barcodes are equal, and so Theorems A and B show that the filtered chain isomorphism
classification of such complexes is exactly the same as their filtered chain homotopy
equivalence classification. (This fact can also be proven in a more direct way, see for
instance the argument at the end of [U11, Proof of Lemma 3.8].)

In Remark 4.3 below we mention some examples of naturally-occurring Floer-type
complexes in which an equality £(0y) = £(y) can sometimes hold. In these complexes
the verbose and concise barcodes are generally different, and thus the filtered chain
homotopy equivalence classification is coarser than the filtered chain isomorphism
classification. For many purposes the filtered chain isomorphism classification is
likely too fine, in that it may depend on auxiliary choices made in the construction
of the complex (for instance, in the Morse-Bott complex as constructed in [Fr04], it
would depend on the choices of Morse functions on the critical submanifolds of the
Morse-Bott function under consideration). The filtered chain homotopy type (and
thus, by Theorem B, the concise barcode) is generally insensitive to such choices, and
moreover is robust in a sense made precise in Theorem 1.4 below.

When I' = {0}, Theorem B may be seen as an analogue of standard results from
persistent homology theory (like [ZCO05, Corollary 3.1]) which imply that the degree-k
barcode of a Floer-type complex completely classifies the persistence module obtained
from its filtered homologies H}(C). Of course, the filtered chain homotopy type of
a filtered chain complex is sufficient to determine its filtered homologies. Conversely,
still assuming that I' = {0}, by using the description of finite-type persistence modules
as IC[#]-modules in [ZC05], and taking advantage of the fact that (because /C[¢] is a PID)
chain complexes of free [¢]-modules are classified up to chain homotopy equivalence
by their homology, one can show that the filtered chain homotopy type of a Floer-type
complex is determined by its filtered homology persistence module. Thus although the
persistent homology literature generally focuses on homological invariants rather than
classification of the underlying chain complexes up to filtered isomorphism or filtered
homotopy equivalence, when I' = {0} Theorem B can be deduced from [ZC05]
together with a little homological algebra and Theorem 6.2.

For any choice of the group I, the concise barcode contains information about various
numerical invariants of Floer-type complexes that have previously been used in filtered
Floer theory. In particular, by Theorems 4.11 and 4.13 and the definition of the concise
barcode, the torsion exponents from [FOOO09] are precisely the second coordinates L
of elements ([a], L) of the concise barcode having L < oo, written in decreasing order;
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the boundary depth of [U11] is just the largest of these. Meanwhile in Section 6.1 we
show that the concise barcode also carries information about the spectral invariants as
in [Sc00], [OhO5]. In particular a number « arises as the spectral invariant of some class
in the homology of the complex if and only if there is an element of form ([a], o0) in
the concise barcode. By contrast, the numbers a appearing in elements ([a], L) of the
concise barcode with L < oo do not seem to have standard analogues in Floer theory,
and so could be considered as new invariants. Whereas the spectral invariants and
boundary depth have the notable feature of varying in Lipschitz fashion with respect to
the Hofer norm on the space of Hamiltonians, these numbers a have somewhat more
limited robustness properties, which can be understood in terms of our stability results
such as Corollary 1.5 below.

In Section 6.2 we show how the verbose (and hence also the concise) barcodes of a
Floer-type complex in various degrees are related to those of its dual complex, and to
those of the complex obtained by extending the coefficient field by enlarging the group
I". The relationships are rather simple; in the case of the dual complex they can be
seen as extending results from [U10] on the Floer theory side and from [dSMVIJ] on
the persistent homology side.

Remark 1.1 Our approach differs from the conventional approach in the persistent
homology literature in that we work almost entirely at the chain level; for the most part
our theorems do not directly discuss the homology persistence modules {H(C.)}cRr.-
The primary reason for this is that, when I # {0}, such homology persistence modules
are unlikely to fit into any reasonable classification scheme. The basic premise of the
original introduction of barcodes in [ZC05] is that a finite-type persistence module over
a field IC can be understood in terms of the classification of finitely-generated K[x]-
modules; however, when I" # {0} our persistence modules are infinitely-generated
over K, leading to infinitely-generated X[x]-modules and suggesting that one should
work with a larger coefficient ring than K. Since the action of the Novikov field does
not preserve the filtration on the chain complex, the H}(C,) are not modules over the
full Novikov field A. They are however modules over the subring A>o consisting of
elements p a,T® with all g > 0, and if I' is nontrivial and discrete (in which case
A> is isomorphic to a formal power series ring K[[¢]]) then each H,’((C*) is a finitely
generated A>(-module. But then the approach from [ZC05] leads to the consideration
of finitely generated /C[[#]][x]-modules, which again do not admit a simple description
in terms of barcode-type data since XC[[z]][x] is not a PID.

Our chain-level approach exploits the fact that the chain groups Cy in a Floer-type
complex, unlike the filtered homologies, are finitely generated vector spaces over a field
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(namely A), which makes it more feasible to obtain a straightforward classification. It
does follow from our results that the filtered homology persistence module of a Floer-
type complex can be expressed as a finite direct sum of filtered homology persistence
modules of the building blocks £(a, L, k) depicted in (2). However, since the filtered
homology persistence modules of the £(a, L, k) are themselves somewhat complicated
(as the interested reader may verify by direct computation) it is not clear whether this is
auseful observation. For instance we do not know whether the image on homology of a
filtered chain map between two Floer-type complexes can always likewise be written as
a direct sum of these basic persistence modules; if this is true then it might be possible
to adapt arguments from [BL14] or [CASGO12, Section 3.4] to remove the factor of 2
in Theorem 1.4 below.

1.1.2  Stability

Among the most important theorems in persistent homology theory is the bottleneck
stability theorem, which in its original form [CEHO7] shows that, for the sublevel
persistence modules {H.({f < t}; KC},cr associated to suitably tame functions f: X —
R on a fixed topological space X, the barcode of the persistence module depends in
1-Lipschitz fashion on f, where we use the C°-norm to measure the distance between
functions and the bottleneck distance (recalled below) to measure distances between
barcodes. Since in applications there is inevitably some imprecision in the function f,
some sort of result along these lines is evidently important in order to ensure that the
barcode detects robust information. More recently a number of extensions and new
proofs of the bottleneck stability theorem have appeared, for instance in [CCGGO09],
[CdSGO12], [BL14]; these have recast the theorem as an essentially algebraic result
about persistence modules satisfying a finiteness condition such as g-tameness or
pointwise finite-dimensionality (see [BL14, p. 4] for precise definitions). When recast
in this fashion the stability theorem can be improved to an isometry theorem, stating
that two natural metrics on an appropriate class of persistence modules are equal.

Hamiltonian Floer theory ([FI89],[HS95],[LT98],[FO99],[Pal3]) associates a Floer-
type complex to any suitably non-degenerate Hamiltonian H: S' x M — R on a
compact symplectic manifold (M,w). A well-established and useful principle in
Hamiltonian Floer theory is that many aspects of the filtered Floer complex are ro-
bust under C?-small perturbations of the Hamiltonian; for instance various R-valued
quantities that can be extracted from the Floer complex such as spectral invariants
and boundary depth are Lipschitz with respect to the C°-norm on Hamiltonian func-
tions ([Sc00],[Oh05],[U11]). Naively this is rather surprising since CO—perturbing
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a Hamiltonian can dramatically alter its Hamiltonian flow. Our notion of the con-
cise barcode—which by Theorem B gives a complete invariant of the filtered chain
homotopy type of a Floer-type complex—allows us to obtain a more complete under-
standing of this C°-rigidity property, as an instance of a general algebraic result which
extends the bottleneck stability/isometry theorem to Floer-type complexes for general
subgroups I' < R.

In order to formulate our version of the stability theorem we must explain the notions
of distance that we use between Floer-type complexes on the one hand and concise
barcodes on the other. Beginning with the latter, consider two multisets S and 7 of
elements of (R/I") x [0, 0c]. For 6 > 0, a j-matching between S and 7 consists of
the following data:

(i) submultisets Sgorr and Ty such that the second coordinate L of every element
([a]7L) S Sshort U 7;h0rt ObeyS L< 20.

(ii) A bijection 0: S\ Ssnorr — T \ Tsnore such that, for each ([a],L) € S \ Ssnors
(where a € R, L € [0, 00]) we have o([a],L) = ([d'],L") where for all ¢ > 0
the representative @’ of the coset [a¢'] € R/T can be chosen such that both
la —al| <d+eandeither L=L =occor|(d+L)—(a+ L) <d+e.

Thus, viewing elements ([a], L) as corresponding to intervals [a,a + L) (modulo I'-
translation), a d-matching is a matching which shifts both endpoints of each interval
by at most J, with the proviso that we allow an interval I to be matched with a fictitious
zero-length interval at the center of /.

Definition 1.2 If S and 7 are two multisets of elements of (R/I") x [0, o] then the
bottleneck distance between S and T is

dp(S,T) = inf{d > 0| There exists a d-matching between S and 7 }.

If S = {Si}trez and T = {Ti }rez are two Z-parametrized families of multisets of
elements of (R/I") x [0, oo] then we write

dB(‘S) T) = Sup dB(Sk7 77()
kEZ

It is easy to see that in the special case that I' = {0} the above definition agrees with
the notion of bottleneck distance in [CEHO7]. Note that the value dp can easily be
infinity. For instance this occurs if S = {([a],c0)} and T = {([a], L)} where L < oo.

On the Floer complex side, we make the following definition which is a slight modi-
fication of [U13, Definition 3.7]. As is explained in Appendix A this is very closely
related to the notion of interleaving of persistence modules from [CCGGOO09].

Geometry & Topology XX (20XX)



Persistent homology and Floer-Novikov theory 1013

Definition 1.3 Let (C,, ¢, {c) and (D, dp, {p) be two Floer-type complexes, and
d > 0. A J-quasiequivalence between C, and D, is a quadruple (@, ¥, K|, K>)
where:

o &: C, —» D, and ¥: D, — C, are chain maps, with £p(Pc) < l¢(c) + 6 and
be(Wd) < lp(d)+ 6 forall c € Cy and d € D,.

e Kc: Cy — Cyy1 and Kp: D, — D, obey the homotopy equations ¥ o & —
Ic, = OcKec+ KcO¢c and ®o V¥ — I, = OpKp + KpJp, and for all ¢ € C, and
d € D, we have £c(Kce) < le(c) + 26 and £p(Kpd) < Ip(d) + 26.

The quasiequivalence distance between (Cy, Oc, £¢) and (D, dp, £p) is then defined
to be

do((Ce, D, £e), (D, D, £p)) — in { 5>0 ’ There exists a d-quasiequivalence between }

(C*a 8C7 KC) and (D*a 8D7 ED)
We will prove the following as Theorems 8.17 and 8.18 in Sections 9 and 10:

Theorem 1.4 Given a Floer-type complex (C,, Oc, ¢), denote its concise barcode by
B(Cy, Oc, {c) and the degree-k part of its concise barcode by B¢ . Then the bottleneck
and quasiequivalence distances obey, for any Floer-type complexes (Cy, Oc, {c) and
(Dx, Op, p):
(i) do((Cx,0c,Lc), (D, 0p, tp) < dp(B(Cx, dc, Lc), B(Dx, Op, £p))
< 2dp((Cs, Oc, Lc), (D, Op, £p)).
(ii)) For k € 7Z let Apy > 0 denote the smallest second coordinate L of all of the

elements of Bp k. If do((C«, Oc, Lc), (D, Op, {p)) < Af’k, then

dp(Bc i, Bp i) < do((Cx, Oc, Lc), (D, Op, {p)).

Thus the map from filtered chain homotopy equivalence classes of Floer-type complexes
to concise barcodes is at least bi-Lipschitz, with Lipschitz constant 2. We expect that
it is always an isometry; in fact when I' = {0} this can be inferred from [CdSGO12,
Theorem 4.11] and Theorem 6.2, and as mentioned in Remark 9.15 it is also true in the
opposite extreme case when I is dense.

Our proof that the bottleneck distance dp obeys the upper bounds of Theorem 1.4 is
roughly divided into two parts. First, in Proposition 9.3, we prove the sharp inequality
dp < dp in the special case that the Floer-type complexes (Cs, Oc, £¢) and (D, Op, £p)
have the same underlying chain complex, and differ only in their filtration functions
fc and fp. In the rest of Section 9 we approximately reduce the general case to this
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special case, using a mapping cylinder construction to obtain two different filtration
functions on a single chain complex, one of which has concise barcode equal to that
of (D4, 0p,¥p) (see Proposition 9.12), and the other of which has concise barcode
consisting of the concise barcode of (Cy, {¢, 0¢) together with some “extra” elements
([al,L) € (R/T) x [0, 00] all having L < 2dp((Cx, Oc, £c), (D, Op, £p)) (see Propo-
sition 9.13). These constructions are quickly seen in Section 9.5 to yield the upper
bounds on dp in the two parts of Theorem 1.4; the factor of 2 in part (i) arises from the
“extra” bars in the concise barcode of the Floer-type complex from Proposition 9.13.

Meanwhile, the proof of the other inequality dp < dp in Theorem 1.4(i) is considerably
simpler, and is carried out by a direct construction in Section 10.

As mentioned earlier, it is likely that the factor of 2 in Theorem 1.4(i) is unnecessary,
i.e. that the map from Floer-type complexes to concise barcodes is an isometry with
respect to the quasiequivalence distance dp on Floer-type complexes and the bottleneck
distance dp on concise barcodes. Although we do not prove this, by taking advantage
of Theorem 1.4(ii) we show in Section 11 that, if dg is replaced by a somewhat more
complicated distance dp that we call the interpolating distance, then the map is indeed
an isometry (see Theorem 11.2). The expected isometry between dp and dp is then
equivalent to the statement that dp = dp. Consistently with this, our experience in
concrete situations has been that methods which lead to bounds on one of dp or dgp
often also produce identical bounds on the other.

The final section of the body of the paper applies our general algebraic results to
Hamiltonian Floer theory, the relevant features of which are reviewed at the beginning
of that section.” Combining Theorem 11.2 with standard results from Hamiltonian
Floer theory proves the following, later restated as Corollary 12.2:

Corollary 1.5 If Hy and H; are two non-degenerate Hamiltonians on any compact
symplectic manifold (M,w), then the bottleneck distance between their associated
concise barcodes of (CF.(Hy), Oy, ¢n,) and (CF.(H1), O, ,n,) is less than or equal
to [ ||Hi(t,-) — Ho(t, )| =dt.

To summarize, we have shown how to associate to the Hamiltonian Floer complex
combinatorial data in the form of the concise barcode, which completely classifies
the complex up to filtered chain homotopy equivalence, and which is continuous with
respect to variations in the Hamiltonian in a way made precise in Corollary 1.5. Given

*While we focus on Hamiltonian Floer theory in Section 12, very similar results would apply
to the Hamiltonian-perturbed Lagrangian Floer chain complexes or to the chain complexes
underlying Novikov homology.
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the way in which torsion exponents, the boundary depth, and spectral invariants are
encoded in the concise barcode, this continuity can be seen as a simultaneous extension
of continuity results for those quantities ((FOOOO09, Theorem 6.1.25], [U11, Theorem
1.1(i1)], [Sc00, (12)]).

We then apply Corollary 1.5 to prove our main application, Theorem 12.3, concerning
the robustness of the fixed points of a nondegenerate Hamiltonian diffeomorphism un-
der C”-perturbations of the Hamiltonian: roughly speaking, as long as the perturbation
is small enough (as determined by the concise barcode of the original Hamiltonian),
the perturbed Hamiltonian, if it is still nondegenerate, will have at least as many fixed
points as the original one, with actions that are close to the original actions. Moreover,
depending in a precise way on the concise barcode, fixed points with certain actions
may be identified as enjoying stronger robustness properties (in the sense that a larger
perturbation is required to eliminate them) than general fixed points of the same map.
While C”-robustness of fixed points is a familiar idea in Hamiltonian Floer theory (see,
e.g, [CRO3, Theorem 2.1]), Theorem 12.3 goes farther than previous results both in
its control over the actions of the perturbed fixed points and in the way that it gives
stronger bounds for the robustness of unperturbed fixed points with certain actions (see
Remark 12.4).

Finally, Appendix A identifies the quasiequivalence distance d that features in Theo-
rem 1.4 with a chain level version of the interleaving distance that is commonly used
(e.g. in [CCGGOO9]) in the persistent homology literature.

Acknowledgements

The first author thanks the TDA Study Group in the UGA Statistics Department for
introducing him to persistent homology, and K. Ono for pointing out the likely rela-
tionship between torsion thresholds and boundary depth. Both authors are grateful to
L. Polterovich for encouraging us to study Floer theory from a persistent-homological
point of view, for comments on an initial version of the paper, and for various useful
conversations. Some of these conversations occurred during a visit of the second author
to Tel Aviv University in Fall 2014; he is indebted to its hospitality and also to a guided
reading course overseen by L. Polterovich. In particular, discussions with D. Rosen
during this visit raised the question considered in Appendix A. The authors also thank
an anonymous referee for his/her careful reading and many suggestions. This work
was partially supported by NSF grants DMS-1105700 and DMS-1509213.

Geometry & Topology XX (20XX)



1016 Michael Usher and Jun Zhang
2 Non-Archimedean orthogonality

2.1 Non-Archimedean normed vector spaces

Fixing a ground field K and an additive subgroup I' < R as in the introduction, we
will consider vector spaces over the Novikov field defined as

A=AST = {zgerang‘ az, € K, (VC € R) (#{g]ag#o,g< C} < oo)}

where T is a formal symbol and we use the obvious “power series” addition and
multiplication. This Novikov field adapts the ring used by Novikov in his version
of Morse theory for multivalued functions; see [HS95] both for some of its algebraic
properties and for its use in Hamiltonian Floer homology. Note that when I is the
trivial group, A reduces to the ground field .

First, we need the following classical definition.

Definition 2.1 A valuation v on a field F is a function v : ¥ — RU {00} such that
(V1) v(x) = oo if and only if x = 0;

(V2) Forany x,y € F, v(xy) = v(x)+ v(y);

(V3) Forany x,y € F, v(x +y) > min{r(x), v(y)} with equality when v(x) = v(y).

Moreover, we call a valuation v trivial if v(x) = 0 for x # 0 and v(x) = oo precisely
when x = 0.

For F = A defined as above, we can associate a valuation simply by

v (der ang> = min{g |a, # 0}

where we use the standard convention that the minimum of the empty set is co. It
is easy to see that this v satisfies conditions (V1), (V2) and (V3). Note that the
finiteness condition in the definition of Novikov field ensures that the minimum exists.
If I' = {0}, then the valuation v is trivial.

Definition 2.2 A non-Archimedean normed vector space over A is a pair (C,¥)
where C is a vector space over A endowed with a filtration function ¢ : C — RU{—o0}
satisfying the following axioms:

(F1) 4(x) = —oco ifand only if x = 0;
(F2) Forany A € A and x € C, £(A\x) = £(x) — v()N);
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(F3) Forany x,y € C, {(x +y) < max{l(x),{(y)}.

In terms of Definition 2.2, the standard convention would be that the norm on a non-
Archimedean normed vector space (C,/) is e, not £. The phrasing of the above

definition reflects the fact that we will focus on the function £, not on the norm e*.

We record the following standard fact:

Proposition 2.3 If (C,{) is a non-Archimedean normed vector space over A and the
elements x,y € C satisfy {(x) # {(y), then

3) U(x +y) = max{£(x), £(y)}.

Proof Of course the inequality “<” in (3) is just (F3). For “>" we assume without
loss of generality that £(x) > £(y), so we are to show that /(x + y) > £¢(x). Now (F2)
implies that {(—y) = £(y), so £(x) = ((x +y) + (—y)) < max{l(x + y),¢(y)}. Thus
since we have assumed that £(x) > £(y) we indeed must have /(x) < f(x + y). O

Example 2.4 (Rips complexes). Let X be a collection of points in Euclidean space.
We will define a one-parameter family of “Rips complexes” associated to X as follows.
Let CR.(X) be the simplicial chain complex over K of the complete simplicial complex
on the set X, so that CRi(X) is the tree I -vector space generated by the k-simplices
all of whose vertices lie in X. Define {: CR.(X) — RU {—oc} by setting {(}.aio;)
equal to the largest diameter of any of the simplicies o; with a; # 0 (and to —oo when
> _aioi = 0). Then (CR.(X), ) is a non-Archimedean vector space over A0} — K.
For any ¢ > 0 we define the Rips complex with parameter ¢, CR.(X;¢), to be the
subcomplex of C, with degree-k part given by

CRi(X: €) = {c € CRu«(X) | £(x) < €}.

Thus CR.(X;¢) is spanned by those simplices with diameter at most €. The standard
simplicial boundary operator maps CRy(X; €) to CRy_1(X; €), yielding Rips homology
groups HRy(X;€), and the dependence of these homology groups on ¢ is a standard
object of study in applied persistent homology, as in [ZC05].

Example 2.5 (Morse complex). Suppose we have a closed manifold X and f is a
Morse function on X. We may then consider its Morse chain complex CM,(X;f) over
the field K = AXAO} as in [Sc93]. Let C = @, CM(X;f). For any element x € C,
by the definition of the Morse chain complex, x = Zi a;p; where each p; is a critical
point and a; € KC. Then define { : C — R U {—o0} by

0 (X aipi) = max{f(p)) | a; # 0} ,
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with the usual convention that the maximum of the empty set is —oo. It is easy
to see that ¢ satisfies (F1), (F2) and (F3) above. Therefore, (B, CM(X;f), () is a
non-Archimedean normed vector space over K = A0}

Example 2.6 Given a closed one-form « on a closed manifold M, let m: M — M
denote the regular covering space of M that is minimal subject to the property that
m*a is exact, and choose f: M — R such that df = 7*«. The graded parts CNi(f) of
the Novikov complex (see (1)) can likewise be seen as non-Archimedean vector spaces
over A = AT where the group T' < R consists of all possible integrals of o around
loops in M. Namely, just as in the previous two examples we put

14 (Z a,,p) = max{f(p) | a, # 0}.
We leave verification of axioms (F1), (F2), and (F3) to the reader.

2.2 Orthogonality

We use the standard notions of orthogonality in non-Archimedean normed vector spaces
(cf. [MS65]).

Definition 2.7 Let (C, £) be a non-Archimedean normed vector space over a Novikov
field A.

e Two subspaces V and W of C are said to be orthogonal if for all v € V and
w € W, we have
v+ w) = max{{(v), {(w)}.

e A finite ordered collection (wy, . . ., w,) of elements of C is said to be orthogonal
if, for all A\;,..., \, € A, we have

%) ¢ (; )\iw,) = max Ow;).

In particular a pair (v, w) of elements of C is orthogonal if and only if the spans (v)a
and (w), are orthogonal as subspaces of C. Of course, by (F2), the criterion (4) can
equivalently be written as

) ¢ (Z Aiw,) = max ({0w) = V).

i=1
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Example 2.8 Here is a simple example illustrating the notion of orthogonality. Let
I' = {0} sothat A = K has the trivial valuation defined in Definition 2.1. Let C be a
two-dimensional KC-vector space, spanned by elements x,y. We may define a filtration
function ¢ on C by declaring (x,y) to be an orthogonal basis with, say, {(x) = 1 and
£(y) = 0; then in accordance with (5) and the definition of the trivial valuation v we
will have

1 A#0
x+ny)=1< 0 A=0,n#0 .
—o0 A=7n=0

The ordered basis (x + y,y) will likewise be orthogonal: indeed for A\, € K we have

1 A#0
LA+ +) =L+ A+n)y)=< 0 A=0,A+n#0
-0 A=n=0

which is indeed equal to the maximum of ¢(A(x + y)) and ¢(ny) (the former being 1 if
A # 0 and —oo otherwise, and the latter being 0 if nn # 0 and —oo otherwise).

On the other hand the pair (x,x + y) is not orthogonal: letting A = —1 and n =1 we
see that {(\x + n(x +y)) = £(y) = 0 whereas max{/(\x), {(n(x + y)} = 1.

Here are some simple but useful observations that follow directly from Definition 2.7.

Lemma 2.9 If (C,¥) is an non-Archimedean normed vector space over A, then:

(i) If two subspaces U and V are orthogonal, then U intersects V trivially.

(ii) For subspaces U,V ,W, if U and V are orthogonal, and U & V and W are
orthogonal, then U and V & W are orthogonal.

(iii) If U and V are orthogonal subspaces of C, and if (uy, ..., u,) is an orthogonal
ordered collection of elements of U while (v, ..., v) is an orthogonal ordered
collection of elements of V, then (uy, . .., uy,vy,...,vs) is orthogonalin U BV .

Proof For (i), if w € U NV, then noting that (F2) implies that {(—w) = £(w), we see
that, since w € U and —w € V where U and V are orthogonal,

—o00 = £(0) = £(w + (—w)) = max{£(w), L)} = £(w)

and so w = 0 by (F1). So indeed U intersects V trivially.
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For (ii), first note that if U & V and W are orthogonal, then in particular, V and W are
orthogonal. For any elements u € U,v € V and w € W, we have

lu+ v+ w) =L0u+v)+w) =max{l(u+v),{w)}
= max{l(u), {(v), {(w)} = max{l(u), {(v + w)}.

