CHAPTER 1

The Hodge theorem and Sobolev spaces

We will start by considering a question relating to differential forms and de Rham cohomology
on a smooth manifold M. We denote by Q2%(M) the space of degree-k differential forms on M. So
if we have a local coordinate chart (x4,...,x,): U — R" for M then we can express the restriction
of any element w € QX(M) to U as

wly = Z fiy i dxi Aees Adxy,
iy <+ <iy
where the various f; ; are smooth functions. Recall that there is then an exterior differentiation
operator d: Q(M) — Q**1(M) which, in terms of these local coordinate expressions, is given by

d( Z fil...ikdxil/\"'/\dxik)zz Z %dxj/\dxil/\---/\dxik
J

i << Jooip <<y

(where the dx’s appearing on the right can then be put in order by using dx; Adx; = —dx; Adx;).
The kth de Rham cohomolog}ﬂ of M is then by definition

ker(d: k(M) — Qk1(M))
~ Im(d: QM) - QK(M))
So in this definition H*(M) is a subquotient (i.e., a quotient of a subspace) of the space Q¥(M) of
all differential forms, and an element of H*(M) is an equivalence class within the space of closed
differential forms (those w with dw = 0), and indeed a fairly large one (for 1 < k < n) since d will

typically have infinite-dimensional image. In the hopes of making H*(M) a little more concrete, we
could ask:

H*(M)

QUESTION 1.0.1. Is there a natural way of identifying H*(M) with a subspace of Q*(M), rather
than a subquotient of QX(M)?

Hodge theory will give an affirmative answer to this question provided that M is compact,
oriented, and endowed with a Riemannian metric, i.e. a smoothly-varying inner product on the
tangent spaces of M (and the word “natural” is interpreted in the category of Riemannian manifolds
rather than just smooth ones). Note that any smooth manifold can be given a Riemannian metric,
though the choice is not canonical. (If the manifold is embedded in some R¥ then the obvious
choice is the restriction of the standard inner product on RY, though this depends sensitively on the
embedding.) In addition various features of H*(M) for compact M, such as Poincaré duality and
the fact that it is finite-dimensional, have nice and simple interpretations in terms of the description
that we will provide. There’s also a version of all of this for certain complex manifolds, which leads

Notes from Math 8230:Elliptic PDE’s in Geometry, UGA, Fall 2016, by Mike Usher
Ias you may know (though it’s not directly relevant to this course), H*(M) is isomorphic to the real-coefficient versions
of various other forms of cohomology, such as singular or Cech.
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2 1. THE HODGE THEOREM AND SOBOLEV SPACES

to especially strong statements about their cohomology which are difficult to understand by other
means.

In the following section I will give a sketch of how we will answer Question [I.0.1] though it
will be clear from the sketch that various strokes of luck will be necessary for it to work out.

1.1. Formulating the strategy

1.1.1. Complements. We follow the usual notation of putting
ZKM) =ker(d: QX(M) - Q1 (M) BY(M)=Im(d: Q< 1(M) - Q" (M),
so (since d? = 0) we have BX(M) < Z*¥(M) < Q¥(M), and by definition
z (M)
Bk(M)
From standard constructions of smooth functions on manifoldd] it’s not hard to see that B¥(M) (and

hence also Z¥(M) and ¥(M)) is infinite-dimensional for 1 < k < dim M. (If this weren’t true then
what we’re about to do would be much easier.)

The goal is to identify the quotient of vector spaces

HY(M) =

z5()
Bk(M)
we'll identify it with a subspace of ZX(M). The standard way of approaching this is dictated by the
following easy fact:

with a subspace of Q%(M); in fact

PROPOSITION 1.1.1. Let V be a vector space, and W < V. Suppose that X <V is another subspace
such that V. =W @& X. Then x — [x] defines an isomorphism of vector spaces X =V /W.

PROOE. That V = W @ X means that W N X = {0} and each element of V can be written as
w+ x where w € W and x € X. An element of the kernel of the map n|y: X — V/W given by
x — [x] would belong to W N X and hence be zero, so 7|y is injective. 7|y is also surjective, since
any element of V /W has the form [w+x] where w € W and x € X. But [w+x] = [x] = 7|x(x). O

So our goal is now to find a complement #*(M) to the exact forms B*(M) within the closed
forms Z*(M), i.e. we want a subspace #%(M) < Z*X(M) with ZX(M) = BX(M) ® #*(M). Now the
existence of such a complement can be proven fairly easily using Zorn’s lemma, but this is quite
inexplicit—there would be no way of telling whether a given closed form actually belongs to the
complement—and is not natural under any reasonable interpretation of that word.

A familiar way of constructing a complement to a subspace W of a vector space V is to use the
orthogonal complement W+. This requires V to be endowed with an inner product (-,-) in which
case, by definition, W+ = {x € V|(Yw € W)({w,x) = 0)}. As you are undoubtedly aware, if V is
finite-dimensional then V = W & W+. There are two issues, one much more serious than the other,
in applying this to our situation. The less serious issue is that we need to have an inner product
on Z¥(M) to try to do this. As we will see later, there is a natural way of constructing such an
inner product provided that M is endowed with a Riemannian metric (as it always can be, though the
resulting inner product depends on the metric). The more serious issue is that the space Z*(M) that
is playing the role of V is not finite-dimensional, so a priori there is no guarantee that the orthogonal
complement BX(M)* will actually be a complement. The following general result expresses part of
the issue; for context note that an inner product (-, ) on a vector space V induces a topology, given

by the metric d(vy, Vo) = v/ {(v; — V5, v; — Vy).

PROPOSITION 1.1.2. Let (V,{:,-)) be an inner product space and W < V. Suppose that V =
W @ W+. Then W is closed with respect to the topology on V induced by (-, -).

2showing for instance that if p € U where U is an open subset of M there is a smooth function taking value 1 at p and
vanishing identically outside of U
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PROOF. The main point is that, denoting by W the closure of W with respect to the topology
induced by (-,-), we have W ¢ (W+)*. Indeed, if x € W+, the function y — (x,y) is continuous
(this is an easy corollary of the Cauchy—Schwarz inequality), so {y € V|{x,y) = 0} is a closed
set that contains W and hence also contains W. Since this holds for all x € W+ we indeed have
W cWwhHt

If V. = W @ W+, it suffices to show that if y € W is written as y = w + x where w € W and
x € W+ then x = 0. But by the previous paragraph we have (y, x) = 0, and moreover (w,x) = 0
by the definition of W+, so we find that

(x,x) = (W_J’:x> =0
and hence that x = 0. O

So if the strategy of taking #*(M) to be the orthogonal complement of BX(M) in ZK(M) is
to work (which it eventually will), it would need to be the case that BX(M) is closed as a subset
of ZK(M), i.e. that the image of d is closed inside the kernel of d (or equivalently is closed inside
all of QX(M), at least assuming that ZX(M) is closed, which it will be). This is not at all easy to
show—the reader might want to think through at this point what it means to say that the image of
a linear transformation between infinite-dimensional vector spaces is closed to get a sense of where
the difficulties lie.

By the way, as you may know, if (V, (-, )) is a Hilbert space (i.e. the metric defined by the inner
product is complete) then the converse to Proposition[[.1.2is true, i.e. if W <V is closed then W+
is a complement to W. But this isn’t immediately useful to us because it’s not so easy to define an
inner product on X(M) that yields a complete metric space, and the inner product that we will use
certainly does not. The difficulty here is that the elements of QX(M) are infinitely-differentiable. It
is possible to get a Hilbert space using certain finitely-differentiable versions of differential forms,
but then our exterior derivative operator d wouldn’t preserve the differentiability condition. We
will manage these sorts of issues later on using Sobolev spaces.

1.1.2. Adjoints. Since the plan is to consider the orthogonal complement to B« (M) = Im(d : Q" '(M) —
ZK(M) c Q%(M)) inside Z¥(M), let us think more about how we can describe this complement. Ab-
stracting the problem a bit, we have a linear map A: U — V where U and V carry an inner product,
and we plan to consider the orthogonal complement of A(U) in V. Now if U and V are finite-
dimensional, there is a familiar description of this orthogonal complement: we can consider the
adjoint A*: V — U characterized by the relationship

(Au,v) = (u,A*v)

(and given in terms of matrix representatives by matrix transposition), and then it will hold that
A(U)* = ker(A*). The inclusion > here is obvious: if A*v = 0 then clearly (Au,v) = (u,A*v) = 0,
and then the reverse inclusion follows by a dimension count.

Of course in our setting the relevant vector spaces are infinite-dimensional, so one can’t use a
dimension count to infer that ker(A*) = A(U)'. But this will turn out to be true in our case.