The second equality comes from orthogonality between U @& V and W; the third
equality comes from orthogonality between U and V; and the last equality comes from
orthogonality between V and W.

Part (iii) is an immediate consequence of the definitions. O

Definition 2.10 An orthogonalizable A-space (C,/) is a finite-dimensional non-
Archimedean normed vector space over A such that there exists an orthogonal basis
for C.

Example 2.11 (A, —v) is an orthogonalizable A -space.

Example 2.12 (A", —7) is an orthogonalizable A-space, where U is defined as
U(A1, ...y Ap) = minj<;<,v()\;). Moreover, fixing some vector f=(t,....t,) € R", the
shifted version (A", —1%) is also an orthogonalizable A -space, where i’; is defined as

VAL, ooy Ag) = ming<i<,(V(N) — 1).

Specifically, an orthogonal ordered basis is given by the standard basis (ey, . . ., e,) for
A": indeed, we have —Ui{e;) = t;, and

—i (Z Aie,) = max (; — v(\)) = max (—i{e;) — v(\)).
1<i<n 1<i<n

i=1

In Example 2.6 above, if we let {p;}!" | C M consist of one point in every fiber of the
covering space M — M that contains an index-k critical point, then it is easy to see
that we have a vector space isomorphism CNy(f) = A", with the filtration function ¢
on CNk(f) mapping to the shifted filtration function —i’; where t; = f D).

Remark 2.13 In fact, using (F2) and the definition of orthogonality, it is easy to see
that any orthogonalizable A-space (C, ¢) is isomorphic in the obvious sense to some
(A", —1%): if (vq,...,v,) is an ordered orthogonal basis for (C,¢) then mapping v;
to the ith standard basis vector for A" gives an isomorphism of vector spaces which
sends ¢ to —i/; where t; = £(v;).
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2.3 Non-Archimedean Gram-Schmidt process

In classical linear algebra, the Gram-Schmidt process is applied to modify a set of
linearly independent elements into an orthogonal set. A similar procedure can be
developed in the non-Archimedean context. The key part of this process comes from
the following theorem, which we state using our notations in this paper (see Remark
2.13).

Theorem 2.14 ([U08], Theorem 2.5). Suppose (C, ) is an orthogonalizable A -space
and W < C is a A-subspace. Then for any x € C\W there exists some wy € W such
that

6) lx —wp) = inf{l(x —w) |w e W}.

Thus wq achieves the minimal distance to x among all elements of W. Note that (in
contrast to the situation with more familiar notions of distance such as the Euclidean
distance on R") the element wy is generally not unique. However, similarly to the case
of the Euclidean distance, solutions to this distance-minimization problem are closely
related to orthogonality, as the following lemma shows.

Lemma 2.15 Let (C,{) be a non-Archimedean normed vector space over A, and let
W < C be a A-subspace and x € C\W. Then W and (x), are orthogonal if and only
if 0(x) = inf{l(x —w)|w € W}.

Proof Suppose W and (x), are orthogonal. Then for any w € W, by orthogonality,
0(x — w) = max{l(x), {(w)} > U(x).

Therefore, taking an infimum, we get inf{/(x — w)|w € W} > {(x). Moreover,
by taking w = 0, we have inf{/(x — w)|w € W} < {(x — 0) = {(x). Therefore,
U(x) = inf{l(x —w) |w € W}.

Conversely, suppose that ¢(x) = inf{{(x — w)|w € W} and let y = w + ux be a
general element of W @ (x). We must show that ¢(y) = max{l(w), {(ux)}; in fact,
the inequality “<” automatically follows from (F3), so we just need to show that
U(y) > max{l(w), {(ux)}. If = O this is obvious since then y = w, so assume from
now on that 4 # 0. Then

0y) = £ (u(™"w+x)) = ™" w 4+ 0) = () > 60 — v(p) = ()

where the inequality uses the assumed optimality property of x. If £(ux) > ¢(w) this
proves that £(y) > max{¢(w), {(ux)}. On the other hand if ¢(ux) < ¢(w) then the fact
that £(y) > max{¢(w), ¢(ux)} simply follows by Proposition 2.3. |
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Theorem 2.16 (non-Archimedean Gram-Schmidt process). Let (C,¢) be an orthog-
onalizable A-space and let {xy,...,x,} be a basis for a subspace V < C. Then there
exists an orthogonal ordered basis (x}, ..., x,.) for V whose members have the form

x'l = X1,

/ .
Xy = X2 — Ao1X1;

/
X, =Xr — N1 X1 — Apre2Xr—2 — .. — Ap1X1,

where \, g’s are constants in A. Moreover if the first i elements of the initial basis
are such that (xy, ..., x;) are orthogonal, then we can take xj’- =xjforj=1,...,i.

Proof We proceed by induction on the dimension r of V. If V is one-dimensional
then we simply take x| = x;. Assuming the result to be proven for all k-dimensional
subspaces, let (xi,...,x¢+1) be an ordered basis for V, with (xy,...,x;) orthogonal
forsome i € {1,...,k+ 1}. If i = k+ 1 then we can setxj/» = x; for all j and we are
done. Otherwise apply the inductive hypothesis to the span W of {xi, ..., x;} to obtain
an orthogonal ordered basis (x},...,x;) for W, with xj’. = x; forall j € {1,...,i}.
Now apply Theorem 2.14 to W and the element x;4; to obtain some wyg € W such
that {(x;r1 — wo) = inf{é(ka - W)’W S W} Let x;c—&-l = Xp4y1 — wo. It then
follows from Lemma 2.15 that W and (xj, ;)a are orthogonal, and so by Lemma

2.9 (iii) (x},...,x,X) is an orthogonal ordered basis for V. Moreover since
x}c 11 = Xkl — WO where wy lies in the span of xi,...,x, it is clear that x4 has
the form required in the theorem. This completes the inductive step and hence the
proof. O

Corollary 2.17 If (C,¢) is an orthogonalizable A -space, then for every subspace
W < C, (W, £|w) is also an orthogonalizable A -space.

Proof Apply Theorem 2.16 to an arbitrary basis for W to obtain an orthogonal ordered
basis for W. O

Corollary 2.18 If (C,/) is an orthogonalizable A-space and V < W < C, any
orthogonal ordered basis of V may be extended to an orthogonal basis of W.

Proof By Corollary 2.17, we have an orthogonal ordered basis (vi,...,v;) for V.
Extend it arbitrarily to a basis {vy, ..., Vi, Vit1, ..., v, } for W, and then apply Theorem
2.16 to obtain an orthogonal ordered basis for W whose first i elements are vy, ..., v;.

O
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Corollary 2.19 Suppose that (C, ¢) is an orthogonalizable A -space and U < C. Then
there exists a subspace V such that U ®V = C and U and V are orthogonal. (We call
any such V an orthogonal complement of U ).

Proof By Corollary 2.17, we have an orthogonal ordered basis (uy, ..., u;) for sub-
space U. By Corollary 2.18, extend it to an orthogonal ordered basis for C, say
W1y ooy Uy V1, ey vp) (s dim(C) = k + [). Then V = spanp{vi,...,v;} satisfies the
desired properties. |

Orthogonal complements are generally not unique, as is already illustrated by Example
2.8 in which (x + ay) is an orthogonal complement to (y)x for any a € K.

2.4 Duality

Given a non-Archimedean normed vector space (C,¥), the dual space C* (over A)
becomes a non-Archimedean normed vector space if we associate a filtration function
0¥ : C* — RU{oo} defined by

7(¢) = sup (—L(x) — v(Pp(x))).

0#£xeC
Indeed, for ¢ and v in C* and x € C, we have

—l(x) — v(¢(x) + P(x) < —L(x) — min{v($(x)), v(1h(x))}
= max{—{(x) — v(¢(x)), —{(x) — v(¥(x)} < max{€*($), " (¥)}

and so taking the supremum over x shows that £*(¢+1) < max{¢*(¢), £*(¢))}, and itis
easy to check the other axioms (F1) and (F3) required of £*. The following proposition
demonstrates a relation between bases of the original space and its dual space.

Proposition 2.20 If (C, /) is an orthogonalizable A -space with orthogonal ordered

basis (vi,...,vy), then (C*,£*) is an orthogonalizable A-space with an orthogonal
ordered basis given by the dual basis (v, ...,v;). Moreover, for each i, we have
(7 i) = —lv).

Proof For any x € C, written as Z]'.’:l Aivi, we have have vix = )\; for each i, so if
Ai = 0 then —4(x) — v(v{x) = —o0, while otherwise

—0(x) — v(vix) = — max ({(vj) — v(\)) — v(X\)
1<j<n

< =) — v(N) — v(N) = —LW)).
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Equality holds in the above when x = v;, so £*(v}) = —4(v;).

To prove orthogonality, given any Aq, ..., A, € A, choose iy to maximize the quantity
—Ll(v;)) —v(\) overi € {1,...,n}. Then

(o))
i=1 i=1

= —l(vj)) — V(X)) = max (£*(v}) — v(\)).
1<i<n

The reverse direction immediately follows from the non-Archimedean triangle inequal-
ity (F3) in Definition 2.2. Therefore, we have proven the orthogonality of the dual
basis. d

2.5 Coefficient extension

This is a somewhat technical subsection which is not used for most of the main results—
mainly we are including it in order to relate our barcodes to the torsion exponents from
[FOOO09]—so it could reasonably be omitted on first reading.

Throughout most of this paper we consider a fixed subgroup I' < R, with associated
Novikov field A = AT, and we consider orthogonalizable A-spaces over this fixed
Novikov field A. Suppose now that we consider a larger subgroup IV > T' (still
with IV < R). The inclusion I' < I induces in obvious fashion a field extension
A — AT and so for any A vector space C we obtain a AT -vector space

C, =C XA AK’F/.
If (C, ) is an orthogonalizable A-space with orthogonal ordered basis (wy, ..., w;,)
then {w; ® 1,...,w, ® 1} is a basis for C' and so we can make C’ into an orthogo-

nalizable AT -space (C’, ¢) by putting

n
4 (Z Aow; @ 1) = max (E(wi) — 1/()\2))
i=1

for all \},...,\. € AT in other words we are defining ¢/ by declaring (w; ®
1,...,w,®1) to be an orthogonal ordered basis for (C’, ¢'). The following proposition
might be read as saying that this definition is independent of the choice of orthogonal
basis (wy,...,w,) for (C,¥).
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Proposition 2.21 With the above definition, if (x1, ..., X,) is any orthogonal ordered
basis for (C,¢) then (x; ® 1,...,x, ® 1) is an orthogonal ordered basis for (C', ().

Proof Let (wy,...,w,) denote the orthogonal basis that was used to define ¢'. Let
N € GL,(A) be the basis change matrix from (wy,...,wy,) to (xi,...,x,), i.e., the
matrix characterized by the fact that for j € {1,...,n} we have x; = ) ,N;w;. Then
for N = N A € (AWSTY we have

Q) ! Z Ny @l | =¢ (Zn:(NX’),'W,) ~ max (E(w,-) _ V((NX'),-)) .
j=1

i=1

Now the vector X' € (A1) is a formal sum N = > gerVeTé where v, € K" and
where the set of g with v, # 0 is discrete and bounded below. Let Sy; C I consist of
those g € I'" such that g is the minimal element in its coset g+ I' C I" having v, # 0.
We can then reorganize the above sum as

No= " XT¢

gES;,

where now Xg € A", and where the set S I\ is discrete and bounded below and has the
property that distinct elements of Sy; belong to distinct cosets of I' in I' .

Now since N has its coefficients in A, we will have

NN =Y NAT®
gES;,

where each NXg € A". For each i the various v((N Xg)iTg ) are equal to g + v((N Xg)i)

and so belong to distinct cosets of T in T (in particular, they are distinct from each
other) and so we have for each i

V(W) = min (g-+ (VX))

and similarly 1/(>\J’~) = ming(g+ V((Xg)j)) for each j. Combining this with (8) and using
the orthogonality of (wy,...,wy) and (x,...,x,) with respect to ¢ and the fact that
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the Xg belong to A" gives

Z N @1 | = max (ﬁ(wi) —g—v(N Xg),-))
= m X ( g+ miax(é(wi) — V((ng)i))) = mgax (—g +/ <Z(ng)iwi>>
= max | —g 1 Z()\g)jx] = max (—g + m]?lx(f(xj) - V((Xg)j))>

= max e(x,) — min(g + v((Ag),))> = max(f(g) — (),

proving the orthogonahty of (x; ®1,...,x, ® 1) since it follows directly from the
original definition of ¢’ in terms of (wq,...,w,) that £(x ® 1) = #(x) whenever
xeC. O

3 (Non-Archimedean) singular value decompositions

Recall that in linear algebra over C with its standard inner product, a singular value
decomposition for a linear transformation A: C" — C™ is typically defined to be a
factorization A = X¥XY* where X € U(m), Y € U(n), and ¥; = 0 when i # j
while each 3;; > 0. The “singular values” of A are by definition the diagonal entries
o; = X, and then we have an orthonormal basis (yi,...,y,) for C" (given by the
columns of Y) and an orthonormal basis (xi, ..., x,) for C" (given by the columns of
X) with Ay; = o;x; for all i with o; # 0, and Ay; = 0 otherwise.

An analogous construction for linear transformations between orthogonalizable A-
spaces will play a central role in this paper. In the generality in which we are working,
we should not ask for the bases (yy, ..., y,) to be orthonormal, since an orthogonaliz-
able A-space may not even admit an orthonormal basis (for the examples (A", —i%) of
Example 2.12, an orthonormal basis exists if and only if each #; belongs to the value
group I'). However in the classical case asking for a singular value decomposition is
equivalent to asking for orthogonal bases (yy, . . .,y,) for the domain and (x1, ..., x;)
for the codomain such that for all i either Ay; = x; or Ay; = 0; the singular values
could then be recovered as the numbers ”"G,yi ’“” . This is precisely what we will require in
the non-Archimedean context. For the case in which the spaces in question do admit

orthonormal bases (and so are equivalent to (A", —7/)) such a construction can be found
in [Kel0, Section 4.3].
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3.1 Existence of (non-Archimedean) singular value decomposition

Definition 3.1 Let (C, ¢¢) and (D, £p) be orthogonalizable A-spacesandlet A : C —
D be a linear map with rank r. A singular value decomposition of A is a choice of
orthogonal ordered bases (y1, ..., y,) for C and (xy, ..., x,,;) for D such that:
(1) Vr+1, ..., yn) 1s an orthogonal ordered basis for ker A;
(i) (xp,...,x,) is an orthogonal ordered basis for ImA;
(i) Ay; =x; forie {l1,..,r};
(iv) Lc(yn) —Lp(xr) = ... = Le(yr) — £p(xy).

Remark 3.2 Consistently with the remarks at the start of the section, the singular
values of A would then be the quantities etpCD—LcOD) for 1 < i < r, as well as 0 if
r < n. So the quantities ¢c(y;) — ¢p(x;) from (iv) are the negative logarithms of the
singular values.

Remark 3.3 Occasionally it will be useful to consider data ((y1, - - -, ¥n), (X1, - - - , X))
which satisfy all of the conditions of Definition 3.1 except condition (iv); such
(O1y---,0), (x1,...,xp)) will be called an unsorted singular value decomposition.

Of course passing from an unsorted singular value decomposition to a genuine singular
value decomposition is just a matter of sorting by the quantity £c(y;) — £e(x;).

The rest of this subsection will be devoted to proving the following existence theorem:

Theorem 3.4 If (C,{¢) and (D, {p) are orthogonalizable A -spaces, then any A -linear
map A : C — D has a singular value decomposition.

We will prove Theorem 3.4 by providing an algorithm (with proof) for producing a
singular value decomposition of linear map A between orthogonalizable A-spaces.
The algorithm is essentially Gaussian elimination, but with a carefully-designed rule
for pivot selection which allows us to achieve the desired orthogonality properties.
In this respect it is similar to the algorithm from [ZCO05] (that computes barcodes in
classical persistent homology); however [ZC05] uses a pivot-selection rule which does
not adapt well to our context where the value group I' may be nontrivial, leading us
to use a different such rule. Like the algorithm from [ZCO05], our algorithm requires a
number of field operations that is at most cubic in the dimensions of the relevant vector
spaces, and can be expected to do better than this in common situations where the matrix
representing the linear map is sparse. Of course, when working over a Novikov field
there is an additional concern regarding how one can implement arithmetic operations
in this field on a computer; we do not attempt to address this here.
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Theorem 3.5 (Algorithmic version of Theorem 3.4). Let (C,{¢c) and (D,/lp) be
orthogonalizable A-spaces, let A : C — D be a A-linear map, and let (vi,...,v,)
be an orthogonal ordered basis for C. Then one may algorithmically construct an
orthogonal ordered basis (v}, ..., V) of C such that

(i) Lc(V)) = Le(vi) and Up(AV)) < Up(Av;) foreach i;

(i) LetUd = {ie{1,...,n}| Av. # 0}. Then the ordered subset (Av|i € U) is
orthogonal in D.

Remark 3.6 In particular, (v;|i ¢ U) then gives an orthogonal ordered basis for
kerA.

Proof Fix throughout the algorithm an orthogonal ordered basis (wy, ..., wy,) for D.
Represent A by a matrix (A;) with respect to these bases, so that Av; = ) . A;w;.
Note that v; changes as the algorithm proceeds (though the w; do not), so the elements
Ajj € A will likewise change in a corresponding way. Initialize the set of “unused
column indices” to be J = {1,...,n}, and the set of “pivot pairs” to be P = &; at
each step an element will be removed from J and an element will be added to P.
Here is the algorithm:

while (3j € J)(Av; # 0) do

Choose iy € {1,...,m} and jo € J which maximize the quantity
Cp(wi) — v(Ajj) — Le(vy) overall (i,j) € {1...,m} x J ;

Add (i, jo) to the set P;

Remove jj from the set J;

. A[ ]
For each j € J, replace v; by v; 1= v; — %

iojp 107

Foreachje J and i € {1,...,m}, replace A;; by Agj =Aj — AAL;”U (thus
. oo
restoring the property that Av; = > " | Ayw;);

end

Note that the while loop predicate implies that in each iteration there is some (i,)) €
{1,...,m} x J such that A;; # 0, so in particular A;;, # O (otherwise A = 0) and
so the divisions by A;j, in the last two steps of the iteration are not problematic. The
ordered basis (V/, ..., V),) promised in the statement of this theorem is then simply the
tuple to which (vy,...,v,;) has evolved upon the termination of the while loop. To
prove that this satisfies the required properties it suffices to prove that, in each iteration
of the while loop, the following assertions hold:
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Claim 3.7 If the initial basis (vy,...,v,) is orthogonal, then so is the basis obtained

by replacing v; by vi = v; — %VJO foreach j € J \ {jo}. Moreover £c(v}) = £c(v))
00

while ED(AVJ’.) < Ip(Av;).

Claim 3.8 After each iteration, the ordered set (Av; |j ¢ J) C D is orthogonal.

Proof of Claim 3.7 For any j € J \ {jo}, by the orthogonality of (vi,...,v,) and
the definition of v}, we have

Ec(v]'-) = max {ﬁc(vj),ﬁc <ﬁ#‘?;vj0>} )

o
Because (ip, jo) is chosen to satisfy £p(wj,) —v(Ajyj,) —Lc(vj,) > Lp(w) —v(A;j) —Lc(v))
for all i and j, it in particular holds that

lpwiy) — V(Aigy) — Le(vjy) > Lp(wiy) — v(Aj) — Lc(v))

which can be rearranged to give

©) e (72 < Loy,
So we get
(10) Le)) = Le()).

As for the statement about £ D(AVJ’.), note that

m

(p(Avj,) = lp (Z A,-jowl-) = max({p(wi) — V(Ajip)) = pWiy) = v(Aigi)
i=1

where the last equation follows from the optimality criterion satisfied by (i, jo). There-

fore,

A -
’p <14i;:)AVjo) = Ip(wiy) — V(Ajy) < 1122‘” Ip(Aywi) = {p (;Aijw[> = Ip(Av))

and hence ED(AVJ’.) < max {ED(AVJ-), Ip (%Aw) } = lp(Av)).
oJ0

It remains to prove orthogonality of the basis obtained by replacing the v; by vJ’- for
Jj € J . Here and for the rest of the proof we use the variable values as they are after the
third step of the given iteration of the while loop—thus the v; have not been changed

but jo has been removed from J. The new basis will be {v},...,v,} where v} = v; if

r'n
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Jj¢ J and v]’» =V — %Vjo otherwise. Let Aj,..., A\, € A and observe that, by the
orthogonality of {vi,...,v,},
n n A .
ec Z )\jvJ’- = EC Z /\jvj — Z AjA.lO'] vjo
j=1 j=1 jeg o

Aok
11 = max < / Xy — Me—= | vi, | ,maxlc(\v;) .

If £\ Vi)) > £(\v)) for all j # jo, then of course (¢ (Z};l/\j\/]/) = Lc(NVy) =
maxj{fc()\,vj’-)}. Otherwise, there is j; # jo such that

(12) maxjﬁc()\jvjl-) = ﬁc()\jlvj{l).

Now by (10) and the optimality condition (12), we have

(13) Ly vi) = LeO V) > LeQgvh) = LeNyvio)-

Also, by (9) and (12), for all k € 7,

Aik
LNy > Lo ()\kA - v,o) .

i)

Thus

A,
(14) (c()\jlvj'l) > fc <<>‘jo — E )\kA.O.k> Vjo) .
10J

keJ 0

So combining (11), (12), and (14), we have
n
1| /
Le Z AV | = m]ax Le(Nvy),
j=1
proving the orthogonality of (v}, ...,v}). This completes the proof of Claim 3.7. O

Proof of Claim 3.8 For k > 1 let (i, ;) denote the pivot pair that is added to the
set P during the k-th iteration of the while loop. In particular j; is removed from J
during the k-th iteration, and after this removal we have J = {1,...,n}\ {j1,...,Jjk}.
So the column operation in the last step of the k-th iteration replaces the matrix entries
Ajj for j & {ji,....jx} by Aij — % = 0. Moreover for j ¢ {ji,...,jx} and
any i € {1,...,m} such that after the prior iteration we had A;, = A; = 0 (for
instance this applies, inductively, to any i € {iy,...,ix—1}), the fact that A; = 0 will
be preserved after the k-th iteration. Thus,

(15) After the kth iteration, A;; = 0 for [ € {1,...,k} andj ¢ {j1,...,ji}.
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We now show that, after the k-th iteration, the ordered set (Av;,, . .., Av;,) is orthogonal;
this is evidently equivalent to the statement of the claim. Note that, for 1 <[ < k,
neither the element v;, nor the j;-th column of the matrix (A;;) changes during or after
the [-th iteration of the while loop, due to the removal of j; from J during that iteration.
For I € {1,...,k}, the optimality condition satisfied by the pair (i;,j;) guarantees that
Cp(wy) — v(Ay) < €p(w;) — v(A;,,) for all i and hence

(16) {p(Avj) = m?X(KD(AijIWi)) = Up(Aijwi)-
Given A, ..., ¢ € A we shall show that KD(ZL)\ZAV/-[) = max; {p(NAv;,). Let [y
be the smallest element of {1,. .., k} with the property that

Cp(NigAiyji, Wir,) = max, Cp(NAiwiy)-

Foralli € {1,...,m} and [ € {1,... k} we have, by the choice of (i}, i),
Cp(NAGwi) < Lp(NAijwi) < Lp(NAiyji, Wiy, )-

Meanwhile, using (15), A;, ;, # 0 only for [ < Iy, and so

i
E :AlAil(}flwilo = )\loAil(}flo Wiy, + Z AlAizoszilo‘
) 1<ly

Each term \/A; Wiy has filtration level bounded above by ¢p(\A;;,w;,) by the second
equality in (16), and this latter filtration level is, for [ < Iy, strictly lower than
ED(/\IOA,-,OJ-Z0 w,-,o) because we chose [y as the smallest maximizer of {p(NA;;w;). So
we in fact have

{p (Z /\zAi,Oj,Wi,o> = Lp(AiyAiyji, Wi, )-
!
By the orthogonality of the ordered basis (wy, ..., w,,) we therefore have

k k m
lp (Z )\lAvj]> ={p (Z Z /\lAijZWi>
=1

=1 i=1

k
= max {p (Z >\lAij1Wi> = Lp(NAiyji, Wiy,

1<i<m =
= mlax gD(AlAiLj]Wil) = mlax ED()\ZAle)

where in the first equality in the third line we use the defining property of /y and in the
last equality we use (16). Since the reverse inequality /p(D_; NjAv;,) < max; £p(NAvj,)
is trivial this completes the proof of the orthogonality of (Av; ,...,Av;). a
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As noted earlier, Claims 3.7 and 3.8 directly imply that the basis for C obtained at
the termination of the while loop satisfies the required properties, thus completing the
proof of Theorem 3.5. |

Proof of Theorem 3.4 First reorder the elements v; produced by the Theorem 3.5 so
that Av; # O ifandonlyifi € {1, ..., r} where ris the rank of A, and such that ¢ (v})—
Ip(AV}) > - > Lc(V)—Lp(Av)). If A is surjective, then ((V], ..., V}), (AV], ..., AV)))
will immediately be a singular value decomposition for A. More generally, we may
use Corollary 2.19 to find an orthogonal complement of Im(A) in D, and by Corollary

2.17 this orthogonal complement has some orthogonal ordered basis (11, ...,Xn).