So the plan will be to let ##*(M) be the kernel of the adjoint of d: Q" '(M) — Z¥(M) with
respect to the inner products that we will define later. Note that we’re taking the codomain to be
Z*¥(M) here (so that the adjoint maps Z*(M) — Q*~1(M)); it is more natural to define an adjoint
d*: QK (M) — Q< 1(M) to d: QF1(M) — QX(M), and then the map of which ##*(M) is the kernel
is d*| zx(ay). Said differently, we will set

#%(M) = ker(d) Nnker(d*)

where d: Qf(M) — Q**1(M) is the exterior derivative and d*: QX(M) — Q*"1(M) is the adjoint of
the exterior derivative Q<" 1(M) — QK(M).
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We can usefully rephrase this as follows:

PROPOSITION 1.1.3. If d and d* are as above, then w € ker(d) N ker(d*) if and only if (d*d +
dd*)w = 0.

PROOE The forward implication is trivial. For the backward implication, if (d*d + dd*)w = 0
then

0= {(d*d +dd*)w, w) = {dw,dw) + {d*w,d*w)
by the defining property of the adjoint, and this equality forces dw = 0 and d*w = 0. O

It remains of course to actually construct the adjoint (at this point we have neither a construction
nor a general result implying its existence), which does not even make sense until we say what the
inner product on differential forms is.

1.1.3. d* on forms on R". Before doing this in general it is probably instructive to work out
the local behavior for differential forms on R™ with compact support. Of course (since we assume
compact support) such forms can be transplanted to arbitrary smooth manifolds by working in a
coordinate chart and extending by zero outside of the coordinate chart; conversely any differential
form on a smooth manifold M can be written as a sum of forms supported in coordinate charts by
using a partition of unity. We write Qf(R") for the space of compactly supported k-forms on R".

We introduce some notation to reduce the number of indices that we need to write: we will
generically use I (or sometimes J) to denote a k-tuple (for some k of elements of {1,...,n} with
iy <--- <1y, and we will write dx; =dx; A---Adx; . So a general element of Q’C‘(R”) is given by

Zfldxl
1

where the f; are compactly supported smooth functions. We use the following inner product on
QK(RM):
C

(1) <ZfIdX[,ZngXJ>=Z-/JR f[g[dxl/\-”/\dxn.
I J I "

EXAMPLE 1.1.4. Let’s work out the adjoint of d on Q’C‘(Rz)for k = 1,2 (which are the only values
of k for which it could be nongzero). Recall that, on 0- and 1-forms, d is given by

_9f of
df = 3xdx+3ydy
d(de+Qdy)=(a—Q—a—P)dx/\dy.
ox Jy

Sod*: Qg(]R”) - QS(]R") should satisfy, for any Adx +Bdy € Q}(]RZ) and f € Qg(Rz),

0 0
/ fd*(Adx +Bdy)dx Ady = (f,d"(Adx + Bdy)) = (df ,Adx + Bdy) = <a—fdx + a—fdy,Adx +de>
R2 X y

of af ) / ( 0A OB )
= —A+—>B |dxAdy =— =+ - |dxAd
/Rz(ax ay” )Ny == LI Gty ) Y
where we have integrated by parts in the final step.

This holds for every function f € Q(R?) if and only if we define d*(Adx +Bdy) = — (g—’; + g—f,).

Note that under the obvious identification of one-forms on R? with vector fields, d corresponds to the
scalar curl and —d* corresponds to the divergence.
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Let us also compute d* on Qf(Rz). We have, for any Pdx+Qdy € Qz (R?) and gdx/\dy € Qf(Rz),

(d(de+Qdy),gdx/\dy)=/ (—B—Pg+a—Qg)dx/\dy /( 98 Q )dx/\dy
RZ

dy o 8y
a 2
=<de+Qdy,—gdx— 284 >
dy Jdx
So we can (and must) take
d*(gdx Ady) = agdx—g—gd
X

for gdx Ady € Qf(Rz).
In view of Proposition [I.1.3]let us now compute d*d + dd* on each Qk(]R{Z). For k = 0, we have:

(d*d+dd*)f=d*(g—£dx+2—§dy): ( f zf);

3x2 dy?
fork=1:
(d*d +da* )(de+Qdy)—d*((aQ 6P)d /\d) d(3P+3Q)
dx Jdy ox Jy

52 2 2 2 2 2 2 2
oQ _op dx + _3_Q+ b dy— a—P+ °Q dx — op +3_Q
axay 8y2 dx2  0Jxdy ox%2 9Jxdy oxdy dy?