Then

(04, V), (AV], ... AV, Xpq1, ... X)) is a singular value decomposition for A.
O

3.2 Duality and coefficient extension for singular value decompositions

Proposition 2.20 allows us to easily convert a singular value decomposition for a map
A: C — D to one for the adjoint map A*: D* — C*. Explicitly:

Proposition 3.9 Let (C,¢c) and (D,{p) be two orthogonalizable A-spaces and
A : C — D be a A-linear map with rank r. Suppose ((y1, ..., Yn), (X1 -y X)) 1S @
singular value decomposition for A. Then ((x7, ..., x,), (], -.-,¥»)) is a singular value
decomposition for its adjoint map A* : D* — C*.

Proof By the first assertion of Proposition 2.20, (x7, ..., x},) is an orthogonal ordered
basis for D* and (y7, ..., y}) is an orthogonal ordered basis for C*. By the definition

of a singular value decomposition, Ay; = x; for i € {1,...,r} and Ay; = 0 for
ie{r+1,...n},s0 A} =y; forie {l,...,r} and A*x} =0forie {r+1,...,m}.
Therefore (x7, |, ...,x,) is an orthogonal ordered basis for kerA* and {1y sy} =

{A*x},...,A*x}} is an orthogonal ordered basis for ImA*. Finally, for i € {1,...,r},

g
by the second assertion of Proposition 2.20, we have

Cpe () — Lo (7)) = —Lp(xi) 4+ Lc(yi) = Le(yi) — £p(x)).
So the ordering of {¢(y;)—{p(x;) implies the desired ordering for £},. (x})— (7. (yf). O

Similarly, Proposition 2.21 implies that singular value decompositions are well-behaved
under coefficient extension.
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Proposition 3.10 Consider two subgroups I' < TV < R, and write A = ART and
A = AR Let (C,4¢) and (D, £p) be orthogonalizable A -spaces andlet A: C — D
be a A-linear map, with singular value decomposition ((y1,...,Yn), (X1,-..,Xm)).
Then if C @5 A" and D ®p A’ are endowed with the filtration functions (. and (}, as
in Section 2.5, themap A® 1: C @5 N — D ®p A’ has singular value decomposition
givenby (1 ®1,...,9, @1),(x1 ®1,...,x, ® 1)).

Proof Proposition 2.21 implies that the ordered sets (y; ® 1,...,y, ® 1) and (x; ®
1,...,x,®1) are orthogonal. Moreover by definition of the relevant filtration functions
we have 0(-(y;® 1) = Le(yi) and £ (x; @ 1) = £p(x;) for all i such that these are defined.
Once these facts are known it is a trivial matter to check each of the conditions (i)-(iv)
in the definition of a singular value decomposition. |

4 Boundary depth and torsion exponents via singular value
decompositions

The boundary depth as defined in [U11] or [U13] is a numerical invariant of a filtered
chain complex that, in the case of the Hamiltonian and Lagrangian Floer complexes,
has been effectively used to obtain applications in symplectic topology. A closely
related notion is that of the forsion threshold and more generally the forsion exponents
that were introduced in [FOOOQ9, Section 6.1] for the Lagrangian Floer complex over
the universal Novikov ring and were used in [FOOO13] to obtain lower bounds for
the displacement energies of polydisks. We will see in this section that, for complexes
like those that arise in Floer theory, both of these notions are naturally encoded in
the (non-Archimedean) singular value decomposition of the boundary operator of
the chain complex. In particular our discussion will show that the boundary depth
coincides with the torsion threshold when both are defined, and that certain natural
generalizations of the boundary depth likewise coincide with the rest of the torsion
exponents. This implies new restrictions on the values that the torsion exponents can
take. Our generalized boundary depths will be part of the data that comprise the concise
barcode of a Floer-type complex, our main invariant to be introduced in Section 6.

For the rest of the paper, we will always work with what we call a Floer-type complex
over a Novikov field A, defined as follows:

Definition 4.1 A Floer-type complex (C., Oc, {c) over a Novikov field A = AT
is a chain complex (Cy = @reczCk, dc) over A together with a function ¢¢: C, —
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R U {—o0} such that each (Cy,¥|c,) is an orthogonalizable A-space, and for each
x € Cr we have Ocx € Cir_1 with £c(0cx) < Le(x).

Example4.2 According to Example 2.12, the Morse, Novikov, and Hamiltonian Floer
chain complexes are all Floer-type complexes. In each case the boundary operator
is defined by counting connecting trajectories between two critical points for some
function, which satisfy a certain differential equation (see, e.g., [Sal97, Section 1.5]
for the Hamiltonian Floer case).

Remark 4.3 In fact in many Floer-type complexes including the Morse, Novikov,
and Hamiltonian Floer complexes one has the strict inequality £c(Ocx) < Le(x).
However it is also often useful in Morse and Floer theory to consider complexes where
the inequality is not necessarily strict; for instance the Biran-Cornea pearl complex
[BCO9] with appropriate coefficients can be described in this way, as can the Morse-
Bott complex built from moduli spaces of “cascades” in [Fr04, Appendix A]. Also our
definition allows other, non-Floer-theoretic, constructions such as the Rips complex
(see Example 2.4), and the mapping cylinders which play a crucial role in the proofs
of Theorem B and Theorem 1.4, to be described as Floer-type complexes, whereas
requiring £c(0cx) < £c(x) would rule these out. In the case that one does have a strict
inequality for the effect of the boundary operator on the filtration, the verbose and
concise barcodes that we define later are easily seen to be equal to each other.

Definition 4.4 Given two Floer-type complexes (Cy,dc,fc) and (Dy,0p,¥p), a
filtered chain isomorphism between these two complexes is a chain isomorphism
® : C, — D, such that £p(P(x)) = fc(x) forall x € Cs.

Definition 4.5 Given two Floer-type complexes (Cy, ¢, ¢c) and (D, Op, fp), two
chain maps ®,¥: C, — D, are called filtered chain homotopic if there exists
K : Cy — Dyyj such that ® — ¥ = JpK + K0Op and K preserves filtration, i.e.
£p(K(x)) < £e(x) for all x, and both ¢ and W preserve filtration as well.

We say that (Cy, O¢, £¢) is filtered homotopy equivalent to (D, Jp, £p) if there exist
chain maps ®: C, — D, and ¥: D, — C, which both preserve filtration such that
W o & is filtered chain homotopic to identity /¢ while ® o U is filtered chain homotopic
to the Ip.

In order to cut down on the number of indices that appear in our formulas, we will
sometimes work in the following setting:
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Definition 4.6 A two-term Floer-type complex (C| 9, Cy) is a Floer-type complex
of the following form

---—>O—>C1ﬁ>Co—>0—>---.

Given any Floer-type complex (Cy, ¢, fc), fixing a degree k, we can consider the
following two-term Floer-type complex:

@0 M, e
where C‘gk) = C; and C(()k) = ker(0|¢c,_ WL Cr—1).

For the rest of this section, we will focus mainly on two-term Floer-type complexes;
consistently with the above discussion this roughly corresponds to focusing on a given
degree in one of the multi-term chain complexes that we are ultimately interested in. For

a two-term Floer-type complex (C N Co), by Theorem 3.4 we may fix a singular value
decomposition ((y1, ..., ¥n), (X1, ---, X)) for the boundary map 9: C; — Cy. Denote
the rank of 0 by r. We will see soon that the numbers {{(y;) — ¢(x;)} for i € {1,...,r}
(which have earlier been described as the negative logarithms of the singular values of
0) can be characterized in terms of the following notion of robustness of the boundary
operator.

Definition 4.7 Let § € R. Anelement x € Cy is said to be d-robust if for all y € C;
such that dy = x it holds that ¢(y) > #(x) + §. A subspace V < Cj is said to be
d-robust if every x € V \ {0} is d-robust.

Example4.8 When (C, LN Cy) is the two-term Floer-type complex 51\715:()()‘ ) induced
by the degree-k and degree-(k — 1) parts of the Morse complex CM..(f) of a Morse
function on a compact manifold, the reader may verify that each nonzero element of
Cy is d-robust for all § < ., where Oy is the minimal positive difference between a
critical value of an index-k critical point and a critical value of an index-(k — 1) critical
point. Because a strict inequality is required in the definition of robustness, there may
be elements of Cy which are not d; -robust.

In the presence of our singular value decomposition ((yy,...,¥yn), (X1,...,%5)), the
following simple observation is useful for checking §-robustness:

Lemma 4.9 Let x = ) ., \ix; be any element of Im0, and suppose y € C; obeys
Oy = x. Then

Ly > ¢ (Z Aiyz') = max{{(y;) —v(\)|1 <i<r}.

i=1
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Proof Since dy; = x; for 1 < i < r and dy; = 0 for i > r, and since the x; are
linearly independent, the elements y € C; such that Jy = x are precisely those of form
Do A+ i, wiyi for arbitrary pi,41, ..., u, € A. The proposition then follows
directly from the fact that (yy,...,y,) is an orthogonal ordered basis for C|. O

Definition 4.10 Given a two-term chain complex (C; 9, Cop) and a positive integer
k, let

Br(0) = sup({0} U {6 > 0] There exists a -robust subspace V < Im0 with dim(V) = k}).

Note that 5¢(0) = 0 if 9 is the zero map or if k > dim(Im9d). It is easy to see that,
when k < dim(Imd), Bx(9) can be rephrased as

0)= s inf {4(y)—¢ Oy = x}.
Bi(9) Vgulr;a xev\{o}{ ) — Lx) | 0y = x}
dim(V) = k

When k = 1, this is exactly the definition of boundary depth in [U13] (see [U13, (24)]),
and so we can view the [;(0) as generalizations of the boundary depth. Clearly one
has

B1(9) = B2(0) = -+ Br(9) = 0
for all k. We will prove the following theorem which relates the 5;(0)’s to singular
value decompositions.

Theorem 4.11 Given a singular value decomposition ((y1, ..., Vn), (X1, ..., X)) for a
two-term chain complex (C g Co), the numbers (;(0) are given by

Br(0) = { ) — L) 1<k<r

0 k>r
where r is the rank of 0.

Proof Foreachk € {1, ...,r}, we will show that there exists a k-dimensional J-robust
subspace of Im @ for any § < £(y;) — #(xx), but that no k-dimensional subspace is
(L(yx) — £(x;))-robust. This clearly implies the result by the definition of 3;(9).
Considering the subspace Vi = spanp{xj,...,xc}, let x = Zf.‘:lAl-x,- be any nonzero
element in Vj. Let ip € {1,...,k} maximize the quantity ¢(x;) — v()\;) over all
i € {1,...,k}, so that by the orthogonality of the x; we have £(x) = ¢(x;,) — v(\;,).
Then, using the orthogonality of the y;,

k
¢ (Z >\iyi> — 000 = max(£(yi) — v(A)) — (Ulxiy) — v(ip))

i—1
> (Uyiy) — v(Aiy)) — (Uxiy) — V(X)) = £(yiy) — (xi,)
> U(yik) — L(xx)
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where the last inequality follows from our ordering convention for the x;. But then
by Lemma 4.9, it follows that whenever dy = x we have £(y) — £(x) > £(yi) — £(xx).

Since this holds for an arbitrary element x € spanp{xi,...,x} \ {0} we obtain that
span{xy,...,x;} is 0-robust for all & < (yx) — £(xy).
Next, for any k-dimensional subspace V < Im 9, let W = spanp{xi, Xp41, .-, X}

Since W has codimension k£ — 1 in Im@, the intersection V N W contains some nonzero
element x. Since x € W we can write x = Z;:k)\,-x,- where not all )\; are zero.
Choose iy € {k,...,r} to maximize the quantity ¢(y;) — v(\;) over i € {k,...,r}.
Let y = > ., A\iyi. Then we have Jy = x, and

L) = 6x) = (ig) — v(Nip)) — max(£x) — (M) < (Evig) — (X)) — (Uxig) — v(Nip))
= Uyiy) — Uxip) < L) — Llxk)

by our ordering convention for the x;. So since x € V' \ {0} (and since the inequality
required in the definition of &-robustness is strict) this proves that V is not (4(y;) —
£(xx))-robust.

Finally, when k > r, thereisno V < ImQ such that dim(V) = k (since dim(Imd) = k).
Then by definition of 5;(9), it is zero. O

Note that Definition 4.10 makes clear that (;(9) is independent of the choice of
singular value decomposition; thus we deduce the non-obvious fact that the difference
£(yx) — L(xz) is likewise independent of the choice of singular value decomposition for
each k € {1,...,r}. Note also that any filtration-preserving A-linear map A between
two orthogonalizable A-spaces C and D can just as well be viewed as a two-term chain
complex (C 4, D), and so we obtain generalized boundary depths 5;(A). Theorem
3.4 or Theorem 3.5 provides a systematic way to compute 5i(A). It is also clear from
the definition that if A: C — D has image contained in some subspace D’ < D then
Bi(A) is the same regardless of whether we regard A as a map C — D or as a map
C — D'. For instance if (Cy,dc,Lc) is a Floer-type complex, for any i we could

dl¢; Ale:
consider either of the two-term complexes (C; L Ci—y) or (C; £> ker(Oclc,_,))
and obtain the same values of (.

We conclude this section by phrasing the torsion exponents of [FOOO09], [FOOO13]
in our terms and proving that these torsion exponents coincide with our generalized
boundary depths ;. We will explain this just for two-term Floer-type complexes

(o] LN Cp); this represents no loss of generality, as for a general Floer-type complex
(Cx, 0c, £c) one may apply the discussion below to the various two-term Floer-type
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9 ‘Ci . .
complexes (Cit — ker(Oc|¢;)) in order to relate the torsion exponents and gen-

eralized boundary depths in any degree i € Z.

So let (C 9, Co) be a two-term Floer-type complex over A = AT, We first define
the torsion exponents (in degree zero) in our language, leaving it to readers familiar with
[FOOOO09] to verify that our definition is consistent with theirs. Write Auniv — AR
for the “universal” Novikov field, so named because regardless of the choice of I" we
have a field extension AT < A#V_ Also define

AG™ ={x e A" [v()) > 0};
thus Ag”iv is the subring of A“*V consisting of formal sums ¢ agT® witheach g > 0.

As in Section 2.5, for j = 0,1 let CJ'- = Cj Qa AV and endow Cj’- with the fil-
tration function obtained by choosing an orthogonal ordered basis (wy,...,w,) for
C; and putting ¢ (3°; A\jw; @ 1) = max;(l(w;) — v(X) for any X{,..., A, € A“™.
By Proposition 2.21 this definition is independent of the choice of orthogonal basis

Wi, Wa).

Now, for j = 0, 1, define
C']’- ={ce C]’- | '(c) < 0}

and observe that C ' is amodule over the subring Ag”iv of A“"V Moreover, again taking
Proposition 2.21 into account, it is easy to see that if (wy,...,w,) is any orthogonal
ordered basis for C;, then the elements w; = w; ® T/ form a basis for C‘j’- as a
Ag™-module.

The fact that £(0c) < {(c) implies that the coefficient extension d ® 1: C| — C;
restricts to C as a map to C,. So we have a (two-term) chain complex of Ag"iv—
modules (C} LISIN Cyp). Fukaya, Oh, Ohta, and Ono show [FOOO09, Theorem 6.1.20]
that the zeroth homology of this complex (i.e., the quotient Cjy/(9®1)C} ) is isomorphic
to

N
(17) (Agni\})q @ @(AgniV/T)\kAgniV)
k=1
for some natural numbers ¢, s and positive real numbers \;, ..., A;.

Definition 4.12 ([FOOOO09]) Order the summands in the decomposition (17) of
Cy/(0 ® 1)C} so that A\; > --- > X;. For a positive integer k, the kth torsion

exponent of the two-term Floer-type complex (Cj KN Co) is M\ if £ < s and O
otherwise. The first torsion exponent is also called the torsion threshold.
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Theorem 4.13 For each positive integer k the kth torsion exponent of (C| 9, Co) is
equal to the generalized boundary depth (;(0).

Proof Let ((yi,...,yn), (x1,...,Xn)) be asingular value decomposition for 9: C; —
Co. By Proposition 3.10, (y1 ®1,...,y, @ 1), (x; ®1,...,x, ® 1)) is a singular
value decomposition for 0 ® 1: C| — Cj. Let r denote the rank of 0 (equivalently,
that of O ® 1).

Let us determine the image (9 ® 1)(C}) C Cj. A general element x of C}, can be
written as x = Y o, Aix; @ 1 where \; € A“"". By the definition of a singular value
decomposition, in order for x to be in the image of 9 ® 1 we evidently must have
Ai = 0 for i > r. Given that this holds, we will have (9 ® 1) (37, Aiyi ® 1) = x,

and moreover by Lemma 4.9, >/, A\;y; ® 1 has the lowest filtration level among all
preimages of x under 0 ® 1. Now

4 (Z Aiyi ® 1) = max(£(y;) — v(A));

i=1

so we conclude that x = Z;"zl Aix; ® 1 belongs to (0 ® 1)(@’1) if and only if both
Ai=0fori>rand v(\) >4y fori=1,...,r.

Recall that the elements §; = x; @ T%*) form a Ag"iv—basis for C‘{). Letting u; =
T—t);, the conclusion of the above paragraph can be rephrased as saying that
(0 ® 1)(C}) consists precisely of elements >, u;%; such that y; = 0 for i > r and
v(pi) > 0(y;) — U(x;) for i = 1,...,r. Now for any p1 € A“"" and ¢ € R, one has
v(p) > c if and only if 11 € T°AE™. So we conclude that

O 1)C) = SpanAgniv{Te(yl)_f(xl)_ifl, e Te(y’)_e(x’))'cr},
while as mentioned earlier
Co = spanpwi{X1, ..., %n}.
These facts immediately imply that
66 _ (Aum‘V)mfr @ é(AuniV/Tf(Yk)*f(xk)ALmiV).
@ D) N 0
Comparing with (17) we see that the numbers that we have denoted by s and r are
equal to each other, and that the kth torsion exponent is equal to £(yx) — £(x;) for

1 < k < r and to zero otherwise. By Theorem 4.11 this is the same as [;(3). O
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5 Filtration spectrum

The filtration spectrum of an orthogonalizable A-space is an algebraic abstraction of
the set of critical values of a Morse function or the action spectrum of a Hamiltonian
diffeomorphism (cf. [Sc00]).

In the definition below and elsewhere, our convention is that N is the set of nonnegative
integers (so includes zero).

Definition 5.1 A multiset M is a pair (S, 1) where Sisasetand p: S — NU {oco}
is a function, called the multiplicity function of M. If T is some other set, a multiset
of elements of 7 is a multiset (S, u) suchthat S C T.

For s € §, the value u(s) should be interpreted as “the number of times that s
appears” in the multiset M. By abuse of notation we will sometimes denote multisets
in set-theoretic notation with elements repeated: for instance {1,3,1,2,3} denotes a
multiset with p(1) = p(3) = 2 and w(2) = 1. The cardinality of the multiset (S, u) is
by definition ) ¢ u(S). (For notational simplicity we are not distinguishing between
different infinite cardinalities in our definition; in fact, for nearly all of the multisets
that appear in this paper the multiplicity function will only take finite values.)

Also,if S C T and p: T — NU {oo} is a function with 1|7\ s = O then we will not
distinguish between the multisets (7, 1) and (S, uls).

Definition 5.2 Let (C, /) be an orthogonalizable A-space with a fixed orthogonal
ordered basis (vi, ..., v,;). The filtration spectrum of (C, /) is the multiset (R/T", 1)
where

w(s) = #{vi € {vi,...,va} [ l(vi) = s modT'}.

Remark 5.3 When T’ is trivial, the filtration spectrum is just the set {£(v1), ..., £(v,)}
and multiplicity function is just defined by setting p(s) equal to the number of i such
that /(v;) = s.

Example 54 Let I' = 7Z and C = spanp{vi,v,} where v, v, are orthogonal with
¢(vi) = 2.5 and ¢(v;) = 0.5. Then for [0.5] € R/T, u([0.5]) = 2, while for
[0.7] € R/T', u([0.7]) = 0. The filtration spectrum is then the multiset {[0.5],[0.5]}.

While Definition 5.2 relies on a choice of an orthogonal basis for (C, £), the following
proposition shows that the filtration spectrum can be reformulated in a way that is
manifestly independent of the choice of orthogonal basis, and so is in fact an invariant
of the orthogonalizable A-space (C, /).
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Proposition 5.5 Let (C, /) be an orthogonalizable A" -space and let (R/T, ) be
the filtration spectrum of (C, ¢) (as determined by an arbitrary orthogonal basis). Then
forany s € R/T,

pu(s) = max {k € N | (V < €) (dim(V) = k and (Vv € V\{O)({(v) = s modT)) } .

Proof Let(vy,...,v,)beanorthogonal ordered basis of C and let i be the multiplicity
of some element s € R/T" in the filtration spectrum of C. So by definition there are
precisely . elements iy,...,i, € {1,...,n} such that each £(v;) = s modI' for
j =1,...,u. Any nonzero element u in the p-dimensional subspace spanned by
the v, can be written as u = Z/')\jvij where )\; € A are not all zero, and then
Uu) = maxj{ﬁ(v,-j) —v()\)} = smod I since v()) all belong to I'. This proves that
w is less than or equal to right hand side in the statement of the proposition.

For the reverse inequality, suppose that V < C has dimension greater than . For
i1,...,i, asin the previous paragraph, let W = spanp{v; |i ¢ {i1,...,i,}}. Since W
has codimension p and dimV > p, V and W intersect non-trivially. So there is some
nonzero element v = Ei%{il,...,iu}kivi € VN W. Since the v;’s are orthogonal, £(v)

has the same reduction modulo I' as one of the v; with i ¢ {ij,...,i,}, and so this
reduction is not equal to s. Thus no subspace of dimension greater than p can have
the property indicated in the statement of the proposition. |

Remark 5.6 Let us now relate our singular value decompositions to the Morse-
Barannikov complex C(f) of an excellent Morse function f: M — R on a Riemannian
manifold as described in [LNV13, Section 2], where the term “excellent” means in
particular that the restriction of f to its set of critical points is injective.

This latter assumption means, in our language, that the filtration spectrum of the
orthogonalizable K-space (CM,(f),{) consists of the index-k critical values of f,
each occurring with multiplicity one, since (essentially by definition) (CM.(f), £) has
an orthogonal basis given by the critical points of f, with filtrations given by their
corresponding critical values. So in view of Proposition 5.5, the filtration function ¢
will restrict to any other orthogonal basis of (CM.(f),{) as a bijection to the set of
critical values of f.

Denoting by 0 the boundary operator on CM..(f), Theorem 3.4 allows us to construct
an orthogonal ordered basis (x1,...,X,Y1,...,¥r,21,---,2,) for CM,(f) such that
span{xy, ..., x,} = Im(9), span{xi,...,x;,21,...,2n} = ker(9), and dy; = x;. By
the previous paragraph, then, each critical value ¢ of f can then be written in exactly
one way as ¢ = £(x;) or ¢ = £(y;) or ¢ = £(z;).
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For A € R, let C} denote the subcomplex of CM,.(f) spanned by the critical points
with critical value at most A. Observe that C7 is equal to the subcomplex of CM,(f)
spanned by the x;,y;,z; having ¢ < X (indeed the latter is clearly a subspace of C?,
but Proposition 5.5 implies that their dimensions are the same). Now the treatment of
the Barannikov complex in [LNV13] involves separating the critical values ¢ of f into
three types, where € represents a small positive number:

e The lower critical values, for which the natural map H,(C$1¢/CS™€) — H.(CM.(f)/CS©)
vanishes;

e The upper critical values, for which the natural map H.(C5T¢) — H.(CST¢, CS9)
vanishes (equivalently, H,(CS™€) — H,(CS'¢) is surjective);

e All other critical values, called homological critical values.

If w is any of x;, y;, or z; and if £(w) = ¢, one has C$T¢ = CS¢ @ (w). Consequently
it is easy to see that ¢ is a lower critical value if and only if ¢ = £(x;) for some i,
that ¢ is an upper critical value if and only if ¢ = /(y;) for some i, and that c is
a homological critical value if and only if ¢ = #(z;) for some i. Moreover, in the
case that ¢ is an upper critical value so that ¢ = #(y;) for some i, the natural map
H.(CSH¢/C)) — H,(CSHe/CS¢) vanishes precisely for A < £(x;).

In [LNV13, Definition 2.9], the Morse-Barannikov complex (C(f), dp) is described as
the chain complex generated by the critical values of f, with boundary operator given
by Ogc = 0 if ¢ is a lower critical value or a homological critical value, and

dpc = sup{ \|H,(C<T¢/C)) — H,(CEH€/CE¢) is the zero map}

if ¢ is an upper critical value. The foregoing discussion shows that the unique linear
map (CM.(f), 0) — (C(f), Op) that sends the basis elements x;, y;, z; to their respective
filtration levels £(x;), £(y;), ¢(z;) defines an isomorphism of chain complexes. In par-
ticular, the Morse-Barannikov complex can be recovered quite directly from a singular
value decomposition.