= 62P+& dx —
B dx2 OJy2

Finally, for k =2,

2 2
Q d°Q
d
(3x2 " 3}/2) d

5} 5, d0%g 0d%g
(d*d +dd*)(gdx Ady) =d (a—gd - a—gd ) —(ﬁ + ﬁ)dx/\dy
In other words, at least in this case, the operator d*d + dd* (sometimes called the “Hodge Lapla-
cian”) acts by the negative of the standard Laplace operator aa_xzz + aa_yzz on each function component
f1 of the differential form Y, f;dx;. This situation persists in more general cases, though when the
Riemannian metric used to define the inner product on 2*(M) has curvature there are additional terms
that appear when the Hodge Laplacian is written out in coordinates.

Although with sufficient patience we could perform a similar computation to that in Example
[[.1.4] for Q’C‘(]R”) for any values of k and n, it is better to proceed by rephrasing the definition of
the inner product (I in the following way. We will use the “Hodge star” operator *: Qf(R”) —
QC”_k(IR”) which we define presently. For any k-tuple I = (iy,...,i;) € {1,...,n}* such that i; <

-+ < i}, let us write I° for the complementary increasing (n— k)-tuple (j;, ..., j,—) € {1,...,n}" K,
such that {ji,...,jp} ={1,...,n}\ {is,..., it} and j; < --+ < j,_i. Also let €(I) denote the sign
of the permutation that sends 1,...,k,k+1,...,n, respectively, to iy, ..., i, ji,---,jpk- The Hodge
star operator *: Q’C‘(R") — QZ”‘(R") may be defined by the formula

2 x (Z f,dx,) = e()fydx.
1 1

Note in particular that if I = (ij,...,i) and J = (jy, ..., ji) are both in increasing order, then

[ dxyA-Ndx,  fI=T
dx; A xdx; = { 0 otherwise.

Jo
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In view of this, the definition (I of the inner product on compactly supported k-forms on R" is
easily seen to be equivalent to saying that, for any w, 6 € Q’;(R”),

3) (,0) =/ w A

While the definition of * appears rather coordinate-dependent, we will see later that its defi-
nition extends to the compactly supported forms on any oriented Riemannian manifold, allowing
us to define an inner product on such forms just as in (3). Before doing this, let us work out the
adjoint of d with respect to this inner product. To do this, first note that for I = (i,...,i) €
{1,...,n}*, the product of the signs e(I) and e(I°) is equal to the sign of the permutation which
maps (i1, .., ik j1 -+ > jnk) t0 (s« ++» Jntoi1»- -, ix), and this latter sign is just (—1)k(*~%) Conse-
quently the definition of  yields

wx = (—1)*"0 a5 a map Q’C‘(R“) — Q’;(R”).
Ifwe Qi‘_l(R") and 0 € Q’C‘(R”), we then find by the Leibniz rule and Stokes’ theorem that

(dco,@):/Rn(dco)/\*Gz/R" (d(w A%0)—(—1) T Ad(x6))

= (-1 / © Ad(+0) = (—1)< - DnksD / © Ax(xd * 0) = o, (D)* D1 d x 0).
So the adjoint of d with respect to the inner product (@) is the map d*: Qf(R") — Qi"l(R”)
given by
d* = (_1)(k—1)n+1 wd*.

In particular (since * is its own inverse up to sign), d* is, up to sign, the conjugate of d by the
» operator. For instance, on R®, * sets up an isomorphism between 1-forms and 2-forms, and since
d acts on 1-forms like the curl operator on vector fields, it follows that d* acts on 2-forms like the
curl operator on vector fields.

1.1.4. Hodge star on a general oriented manifold. The inner product on forms given in
would have an obvious generalization to compactly-supported differential forms on an arbitrary
n-dimensional oriented Riemannian manifold M if only we knew how to define the Hodge star
operator *: Q’C‘(M ) — QZ"‘(M ). We will now make this construction. Recall that an element of
Qf(M ) is a (smooth and compactly supported) choice, for every p € M, of element w, from the
(Z)-dimensional vector space Ak(TpM )*. Here for any n-dimensional vector space V, AKV* is the
vector space of k-linear, alternating functions V¥ — R, and has basis given by the wedge products
e; A---Aef (1<i; <---<i <n) for any basis {e1,...,e,} for T,M with dual basis {e}‘,...,e:}ﬁ

In the case of R", with its standard basis {es,...,e,}, the standard differential forms dx; =
dx; A---Adx; have value el’.‘1 Aeee /\e;‘k at each point p, and the Hodge star operator was induced by
the linear map AK(R")* — AK(R"7%)* that sends e;‘l A -/\e;‘k to e(l’)e}*1 A -/\e;" . where I = (iy,...,1)
and I° = (jy, ..., jnx)- The key, non-obvious, fact is that we would obtain the same map if we used
any other oriented, orthonormal basis for R" in place of {e;,...,e,} in the construction. One could
try to prove this by a computation involving the change of basis matrix, but this quickly gets ugly;
instead we will find a manifestly basis-independent formulation of *. (See also [W], p. 79, Ex. 13]
for a different approach.)

3r'm using the same approach to the alternating algebra that I have in previous courses, see e.g. [[U2] Section 4.1]; in
particular in this formulation the wedge product is defined in [[U2] p. 23, (7)]. The approach in, for instance, [W| Chapter
2] is of course ultimately equivalent but makes more use of tensor products, universal mapping properties, etc.
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Let us consider an oriented, n-dimensional inner product space (V,{,-),0). From V we can
construct the vector spaces A*V* mentioned above; we can also construct AXV, which has basis
{e, A---Aeyliy < -+ < i} for any basis {e;,...,e,} for V; for consistency with how we defined
AFV* we will say that we are just defining AXV as A¥(V*)* using the canonical identification of V
with (V*)* (though there are other formulations). Note that a vector space isomorphismA: V. — W
induces a vector space isomorphism A*A: AV — AKW via A*A(e; A---Ae; ) = (Ag; JA--- A (Aeik)ﬁ

The inner product (-,-) on V induces an isomorphism

4 €: V-V ovia L0x)(y) = {x, ).

The orientation o on V, together with the inner product, defines a canonical generator w, = e;A---A
e, for A"V where e; A---Ae,, is an oriented, orthonormal basis for V. This element wy, is independent
of the choice of such a basis because for any other basis {fi, ..., f,,} the standard properties of wedge
products show that f; A--- A f,, = (detP)e; A--- A e, where P is the change of basis matrix from
{e1,...,e o {f1,...,f,} and if both {e;,...,e,} and {fy, ..., f,,} are orthonormal and oriented then
P €50(n) and so detP = 1.

Our map *: A*V* — A" *V* will be the following composition:

1

(o Akv 4 (An—kv)* v ARy

(5) Akv*

where:
o AK0: AFV — AKV* is the isomorphism induced by the isomorphism £: V — V* from (@).
o ¢: AFV — (A"*V)* is defined by, for & € AKV and B € A" *V, setting (¢ a)(B) equal
to the number t such that a A f = twy, where wy is the canonical generator for A"V
associated to the inner product and orientation.
e The isomorphism t: A" ¥V* — (A" *V)* is determined as follows. Let {e;,...,e,} be a
basis for V. Then for 8 € A" *V* we define 10 € (A" ¥V)* by extending linearly from

(6) (LO)(e, A---Ne )=0(e;,....e; )

(we make the definition initially just for i; < ... <i,_;, but since both sides are antisym-
metric in the e; the identity continues to hold for any (n — k)-tuple (ij,...,i,—)). This
map ¢ is clearly linear and injective, so by a dimension count it is a linear isomorphism.
It’s not hard to see that ¢ is independent of the choice of basis {e;, ..., e,} used in its defi-
nition: in fact if fi,..., f,,_ are any elements of V given in terms of the basis {e;,...,e,}

by f] = Zi Pi}jei, then

N A fpe= Z PoiP nkey N Ae

and so with ¢0 defined by (6) we will have
O)Sfi N A foi) = Z PP a0, e ) =0(f1,-- ., fai)-

,,,,, [
So the prescription () yields an isomorphism ¢: A"*V* — (A"*V)* that is independent
of the basis {eq,...,e,} used in the formula, and in fact (6) holds for arbitrary elements
ei,---,en_, Not necessarily coming from a basis for V.