6 Barcodes

Recall from the introduction that a persistence module V = {V,},cr over the field K
is a system of K-vector spaces V; with suitably compatible maps V; — V; whenever
s < t.
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A special case of a persistence module is obtained by choosing an interval / C R and
defining

K tel
with the maps (Kj); — (Kj); defined to be the identity when s,¢ € I and to be zero
otherwise.

A persistence module V is called pointwise finite-dimensional if each V; is finite-
dimensional. Such persistence modules obey the following structure theorem.

Theorem 6.1 ([ZC05], [Cr12]) Every pointwise finite-dimensional persistence mod-
ule V can be uniquely decomposed into the following normal form

(18) V=, K,

for certain intervals I, C R

The (persistent homology) barcode of V is then by definition the multiset (S, 1) where
S is the set of intervals I for which X; appears in (18) and u(I) is the number of
times that /C; appears. As follows from the discussion at the end of the introduction in
[Cr12], the barcode is a complete invariant of a finite-dimenisonal persistence module.

In classical persistent homology, where the persistence module is constructed from the
filtered homologies of the Cech or Rips complexes associated to a point cloud, [ZC05]
provides an algorithm computing the resulting barcode (cf. Theorem 3.5 below). In
this case the intervals in the barcode are all half-open intervals [a, b) (with possibly
b = o0). See, e.g., [Ghr08, Figure 4], [Ca09, p. 278] for some nice illustrations of
barcodes.

Returning to the context of the Floer-type complexes (C., 0, ) considered in this paper,
for any r € R, if we let C; = {c € Ci|{(c) < t} the assumption on the effect of 0
on ¢ shows that we have a subcomplex C.; just as discussed in the introduction for
any k the degree-k homologies H}(C,) of these complexes yield a persistence module
over the base field KC. Typically H;(C,) can be infinite-dimensional (and also may not
satisfy the weaker descending chain condition which appears in [Cr12]), so Theorem
6.1 usually does not apply to these persistence modules. The exception to this is when
the subgroup ' < R used in the Novikov field A = AT is the trivial group, in which
case we just have A = K and the chain groups Cj (and so also the homologies) are
finite-dimensional over /C. So when I' = {0}, Theorem 6.1 does apply to show that
the persistence module {H}(C)},cr decomposes as a direct sum of interval modules
Kr; by definition the degree-k part of the barcode of C. is then the multiset of intervals
appearing in this direct sum decomposition. We have:
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Theorem 6.2 Assume that I' = {0} and let (Cy, 0, ¢) be a Floer-type complex over
ARAOY = K. For each k € 7 write Okt1: Cry1 — Cy for the degree-(k + 1)
part of the boundary operator O, and write Z; = ker Oy, so that Oy, has image
contained in Zy. Let ((y1,...,Yn), (x1,-..,Xy)) be a singular value decomposition for
Ok+1: Cry1 — Zy. Then if r = rank(Oyy1), the degree-k part of the barcode of C,
consists precisely of:

e an interval [{(x;), {(y;)) foreach i € {1,...,r} such that {(y;) > {(x;); and

e an interval [{(x;),00) foreachi € {r+1,...,m}.

Proof Asexplained earlier, {H,’((C*)} 1cR 1S a pointwise-finite-dimensional persistence
module. Therefore by Theorem 6.1, we have a normal form @ K;, . Given a singular
value decomposition ((y1, ..., ¥u), (x1, ..., X)) as in the hypothesis, we first claim that,
forall t € R,

lx) <t if ie{r+1,...,m}

In fact, (xi,...,x,) is an orthogonal ordered basis for ker dk, so {x; | £(x;) < t} is an
orthogonal basis for ker(@k\q). Meanwhile, by Lemma 4.9 when I" = {0} (so that v
vanishes on all nonzero elements of A), an element x = Z:"zl Aix; lies in 8k+1(C,’( +1)
if and only if it holds both that A; = 0 for all i > r and that £ (3°/_, Aiyi) < ¢, i.e. if
and only if x € spanic{x;|l <i <r, {(y;) <t}. So we have bases {x; | {(x;) < t} for
Z N Cy and {x;|1 <i < r, £(y;) <t} for Op11(C.), from which the expression (19)
for H;(C,) immediately follows.

(19)  Hi(C.) = spank {[xi]

Ux) <t <y if ie{l,....r} }

Write V, for the right hand side of (19). For s < ¢, the inclusion-induced map
oy H(Cy) — H,’C(C*) is identified with the map oy : V; — V; defined as follows,
for any generator [x;] of Vj,

[x;] if ly;)>torie{r+1,..,s}
2 1) =
(20) os([xi]) { 0 if K(y,) <t
Clearly, this is a KC-linear homomorphism. It is easy to check that oy = Iy, and for

s <t<u, oy = oy o0 o0g. Therefore, V = {V,},cr is a persistence module, which is
(tautologically) isomorphic, in the sense of persistence modules, to {H}(Cy)}scr.

On the other hand, the normal form of V can be explicitly written out as follows:

20 Ve P Kuwoton ® B Kie.oo-

1<i<r r+1<j<m

Indeed the indicated isomorphism of persistence modules can be obtained by simply
mapping 1 € (Ke,) e = K to the class [x;] for 1 € [4(x;),¢(y;)) and i =1,...,r,
and similarly for the Kpy(y,),o0) for i > r. O
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Thus in the “classical” I' = {0} case the barcode can be read off directly from
the filtration levels of the elements involved in a singular value decomposition; in
particular, these filtration levels are independent of the choice of singular value de-
composition, consistently with Theorem 7.1 below. For nontrivial I' there is clearly
some amount of arbitrariness of the filtration levels of the elements of a singular value

decomposition: if ((yi,...,¥n), (X1,...,Xn)) is a singular value decomposition, then
((T&y1, .. T, Yrgts - y0), (T81xy, ..., T8"x,,)) is also a singular value decom-
position for any g1, ..., 8n € I'; based on Theorem 6.2 one would expect this to result

in a change of the positions of each of the intervals in the barcode. Note that this change
moves the endpoints of the intervals but does not alter their lengths. This suggests the
following definition, related to the ideas of boundary depth and filtration spectrum:

Definition 6.3 Let (C,,0,¢) be a Floer-type complex over A = AT and for each
k € Z write Oy = 0|c, and Z; = ker 0¢. Given any k € Z choose a singular value
decomposition ((y1, ..., ¥n), (X1, ..., X)) for the A-linear map 11: Cry1 — Z; and
let r denote the rank of Oy;. Then the degree-k verbose barcode of (C,, 9, ¢) is the
multiset of elements of (R/I") x [0, oo] consisting of

(1) apair (U(x;) mod I', 0(y;) — (x;)) fori =1, ..., r;
(i) apair ({(x;) mod I';00) fori =r+1,...,m.

The concise barcode is the submultiset of the verbose barcode consisting of those
elements whose second element is positive.

Thus in the case that I' = {0} elements [a, b) of the persistent homology barcode
correspond according to Theorem 6.2 to elements (a,b — a) of the concise barcode.
In general we think of an element ([a],L) of the (verbose or concise) barcode as
corresponding to an interval with left endpoint a and length L, with the understanding
that the left endpoint is only specified up to the additive action of T".

Definition 6.3 appears to depend on a choice of singular value decomposition, but we
will see in Theorem 7.1 that different choices of singular value decompositions yield
the same verbose (and hence also concise) barcodes. Of course in the case that I' = {0}
this already follows from Theorem 6.2; in the opposite extreme case that I' = R (in
which case the first coordinates of the pairs in the verbose and concise barcodes carry
no information) it can easily be inferred from Theorem 4.13.

Remark 6.4 Our reduction modulo I' in Definition 6.3 (i) and (ii) is easily seen to
be necessary if there is to be any hope of the verbose and concise barcodes being
independent of the choice of singular value decomposition, for the reason indicated in
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the paragraph before Definition 6.3. Namely, acting on the elements involved in the
singular value decompositon by appropriate elements of A could change the various
quantities £(x;) involved in the barcode by arbitrary elements of IT".

Remark 6.5 In the spirit of Theorem 3.5, we outline the procedure for computing the
degree-k verbose barcode for a Floer-type complex (Cy, 0, ¢):

e First, by applying the algorithm in Theorem 3.5 to Jy: Cy — Cy—; or otherwise,
obtain an orthogonal ordered basis (wy, ..., wy,) for ker J.

e Express Ox+1: Cry1 — ker Oy in terms of an orthogonal basis for Cy4; and the
basis (w, ..., wy) for ker O, and apply Theorem 3.5 to obtain data (v}, ..., V),
and U/ as in the statement of that theorem.

e The degree-k verbose barcode consists of one element ([((AV)], £(V}) — U(AV)))
for each i € U, and one element ([a],c0) for each [a] lying in the multiset
complement {[{(w))], ..., [L(wm)]} \ {[£AV)]]i € U}.

6.1 Relation to spectral invariants

Following a construction that is found in [Sc00], [OhO5] in the context of Hamiltonian
Floer theory (and which is closely related to classical minimax-type arguments in Morse
theory), we may describe the spectral invariants associated to a Floer-type complex
(Cy, 0, 0): letting Hy(C,) denote the degree-k homology of C,, these invariants take
the form of a map p: Hy(C,) — R U {—o0} defined by, for o € Hy(C,),

p(a) = inf{l(c)|c € Cy, [c] = a}

(where [c] denotes the homology class of ¢). In a more general context the main result
of [U08] shows that the infimum in the definition of p(«) is always attained.

The spectral invariants are reflected in the concise barcode in the following way.

Proposition 6.6 Let B¢ denote the degree-k part of the concise barcode of a Floer-
type complex (Cy, 0, £), obtained from a singular value decomposition of Og41: Cg+1 —
ker 0. Then:

(i) There is a basis {a1,...,ap} for H(Cy) over A such that the submultiset
of B¢ consisting of elements with second coordinate equal to oo is equal to
{([p(a1)], ), ..., ([p(an)], 00)} where foreach i, [p(c;)] denotes the reduction
of p(a;) modulo I'.

Geometry & Topology XX (20XX)



Persistent homology and Floer-Novikov theory 1047

(ii) For any class a € Hy(C,), if we write o = 2?:1 N« where \; € A and
{ay,...,an} isthe basis from (i), then p(a)) = max;(p(c;)—v(N\;)). In particular,
if @ # 0, then the concise barcode B¢ contains an element of the form

([p()], 00).

Proof Let ((y1,...,Ym),(x1,...,X,)) beasingular value decomposition of O : Cpyi —

ker Ok. In particular, if r is the rank of Ok, then spanp{x,y1,...,x,} is an orthogo-
nal complement to Imd,;. Hence the classes o; = [x,4;] (for 1 <i < m —r)forma
basis for Hi(C,), and the dimension of the Hy(C,) over A is h = m — r. By definition,
the submultiset of B¢ consisting of elements with second coordinate equal to oo is
{([(xr41)],00), . . ., ([€(xm)], 00) }, so both part (i) and the first sentence of part (ii) of
the proposition will follow if we show that, for any Aj, ..., A\,—» € A we have

(22) p (Z Am) = max(¢(x,+1) — v(\)

i=1

(indeed the special case of (22) in which \; = ¢;; implies that p(a;) = £(x,1;)).

To prove (22), simply note that any class o = Zi Ao € Hi(C,) is represented by the
chain ), \ix,4;, and that the general representative of o is givenby x = y+ >, A\ix,;
for y € ImOgy. So since {x,11,...,x,} is an orthogonal basis for an orthogonal
complement to Imdj it follows that

{(x) = max {5@), 14 (Z )\ixr+i> } >/ (Z )\ixr+i) = mlax(ﬁ(xﬂri) —v(\)),

with equality if y = 0. Thus the minimal value of ¢ on any representative x of
> Niey is equal to max;(€(x,1;) — v(\;)), proving (22).

As noted earlier, (22) directly implies (i) and the first sentence of (ii). But then the
second sentence of (ii) also follows immediately, since each A € A\ {0} has v()\) € A,
and so if oo = ), Aioy; # 0 it follows from (22) that p(«) is congruent mod I" to one
of the p(ay;). O

6.2 Duality and coefficient extension for barcodes

Given a Floer-type complex (Cy,d,¢) over A = AT one obtains a dual complex
(CY,8,0*) by taking C} to be the dual over A of C_y, 6: C — C)_, to be the
adjoint of 0: C_jy; — C_; and defining ¢* as in Section 2.4. The following can be
seen as a generalization both of [U10, Corollary 1.6] and of [dSM V], Proposition 2.4]
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Proposition 6.7 For all k, denote by qu the degree-k verbose barcode of (Cy, 0, {).
Then the degree-k verbose barcode of (C), §, £*) is given by

(23)

Bev i = {(I—al,o0)| ([a], ) € Bc_¢}U{(I—a—L],L)| L < oo and ([a],L) € Bc,—x—1}.

Proof Supposethat ristherankof 0_;: C_y — C__1, sistherankof O_j11: C_jy1 —
C_i, and ¢t > r is the dimension of the kernel of d_;_1: C_j_1 — C_;_». Itis
straightforward (by using the Gram-Schmidt process in Theorem 2.16 if necessary)

to modify a singular value decomposition ((yi, ..., ¥n), (X1, ..., Xn)) of O_p: C_x —
C_x—1 so that it has the additional properties that:

(i) (x1,...,xs) is an orthogonal ordered basis for ker O_;_;, so that in particular
(1550, (x1,...,x)) is a singular value decomposition for 0_;: C_; —
ker O_j_1.

(i) Vn—st1s---,Yn) isanorthogonal ordered basis for Im0_ 1, so that the elements
([a]l, L) of [;’c,_k having L = oo are precisely the ([{(y;)],00) for i € {r +
l,...,n—s}.

By Proposition 2.20, a singular value decomposition for i : Cl\</+1 — C} is given
by ((x’f, ces X)), O], ,yZ)), where the xj and y; form dual bases for the bases
(x1y...,xp) and (y1,...,yn), respectively. Moreover by (ii) above, the kernel of
o2 € — CY_| (i.e., the annihilator of the image of J_x4) is precisely the span of
Yis---sVn_s> and so ((x]“, e X)), O] ,y:_s)) is a singular value decomposition
for Sp41: Ckarl — ker 6. Since by (7) we have ¢*(x}) = —/l(x;) and £*(y7) = —4(y;)
it follows that

Bev o = {I—Lo), LoD — Lo [i =1, , i} U=l 00) [ i = r+1,...,n—s}
which precisely equals the right hand side of (23).
O

The effect on the verbose barcode of extending the coefficient field of a Floer-type
complex by enlarging the value group I' is even easier to work out, given our earlier
results.

Proposition 6.8 Let (C.,0,¢) be a Floer-type complex over A = AT Jet IV < R
be a subgroup containing T', and consider the Floer-type complex (C,,0 ® 1,¢') over
AT given by letting C, = Cy @5 AT and defining ¢' as in Section 2.5. Let
Bk be the verbose barcode of (Cs, 9, () in degree k and let 7: R/T" — R/T" be the
projection. Then the verbose barcode of (C',,0 ® 1,/') in degree k is

{(r([a)), L) | ([a], L) € Bcy}.
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Proof This follows directly from Proposition 3.10 and the definitions. O

7 Classification theorems

In the spirit of the structure theorem (Theorem 6.1) for pointwise finite-dimensional
persistence modules, we will use the verbose and concise barcodes to classify Floer-
type complexes up to filtered chain isomorphism and filtered homotopy equivalence.
Specifically, we will prove the following two key theorems, stated earlier in the intro-
duction.

Theorem A Two Floer-type complexes (Cy,0c,?c) and (D, 0p,¥p) are filtered
chain isomorphic to each other if and only if they have identical verbose barcodes in
all degrees.

Theorem B Two Floer-type complexes (Cx,Oc,fc) and (D, 0p,{p) are filtered
homotopy equivalent to each other if and only if they have identical concise barcodes
in all degrees.

7.1 Classification up to filtered isomorphism

We will assume the following important theorem first, and then the proof of Theorem
A will follow quickly.

Theorem 7.1 Forany k € Z, the degree-k verbose barcode of any Floer-type complex
is independent of the choice of singular value decomposition for Oyy1: Cyy1 — Zg.

Proof of Theorem A On the one hand, a filtered chain isomorphism C, — D, maps
a singular value decomposition for (Oc)i+1: Ck+1 — ker(Oc)x to a singular value
decomposition for (Op)x+1: Dir+1 — ker(Op)k, while keeping all filtration levels the
same. Therefore, the “only if” part of Theorem A is a direct consequence of Theorem
7.1.

To prove the “if”” part of Theorem A we begin by introducing some notation that will also
be useful to us later. Given a collection of Floer-type complexes Co, = (Cax, On; La)
we define ©,C, to be the triple (BoCax, Bala, ) where ((cn)) = maxq la(cy).
Provided that, for each k € Z, only finitely many of the C,; are nontrivial, ®&,C, is
also a Floer-type complex.
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Definition 7.2 Fix I’ < R and the associated Novikov field A = ASL. For a € R,
L € [0,00], and k € Z define the elementary Floer-type complex £(a, L, k) to be the
Floer-type complex (E., Og, {g) given as follows:

A m=k

0 otherwise ’ Op = 0, and, for A\ € E,, = A,

° IfL:oothenEm:{
LN =a—v(N).

e If L € [0,00), then E} is the one-dimensional A-vector space generated by a
symbol x, Ej is the one-dimensional A-vector space generated by a symbol
y, and E,, = {0} for m ¢ {k,k + 1}. Also, Og: E. — E, is defined by
Op(A\x + py) = px, and lp(A\x + py) = max{a — v(\),(a + L) — v(u)}.

Remark 7.3 If b —a € T', then there is a filtered chain isomorphism E(a, L, k) —
E(b, L, k) given by scalar multiplication by the element 7°~¢ € A.

Proposition 7.4 Let (C,, 0, () be a Floer-type complex and denote by BC,k the degree-
k verbose barcode of (Cy, 0, ¢). Then there is a filtered chain isomorphism

C.0.0=2 O EaLh

k€Z ([al,L)EBc i

(where for each ([a],L) € BC,k we choose an arbitrary representative a € R of the
coset [a] € R/T).

Proof of Proposition 7.4 For each k let
(O b e 0 )

be an arbitrary singular value decomposition for (O¢)g+1: Ci+1 — ker(Oc)r, where
ry 18 the rank of (O¢)x+1 and my = dim(ker(Oc)) for each degree k € Z. We will first
modify these singular value decompositions for various & to be related to each other in
a convenient way. Specifically, since (karl . ,’j;:ll) is an orthogonal ordered basis
for ker(Oc)r+1, the tuple

k k+1 Kkl
((yla"'uyrkax1+ Yty m—:—_H) (x17"‘7 m,))
is also a singular value decomposition for (O¢)g+1: Crs+1 — ker(d¢)x. So letting

i (E(X{C),OO) rk+1§i§mk ’

we have Bey = {([a¥],L)|1 < i < my} and the proposition states that (Cx, 9, £) is
filtered chain isomorphic to §y EB E(al, l,k) Now for each i and k there is an
obvious embedding ¢; i : E(a,, l,k) — C, defined by:
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o when LF = 0o, ¢ (M) = \k;
o when LF < 0o, ¢ix(Mx + py) = Mk + pyk.

From the definition of the filtration and boundary operator on £ (af‘7 L{-‘, k) this embed-
ding is a chain map which exactly preserves filtration levels. Then

Dixdix: Bix @ LE k) — C.

is likewise a chain map. Finally, for each k, the fact that (y’f7 e y’,‘k,x]f“, ... ,x’n‘iﬁl)
is an orthogonal ordered basis for Cyy readily implies that ©; x; x is in fact a filtered
chain isomorphism. |

Since, by Remark 7.3, the filtered isomorphism type of £(a,L,k) only depends on
[a], L, k, and since quite generally filtered chain isomorphisms ®,: C, — D, between
Floer-type complexes induce a filtered chain isomorphism ®,: @®q Co — PaDa,
Proposition 7.4 shows that the filtered chain isomorphism type of a Floer-type complex
is determined by its verbose barcode, proving the “if part” of Theorem A. O

The remainder of this subsection is directed toward the proof of Theorem 7.1. We will
repeatedly apply the following criterion for testing whether a subspace is an orthogonal
complement of a given subspace.

Lemma 7.5 Let (C,/) be an orthogonalizable A -space, and let U,U’,V < C be
subspaces such that U is an orthogonal complement to V and dimU’ = dimU.
Consider the projection my : C — U associated to the direct sum decomposition
C=U®YV. Then U’ is an orthogonal complement of V if and only if {(ryx) = {(x)
forallx e U'.

Proof Assume that U’ is an orthogonal complement to V. Then for x € U’, we of
course have

X = 7TUX+(X— 7TU)C)
where myx € U and x — myx € V. Because U and V are orthogonal, it follows that
0(x) = max{{(myx), {(x — wyx)}. In particular,
(24) Ux) = Umyx).
Meanwhile since

Tyx = x — (x — wyx)
where x € U’, x — myx € V, and U’ and V are orthogonal, we have /(myx) =
max{/(x), {(x — wyx)}. In particular, ¢(7myx) > £(x). Combined with (24), this shows
U(x) = U(myx).
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Conversely, suppose that ¢(myx) = 4(x) for all x € U’. To show that U’ is an
orthogonal complement to V we just need to show that U’ and V are orthogonal, that
is, for any x € U’ and v € V we have ¢(x 4+ v) = max{/{(x), /(v)} (indeed if we show
this, then by Lemma 2.9 (i) U’ and V will have trivial intersection and so dimensional
considerations will imply that C = U’ & V). Now write x € U’ as

x:wUx+(x—7ar)

where myx € U and x — wyx € V. Because U and V are orthogonal, our assumption
shows that #(x) = {(wyx) > £(x — wyx). Now

x+v=myx+ v+ (x—myx))
where myx in U and v + (x — myx) € V. Again, U and V are orthogonal, so we have

(x +v) = max{{(myx), L (v + (x — myx))}
= max {{(x),{ (v + (x — myx))} .

Now if 4(v) > #(x) then {(x + v) = £(v) = max{l(x),{(v)}, as desired. On the
other hand if /(v) < {(x) then £ (v + (x — myx)) < max{{(v), {(x — myx)} < {(x), and
so ¢(x +v) = l(x) = max{l(x),¢(v)}. So in any case we indeed have ¢(x + v) =
max{/(x), {(v)} forany x € U’',v € V, and so U’ and V are orthogonal. O

Notation 7.6 Let ((y1,...,Yn), (x1,...,%n)) be a singular value decomposition for
a two-term Floer-type complex (C 9, Co), and let r be the rank of 0. Denote
ki,...,k, € {1,...,r} to be the increasing finite sequence of integers defined by the
property that k; = 1 and, for i € {1,...,p}, either 5;,(0) = Br,+1(0) = - -+ = 5,(0)
(in which case p = i) or else B, (0) = -+ = By, -100) > B, (0). Also let
kp+1 = r+1. We emphasize that the numbers k; are independent of choice of singular
value decomposition (since the (5;(0) are likewise independent thereof, see Definition
4.10).

The proof of Theorem 7.1 inductively uses the following lemma, which is an application
of Lemma 7.5.

Lemma 7.7 Let ((y1,--.,Yn),(x1,.-.,Xn)) be a singular value decomposition for

(Cy g Co) and r = rank(0), and let ki, . .., k,11 be the integers in Notation 7.6. Let
i€{l,...,p}, and suppose that V, W < Imd < Cy obey:

(1) dimV = k; — 1, V is d-robust for all 6 < f,_,(0), and V is orthogonal to
spanpy{xy, ..., xm}. (If i = 1 these conditions mean V = {0}.)
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@ii) dimW = k1 — k;, W is orthogonal to V, and V & W is §-robust for all
o< Bk,.(ﬁ).

Now let X = spany{xk;, ..., Xx ,—1} and X' = spanp{xx,,,...,Xm}. Then V& W
is orthogonal to X', and there is an isomorphism of filtered vector spaces W = X .

Proof Since V is orthogonal to X ¢ X’ and X is orthogonal to X', by Lemma 2.9, we
have an orthogonal direct sum decomposition Cy = X @ (X’ & V). We will first show
that the projection 7y : Cp — X associated to this direct sum decomposition has the
property that 7y|w exactly preserves filtration levels.

Letw € W, and write w = v+x+x where v € V, x € X, and X' € X’, so our goal is
to show that ¢(w) = £(x). Of course this is trivial if w = 0, so assume w # 0. Now

w) = max{l(x + '), £(v)}

since V is orthogonal to X & X’. Meanwhile since x + ¥’ = w — v and V and W
are orthogonal we have ¢(x + x') = max{{(v),{(w)} > £(v). So l(w) = l(x + x') =
max{/(x), £(x')}. (In particular x and x’ are not both zero.) Now expand w —v = x+x’
in terms of the basis {x;} as

w—v= Z Ajx;.

J=ki
The fact that we can take the sum to start at k; follows from the definitions of X and X’,
and the sum terminates at r because w —v € V@ W < Imd. Then 4w —v) =
max{{(\ixj)|j € {ki,...,r}}. By Lemma 4.9, the infimal filtration level of any
ki—H 71)\

5 € Cy such that 95 = x + ¥’ is attained by § = y +y' where y = >0 \y;

and y' = Z;=k[+1)‘jyf; by the assumption that V @& W is d-robust for all 6 < [, (D),

we will have

Uy +y') > lw —v) + B (0) = £x + xX') + B, (O).

Thus by the orthogonality of the bases {x;} and {y;},
(25)  Bi(0) < Ly +Y) — lx + ") = max{{(y), £0")} — max{£(x), ((x)}.

Now if we choose jy to maximize the quantity ¢()\;y;) over all j € {kit1,...,r} we
will have
0O = LNoyip) = LNjgXj) + By (0) < LX) + Bjy (D).
So
00" — max{£(x), £(x)} < () — L") < B, (D) < Br (D)
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since jo > k;y1. Thus in view of (25) we must have £(y) > £(y') and so by Proposition
2.3 L(y+y') = L(y). Similarly, choose iy € {k;,...,ki+1— 1} to maximize the quantity
£(Njxj), so that £(x) = £(\j)x;,). Then

U(y) — £x) = UAigyip) — L(Nigxiy) = Big(9).

Symmetrically, choose i € {ki,...,kiy1 — 1} to maximize the quantity /(y) =
ST Aoy, thatis £(y) = £(\;yi,). Then
Uy) — Lx) < UNyyiy) — Ly xi,) = Biy (0).

Because (3;,(0) = - -+ = By, ~1(0) and iy, iy € {k;, ..., ki;1 — 1}, the above inequali-
ties imply that 3;,(0) = £;,(0) = Bk,(09). Thus we necessarily have ¢(y)—{(x) = [, (0).
So we cannot have £(x") > /(x), since if this were the case then £(y +y') — l(x + x') =
£(y) — max{{(x), £(x')} would be strictly smaller than /3,(9), a contradiction to condi-
tion (ii). Thus ¢(x) > ¢(x). So since we have seen that /(w) = max{{(x), (x')} this
proves that /(w) = £(x).

Thus the projection 7y : Cp — X associated to the direct sum decomposition X &
(V& X') has l(mxw) = £(w) for all w € W, and in particular it is injective because 0
is the only element with filtration level —oo. So dimensional considerations prove the
last statement of the lemma. By Lemma 7.5, this also implies that W is an orthogonal
complement to V & X’. Since X’ is orthogonal to V and V & X’ is orthogonal to W
it follows from Lemma 2.9 (ii) that V ¢ W is orthogonal to X', which is precisely the
remaining conclusion of the lemma. |

Corollary 7.8 Let ((z1,---,20), W1, ...,wy)) and ((y1, ..., ¥n), (X1, ...,%Xn))) betwo

singular value decompositions for (Cy 2) Co). Then foreach i € {1,...,p} there is
a commutative diagram

span{z, - - - ,Zk,-+1—1} —— spanp{yi; - - - 7yk,-+1—1}
J{a la
SPAn{Wi;, . .., Wi 1} — Spany{xi;, ..., Xi—1}

where the horizontal arrows are isomorphisms of filtered vector spaces.

Proof Consider the following ascending sequence of subspaces of Im(9):
{O}ZV()SV] §V2§ ...§Vp:Im(8)

where V; = span{wi, ..., wi,,—1}. Each V; is §-robust for all 6 < (,(0) by Lemma
4.9. Also let W; = spany{wy, ..., Wk, ,—1}» so we have an orthogonal direct sum
decomposition V; = V;_; & W,.
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We claim by induction on i that V; is orthogonal to spanp{xy,,,...,%,}. Indeed
for i = O this is trivial, and assuming that it holds for the value i — 1 then applying
Lemma 7.7 with V = V;_; and W = W; proves the claim for the value i. Given
this fact, for any i we may again apply Lemma 7.7 to obtain a filtered isomorphism
Wi — spanp{xi,, . . ., xx, -1 }+, which serves as the bottom arrow in the diagram in the
statement of the Corollary.

Since the side arrows and the bottom arrow are all linear isomorphisms, there is a
unique top arrow that makes the diagram commute. Moreover the bottom arrow
exactly preserves filtration, and the side arrows both decrease the filtration levels of all
nonzero elements by exactly [, (0), so it follows that the top arrow is an isomorphism
of filtered vector spaces as well. a

Proof of Theorem 7.1 Let ((z1,...,2:), Wi,..., W), (1, ., V), (X1,..., X)) be
two singular value decompositions. Both of spany{w,+1, ..., wn} and spanp{x,;1, ...
are orthogonal complements to Im@, where r = rank(0), so they are filtered isomor-
phic by Lemma 7.5 and so they have the same filtration spectra by Proposition 5.5.
Meanwhile, the subspaces spany{wy;, ..., wy,_,—1} and spany{xy, ..., Xy, 1} are
filtered isomorphic for each i € {1, ...,p} by Corollary 7.8, so they likewise have the
same filtration spectra. The conclusion now follows immediately from the description
of verbose barcode, using Theorem 4.11. O

7.2 Classification up to filtered homotopy equivalence

Now we move on to the classification of the filtered chain homotopy equivalence class
of a Floer-type complex. First, we will prove the “if part”, which is the easier direction.

Proposition 7.9  For any Floer-type complex (C., Oc, {c), let B¢ i denote the degree-
k concise barcode of (Cy, Oc, {c). For each ([a],L) € B¢, choose a representative a
of the coset [a] € R/T'. Then (Cy, Oc, £¢) is filtered homotopy equivalent to

B P caLn.

k€Z ([al,L)EBc «

Proof For each k let chk denote the degree-k verbose barcode of (Cy, Oc, f¢) and
Bc « the degree-k concise barcode, so Bex = {([a],L) € Z;c,k |L> 0}
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By Proposition 7.4, if for each ([a],L) € BC,k we choose a representative a of the
coset [a] € R/T, (Cx, Oc, {¢) is filtered chain isomorphic to

(26) B P carb|e|P B E@oh

k(lal,L)eBc i k- ([a),00€Bc i \Bc

Recall the definition of &£(a, 0, k) as the triple (Ex, O, £g) where E, is spanned over
A by elements y € Eyy; and x € E; with Ogy = x and {g(y) = lp(x) = a. If we
define K: E, — E.4 to be the A-linear map defined by Kx = —y and K|g, = 0 for
m # k, we see that £g(Ke) < lp(e) for all e € E,, that (OgK + KOg)x = —0gy = —x,
and that (OgK + KOgy) = Kx = —y. So K defines a filtered chain homotopy between
0 and the identity, in view of which £(a, 0, k) is filtered homotopy equivalent to the
zero chain complex. Since a direct sum of filtered homotopy equivalences is a filtered
homotopy equivalence, the Floer-type complex in (26) (and hence also (Cy, Oc, £¢)) is
filtered homotopy equivalent to By, D (ay,1ies., €@, L, k) ]

Recalling from Remark 7.3 that the filtered isomorphism type of £(a, L, k) only depends
on ([al, L, k), so that up to filtered chain isomorphism ©rez D((a),L)eBc E(a,L,k) is
independent of the choices a of representatives of the cosets [a], the “if” part of
Theorem B follows directly from Proposition 7.9.

7.2.1 Mapping cylinders

We review here the standard homological algebra construction of the mapping cylinder
of a chain map between two chain complexes; the special case where the chain map is
a homotopy equivalence will be used both in the proof of the “only if”” part of Theorem
B and in the proof of the stability theorem.

For a chain complex (Cy, O¢) we use (C[1]., O¢) to denote the chain complex obtained
by shifting the degree of C, by 1: C[1];y = Ci—;, with boundary operator given
tautologically by the boundary operator of C.,.

Definition 7.10 Let (C,,d¢) and (D,, dp) be two chain complexes over an arbitrary
ring, and let ®: C, — D, be a chain map. The mapping cylinder of ® is the chain
complex (Cyl(®)., Ocy) defined by Cyl(®), = C. @ D, @ C[1], and, for (c,d,e) €
Cyl(®), Ocyi(c,d, e) = (Occ — e, Opd + Pe, —Oce). Thus, in block form,

Oc 0 -,
chl = 0 Op 01]
0 0 -0Oc
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It is a routine matter to check that 862y

indeed a chain complex.

; = 0, s0 (Cyl(®)«, Ocyr) as defined above is

For the moment we will work at the level of chain complexes, not of filtered chain
complexes, the reason being that we will later use Lemma 7.12 below under a variety
of different kinds of assumptions about filtration levels.

Definition 7.11 Given two chain complexes (Cy,d¢) and (D, dp), a homotopy
equivalence between (Cy,0¢) and (Dy, dp) is a quadruple (®, ¥, K¢, Kp) such that
Kc : Ci = Ciy1, Kp : Dy — D,y are linear maps shifting degree by +1 and
®: C. —» D, V: D, — C, are chain maps, obeying V& — I, = cK¢ + KcO¢ and
U —Ip, = OpKp + Kpdp.

(In particular our convention is to consider the homotopies part of the data of a homotopy
equivalence.)

Lemma 7.12 Let (P, V, K¢, Kp) be a homotopy equivalence between (Cy, J¢c) and
(D, Op). Then:

(i) Suppose that ip: D, — Cyl(®), is the inclusion, c: Cyl(®), — D, is defined
by a(c,d,e) = ®c+d,and K: Cyl(®), — Cyl(P).4 isdefined by K(c,d,e) =
(0,0,c). Then the quadruple (ip, «,0,K) is a homotopy equivalence between
(Dx, Op) and (Cyl(®), acyl)~

(i) Suppose that ic: C, — Cyl(®), is the inclusion, 5: Cyl(®), — C, is defined
by B(c,d,e) = c+ Vd + Kce, and L: Cyl(®), — Cyl(P),y1 is defined by

L(c,d,e) = (—Kcc, Kp(Pc + d),c — V(Pc + d)).
Then the quadruple (ic, 3,0,L) is a homotopy equivalence between (C, Oc¢)
and (Cyl(q))*, acyl)~

Proof The proofrequires only a series of routine computations to show that ip, «, ic, 8
are all chain maps and that the various chain homotopy equations hold. We will do
only the most nontrivial of these, namely the proof of the identity ic8 — Icy®), =
OcyiL + LOcy;, leaving the rest to the reader. We see that, for (c,d,e) € Cyl(®),,

(icB — Icyia).)(c,d, e) = (Vd + Kce, —d, —e)
while
OcyilAc,d, e) = Oeyi (—Kcc, Kp(®Pc + d),c — ¥ (Pc + d))
= (—0cKcc — ¢ +VYPc + Vd, OpKp(Pc + d) + Pc — dY(Pc + d), —Icc + OcV(Pc + d))
= (KcOcc + ¥d, —KpopPc + (OpKp — PV)d, —0cc + Oc ¥ (Pc + d))
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where we have used the facts that V& — I, = OcKc + KcOc and @V — [ =
OpKp + Kpdp. Meanwhile

LOcyi(c,d,e) = L(Occ — e, 0pd + e, —0ce)
= (—KcOcc + Kce, Kp(POcc + Ipd), dcc — e — W (POcc + Ipd)) .
So

(OcyiL + LOeyt) (¢, dy e) = (¥d + Kce, (OpKp — ®U + Kpdp)d, —e)
= (\I]d + KC@, _du —8) = (ICB - ICyl(@)*)(C, d7 6‘)

where in the first equation we have used the fact that & and ¥ are chain maps and in
the second equation we have again used that ¥ — I, = IpKp + KpJp. So indeed
icB —Icy®), = Ocyll 4 LOcy; as mentioned earlier the remaining identities are easier
to prove and so are left to the reader. a

We can now fill in the last part of our proofs of the main classification results.

Proof of Theorem B One implication has already been proven in Proposition 7.9.
For the other direction, let (Cy,d¢, ¢c) and (Dy, dp,£p) be two filtered homotopy
equivalent Floer-type complexes. Thus there is a homotopy equivalence (®, ¥, K¢, Kp)
satisfying the additional properties that, for all ¢ € C and d € D,, we have

27)  lp(Pc) < lc(e) Le(¥d) < Up(d) Le(Kce) < Le(e) Cp(Kpd) < Up(d).

Now form the mapping cylinder (Cyl(®), O.,;) as described earlier, and define £.,;: Cyl(®), —
RU{—oc0} by
Ceyi(c,d, e) = max{lc(c), £p(d), Lc(e)}

Itis easy to see that (Cyl(®)., Ocyi, £cy1) is then a Floer-type complex.* Now (Cyl(®)., Oyl Leyl)
has a concise barcode in each degree; we will show that this concise barcode is both

the same as that of (Cy, O¢c, £¢) and the same as that of (D, Op, £p), which will suffice

to prove the result.

Using the notation of Lemma 7.12, since o: Cyl(®), — D is a chain map with aip =
Ip, , we have a direct sum decomposition of chain complexes Cyl(®). = D, & ker a.
We claim that D, and ker o are orthogonal (with respect to the filtration function £, ).
Now

kera = {(c,d,e) € Cyl(P), |d = —Pc} = {(c, —Pc,e) | (c,e) € C. ® C[1].} .

*For comparison with what we do later it is worth noting that the fact that Leyi(Oeyix) < Leyi(x)
for all x is crucially dependent on the first inequality of (27).
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Since D, is an orthogonal complement to C, & C[1], in Cyl(®)., and since in each
grading k the dimensions of the degree-k part of ker o and of Cy & C[1] are the same,
by Lemma 7.5 in order to show that ker « is orthogonal to D, it suffices to show that,
writing 7: Cyl(®), — C, & C[1], for the orthogonal projection (c,d,e) — (c,e),
one has £¢y(mx) = £.y(x) for all x € kera. But any x € kera has x = (¢, —®c, e)
for some (c,e) € Cy @ C[1],, and £p(—Pc) < Lc(c), so we indeed have £y (mx) =
max{{c(c), lc(e)} = Ley(x). So indeed D, and ker o are orthogonal.

In view of the orthogonal direct sum decomposition of chain complexes Cyl(®), =
D, & kera, for every degree k we can obtain a singular value decomposition for
OcyDi+1: Cyl(P)gy1 — ker(Oeyp)i by simply combining singular value decomposi-
tions for the restrictions of (Ocy)i+1 to Dis1 and to (ker )iy1. Then by Theorem
7.1, the verbose barcode of Cyl(®), is the union of the verbose barcodes of D, and of
ker .

To describe the latter of these, we will show presently that every element in ker(Ocyi|ker o)
is the boundary of an element having the same filtration level. In fact, for any x €
ker(Ocyi|ker o), the equation ipa — Icyi®), = OeyiK + KOcy shows that x = Oy(—Kx).
Moreover,

Leyi(X) = Leyi(Ocyi(—Kx)) < Leyi(—Kx) < Leyi(x),

where the last inequality comes from the formula for K in Lemma 7.12. Therefore
Ecyl(x) = Ecyl(_Kx)-

Consequently, every element ([a], s) of the verbose barcode of ker a has s = 0 (or, said
differently, the concise barcode of ker v is empty in every degree). Thus the verbose
barcode of Cyl(®), may be obtained from the verbose barcode of D, by adding
elements with second coordinate equal to zero; consequently the concise barcodes of
Cyl(®), and of D, are equal.

The proof that the concise barcodes of Cyl(®),. and C, are likewise equal is very similar.
We have a direct sum decomposition of chain complexes Cyl(®), = C,. @ ker 3, where
ker f = {(—¥d — Kce,d, e)|(d,e) € D, ® C[1].}. Let #': Cyl(®), — D, & C[1].
be the projection associated to the orthogonal direct sum decomposition Cyl(®), =
C.® (D, ®C[1],). The inequalities (27) imply that £ (7'x) = £y (x) forall x € ker .
Hence by applying Lemma 7.5 degree-by-degree we see that Cyl(®). = C, & ker 3
is an orthogonal direct sum decomposition of chain complexes, and hence that in any
degree k the verbose barcode of Cyl(®), is the union of the degree-k verbose barcodes
of C, and of ker 3. Any cycle x in ker 3 obeys x = —0,;Lx, where the formula for L
(together with (27)) shows that £, (—Lx) < £y;(x). While Lx might not be an element
of ker /3, the orthogonality of C, and ker 3 together with Lemma 4.9 allow one to find
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y € ker 8 with 9y = x and £y;(y) < £ey(—Lx) < Ley(x). Just as above, this proves that
all elements ([a], s) of the verbose barcode of ker 5 have second coordinate s equal to
zero, and so once again the concise barcode of Cyl(®), coincides with thatof C.. O

8 The Stability theorem

The Stability Theorem (or a closely related statement sometimes called the Isometry
Theorem) is the one of the most important theorems in the theory of persistent ho-
mology. It successfully transfers the problem of relating the filtered homology groups
constructed by different methods (e.g., different Morse functions on a given manifold)
to a combinatorial problem based on the associated barcodes. The result was originally
established for the persistence modules associated to “tame” functions on topological
spaces in [CEHO7]; since then a variety of different proofs and generalizations have
appeared (see e.g. [CCGGOO09], [BL14]), and it now generally understood as an al-
gebraic statement in the abstract context of persistence modules. In this section, we
will introduce some basic notations and definitions in order to state our version of the
stability theorem, which unlike previous versions applies to Floer-type complexes over
general Novikov fields A*T". In the special case that I' = {0} the result follows from
recent more algebraic formulations of the stability theorem like that in [BL14], though
we would say that our proof is conceptually rather different.

The following is an abstraction of the filtration-theoretic properties satisfied by the
“continuation maps” in Hamiltonian Floer theory that relate the Floer-type complexes
associated to different Hamiltonian functions; namely such maps are homotopy equiv-
alences which shift the filtration by a certain amount which is related to an appropriate
distance (the Hofer distance) between the Hamiltonians (see [U13, Propositions 5.1,
5.3 and 6.1]).

Definition 8.1 Let (C., ¢, ¢) and (D, Op, £p) be two Floer-type complexes over A,
and § > 0. A J-quasiequivalence between C, and D, is a quadruple (¢, V, K¢, Kp)
where:

i) (®,V,K¢,Kp) is a homotopy equivalence (see Definition 7.11).

(i) Forall ¢ € C, and d € D, we have
(28)
lp(Pc) < Lle(e)+0 Le(¥d) < Up(d)+0  Le(Kee) < Le(e)+28  Lp(Kpd) < £p(d)+26.
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The quasiequivalence distance between (Cy, Oc, £¢) and (D, Jp, £p) is then defined
to be

Th . ouasiequival
do((Car D £6), (D O, ) = inf { 530 ’ ere exists a 6-quasiequivalence between }

(C*7 8C7 eC) and (D*; 8D7£D)

Of course, (Cs, Oc, £¢) and (D, Op, £p) are said to be §-quasiequivalent provided that
there exists a d-quasiequivalence between them. Note that a 0-quasiequivalence is the
same thing as a filtered homotopy equivalence.

Remark 8.2 Itiseasy toseethatif (Cy, Oc, £¢) and (D4, Op, £p) are §p-quasiequivalent
and (D, Op, £p) and (E,, Og, £E) are 61 -quasiequivalent then (Cy, Oc, £¢) and (Ey, O, £g)
are (0o + d1)-quasiequivalent. Thus dy satisfies the triangle inequality. In particu-
lar, if (Cy,Oc,¥c) and (Dy, Op,fp) are d-quasiequivalent then (Cy,3dc,{c) is also
d-quasiequivalent to any Floer-type complex that is filtered homotopy equivalent to
(Dy,0p, p).

Example 8.3 Take (F1, g1) and (F7, g») to be two Morse functions together with suit-
ably generic Riemannian metrics on a closed manifold X. Let 6 = ||F) — F3 ||z . Then
it is well-known (and can be deduced from constructions in [Sc93], for instance) that the
associated Morse chain complexes, over the ground field IC = A’C’{O}, CM.(X;F1,81)
and CM(X; F», g») are d -quasiequivalent.

Example 8.4 Take (H,J;) and (H3,J,) to be two generic Hamiltonian functions
together with compatible almost complex structures on a closed symplectic manifold
(M,w). Then, as is recalled in greater detail at the start of Section 12, one has
Hamiltonian Floer complexes CF.(M;H,,Jy) and CF.(M; H»,J,) over the Novikov
field A*T where T' < R is defined in (40). Define

E((H) = [, maxy H(t,)dr and E_(H)= — [, miny H(t,-)dr

andlet = max{E(Hy—H;),E_(H,—H,)}. Then (CF.(M;H,,J,)) and (CF.(M; H;,J>))
are d-quasiequivalent. The maps in the corresponding quadruple (®,V, K, K>) are
constructed by counting solutions of certain partial differential equations (see [AD14,
Chapter 11]).

Remark 8.5 One could more generally define, for 41, 9, € R, a (91, d2)-quasiequivalence
by replacing (28) by the conditions ¢p(®Pc) < Le(c) + 01, Le(Wd) < Lp(d) + 02,
Le(Kee) < Le(e) + 61 + 62, and £p(Kpd) < £p(d) + 61 + 5. (So in this language a J-
quasiequivalence is the same thing as a (J, )-quasiequivalence.) Then in Example 8.4
one has the somewhat sharper statement that (CF.(M; Hy,J1)) and (CF.(M; H»,J,))
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are (Ey(Hy, — Hy),E_(H, — Hy))-quasiequivalent. However since adding a suitable
constant to H; has the effect of reducing to the case that £, (H, —H;) and E_(H, —H1)
are equal to each other while changing the filtration on the Floer complex (and hence
changing the barcode) by a simple uniform shift, for ease of exposition we will restrict
attention to the more symmetric case of a J-quasiequivalence.

Remark 8.6 We will explain in Appendix A that quasiequivalence is closely related
with the notion of interleaving of persistent homology from [BL14]. In particular, the
quasiequivalence distance d is equal to a natural chain-level version of the interleaving
distance from [BL14].

Our first step toward the stability theorem will be a continuity result for the quantities
B from Definition 4.10. Recall that for i € Z the degree-i part of the (verbose or
concise) barcode of (Cy, Oc, {¢) is obtained from a singular value decomposition of
the map (0¢)i+1: Ciy1 — ker(Oc);.

Lemma 8.7 Let (,V,Kc,Kp) be a §-quasiequivalence and let n > 26. If V <
ker(Oc); is n-robust then ®|y is injective and ®(V) is (n — 20)-robust.

Proof If v € V and ®v = 0 then
v=v— YDy = dc(—Kcv)
where {c(—Kcv) < £c(v) + 20; by the definition of 7-robustness (see Definition 4.7)
this implies that v = 0 since > 2§. So indeed ®|y is injective.
Now suppose that 0 # w = $v € &(V) with dpy = w. Then
OcVy =Vopy = VOy = v+ JcKev

(where we’ve used the fact that V < ker ¢). So v = O¢(Vy — K¢v). By the definition
of n-robustness we have £c(Vy — Kcv) > £e(v) + 1. Since £e(Kev) < Le(v) + 20 <
Lc(v) + n this implies that

Le(Ty) > Le(v) + 1.

But {p(y) > Lc(Wy) — 9, and Ip(w) = Lp(Pv) < Le(v) + §, which combined with
the displayed inequality above shows that ¢p(y) > {p(w) + (n — 24). Since w was an
arbitrary nonzero element of ®(V) this proves that ®(V) is (n — 2J)-robust. O

Corollary 8.8 Suppose that (Cy,0c,fc) and (Dy,0p,{p) are ¢&-quasiequivalent.
Then for all i € Z and k € N, we have |5,((0¢)i+1) — Bi((Op)it1)| < 20.
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Proof By definition 5¢((0¢)i+1) is the supremal 1 > 0 such that there exists a k-
dimensional 7-robust subspace of Im((9p);+1), or is zero if no such subspace exists
for any 7. If Br((Oc)i+1) > 26, then given € > 0 there is a k-dimensional subspace
V < Im(0¢)i+1 whichis (6¢((O¢)i+1)—€)-robust, and then (for small enough €) Lemma
8.7 shows that ®(V) < Im((0p)i+1) is k-dimensional and (5, ((O¢)i+1) — e —2d)-robust.
Since this construction applies for all sufficiently small € > 0 it follows that

(29) Br((Op)it1) = Be((Dc)iy1) — 20

provided that Br((O¢)ir1) > 2d. But of course if Br((O¢)ivr1) < 2d then (29) still
holds for the trivial reason that S;((Op)ir1) is by definition nonnegative. So (29)
holds in any case. But this argument may equally well be applied with the roles of the
complexes (Cy, Oc, £¢) and (D, Op, £p) reversed (as the relation of §-quasiequivalence
is symmetric), yielding Si((Oc)it1) > Br((Op)ir1) — 20, which together with (29)
directly implies the corollary. |

In order to state our stability theorem we must explain the bottleneck distance, which
is a measurement of the distance between two barcodes in common use at least since
[CEHO7]. First we will define some notions related to matchings between multisets,
similar to what can be found in, e.g., [CdSGO12]. We initially express this in rather
general terms in order to make clear that our notion of a partial matching can be
identified with corresponding notions found elsewhere in the literature. Recall below
that a pseudometric space is a generalization of a metric space in which two distinct
points are allowed to be a distance zero away from each other, and an extended
pseudometric space is a generalization of a pseudometric space in which the distance
between two points is allowed to take the value co.