We can now prove the following basic result about the star operator:

“To make clear that this is well-defined and basis-independent, if we're regarding AKV as consisting of k-linear alter-
nating functions on V*, then for 8 AV and wi,...,w; € W* we will have ((AkA)(G)) Wi, ..., wp) = 0(A™wT, ..., A"wy)
where A*: W* — V* is the adjoint of A.
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PROPOSITION 1.1.5. Let (V,{(-,-), 0) be an n-dimensional, oriented inner product space. Then for

1 < k < n—1 there is a unique linear map »: A*V* — A" %V* such that, for any oriented, orthonormal
basis {e,,...,e,} for V, we have

* cee * e * cee *

@) x(ef Ao nep)=€e(l)e] A-wAej

forany I =(iy,..., i) withi; <--- <iy, where I° = (ji,..., jp) and j; < -++ < jo_y-

REMARK 1.1.6. We have excluded the somewhat-degenerate cases k = 0, n from the proposition.
Recall that A°V* = R, while A"V* is one-dimensional and generated by vol, := ej A---Ae; for any
choice of oriented orthonormal basis {ej, ..., e,} for V. (As with the corresponding generator c, for
A"V, different choices of oriented orthonormal basis would be related by an element P € SO(n),
so changing the basis would have the effect of multiplying vol, by det(PT)™! = 1; thus voly is
canonically determined by the orientation and inner product.) So we shall define x: A°V* — A"V*
by *(t) = tvoly, and »: A"V* — A°V* by x(tvol,) = t.

PROOE. The linearity of = and the prescription (7)) for even a single oriented orthonormal basis
{e1,...,e,} suffice to uniquely determine * if it exists, so we just need to prove existence. More
specifically, we will show that the composition (5) satisfies the required property. So let {e;,...,e,}
be an oriented orthonormal basis for V, and let I = (iy,...,i;) and I° = (j, ..., ju_) With i; <+ <
i, and j; <--- < j,_&, and let us consider the effect of (5) on the element e;‘l A A e;‘k € AV,

Since the e; form an orthonormal basis, the isomorphism £: V — V* sends each e; to the dual
basis element e, so (A*€)7! sends e:‘l A A e;‘k toe; A---Aej.

To determine the value ¢ (e; A---Ae; ) € (A"kV)*, since A"V has basis given by eq, N\ " Neg
witha; <--- < a,_y it suffices to find each ¢ (e; A--Ae; )(eq A+ -Aey ). Nowif (ay, ..., a, ) #I°,
then the pigeonhole principle (and the fact that the i, and a, are ordered) shows that one of the
a, is equal to one of the i; and hence that e; A---Ae;, Ae, A+ Ae, , = 0. Meanwhile for
(ay,.--, a0 ) =I°=(ji,-- -, jnr), we have (by the definition of the sign €(I))

e N Aeg Nej A+ Ae;

Jn—k

=e(l)ey A=+ Ae,.
So for any ordered (n— k)-tuple (a,...,a,_) we have

kp\—1( * _ E(I) (aly---:an—k):Io
®) (d) o (M) (ef A A eik)) (g, Ao Neq, )= { 0 otherwise.
But using the basis {e;,...,e,} to compute the isomorphism ¢ via (), it is clear that (8) still holds
if its left hand side is replaced by L(e(I)e;.‘1 A A e;‘ _k)(ea1 A-+-Neg). So we have

(¢ oA ) (ef A+ ne)) =ule(De A+ e ),
which proves that our map « = 1! o ¢ o (AK¢)™! indeed satisfies the property (7). |

With Proposition [I.1.5] in hand we can readily generalize the constructions of Section
First we explicitly define the notion of a Riemannian manifold:

DEFINITION 1.1.7. A Riemannian manifold is a pair (M, g) where M is a smooth manifold and
a Riemannian metric g. In other words, g is a choice, for all p € M, of an inner product g, on the
real vector space T, M, satisfying the smoothness condition that, for any two (smooth) vector fields
X,Y on M, the function g(X,Y): M — R defined by p — g,(X,,Y,) is a smooth function.

The smoothness condition is equivalent to the statement that, in any local coordinate chart

(x1,-..,%,): U = R" for M, the inner products g;;(p) = g, (%, %) are smooth functions of p.
i j

Thus in local coordinates the Riemannian metric g is represented by a symmetric, positive-definite
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matrix (g;;(p)) that varies smoothly from point to point. One should not expect in general to be able
to choose coordinates in which the matrix is (even locally) constant—the curvature of the metric
(which we do not define here) gives an obstruction to doing so.