Definition 8.9 Let (X, d) be an extended pseudometric space equipped with a “length
function” A\: X — [0, 00], and let S and 7 be two multisets of elements of X.

e A partial matching between S and 7 is a triple m = (Sgort, Tshors, 0) Where
Sshore and Tgpor are submultisets of S and T, respectively, and o: S\ Sgporr —
T \ Tshore is a bijection. (The elements of Sy and Tgper Will sometimes be
called “unmatched.”)

e For 0 € [0,00], a d-matching between S and 7T is a partial matching
(Sshort> Tshort; ) such that for all x € Sgorr U Tsnorr We have A(x) < § and
forall x in S \ Synere We have d(o(x),x) < 6.

e If m is a partial matching between S and 7, the defect of m is

d(m) = inf{d > 0| mis a d-matching}.
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Example8.10 LetH = {(x,y) € (—00,0]? | x < y} withextended metric dy;((a, b), (c,d)) =
max{|c—al,|d—b|} and Ay ((a, b)) = 25%. Then our notion of a § -matching between
multisets of elements of H is readily verified to be the same as that used in [CdSGO12,

Section 4] or [BL14, Section 3.2].

Example 8.11 Consider R x (0, 00] with the extended metric d((a,L),(a’,L")) =
max{|a — d'|,|(a + L) — (¢’ + L')|} and the length function \(a,L) = L/2. Then the
bijection f: R x (0,00] — H defined by f(a,L) = (a,a + L) pulls back dy; and Ay
from the previous example to d and A, respectively, so giving a § -matching m between
multisets of elements of R x (0, oo] is equivalent to giving a 0 -matching f,m between
the corresponding multisets of elements of H .

Example 8.12 Our main concern will be ¢ -matchings between concise barcodes of
Floer-type complexes, which are by definition multisets of elements of (R/T") x (0, oc]
for a subgroup T' < R. For this purpose we use the length function \: (R/T") x
(0, 00] — R defined by A\([a],L) = % and the extended pseudometric

d (([al, L), (Id'],L")) = Hellf, max{la +g —d'|,|(a+ g+ L) — (@ +L)|[}.
g
In the case that T' = {0} this evidently reduces to Example 8.11.

For convenience, we rephrase the definition of a §-matching between concise barcodes:

Definition 8.13 Consider two concise barcodes S and 7 (viewed as multisets of
elements of (R/I') x (0,00]). A J-matching between S and 7T consists of the
following data:

(i) submultisets Sgporr and Ty such that the second coordinate L of every element
([al,L) € Sshort U 7;h0rt ObeyS L <26.

(i) A bijection o: S\ Sgiorr = T \ Tshorr such that, for each ([a],L) € S \ Ssnor
(where a € R, L € [0, 00]) we have o([a],L) = ([a¢'],L") where for all ¢ > 0
the representative @’ of the coset [a¢'] € R/T can be chosen such that both
ld —a| <d+eandeither L=L =occor|(d+L)—(a+L)<d+e.

It follows from the discussion in Example 8.11 that our definition agrees in the case
that ' = {0} (via the map (a,L) — (a,a + L)) to the definitions in, for example,
[CASGO12] or [BL14].

Definition 8.14 If S and 7 are two multisets of elements of (R/I") x (0, co] then the
bottleneck distance between S and 7T is

dp(S,T) = inf{d > 0| There exists a d-matching between S and 7 }.
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Our constructions associate to a Floer-type complex a concise barcode for every k € 7Z,
so the appropriate notion of distance for this entire collection of data is:

Definition 8.15 Let S = {Si}kez and T = {7k }xez be two families of multisets of
elements of (R/T") x (0, co]. The bottleneck distance between S and 7T is then

dp(S,T) = sup dp(Sk, Ti).
kez

Remark 8.16 It is routine to check that dp is indeed an extended pseudometric. In
particular, it satisfies the triangle inequality.

We can now formulate another of this paper’s main results, the Stability Theorem.

Theorem 8.17 (Stability Theorem). Given a Floer-type complex (Cy,Oc,{c) and
k € Z, denote its degree-k concise barcode by B¢ j; moreover let Be = {Bc ez
denote the indexed family of concise barcodes for all gradings k. Then the bottleneck
and quasiequivalence distances obey, for any two Floer-type complexes (Cy,Oc,{c)
and (D, Op,fp):

(30) dp(Bc, Bp) < 2do((Cy, dc, Le), (Dx, Op, {p)).

Moreover, for any k € Z, if we let Apx > 0 denote the smallest second coordinate L
of all of the elements of Bp ., and if do((Cx, ¢, £c), (Dx, Op, €p)) < %, then

3D dp(Bex, Bp ) < do((Cx, Oc, L), (D, Op, £p)).

We will also prove an inequality in the other direction, analogous to [CdSGO12,
“4.117)].

Theorem 8.18 (Converse Stability Theorem) With the same notation as in Theorem
8.17, we have an inequality

dQ((C*7 6C7 ec)a (D*v 8D7 ED)) S dB(BC7 BD)

Thus, with respect to the quasiequivalence and bottleneck distances, the map from
Floer-type complexes to concise barcodes is globally at least bi-Lipschitz, and moreover
is a local isometry (at least among complexes having a uniform positive lower bound on
the parameters Ap j as k varies through Z; for instance this is true for the Hamiltonian
Floer complexes). We expect that the factor of two in (30) is unnecessary so that the map
is always a global isometry (as is the case when I" in trivial by [CdSGO12, Theorem
4.11]). In Section 11, we will see this becomes true if the quasiequivalence distance
dg is replaced by more complicated distance called the interpolating distance.

We prove the Stability Theorem in the following section, and the (easier) Converse
Stability Theorem in Section 10.
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9 Proof of the Stability Theorem

9.1 Varying the filtration

The proof of the stability theorem will involve first estimating the bottleneck distance
between two Floer-type complexes having the same underlying chain complex but
different filtration functions, and then using a mapping cylinder construction to reduce
the general case to this special case. We begin with a simple combinatorial lemma:

Lemma 9.1 Suppose that A and B are finite sets and that o, 7: A — B are bijections
and f: A — R and g: B — R are functions such that, for some § > 0, we have
fla) — g(o(a)) < 6 and g(1(a)) — f(a) < § for all a € A. Then there is a bijection
n: A — B such that |f(a) — g(n(a))| < d foralla € A.

Proof Denote the elements of A as ay,...,a,, ordered in such a way that f(a;) <

- < f(ay); likewise denote the elements of B as by,...,b,, ordered such that
g(by) < --- < g(by). Our bijection n: A — B will then be given by n(a;) = b; for
i=1,...,n.

Given i € {1,...,n}, write 7(a;) = b,, and suppose first that m > i. Then g(b,) >
g(by), so g(b;) — f(a;)) < g(bwm) — f(a;) < § by the hypothesis on 7. On the other

hand if m < i then there must be some j € {1,...,i — 1} such that 7(a;) = by where
k > i (for otherwise 7 would give a bijection between {ay,...,q;} and a subset of
{b1,...,bi—1}). In this case since j < i < k we have

8(bi) — flai) < g(br) — f(a)) = g(1(a)) — f(a) < 0.

So in any event g(b;) — f(a;) < 0 for all i. A symmetric argument (using o lin place
of 7) shows that likewise f(a;) — g(b;) < ¢ for all i. So indeed our permutation 7
defined by 7(a;) = b; obeys |f(a) — g(n(a))| < J forall a € A. |

Lemma9.2 Let (C,/c) and (D, fp) be orthogonalizable A -spaces andletA: C — D
be a A -linear map with unsorted singular value decomposition (y1, - - -, ¥n), (X1, - - -, X))
Let (,: D — RU{—o0} be another filtration function such that (D, {},) is an orthog-
onalizable A-space, and let 6 > 0 be such that |{p(d) — {(d)| < & forall d € D.
Then there is an unsorted singular value decomposition ((y’l, ce Y, (L ,xfn)) for
the map A with respect to {¢ and the new filtration function ¢},, such that:

(i) Lc(yh) = Le(y;) foreach i.
(i) | (x}) — €p(x;)| < & foreach i < rank(A).
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Proof To simplify matters later, we shall assume that:
(32) Forall i,j,if £c(y;)) = €c(y;)) mod I' then £c(y;) = Lc(y)).

There is no loss of generality in this assumption, as it may be arranged to hold by mul-
tiplying the various y;, x; by appropriate field elements 7% (and then correspondingly
multiplying the elements y’, x; constructed in the proof of the lemma by 78).

Let us first apply the algorithm described in Theorem 3.5to A, viewed as a map between
the non-Archimedean normed vector spaces (C, {¢) and (D, £})). That algorithm takes
as input orthonormal bases for both the domain and the codomain of A; for the
domain (C, ¢c) we use the ordered basis (yi,...,y,) from the given singular value
decomposition (for A as a map from (C,{¢) to (D, ¥p)), while we use an arbitrary
orthogonal basis for the codomain.

Denote the rank of A by r. Since Ay; = 0 for i = r + 1,...,n, inspection of the
algorithm in the proof of Theorem 3.5 shows that, for i = r + 1, ..., m, the element
y; is unchanged throughout the running of the algorithm. Thus the ordered basis
O, -.,y,) for C that is output by the algorithm has y; = y; for i = r+ 1,... ,m.
So since r is the rank of A and Ay, = Ay; = 0 for i > r, it follows that Ay, # 0 for
i€{l,...,r}. Infact, setting x; = Ay; for i € {1,...,r}, the tuple (x},...,x]) gives
an orthogonal ordered basis for Im(A). Moreover, according to Theorem 3.5, we have
Le(yh) = Le(y;) for all i, while

(33) p(x)) < lp(x) forie {1,...,r}.

Taking (x],,...,X,) tobe an arbitrary £},-orthogonal basis for an orthogonal comple-

ment to Im(A), it follows that ((}, ..., ¥,),(x],...,x},)) is an unsorted singular value
decomposition for A considered as a map from (C, {¢) to (D, {},), which moreover
satisfies property (i) in the statement of the lemma.

We will show that, possibly after replacing y;, x; by ¥, ), %, for some permutation 7
of {1,...,r} having £c(y;) = £c(yni) for each i, this singular value decomposition
also satisfies property (ii). In this direction, symmetrically to the previous paragraph,
apply the algorithm from Theorem 3.5 to A as a map from (C, ¢¢) to (D, £p), using as

input the basis (¥}, .. .,y,) for C that we obtained above. This yields a new unsorted
singular value decompositon ( Loy, &L ,x,’q’l)) for A as a map from (C, {¢)

to (D, ¢p), having
ey = Le(yh) = Le(y;) for all i

and

(34) (o) < bp(xy fori e {1,...,r}.
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Now by Theorem 7.1 and our assumption (32), there is an equality of multisets of
elements of R?:

(35) {(LcO, toli =1,...,r} = {lcOD), oG D]i=1,...,r}.

Indeed, each of these multisets corresponds to the finite-length bars in the verbose
barcode of the two-term Floer-type complex (C 4 D), and the condition (32) and the
fact that £c(y)) = £c(y;) ensure that an equality of some ¢¢(y;) and Ec(y]’.’ ) modulo T"
implies an equality in R. For any z € {{c(y1),...,lc(y,)}, let

IZ = {l S {1, .. .,r}‘fc(yl') = Z}
and define functions f, g: I, — R by f(i) = ¢[,(x}) and g(i) = ¢p(x;). Using (33), for
each i € I, we then have,
J@) < Lp(xi) < Lp(xi) + 6 = (i) + 0.

Meanwhile by (35) there is a permutation 7 of I, such that ¢p(x,;)) = {p(x/) for all
i € I, and so by (34)

8(1() = Lp(xra) = €p(xi) < Ip(x) < Lp(x) + 6 = f(i) + 6.
So we can apply Lemma 9.1 to obtain a permutation 7, of I, such that

[p(xi) — Lp(xn.i)| = () — g(n(D)] < 6

for all i. Repeating this process for each z € {lc(y1),...,¢c(y,)}, and reordering
the tuples (y},...,y,) and (x/,...,x}) using the permutation 7 of {1,...,r} that
restricts to each I, as n,, we obtain a singular value decomposition for A as a map
(C,Lc) — (D, £}, satisfying the desired properties. O

We now prove a version of the stability theorem in the case that the Floer-type complexes
in question arise from the same underlying chain complex, with different filtration
functions.

Proposition 9.3 Let (C,, d) be achain complex of A -vector spacesandlet (o, ¢;: Cy, —
R U {—o00} be two filtration functions such that both (Cy, d,{y) and (Cy,0,{;) are
Floer-type complexes. Assume that § > 0 is such that |(;(c) — lo(c)| < § for all
¢ € C.. Then denoting by BOC and BIC the concise barcodes of (Cy,d,{y) and
(Cy, 0, 4y), respectively, we have dg(B., BIC) <.

Proof Fixagrading k, let r denote the rank of (9|ck+l ,andlet (y1, ..., V), (X1, .. Xm))
be a singular value decomposition for 0|c,,,, considered as a map (Cyy1,4) —
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(Ck, Lo). In particular, the finite-length bars of the degree-k part of BOC are given by
([o(x)], Lo(yi) — Lo(x;)) for 1 < i < r, and the infinite-length bars of the degree-(k+ 1)
part of Bg are given by ([£o(y;)],00) for r +1 <i < n.

We may then apply Lemma 9.2 to obtain an unsorted singular value decomposition
(O, -, (&K, ..., x,) for O], , considered as a map (Cyy1,4o) — (Ci, 1), such
that £o(y}) = o(y;) for all i and [¢1(x}) — lo(x;)| < 9.

Now consider the adjoint 0*: (Cy)* — (Cr41)* and the dual filtration functions £, £}
as defined in Section 2.4. It follows immediately from the definitions of £, ¢] and the
assumption that |¢;(c) — lo(c)| < 6 forall ¢ € C, that, likewise, |(] — £;]| is uniformly
bounded above by &. Moreover by Proposition 3.9, the collection of dual basis

elements ((x*,...,x"), Of, ..., y.)) gives an unsorted singular value decomposition
for 0* considered as a map from ((Cp)*,¢7) to ((Ci+1)*,¢;). Thus Lemma 9.2
applies to give an unsorted singular value decomposition ((£1,...,&n), (M1, ---, M)

for 0* considered as a map ((Cp)*,¢}) — ((Cry1)*, 1), with £}(&) = ([ (x}*) for
all i and [05(n;) — £5(v7")| < 0 forall i € {1,...,r}. Again using Proposition 3.9
(and using the canonical identification of (C;)** with C; for i = k, k + 1), it follows
that ((n7,...,m), (&}, ...,&,)) is a singular value decomposition for O considered
as amap (Cip1,47") — (Cr, £7%). It is easy to see (for instance by using (7) twice)
that ¢7* = ¢;. Thus the finite-length bars in the degree-k part of BIC are given by
([N, () — €1(E7))-

Now using (7) we have
16(E) — Loa)| < | = 6(E) — LD+ [ — loGa)| < | = GE)+ G+ =0
and similarly

1) — L) = | — G5m) — LoG)| = | — £ () + G50 < 6.

Thus we obtain a §-matching between the finite-length bars in the degree-k parts of
BY and B¢ by pairing each ([£o(x)], €o(yi) — Lo(xi)) with ([£1(EN], £1(n}) — L1(EF))
fori=1,...,r.

It now remains to similarly match the infinite-length bars in the degree-k parts of the
BL.. Let us write

kel‘(8|ck) = Im(a\cm) @ Vy= Im(&]ckH) ®V

where Im(9|¢, 1) is orthogonal to Vy with respect to £y and Im(0|c, 1) 18 orthogonal
to V| with respect to £;. For i = 0, 1, the infinite-length bars in the degree-k parts of
Bic are then given by (c, 00) as ¢ varies through the filtration spectrum of V;.
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For i = 0,1, let m;: ker(d|¢c,) — Vi denote the projections associated to the above
direct sum decompositions. Note that 7|y, : Vo — V; is a linear isomorphism, with
inverse given by 7|y, . So for vo € V) we obtain

li(myv) < 4 (v) < Llo(v) + 0

while
lo(v) = Lo(my,my, (V) < Lo(my,v) < Ly (y,v) + 0.

So the linear isomorphism 7y, |y,: Vo — Vi obeys [¢i(my,v) — lo(v)| < 6 for all
v € V. A singular value decomposition for the map 7y, |v,: (Vo, olv,) = (V1,41lv,)
precisely gives orthogonal ordered bases (w1, ..., wy,—,) and (7y,wi, ... Ty, Wy—,) for
Vo, olv,) and (V1, 41]v,), respectively, and the matching which sends ([£o(w;)], c0) to
([41(my,w;i)], 00) then has defect at most 6. Combining this matching of the infinite-
length bars in the degree-k parts of BOC and B{. with the matching of the finite-length
bars that we constructed earlier, and letting k vary through 7Z, we conclude that indeed
dp(BY, BL) < 6. m

9.2 Splittings

Our proof of Theorem 8.17 will involve, given a J-quasiequivalence (®, ¥V, K¢, Kp),
applying Proposition 9.3 to a certain pair of filtrations on the mapping cylinder Cyl(®P)...
It turns out that our arguments can be made sharper if we assume that the quasiequiva-
lence (@, ¥, K¢, Kp) satisfies a certain condition; in this subsection we introduce this
condition and prove that there is no loss of generality in asking for it to be satisfied.

Definition 9.4 Let (C,, 0, {) be a Floer-type complex. A splitting of C, is a graded
vector space F$ = @ezFF such that each F{ is an orthogonal complement in Cy to
ker Ok(= ker 0|c,).

Clearly splittings always exist, as already follows from Corollary 2.19. One can
read off a splitting from singular value decompositions of the boundary operator in
various degrees: if ((ylf_l, e ,y’,‘,_l),(x][_l, ..., xk=1)) is a singular value decom-
position for Oy: Cr — kerdr_; and if r; is the rank of O then we may take
FC = spany {871 oA

Definition 9.5 If (C,,J¢,£¢) and (D, Op, {p) are Floer-type complexes with split-

tings FC€ and FP, respectively, a chain map ®: C, — D, is said to be split provided
that ®(F€) C FP.
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Lemma 9.6 Let ®: C. — D, be a chain map between two Floer-type complexes
(Cy,0c,c) and (D, Op,{p) having splittings FC¢ and FP, and let ¢ : C, — F€
and 7p : D, — FP be the projections associated to the direct sum decompositions
C, = F¢ @ ker(Oc)« and D, = FP? @ ker(dp), . Define

D" = mpPrc + P — o).
Then this map satisfies following properties:
(i) @7 is a chain map;
(i) @7 is split, and 7 |xer o, = Plkerog

(iii) If 6 > 0 and {p(P(x)) < fc(x) + 6 for all x € Cy, then likewise £p(P7(x)) <
le(x) + 6 forall x € C,.

Proof For (i), since dc(Ic — m¢) = 0, we see that Ocme = O¢ and similarly,
Opmp = Op. Then using that ® is a chain map, we get

Op®™ = Oprp®rc + OpPUc — 7c) = POcme + POc(Ic — 7¢c) = POc.
Moreover, ImO¢c < ker Oc, so mcOc = 0, and
OO = mpPrcde + PUe — we)de = POc.
So &7 is a chain map.

For (ii), for x € FE, mex = x and so (Ic — we)x = 0. So ®"x = mp®rex = npdx €
F ,? , proving that ®7 is split. Meanwhile for x € ker(d¢), we have mcx = 0 and so
P"x = mp®mwex + P — wo)x = dx.

For (iii), note first that since 7p (being a projection) obeys 73, = 7p, we have
mp®" = mpPrc + mpPUc — wc) = Tpd

while
(Ip — mp)®™ = (Ip — mp)®U — 7¢).

So since F,’? and ker(Op)y are orthogonal, for all x € C; we have
Cp(®7"x) = max{lp(npP"x), {p((Ip — 7p)P"x}
= max{{p(mpPx), {p((Ip — mp)P(Ic — wc)x} < max{lp(Px), {p(PUc — 7e)x)}.
But, assuming that /p(Px) < fc(x) + § for any x € Cy, the orthogonality of ch and
ker(Jc¢)x implies that
Ip(®Uc — me)x) < Le(x — mex) + 6 < Le(x) + 0.
Thus £p(®7x) < Le(x) + 0 for all x € Cy. m]
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Proposition 9.7 Let (C,, 0,¢) be a Floer-type complex with a splitting F¢ and let
7w: C. — FC be the projection associated to the direct sum decomposition C, =
F¢ @ ker O,. Suppose that A,A’: C, — C, are two chain maps such that:

(i) A = 0K+ KO for some K: C, — Cyy| such that there is ¢ > 0 with the
property that £(Kx) < ¢(x) + € forall x € C,.
(i) A’ is split.
(i) Alkero = A'lkero-
Then for K’ = nK(Ic — ), we have A’ = 0K’ + K'0 and {(x) < {(K'x) + € for all
x € C,.

Proof The statement that /(x) < /(K'x) + € follows directly from the corresponding
assumption on K and the fact that m and Ic — 7 are orthogonal projections. So we
just need to check that A’ = K’ + K'9; we will check this separately on elements of
ker 0, and elements of F *C .

For the first of these, note that just as in the proof of the preceding lemma we have
Om = 0, and if x € ker d, then (Ic — m)x = x. Hence, by assumption (iii),

A'x = Ax = OKx + KOx = OKx = OrKx = OK'x = OK'x + K'Ox,
as desired.
On the other hand if x € FC we first observe that
O0A'x = A'Ox = AOx = OAx = OKOx
where the second equality again follows from (iii). Now since 0 = 0 and since
I¢c —  is the identity on ImO we have
O0KOx = OrK(I — m)0x = OK'Ox.

Thus 0A’x = OK’Ox. But both A’ and K’ have image in FC, on which 0 is injective,
so A’x = K’Ox. Meanwhile (since we are assuming in this paragraph that x € F¢) we
have (I — m)x = 0 and so K’x = 0. So indeed A’x = (0K’ + K'O)x.

Since A’ and 0K’ + KO coincide on both summands ker d¢c and F*C of C, we have
shown that they are equal. O

Corollary 9.8 Given two Floer-type complexes (Cy,Oc,fc) and (D, Op,{p) with
splittings FS and F?, the quasiequivalence distance do(((C«, Oc, {c), (D, Op, Lp)) is
equal to
There exists a §-quasiequivalence (P, ¥, K¢, Kp)
inf< § > 0| between (Cy, ¢, £c) and (D, Op, £p) such that
® and U are split
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Proof It suffices to show that if (®, ¥, K¢, Kp) is a §-quasiequivalence then there is
another d-quasiequivalence (®’, U, K(., K})) such that ® and ¥’ are split. For this
purpose we can take & = &7 and W' = U™ to be the maps provided by Lemma
9.6. We can then apply Proposition 9.7 with A = ¥® — [ and A’ = U'®" — [ to
obtain K.: Cy, — Cyyy With W'’ — Ic = OcK( + K-:Oc and Lc(Kx) < Le(x) +26.
Similarly applying Proposition 9.7 with A = ®¥ — I, and A’ = &'V’ — [, yields a
map Kj,: D, — D41, and the conclusions of Lemma 9.6 and Proposition 9.7 readily
imply that (®', V', K(., K)) is, like (P, ¥, K¢, Kp), a §-quasiequivalence. O

Let us briefly describe the strategy of the rest of the proof of Theorem 8.17. In the
following two subsections we will introduce a filtration function ¢., on the mapping
cone Cone(®), of a d-quasiequivalence ®: C, — D, and two filtration functions
£y, £1 on the mapping cylinder Cyl(®).,, with £y and ¢; obeying a uniform bound |¢; —
ly| < §. Moreover (Cyl(®)., Ocy1, Lo) will be filtered homotopy equivalent to D, while
(CYU(®)+, Ocyi, £1) will be filtered homotopy equivalent to C, & Cone(®),. Combined
with Proposition 9.10 below which places bounds on the barcode of Cone(®), when
® is split, these constructions will quickly yield Theorem 8.17 in Section 9.5.

9.3 Filtered mapping cones

Fix throughout this section a nonnegative real number . We will make use of the
following algebraic structure, related to the mapping cylinder introduced earlier.

Definition 9.9 Given two chain complexes (Cy,d¢) and (D, Op) and a chain map
®: C, — D, define the mapping cone of ®, (Cone(®P),, d.,) by
Cone(®), = D, & C[1],

with boundary operator O.,(d, ¢) = (Opd — ®e, —Oce) i.e., in block form,
op -
e (® 2.
Assuming additionally that /p(®Px) < lc(x) + § for all x € C,, define the fil-

tered mapping cone (Cone(®)., O, L.,) Where the filtration function /., is given
by Leo(d, €) = max{lp(d) + 6, Lc(e) + 25} .0

>One could equally well define £.,(d, €) = max{lp(d) + ¢, Lc(e) +t+ 8} forany 1 € R (the
0 is included to ensure that ¢, does not increase under J.,). Although r = 0 might seem to
be the most natural choice, we use ¢t = ¢ here in order to make the proofs of Propositions 9.10
and 9.13 more reader-friendly.
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It is routine to check that 92, = 0 and that £.,(9..(d, e)) < Leo(d, e) for all (d,e) €
Cone,(®). In the case that ® is part of a §-quasiequivalence (¢, ¥V, K¢, Kp), we will
require some information about the concise barcode of Cone(®),; we will be able
to make an especially strong statement when @ is split in the sense of the previous
subsection. Specifically:

Proposition 9.10 Let (Cy, ¢, £¢) and (D, Op, £p) be two Floer-type complexes with
splittings F¢ and FP, and let (®, ¥, K¢, Kp) be a § -quasiequivalence such that ® and
W are split. Then all elements ([a], L) of the concise barcode of (Cone(®)y, Oco, beo)
have second coordinate obeying L < 26.