Let (M, g) be an oriented n-dimensional Riemannian manifold. The orientation of M together
with the Riemannian metric g endow each T,M with the structure of an oriented inner product

space. This allows us to define a Hodge star operator QIC‘(M )— Qg_k(M ) for any 0 < k < n simply
by (xw), = *(w,) where the x on the right hand side is given by Proposition [[.T.5/or Remark[I.1.6l
The same discussion as at the end of Section [I.1.2] shows that

o = (1)K gk(v) — k().

Just as in the case of R" we can define an inner product (-, -) on QX(M) by setting

9 (w,@)z/ wAx0.
M

EXERCISE 1.1.8. Prove that (9) is indeed an inner product.

Furthermore, we can again use Stokes’ theorem] to find, for w € Q’C‘_l(M )Jand 0 € Q’C‘(M ) that
(dw,0) = / (d(wA*0)—(—1) L A d(x0))
M

— (_1)k/w/\(_1)(n—k+1)(k—1) xxd * 0 = (0.), (_1)n(k—1)+1 xd *9)

in view of which
(10) d* = (—1)" D w dwe: QK (M) - Q1(M)
satisfies the adjoint relation (dw, ) = (w,d*0).
EXERCISE 1.1.9. Prove that d* o d* = 0, and that the map * induces an isomorphism
ker(d*: QK(M) — Q< 1(M))
Im(d*: Qk+1(M) — Qk(M))
As suggested in Section [I.1.2] we will let
11) #X(M) = ker(d) nker(d*) = ker(d*d + dd*),

where the second equality follows from Proposition [I.1.3] and prove:

= gk ().

THEOREM 1.1.10 (Hodge theorem, first version). Let (M, g) be a compact, oriented Riemannian
manifold, define d* by (I0) and define #*(M) by (II). Then #*(M) is a finite-dimensional vector
space, and Z*¥(M) = BX(M) & #*(M).

By Proposition [LI.1] it then follows that #*(M) = H*(M); thus one immediate consequence
of Theorem [[.1.10]is that H*(M) is finite-dimensional for all k if M is a compact oriented smooth
manifold[] One also obtains the Poincaré duality result that dim H*(M) = dimH" *(M) from the
following:

PROPOSITION 1.1.11. The Hodge star operator x restricts to #*(M) as an isomorphism #*(M) —
k(M.

5Throughout these notes all manifolds are manifolds without boundary unless otherwise stated; recall that Stokes’
theorem in this context says that if M is an n-dimensional manifold without boundary and if @ € Q"~(M) then [, dw =0.
If we considered manifolds with boundary and allowed our differential forms to be nonzero at the boundary then additional
terms would be required in the adjoint.

SNote that any smooth manifold admits a Riemannian metric, as follows from a partition-of-unity argument.
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PROOF. Since x* = (—1)K("™%) it is clear that * is a bijection between Q¥(M) and Q" *(M), so
we just need to see that x maps #%(M) to 5" *(M) (and vice versa). But we have, for w € Q(M),

dxrw)=txxdxw=txd*w
so since * is an isomorphism we have
d*w =0< d(xw) =0 and likewise d*(xw)=0< dw = 0.
Thus w € #5(M) & *w € 2" (M). O

The discussion so far should indicate that Theorem would be easy to prove if Z¥(M)
were finite-dimensional, but of course ZX(M) is not finite-dimensional and so various analytical
subtleties such as the one suggested by Proposition [I.T.2] become relevant. The proof of Theorem
[[.T.10will require a clearer understanding of certain properties of the Hodge Laplacian d*d + dd*;
these properties are shared more generally by the class of elliptic differential operators which appear
often in the geometry of manifolds. We will begin working toward this understanding in the next
section. But first we will reformulate the Hodge theorem in a way that more closely reflects what
the analytical argument will show, and draw out some consequences of this (including the original
formulation Theorem [L.1.10).

THEOREM 1.1.12 (Hodge theorem, second version). Let M be a compact oriented Riemannian
manifold and endow QX(M) with the inner product {-,-) from (@). Define A = d*d + dd*, so that
H*(M) =ker(A). Then #*(M) is finite-dimensional, and

(12) Im(A: QK(M) — QM) = 25 (M)*.

REMARK 1.1.13. Note that A is easily seen to be (formally) self-adjoint in the sense that (Aw, 6) =
(w, AB), as an immediate consequence of the fact that d and d* are adjoint to each other. So if
w = Aa € Im(A) and 6 € #%(M) then certainly (w,0) = (a, AG) = 0; thus the inclusion “C” in
is straightforward. So the difficult parts of the Hodge theorem are the statements that #*(M)
is finite-dimensional and that any w € QX(M) satisfying the obviously-necessary condition that
(w,0) =0 for all & € #*(M) can in fact be written as w = Aa for some a € Q*(M).