Proof The desired conclusion is an easy consequence of the following statement:
(36) Vx € ker(0.,), Jy € Cone(P), such that 0.,y = x and £.,(y) < L.o(x) + 20.

Indeed, by definition, the the elements ([a], L) of the concise barcode with L < oo
each correspond to pairs y;, x; = dy; from a singular value decomposition for d,,, with
a = L.o(x) and L = £.,(y;) — Leo(xi), and by Lemma 4.9 any element y with dy = x;
has ¢(y) > ¢(y;). Thus (36) implies that L < 2§ provided that L < co. Meanwhile
there can be no bars with L = oo since such bars arise from elements of an orthogonal
complement to Im(d,,) in ker(d,,) but (36) implies that Im(9,,) = ker(0,,).

We now prove (36). Let x = (d, e) € ker(9,,)«; thus O.,(d, e) = (Opd — Pe, —Oce) =
0. Therefore,
6Dd = Pe and 8Ce =0.

Split d according to the direct sum decomposition D, = F? ®ker(dp)« as d = dr +dx
and let A = £.,(x). Then {p(d) < X\ — & and fc(e) < X\ — 26. So since FP and
ker(Op)s« are orthogonal, p(dx) < A — 9§ and ¢p(dr) < A — §. Moreover, since
Oce = 0, the equation Y& — I = OcK¢e + KcOc¢ implies that 0(Kce) = Ude — e,
where £c(Kce) < le(e) + 20 < .

Write Kce = a + ' where a € F{. and d' € ker(Jc)«. Then by the orthogonality of
F¢ and ker(Oc)« we have {c(a) < lc(Kce) < X, and Oca = OcKce = (V@ — Ip)e.

We then find that

(37) 8D(<I>\I/dp —dF - (I>a) = <I>\I/6de — Gde — ¢6ca = ((I)\I/ —ID)CI)e - (I)aca =0.
On the other hand, because ® and U are split we have ®Udr — dr — ®a € FP, so
since Jp|pp is injective (37) implies that

da = (I)‘I/dp — dF.
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Meanwhile since dpdg = 0, the element b = Kpdx € D11 obeys
Opb = (®V — Ip)dg

and fp(b) < Up(dg) +26 < A—0+4+26§ =A+0. Lety = (—b,a — ¥d). We claim
that this y obeys the desired conditions stated at the start of the proof. In fact,
9co(y) = (Op(—b) — ®(a — Vd), —Oc(a — ¥d))
= (—0pb — ®a + ®Vd, —Oca + 0cVd)
= (dx — PVdg — Pa+ ®Vd, e — Ve + VOpd)
= (dx — ®Vdx — ®PVdr + dr + ®Vd, e)
=(d,e) = x.

Moreover, the filtration level of y obeys

leo(y) = Leo((—Dya — V)
= max{{p(—b) + 0, lc(a — Vd) + 24}
< max{\ + 2§, max{lc(a), {c(d) + 6} + 26}
=A+26 = Fl.o(x) + 26.

So 9oy = x and £, (y) < £eo(x) + 20, as desired. Since x was an arbitrary element of
ker(0.,)+ this implies the result. O

Remark 9.11 If one drops the hypothesis that ® and ¥ are split, then it is possible
to construct examples showing that the largest second coordinate in an element of the
concise barcode of Cone(®), can be as large as 46 .

9.4 Filtered mapping cylinders

Recall the definition of the mapping cylinder Cyl(®), of a chain map ®: C. — D,
from Section 7.2.1, and the homotopy equivalences (ip, o, 0,K) between D, and
Cyl(®), and (ic, 5,0, L) between C, and Cyl(®), from Lemma 7.12 (the first of these
exists for any chain map ®, while the second requires ® to be part of a homotopy
equivalence, as is indeed the case in our present context). The “only if” direction
of Theorem B was proven by, in the case that (®, U, K¢, Kp) is a filtered homotopy
equivalence, exploiting the behavior of a suitable filtration function on Cyl(®), with
respect to (ip,«,0,K) and (ic,3,0,L). In the case that (®,V, K¢, Kp) is instead
a d-quasiequivalence, we will follow a similar strategy, but using different filtration
functions on Cyl(®), for the two homotopy equivalences.
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Proposition 9.12 Given two Floer-type complexes (Cy,Oc,fc) and (Dy,Op,¥p)
and a §-quasiequivalence (®,V, K¢, Kp) between them, define a filtration function
ly: Cyl(®), — RU{—o0} by

EO(Cv da 6) = maX{EC(C) + 57 ED(d)v EC(e) + 5}
Then:

(1) Lo(Oeyix) < Lo(x) for all x € Cyl(®).. Thus (Cyl(P)«, Ocyi, bo) is a Floer-type
complex.

(ii) Let (ip,a,0,K) be as defined in Lemma 7.12. Then (ip, o, 0, K) is a filtered
homotopy equivalence between (D, Op, {p) and (Cyl(®)., Ocy, Lo).

Proof For (i), if (¢, d, e) € Cyl(®), we have
Zo(acyl(c, d,e)) = max {Zc(acc —e)+ (5, Lp(Opd + Pe), Lc(Oce) + (5}

while {y(c,d,e) = max {lc(c)+ d,€p(d),lc(e) + d}. So (i) follows from the facts
that:

o lc(Occ—e)+6 < max{ﬁc(c) + 6, lc(e) + (5},
e (p(Opd + Pe) < max{lp(d), {p(Pe)} < max{lp(d),lc(e) +d};
L] fc(ace) +4 < éc(e) +9.

By Lemma 7.12, (ip, o, 0, K) is a homotopy equivalence, so to prove (ii) we just need
to check that each of the maps perserves filtration. We see that:

e Clearly ¢y(ipd) = ¢p(d) for all d € D,, by definition of {y;
e For (c,d,e) € Cyl(D),,
lp(alc,d, e)) = {p(Pc + d) < max{lc(c) + §,{p(d)} < bo(c,d, e);
e For (c,d,e) € Cyl(D),., Lo(K(c,d,e)) = p(0,0,¢) = lc(c) + 6 < lo(c,d, e).
Thus (ip, o, 0, K) is indeed a filtered homotopy equivalence. O
Proposition 9.13 Given two Floer-type complexes (Cx, Oc, £¢) and (D, Op, £p) hav-

ing splittings FC¢ and F? and a ¢ -quasiequivalence (®, %V, K¢, Kp) where ® and W
are split, define a new filtration function ¢; on Cyl(®), by

El(c, d, e) = max{ﬁc(c), KD(d) + (5, Ec(e) + 2(5}

Then, with notation as in Proposition 9.12:
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(i) 0 Oeyilc,d,e)) < li(c,d,e) forall (c,d,e) € Cyl(P)s, s0 (CYUP)x, Deyr, €1) is
a Floer-type complex.

(i) ic(Cy) and ker 3 are orthogonal complements with respect to /1 .

(iii) The second coordinates of all elements of the concise barcode of (ker 3, Oy, 1)
are at most 29 .

Proof Part (i) follows just as in the proof of Proposition 9.12 (i) (which only depended
on the fact that the shift £¢(0, 0, ) — £c(e) in the filtration level of £¢(e) in the definition
of ¢y was greater than or equal to both £y(c,0,0) — £c(c) and § + £p(0,d, 0) — ¢p(d);
this condition also holds with ¢; in place of ¢y).

For part (ii), first note that ker 3 consists precisely of elements of the form (—Wd —

Kce,d,e) for (d,e) € D, & C[1],. We will apply Lemma 7.5 with V = ic(C,),

U={0}@D,®C[l].,and U’ = ker 8. Clearly U and V are orthogonal with respect

to £, and the projection 7 : Cyl(®). — U is given by (c,d, e) — (0,d, e), so
01(—V¥d — Kce,d, e) = max{éD(d) + 6, lc(e) + 2(5} =/11(0,d, e)

which shows that ¢ (myx) = £1(x) forall x € ker 5. Thus ker 3 is indeed an orthogonal

complement to V = ic(Cy).

For part (iii), define a map f : ker 5 — Cone.(—®) by
f(_\Ild - KCe, d7 6) = (da e)'

We claim that f is a filtered chain isomorphism. By definition, we have (f 0 0y))(—Vd—
Kce,d,e) = (Opd + ®e, —Oce). Meanwhile, (0., o f)(—Vd — Kce,d,e) = (Opd +
®e, —Jce). Therefore, f is a chain map. As for the filtrations,
eco(f(_\l/d - Kce, d; e)) = eco(dv e)
= max{{p(d) + 0, lc(c) + 20} = (1(—Vd — Kce,d, e).
Thus f defines an isomorphism between (ker 3, 0.y, ¢1) and (Coney(—®), Oco, Lco)
as Floer-type complexes. Moreover, replacing (P, U, K¢, Kp) by (—®, —U, K¢, Kp)

does not change the homotopy equations and also it has no effect on the filtration
relations. Therefore, the conclusion follows from Theorem A and Proposition9.10. O

9.5 End of the proof of Theorem 8.17

Assume that § > 0 and that (®,V, K¢, Kp) is a d-quasiequivalence which is split
with respect to splittings F¢ and FP for the Floer-type complexes (Cy, d¢, {c) and
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(D«,0p,£p). The preceding subsection gives filtration functions ¢y, ¢;: Cyl(®), —
R U {—oco} which evidently satisfy the bound [/1(x) — £o(x)| < § for all x € Cyl(®),.
Hence by Proposition 9.3, we have a bound

(38) dp(Beyiey, Beyie) < 0

for the bottleneck distance between the concise barcodes of the Floer-type complexes
(CYU®)+, Ocyi, £o) and (CYI(®R), Opyi, £1).

Corollary 9.14 Iftwo Floer-type complexes (Cs, Oc, £c), (D«, Op, £p), are § -quasiequivalent,
then we have dg(Bc, Bp) < 20. Therefore, in particular,

dB(BCa BD) < ZdQ((C*a aCa EC)7 (D*a aDa ED))

Proof By Corollary 9.8, the assumption implies there is a § -quasiequivalence (P, ¥, K¢, Kp)
which moreover is split with respect to some splittings for (C, Oc, £¢) and (Dy, Op, p).

By Proposition 9.13 (ii), (Cyl(®)s, Oy, £1) decomposes as an orthogonal direct sum of
subcomplexes (ic(Cy), Ocyi, £1) and (ker 3, Oy, £1), s0 in any degree a singular value
decomposition for (Cyl(®)., Ocyi, £1) may be obtained by combining singular value
decompositions for (ic(Cy), Oy, £1) and (ker 3, Oy, £1). Thus the concise barcode for
(CYI(®)+, Ocy1, £1) is the union of the concise barcodes for these two subcomplexes.

Now ic embeds (Cy, Oc, L) filtered isomorphically as (ic(Cx), Ocy, £1), so the concise
barcode of (Cyl(®)., Oy, 1) consists of the concise barcode of (Cs, dc, {c) together
with the concise barcode of (ker 3, 0.y, ¢1). By Proposition 9.13 (iii), all elements
([a], L) in the second of these barcodes have L < 2. Thus by matching the elements
of the concise barcode of (Cy, ¢, £¢) with themselves and leaving the elements of
the concise barcode (ker 3, 0., 1) unmatched, we obtain, in each degree, a partial
matching between the concise barcodes of (Cyl(®)., Ocyi, £1) and of (Cy, Oc, £c) with
defect at most ¢. Thus, in obvious notation,

dp(Bc, Beyie,) < 0.

Finally, by Proposition 9.12 (ii) and Theorem B, we know
Beyie, = Bp.
Therefore, by the triangle inequality and (38), we get

dp(Bc, Bp) < dp(Bc, Beyiye,) + dp(Beyie, s Beyiye,) + dp(Beyig, s Bp) < 26.
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We have thus proven the inequality (30).

For the last assertion in Theorem 8.17, let A = dp((C«, Oc, £c), (D«, Op, {p)), so there
are arbitrarily small € > O such that there exists a (split) (A + €)-quasiequivalence
(®, ¥, K¢, Kp) between (Cy, ¢, ) and (Dy,dp,Lp). So by (38) with § = X\ +
€, there is a J-matching m between the concise barcodes of (Cyl(®)., Ocyi, £o) and
(CYU(®)+, Ocyr, £1). Just as in the proof of Corollary 9.14, the first of these concise
barcodes is, in any given degree k, the same as that of (D, Op, £p), while the second of
these is the union of the concise barcode of (Cy, Oc, £¢) with a multiset S of elements
all having second coordinate at most 2(\ + €). For a grading k in which A < %,
let us take € so small that still § = A + € < Af X, Now by definition, the image of
any element ([a],L) which is not unmatched under a §-matching must have second
coordinate at most L+2¢6. Meanwhile since § < % , the concise barcode Bp j has no
elements with second coordinate at most 49, all of the elements of our multiset S (each
of which have second coordinate less than or equal to 29) must be unmatched under
m. But since all elements of S are unmatched, we can discard them from the domain
of m and so restrict m to a matching between the barcodes B¢ and Bp, still having
defect at most 6 = A + €. So dp(Bcx, Bpx) < A+ €, and since € > 0 can be taken
arbitrarily small this implies that dB(BC,k; BD’]() <\A= dQ((C*, Oc, L), (D, 0p, Lp)).

Remark 9.15 In the case that I' is dense, a simpler argument based on Corollary
8.8 suffices to prove the stability theorem, in fact with the stronger inequality dp <
dgp. Indeed, if I' is dense then the extended pseudometric d from Example 8.12
is easily seen to simplify to d(([a],L),([d'],L)) = %|L — L'|. Tf two Floer-type
complexes (Cy, Oc, £¢c) and (Dy, O¢c, {c) are d-quasiequivalent, then we can obtain a
partial matching of defect at most § between the concise barcodes B¢ and Bp by first
sorting the respective barcodes in descending order by the size of the second coordinate
L and then matching elements in corresponding positions on the two sorted lists. It
follows easily from Theorem 4.11 and Corollary 8.8 that, when I" is dense, this partial
matching has defect at most J.

10 Proof of converse stability

Recall the elementary Floer-type complexes &(a, L, k) from Definition 7.2.

Lemma 10.1 If6 € [0,00), |a —d'| < §, and either L =L = oo or |(a+ L) — (d' +
L) <6, then E(a, L, k) is ¢ -quasiequivalent to E(a’, L', k). Moreover if L < 2§ then
E(a, L, k) is § -quasiequivalent to the zero chain complex.
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Proof In the case that L = L' = oo, the chain complexes underlying £(a, L, k) and
E(d L' k) are just one-dimensional, consisting of a copy of A in degree k, with
filtrations given by £(\) = a—v()\) and ¢'(\) = @’ —v()\). Let I denote the identity on
A. The factthat [a—d’| < § thenreadily implies that (I, I, 0, 0) is a 6 -quasiequivalence.

Similarly if L and hence (under the hypotheses of the lemma) L’ are both finite, the
underlying chain complexes of £(a,L,k) and E(a’,L’, k) are both A-vector spaces
generated by an element x in degree k£ and an element y in degree k + 1, with
filtration functions ¢ and ¢’ given by saying that (x, y) is an orthogonal ordered set with
lx)=a, l(yy=a+ L, l'(x) =d, and ¢'(y) = @’ + L'. The hypotheses imply that
|0(x) — ¢'(x)| < & and |[l(y) — ¢'(y)| < §, and if I now denotes the identity on the two-
dimensional vector space spanned by x and y, (I, I, 0, 0) is again a §-quasiequivalence.

Finally, if similarly to the proof of Theorem 7.9 we define a linear transformation K
on spanp{x,y} by Kx = —y and Ky = 0, then (0,0, K,0) is readily seen to be a
d-quasiequivalence between E(a, L, k) and the zero chain complex for all § > L/2,
proving the last sentence of the lemma. |

Proof of Theorem 8.18 Let 6 = dp(B¢, Bp); it suffices to prove the result under the
assumption that § < oo.

For any k € Z, dg(Bcx, Bpx) < 6. By the definition of the bottleneck distance (and
using the fact that there are only finitely many partial matchings between the finite
multisets Bcx and Bp x, so the infimum in the definition is attained), there exists a
partial matching my = (B¢ k,short, BD k,short, 0%) between Bc x and Bp  having defect
d(my) < 6.

We claim that, for all € > 0,
Ok Dl neBey £@ L k) and  © BayeBy, £, L k)

are (0 + €)-quasiequivalent, for some representatives a and @’ of the various cosets
[a] and [¢'] in R/T. By Proposition 7.9 and Remark 8.2 this will imply that
(Cy,0c,Lc) and (D, 0p,lp) are (§ + €)-quasiequivalent, which suffices to prove
the theorem since by the definition of the quasiequivalence distance, it will show that
do((Cy, Oc,lc),(Dy,0p,Lp)) <6+ ¢ =dg(Bc,Bp) + € forall e > 0.

To prove our claim, note that by Lemma 10.1 and the fact that 6(my) < 6, each E(a, L, k)
for ([al, L) € Bc k. short U Bp i short 18 (0 4 €)-quasiequivalent to the zero chain complex
(as these E(a, L, k) all have L < 20). Also, for ([al,L) € Bcx \ Bc k,shore» if we write
([d'1,L") = ox([a], L) where oy is the bijection from the partial matching my, then
there are representatives a and @’ of the cosets [a] and [a'] such that |a — d'| < § + ¢
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and |(@ + L) — (@’ + L)| < 0 + €. So by Lemma 10.1, the associated summands
E(a,L,k) and E(d’, L, k) are (§ + €)-quasiequivalent.

Moreover, it follows straightforwardly from the definitions that a direct sum of ( + ¢€)-
quasiequivalencesis a (0-+¢)-quasiequivalence. So we obtain a (0+e¢)-quasiequivalence
between Ok Da),eBe, £(a, L, k) and S S 1)eBy, £(@', L', k) by taking a direct
sum of:

e a (0 +e€)-quasiequivalence between E(a, L, k) and £(d’, L, k) for each ([a],L) €
Bex \ Be ,shori» where ([d'], L") = oy([al, L);

e a (0 + €)-quasiequivalence between Dk S ((a1,L)eBc s pon € (@, L, k) and the zero
chain complex;

e a(d+e)-quasiequivalence between the zero chain complex and GxD((a1,/)eBp 4 on
EW, L k).

O

11 The interpolating distance

In this section we introduce a somewhat more complicated distance function on Floer-
type complexes, the interpolating distance dp, and prove the isometry result Theorem
11.2 between this distance and the bottleneck distance between barcodes. We think
that it is likely that dp is always equal to the quasiequivalence distance dyp, and indeed
in the case that I' is dense this equality can be inferred from our results (specifically,
Theorem 11.2, Remark 9.15, and Theorem 8.18), while in the case that I" is trivial it
can be inferred from Theorem 11.2 and [CdSGO12, Theorem 4.11].

The definition of the distance dp will be based on a strengthening of the notion of
quasiequivalence, asking not only for a quasiequivalence between the two complexes
C, and D, but also for a one parameter family of complexes that interpolates between
C. and D, in a suitably “efficient” way. Our interest in dp is based on the facts that,
on the one hand, we can prove Theorem 11.2 about it, and on the other hand standard
arguments in Hamiltonian Floer theory (and other Floer theories) that give bounds for
the quasiequivalence distance can be refined to give bounds on dp, as we use in Section
12.

Definition 11.1 A J-interpolation between two Floer-type complexes (Cy, Oc, {c)

and (D, Op, ¢p) is a family of Floer-type complexes (C%, 0°, ¢*) indexed by a parameter
s that varies through [0, 1]\ S for some finite subset S C (0, 1), such that:

Geometry & Topology XX (20XX)



1082 Michael Usher and Jun Zhang

L (Cgv 80760) - (C*a 8C7£C) and (Clvalagl) = (D*)aDng); and
e forall s,7 € [0, 1]\S, (C5,0°%, ¢°) and (C., 0", ") are d|s — t|-quasiequivalent.

The interpolating distance dp between Floer-type complexes is then defined by

do((Cu. D Le). (Do Op. L)) = inf { 50 ‘ There exists a d-interpolation between }

(C«,0c,{c) and (D, Op, {p)

The following theorem gives a global isometry result between the bottleneck and
interpolating distances.

Theorem 11.2 For any two Floer-type complexes (Cy,Oc, fc) and (D, Op,{p) we
have

dB(BC7 BD) = dP((C*7 8C7 EC)J (D*7 8D7 ED))

Proof First, we will prove that for any degree k € Z,
dg(Bck, Bpx) < dp((Cs, dc, Lc), (Dx, Op, p)),

which will imply that dg(B¢, Bp) < dp((C«, Oc, £c), (D«, Op, £p)) by taking the supre-
mum over k. Let A\ = dp((Cy, Oc, £¢), (Dx«, Op, £p)), so by definition, given any € > 0,
there exists a d-interpolation between (Cy, Oc, £¢) and (Dy, Op, fp) with § < X + ¢,
denoted as (C*, 9", £°) with a finite singular set S.

For any p € [0, 1]\ S and any degree k € Z, choose €, x > 0 such that Aci > 40€p i,
where the meaning of ACf is as in the last statement of Theorem 8.17. By the
definition of a d-interpolation, for any s € (p — €,,pl, (C;, 0%, ¢*) and (CP,0r, 0p)
are (0(p — s))-quasiequivalent, which implies that
Acp
dQ((Cia asv 65)’ (C£7 apa gp)) < T]‘
Then by the last assertion from Theorem 8.17, we know (again assuming s € (p —

Ep,kap])
dB(BCS,/ﬁ Bcp,k) = dQ((Civ as’ gs)v (CE? 8{77 ZP)) < 5(17 - S).

Symmetrically, for any s" € [p,p + €p1),
dp(Ber i, Bew 1) = do((CL, 0P, 7, (C, 0, ) < 6(s' — p).
Therefore, by the triangle inequality, for s, s’ such that P—6pk <s<p< s < Pteépk

we have dp(Bes i, Bew () < 5(s’ —s).
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Now we claim that for any closed interval [s,7] C [0, 1] with s,¢ ¢ S, the following
estimate holds:

(39) dp(Bes ki, Bery) < (t — ).

We will prove this by induction on the cardinality of S N [s,¢]. First, when S N [s, 7]
is empty, by considering a covering {(p — €k, P + €, %) }peis, of [s, ] where the €, x
are as above, we may take a finite subcover to obtain s = so < 51 < ... < sy = ¢ such
that dp(Besi-1 i, Besi k) < 6(si — si—1). Therefore, by the triangle inequality again,

N
dg(Bes j, Berw) < ) dp(Bair, Beg) < (1 = 9)6.

i=1

Now inductively, we will assume that (39) holds when |[S N [s, #]| < m. For the case
that |S N [s,7]| = m + 1, denote the smallest element of S N [s, 7] by p* and consider
the intervals [s, p* — €] and [p* + €, 1] for any sufficiently small ¢ > 0. Applying
the inductive hypothesis on both intervals,

dp(Bes jo, Bepe—er ) < (p* — € — )6
and
dp(Beps+e g, Berg) < (1 —p* — €)é.
Meanwhile, by the first conclusion of Theorem 8.17,
dp(B

Bci*Jre’) S 2dQ(B Bci*Jre’) S 46,6-

C{kie,? Cf*76/7
Together, we get
dg(Bes jo, Borg) < (pF — € —5)0 + (t —p* — €)d +4€'§ = (1 — 5)d + 2€'6.

Since €’ is arbitrarily small, it follows that dg(Bcs k, Berx) < (t — )0 whenever s < ¢
and s,7 € [0,1]\ S. So we have proven (39).

In particular, letting s = 0 and # = 1, we get dp(Bcx, Bpx) < 0 < A+€. Since € is ar-
bitrarily small, this shows thatindeed dg(Bcx, Bpx) < A = dp((Cx, Oc, £c), (D«, Op, {p).

Now we will prove the converse direction:
dp((Cx, Oc, Lc), (Dx, Op, £p)) < dp(Bc, Bp).
Let 0 = dg(B¢,Bp). It is sufficient to prove the result under the assumption that

0 < oo. Forany k € Z, dg(Bc,Bpx) < 6. By definition, there exists a partial
matching myg = (Bc k short; Bp k short; 0k) between Be i and Bp x such that d(my) < 9.
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We will prove that, forall e > 0, there exists a (§+¢)-interpolation between (Cy, Oc, £¢)
and (D*7 6D7 ED)

For each ([a]l,L) € Bcksnori» choose a representative a of [a]; also if ([a],L) €
Be i \ Be ik shore Write o([al,L) = ([a'],L’) where the representative a’ is chosen so
thatboth @' —a| < d+eand |(a+L)—(a'+L")| < §+e€. Now for ¢ € (0, 1) consider
the Floer-type complex (C%, 9", ¢") given by:

b P cd+a-nrp2w b e P E@+w/2.0-0Lk
keZ ([a,]uLl)EBD,k,Jhort ([a]aL)eBC,k7shorz
® a E( = ta+td,(1 — L +tL k)

([a] 1L)€BC,1<\BC,k,a'hmt

It is easy to see by Lemma 10.1 that, for 7,#; € (0,1), the fg-version of each
of the summands above is (§ + €)|f9 — t;|-quasiequivalent to its corresponding z, -
version. So since the direct sum of (6 + €)|tp — #;|-quasiequivalences is a (§ +
€)|to — t1|-quasiequivalence this shows that (CX, 9%, ¢0) and (C,0",¢") are (§ +
)|ty — t1|-quasiequivalent for 79,¢; € (0,1). Moreover (@’ + (1 — L' /2,1l k)
is td-quasiequivalent to the zero chain complex for each ([d'],L) € Bp . short» and
likewise E(a +1L/2,(1 — 1)L, k) is (1 — f)d-quasiequivalent to the zero chain complex
for each ([a],L) € Bc,shor:- In view of Proposition 7.9 it follows that (Cy, ¢, Oc)
is #(d + €)-quasiequivalent to (CL,d", ¢"), and that (Dy,¥p,0p) is (1 — £)(0 + €)-
quasiequivalent to (C%, 9", ¢"). So extending the family (C., 9", ¢") to all ¢ € [0, 1] by
setting (C?,0°, (%) = (C., Oc, £c) and (CL, 0", ¢Y) = (D., dp, £p), {(CL, ", ) }icro.1)
gives the desired (§ 4 €)-interpolation between (Cy, O¢, £¢) and (Dy, Op, £p). O

12 Applications in Hamiltonian Floer theory

We now bring our general algebraic theory into contact with Hamiltonian Floer the-
ory on compact symplectic manifolds, leading to a rigidity result for fixed points of
Hamiltonian diffeomorphisms. First we quickly review the geometric content of the
Hamiltonian Floer complex; see, e.g., [F189], [HS95], [AD14] for more background,
details, and proofs.

Let (M,w) be a compact symplectic manifold. Identifying S' = R/Z, a smooth
function H: S' x M — R induces a family of diffeomorphisms {¢}; },cr obtained as
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the flow of the time-dependent vector field Xy, .) that is characterized by the property
that, for all 7, w(-, Xgq,.)) = d(H(z,-)). Let

PH) = {v: 8" = M | y(t) = ¢;(7(0)), 7 is contractible }

so that in particular P(H) is in bijection with a subset of the fixed point set of ¢}, via
the map v — 7(0) € M. The Hamiltonian H is called nondegenerate if for each
v € P(H) the linearized map (d¢};)©): T~w0yM — T-0)M has all eigenvalues distinct
from 1. Generic Hamiltonians H satisfy this property. We will assume in what follows
that H is nondegenerate, which guarantees in particular that P(H) is a finite set.

Viewing S' as the boundary of the disk D? in the usual way, given v € P(H) and a map
u: D*> — M with u|g =, one has a well-defined “action” fol H(t,y(0)dt — [ u*w
and Conley—Zehnder index. Define P(H) to be the set of equivalence classes [7, u]
of pairs (y,u) where v € P(H), u: D?> — M has ulgg = vy, and (v, u) is equivalent
to (7/,v) if and only if ¥ = ~' and the map u#v: S> — M obtained by gluing u
and v along v has both vanishing w-area and vanishing first Chern number. Then
there are well-defined maps Apg: P(H) — R and e P(H) — Z defined by setting
An([v,u]) = fol H(t,v(0)dt — [, w*w and p([y,u]) equal to the Conley—Zehnder
index of the path of symplectic matrices given by expressing {(d®})) }refo,17 in
terms of a symplectic trivialization of u*TM.

The degree-k part of the Floer chain complex CFy(H) is then by definition (using the
ground field )

Z a[v,u][’%u] alyu) € ]C7 (VC ¢ R)(#{[’Ya u]|a[7,u] 7é 0, AH([77 ul) > C} < 00)

[v,ul € P(H),
w(ly,ul) =k

Let

(40) I= {/ w*w‘ wi §* = M, (c1(TM), w.[S*]) = 0}.

S2
Then CFy(H) is a vector space over A = AT with the scalar multiplication obtained
from the action of T on P(H) given by, for g € T" and [y, u] € P(H), gluing a sphere
of Chern number zero and area g to u.

We make CF(H) into a non-Archimedean normed vector space over A by setting

i (3 apyalr, ) = max { AT, u) | apy 0 # 0.

Denote

@41 PuH) = {y € PH)|Gu: D* = M)ulsi =7, p(ly,ul) = b} .
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Then it is easy to see that an orthogonal ordered basis for CFy(H) is given by
([v1,url, - - o, [y, un, 1) Where ~yq,..., 7, are the elements of Pi(H) and, for each
i, u; is an arbitrarily chosen map D? — M with uilopr = i and p([v;, u;]) = k. In
particular (CF(H), {y) is an orthogonalizable A-space.

The function Ay introduced above could just as well have been defined on the cover
of the entire space of contractible loops of M obtained by dropping the condition
that v € P(H); then P(H) is the set of critical points of this extended functional.
The degree-k part of the Floer boundary operator (Oy)r: CFy(H) — CFy_1(H) is
constructed by counting isolated formal negative gradient flowlines of this extended
version of Apy in the usual way indicated in the introduction. It is a deep but (at
least when (M, w) is semipositive, but see [Pal3] for the more general case) by now
standard fact that 0y can indeed be defined in this way, so that the resulting triple
(CF.(H), Oy, Yy) obeys the axioms of a Floer-type complex; thus in every degree k we
obtain a concise barcode Bcr, iy« The construction of Jy depends on some auxiliary
choices, but the filtered chain isomorphism type of (CF.(H), O, £x) is independent of
these choices (see, e.g., [U11, Lemma 1.2]), so Bcr, )« is an invariant of H.

Proposition 12.1 For two non-degenerate Hamiltonians Hy, H;: S' x M — R on a
compact symplectic manifold, the associated Floer chain complexes (CF .(Hy), O, , ¢H,)
and (CF*(Hl)a aH] ) EHl) Obey

1
dP ((CF*(HO)a aH()v EH())) (CF*(H1)7 aHlvéHl)) é / ||Hl(ta ) - HO(ta )HLoodt
0

Proof Write § = fol |[H1(t,-) — Ho(t,-)||podt and let € > 0; we will show that there
exists a (6 + e)-interpolation between (CF.(Hy), On,, {n,) and (CF.(H1), On,, n,).

Define A%: [0,1] x S' x M — R by A%s,t,m) = sH,(t,m) + (1 — s)Ho(t,m). A
standard argument with the Sard-Smale theorem (see e.g., [Le0S, Propositions 6.1.2,
6.1.3]) shows that, arbitrarily close to A° in the C'-norm, there is a smooth map
H: [0,1] x S' x M — R such that

e H(0,t,m) = Hy(t,m) and H(1,t,m) = H;(t,m) for all (r,m) € S' x M.

e There are only finitely many s € [0, 1] with the property that H(s, -, -): S'xM —
R fails to be nondegenerate.
0H _ 9H°

In particular we can take H to be so C!-close to A° that ‘ B~ B < €.
: 5 || oo
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For s € [0, 1] write H,(t,m) = H(s,t,m). Then for 0 < so < sy < 1 and (t,m) €

S' x M we have
SUOH
/ — (s, t,m)ds
s

K

S 8}’\10
S 6(Sl _S0)+/ 7(& tam)ds
s | Os

|I:151(t) m) - HS()(ta m)’ -

ds = (e + |H\(t,m) — Hy(t,m)|)(s1 — so).

Thus, for any sg,s; € [0, 1],
(42)

1 1
/ VB, (1, )l (1, )1t < (e+ / |G, ->—Ho<t,->||Loodt) 151=50] = (G-+6)s1—s0].
0 0

Let S = {s € [0, 1]| Ay is not non-degenerate}, so by construction § is a finite set, and
for s € [0, 1]\ S we have a Floer-type complex (CF. (H ), 8H5, 12 HS)' Standard facts from
filtered Hamiltonian Floer theory (summarized for instance in [U13, Proposition 5.1],
though note that the definition of quasiequivalence there is slightly different from ours)
show that, for sg,s; € [0, 1]\ S, the Floer-type complexes (CF*(I:ISO), 8ﬂso N Ha’o) and

(CF.(Hy,), al-l ) gﬂsl) are (fol || Hy, (2, ) — H,, (2, -)HLoodt) -quasiequivalent, and hence
(0 + €)|s1 — so|-quasiequivalent by (42).

Thus the family (CF.(H,), O, Ly,) defines a (6+¢) interpolation between (CF.(Ho), Oy, Lh,)
and (CF.(Hy), On,,?n,). Since this construction can be carried out for all € > 0 the
result immediately follows. |

Combining this proposition with Theorem 11.2, we immediately get the following
result:

Corollary 12.2 If Hy and H, are two non-degenerate Hamiltonians on any compact
symplectic manifold (M, w), then the bottleneck distance between the concise barcodes
of (CF.(Hy), Oy, ¢n,) and (CF.(H,),0n,,n,) is less than or equal to fOIHHl @) —
Hy(t, ||~ dt.

Similar results apply to the way in which the barcodes of Lagrangian Floer complexes
CF(Ly, qﬁ}{(Ll)) depend on the Hamiltonian H, or for that matter to the dependence of
Novikov complexes CN,(f) on the function f: M — R. When I is nontrivial these
facts do not follow from previously-known results. (When I is trivial they can be
inferred from [CCGGOO09] and standard Floer-theoretic results like [U13, Proposition
5.1].)
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We now give an application of Corollary 12.2 to fixed points of Hamiltonian diffeo-
morphisms. Apart from its intrinsic interest, we also intend this as an illustration of
how to use the methods developed in this paper.

It will be relevant that the Floer-type complex (CF.(H), 0y, {y) of a nondegenerate
Hamiltonian on a compact symplectic manifold obeys the additional property that
Cy(Opc) < Ly(c) for all ¢ € CF.(H), rather than the weaker inequality “<” which
is generally required in the definition of a Floer-type complex (this standard fact fol-
lows because the boundary operator Jy counts nonconstant formal negative gradient
flowlines of Ap, and the function Ay strictly decreases along such flowlines). Con-
sequently there can be no elements of the form ([a],0) in the verbose barcode of
(CF.(H), 0y, y) in any degree k, as such an element would correpond to elements
x € CFy(H) and y € CFyy(H) with Oy = x and ¢g(y) = ¢g(x). In other words,
for each degree k, the verbose barcode B'CF*(HM of (CF.(H), 0y, y) is equal to its
concise barcode Bcr, m)k-

To state the promised result, recall the notation Px(H) from (41), and for any subset
E C R, define

PEHy) = {7 € Pu(H) | Gu: D* — M) (ulgr = 7, Any([7, ul) € E, u([y,ul) = k) }.

Theorem 12.3 Let Hy: S' x M — R be a nondegenerate Hamiltonian on a compact
symplectic manifold (M,w), let k € Z, let E C R be any subset, and let A¥ > 0 be
the minimum of:

e The smallest second coordinate L of any element ([a], L) of the degree-k part
Bcr, (Hy) x of the concise barcode such that some representative a of the coset
[a] belongs to E;

e The smallest second coordinate of any ([al,L) € Bcr, #y)k—1 such that some
a€lalhasa+ LEE.
LetH: S'xM — R be any nondegenerate Hamiltonian with fol |H(t, -)—Hy(t, -)|| Leedt <

ATE. Then there is an injection f : P,f (Ho) — Pr(H) and, for each v € Pr(Hy), maps
u,ii: D* — M with u|g =~ and it|gi = f(7) such that

1

Proof As in the proof of Proposition 7.4, we can find singular value decompositions
for (Omy)k+1: CFry1(Ho) — ker(Om,)x and (Om,)k: CFr(Ho) — ker(Om,)k—1 having
the form

k ko k+1 k+1 k k
<(y1, ey Vi X ,...,xmk+l),(x1, .. ,xmk))
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and

k—1 k—1 k -1 k=1
(1 ,...,y,kil,x]f,...,xmk),(xlf ,...,xmkfl)).

In particular (y/f_l, - ,y’r‘k__l1 ,x’l‘, .. ,x’,j,k) is an orthogonal ordered basis for CF(Hp).
Write the elements of Py(Hp) as ~i,..., vV, ordered in such a way that P,f(Ho) =
{71,...,7} for some s < n. As discussed before the statement of the theorem,
if for each i € {1,...,n} we choose an arbitrary u;: D> — M with u|g =
vi and p([vi,u;]) = k, and moreover Ag,([vi,u;]) € E for i = 1,...,s, then
([v1,u1l, - - -5 [yn, un]) will be an orthogonal ordered basis for CFy(Hp). So by Proposi-
tion 5.5 and the definition of ¢y, , thereis abijection a: Py(Ho) — {{ ™", ..., p% L xk, .o 2K )}

> Vi,
such that £g,(a(71) = Agy([vi, wil) (mod T).

If ay;) = y; " forsome j; € {1,...,r_1}, thentheelement ([a], L) := ([£g,(xi D], £, (0~
EHO(X;F;])) of the degree-(k — 1) verbose barcode of (CF.(Hy), On,, {n,) corresponds

to a capped orbit [v;,u;] having filtration Ag([v;, u;]) = a; + L;(modT"). Other-

wise, a(y;) = x]].‘l_ for some j; € {1,...,mi}, and then we have an element ([a;], L;)
of the degree-k verbose barcode of (CF.(Hy),0H,,¥n,) Where a; = EHO(x]'?I,) and
L = EHO(y]’.‘i) - EHO(x;‘I,) if 1 < i < m and L; = oo otherwise; in this case

Ag([vi,ui]) = a;(modT"). As noted before the theorem, the verbose barcode of
(CF«(Hy), On,, ¢H,) is the same in every degree as its concise barcode, so in partic-
ular these elements (a;, L;) of the verbose barcodes belong to the concise barcodes
Ber. (o), OF Ber, (ko) f—1-

Considering now our new Hamiltonian H, write § = fol |H(t,-) — Ho(t,)||roo. Our
hypothesis, along with the fact that Ag,([v;, u;]) € E fori = 1,...,s, then guarantees
that, for i = 1,...,s, the elements ([a;],L;) of the concise barcodes Bcr, )i Or
Bcr, (Hy)k—1 described in the previous paragraph all have L; > AE > 26§. On the other
hand Corollary 12.2 implies that there is a partial matching my between Bcr, (#,)x and
Bcr, ),k » and likewise a partial matching my_; between Bcr, (1y)k—1 and Bcer, (1) k-1,
with both m; and my_; having defects at most 4. So since each L; > 24, none of the
elements ([a;],L;) for i = 1,...,s can be unmatched under these partial matchings.
So each of them is matched to an element, say ([a;], L;), of the degree-k or k — 1
concise barcode of (CF.(H), Oy, ¢y). We will denote the multiset of all such “targets”
by

43) Tip—1 ={(al,Ly]i=1,...,s}.

Since the defect of our partial matching is at most §, we can each choose &; within its
I"-coset so that |@; — a;| < & and either L; = L; = oo or |(& + L;) — (a; + L;)| < 6.

We now apply the reasoning that was used at the start of the proof to CF.(H) in place
of CF.(Hy). We may consider singular value decompositions for the maps (9p)r+1
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and (Og)i on CF.(H) having the form

k ko kel k+1 k k
((Zla cee aZr]’(aW1+ Y ’W”L.)’(W]" s ’Wm]/())
and
k—1 k=1 k k k—1 k—1
((z1 yee Gy W - .,wmi)j(w1 ""’Wm2_1)> .
Then if the elements of Pi(H) are writtenas {n1, ..., 7, }, we may choose v;: D> M
with vj|g = nj foreach j € {1,...,p} in such a way that the multiset of real numbers

An([n;,vj]) is equal to the multiset {¢x(z; |1 <j < r_,} U {lywH)[1 <j < ml}.

This equality of multisets gives an injection ¢ from the submultiset 7x x—1 C Bcr, ) kU
Bcr, (m)k—1 described in (43) to Px(H). Specifically:

e For i € {1,...,s} such that a(y;) = yjl-‘i_l, the element ([@;],L;) belongs to
BCF*(NH),k—la and «([@;], L;]) will be some Ng: € Pr(H) with Ag([14,,vg]) =
a; + L;;

e Fori € {1,...,s} such that a(y,) = xJ’-‘[_, the element ([@;],L;) belongs to
Bcr, k> and o([a;], L;]) will be some ng: With Ap([14:,vg,]) = a;.

The map f: P,f (Hyp) — Pr(H) promised in the theorem is then the one which sends
each ; to 7y, ; the fact that this obeys the required properties follows directly from the
inequalities |&@; — a;| < ¢ and |(&@ + L;) — (a; + L;)| < J and the fact that the value
of Ap([4;,vg;]) can be varied within its I'-coset, without changing the grading k, by
using a different choice of capping disk vy, . a

Remark 12.4 Theorem 12.3 may be applied with £ = R, in which case it shows
that if fol ||H(t,-) — H(t,-)||oodt is less than half of the minimal second coordinate
of the concise barcode of CF.(Hp) in any degree, then the time-one flow of the
perturbed Hamiltonian H will have at least as many fixed points® as that of the original
Hamiltonian Hy. This may appear somewhat surprising, as a C°-small perturbation of
the Hamiltonian function H can still rather dramatically alter the Hamiltonian vector
field Xy, which depends on the derivative of H. However this basic phenomenon is by
now rather well-known in symplectic topology; see in particular [CR03, Theorem 2.1],
[U11, Corollary 2.3], though these other results do not give control over the values of
Ay on Py(H) as in Theorem 12.3.

For a more general choice of E our result does not appear to have analogues in the
literature, particularly when I' # {0} ; this generalization is of interest when AF,

®with contractible orbit under ¢4, though one can drop this restriction by using a straight-
forward variant of the Floer complex built from noncontractible orbits
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thought of as the minimal length of a barcode interval with endpoint lying in E, is
larger than the minimal length A® of all barcode intervals, in which case the Theorem
shows that fixed points of (b},o with action lying in E enjoy a robustness that the other
fixed points of d)}io may not. For instance in the case that E = {ap} is a singleton
and there is just one element [vg, ug] of P having A ([0, uo]) = ag, then AF is
bounded below by the lowest energy of a Floer trajectory converging to -y in positive
or negative time, whereas AR is bounded below by the lowest energy of all Floer
trajectories, which might be much smaller.

In the special case that both T' = {0} and E = {ao} a version of Theorem 12.3 can be

obtained using a standard argument in terms of the “action window” Floer homologies

HF'“P\(H) of the quotient complexes gggﬁ*gg;}gz EE;EZ{ Indeed, for any 6 € R such
E

that fol \|[H(t,-) — Ho(t,")||peedt < 6§ < AT we will have a commutative diagram of

continuation maps (induced by appropriate monotone homotopies, cf. [HZ94, Section

6.6]):

HF© =0 gy 4 6) HF©~ 0t gy 5)

\ /

HF][(“O*‘SyaOJF(s] (H)

and the hypothesis on the barcode can be seen to imply that the above map ® has rank
at least equal to #73,fj (Hyp), whence HF,[{H()*J’“(’M] (H) has dimension at least equal to
#73,‘(E (Hp). When I'' = {0} this last statement implies that the number of fixed points of
the time-one flow of H with action in the interval [ay — &, ag + J] is at least #P,f (Hy).
However for I # {0} the implication in the previous sentence may not be valid, since
the above argument only estimates the dimension of HF ,[(aofa’a“‘s] (H) over K, and the
contribution of a single fixed point to dimyx HF ]an—a,a0+5](H ) might be greater than one
due to recapping.

Thus Theorem 12.3 provides a way of avoiding difficulties with recapping that arise in
arguments with action window Floer homology when I" # {0}. Even when I" = {0},
if E consists of, say, of two or more real numbers that are a distance less than AF /2
away from each other, then Theorem 12.3 can be seen to give sharper results than
are obtained by action window arguments such as those described in the previous
paragraph.
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A Interleaving distance

In this brief appendix, we will discuss the relation of our quasiequivalence distance dgp
to the notion of interleaving, which is often used (e.g. in [CCGGO09]) as a measure
of proximity between persistence modules. Because the main objects of the paper
are Floer-type complexes, rather than the persistence modules given by their filtered
homologies, we will use the following definition; on passing to homology this gives
(at least in principle) a slightly different notion than that used in [CCGGO09], as the
maps on filtered homology in [CCGGOQ09] are not assumed to be induced by maps on
the original chain complexes.

Definition A.1 For § > 0, a chain level J-interleaving of two Floer-type com-
plexes (Cy, O¢c, £c) and (D, Op, £p) is a pair (P, ¥) of chain maps ¢: C, — D, and
v: D, — C, such that:

o Ip(Pc) < /lc(c)+ 6 forall c € C,
o Ip(Wd) < /{lp(d)+ 0 forall d € D,

e Forall A € R the compositions U®: C} — C}*?% and ®V: D} — D)2
induce the same maps on homology as the respective inclusions.

It is easy to see that a chain level d-interleaving induces maps ®.: HMC,) —
HM(D,) and ¥, : HND,) — HMO(C,) (as \ varies through R) which give a strong
§-interleaving between the persistence modules {H*(C.)} and {H*(D.)} in the sense
of [CCGGOO09]. It is also easy to see that if (®, ¥, K¢, Kp) is a d-quasiequivalence
between (Cy, Oc, £¢) and (Dy, Op, £p), then (P, ¥) is a chain level §-interleaving. We
will see that the converse of this latter statement is true provided that & and ¥ are split
in the sense of Section 9.2.

Lemma A.2 Let FC be a splitting of a Floer-type complex (C., Oc, {c), and suppose
that A : C, — C, is a chain map which is split with respect to this splitting, such
that there exists ¢ > 0 such that {c(Ac) < fc(c) + € for all ¢ € C, and, for all
A € R, the induced map A, : H,(C}) — H,(C}T¢) is zero. Then there exists a map
K : Cy — Cyqq such that {c(Kc) < le(c)+ € forall c € Cy, and A = OcK + KO¢ .

Proof Let B, = Im(J¢)«+1. Then the boundary operator J¢ restricts as an isomor-
phism (O¢)st1: Ff+1 — B,. Let L, = &Ly where each L; is a complement to By
in ker(Oc¢)i, so that ker(Oc)x = By @ Ly,
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Let s : C, — Cyq be the linear map such that s|;, qr. = 0 and sz, = (9c|r,,,) "
Therefore, Ocs|p, is the identity map on B,, and for any b € B,, s(b) is the unique
element of FC such that Ocs(b) = b. Moreover, because Ff+1 is orthogonal to
ker(Oc)«41

(44) Le(s(b)) = inf{lc(c) | ¢ € Cut1,0cc = b}.

Now let K = sA; we will check that A = 0cK + KOc¢. Indeed,

(1) For x € ker(dc)., we have (OcK + KOc)x = OcKx = OcsAx = Ax, since
Ax € B, by the hypothesis on A, : H*(Ci) — H*(C;\JFE)

(i) For y € FC¢, since A is split and so Ay € F¢, Ky = sAy = 0. Therefore,
(OcK + KOc)y = sAOcy = sOcAy = Ay, where the last equality comes from the
fact that OcsOcAy = OcAy and that both scAy and Ay belong to FC, together
with the injectivity of Jc|pc.

Finally, by the hypothesis that each A, : H.(C?) — H.(C}T¢) is zero, for any x €
ker(Oc¢)«, there exists some z € C,y; such that ¢z = Ax and lc(2) < Le(x) + €.
Since Kx = sAx also obeys dcKx = Ax, (44) implies that

Le(Kx) < Le(z) < Le(x) +e.

More generally any ¢ € C, can be written ¢ = x + f where x € ker(Oc) and f € FC¢,
and by definition Kf = 0, so

Le(Ke) = Le(Kx) < U(x) + e < Le(e) + €

where the final inequality follows from the orthogonality of ker(d¢). and FE. |

Corollary A.3 If there is a chain-level ¢ -interleaving between the Floer-type com-
plexes (Cy, Oc, £c) and (D, Op, {p), then there exists a §-quasiequivalence between
(C*a 8C7 EC) and (D*7 8D7 ED)

Proof By Lemma 9.6, we can replace both ® and ¥ by ®” and U™ which are split
with respect to splittings FC and FP of our two complexes; then we will have

(U™ 0 ®™ — Ic)FS) C FE€ and (O™ o U — Ip)(FP) C FP.

Note that, due to condition (ii) in Lemma 9.6, ®™ and U™ induce the same maps on
homology as do ¢ and W, so the fact that (®, ¥) is a chain level §-interleaving implies
that the maps UT®T — I¢,: HNC,) — HM?(C,) and ®TUT — Ip,: HND,) —
HM?9(D,) are all zero. Hence applying Lemma A.2 to ¥™®” — [ and to ®™ U™ — [,
gives maps K¢ and Kp such that (®™, U™, K., Kp) is a d-quasiequivalence. O
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In other words, if we define the (chain level) interleaving distance d; by, for any two
Floer-type complexes (Cy, ¢, £¢) and (Dy, Op, £p),

Th i hain level §-interleavi
41(Cs. D 00). (D D, £p)) — inf {5 > 0‘ ere exists a chain level d-interleaving }

between (Cy, O¢, £¢) and (D, Op, £p)

then we have an equality of distance functions d; = dp where dy is the quasiequiva-
lence distance.
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