We now extract some consequences of this formulation of the Hodge theorem:
COROLLARY 1.1.14. Assuming Theorem [[.1.12) we have an orthogonal direct sum decomposition
QK (M) = #* (M) @ Im(A: QM) — QX (M)).

PROOFE. We have already observed that the two summands are orthogonal and Theorem [T.1.12]
says that Im(A) = #%(M)*, so we just have to show that any w € (M) can be written as
w = x + y where x € #*(M) and y € #*(M)*. Although we noted earlier (cf. Proposition[L.1.2)
that this sort of question is generally subtle, in this particular case it is easy because Theorem[1.1.12]
also says that #%(M) is finite-dimensional. So we can choose an orthonormal basis {e;, ..., ey} for

(M) and write
N N
w= (Z(w, el-)el-) + (w—Z(w, ei)ei)
i=1

i=1
where the first expression in parentheses belongs to #*(M) and the second belongs to #*(M)*.
O

COROLLARY 1.1.15. Assuming Theorem [[.1.12] we have an orthogonal direct sum decomposition

QM) = #* (M) @ Im(d: QK 1(M) — QM) @ Im(d*: Q1(M) — QF(M)).
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PROOF. By Corollary[T.T.14]we just need to show that Im(A) = Im(d)+Im(d*) and that {w, 6) =
0 whenever w € Im(d) and 6 € Im(d*). The latter statement is clear, since if w =da and 6 = d*f3
then
(w,0) =(da,d*p)={(dda,B)=0
since d® = 0. Also the statement that Im(A) € Im(d) + Im(d*) is clear from the equation A(w) =
d(d*w) + d*(d w).
For the reverse inclusion, we note that if w = da, then for all ¢ € #*(M) we have

(w,¢) =(a,d"¢) =0

because Proposition [[L1.3] implies that d*¢ = 0. Thus Im(d) ¢ s#*(M)‘. The same argument
(using instead that d ¢ = 0 by Proposition [[.1.3) shows that Im(d*) c #*(M)*. So we have

Im(d) ® Im(d*) c #5(M)*+ =Im(A)
where the last equality is given by Theorem [1.1.12] and the result follows. |

PROOF OF THEOREM ASSUMING THEOREM[I.1.12] The statement that #%(M) is finite-
dimensional is part of Theorem so we just need to show that Z¥(M) = B*(M) & #*(M).
If w € ZX(M), then Corollary [LI.15] allows us to write w = ¢ +da + d*p for some ¢ € H#*(M),
a € QF1(M), and B € QK1(M). Moreover (¢, d*a) = (da,d*) = 0, so we have

(d*B,d"B) = (w,d"B) = (dw, ) =0,
so in fact d*3 =0 and w = ¢ +da.

This proves that ZX(M) c BX(M) @ »#*(M), while the reverse inclusion follows from the defi-
nitions (and Proposition [[.1.3). O

The “Hodge decomposition” in Corollary [[.T.15] leads to additional interesting consequences,
including a PDE-free characterization of the space #%(M) of harmonic forms. Recall that by defi-
nition a de Rham cohomology class ¢ € H*(M) is a coset of BX(M) in Z¥(M), so that if we choose
one element w, € ¢ (necessarily having dw, = 0) then ¢ = {w, +dB|B € Q1 (M)}.

COROLLARY 1.1.16. Assume Theorem [[LI.IZ2] Then for any ¢ € H*(M) there is a unique element
w € c such that, for all O € c, we have

(w, w) < (6, 0) with equality only if 6 = w
Moreover this element w is the unique element of ¢ that also belongs to #*(M).

PROOE. Choose an aribitrary w, € c. As was shown in the proof of Theorem we can
write w, = w + da for some w € #*(M) and a € Q1(M) (the Im(d*) term vanishes because
dw, = 0). In particular w € ¢ N #*(M). If there were another element w’ € c N #%(M), then we
would have w — ' € #X(M) N B*(M) = {0}, so w is in fact the unique element of ¢ N #*(M).

We can then write any € c as § = w + df3 for some 3 € Q*"}(M). The orthogonality of the
splitting in Corollary[I.1.15lthen shows that

(0,0) = (w, w) +(dp,dp) = (w, w),
with equality iff df =0, i.e. iff 6 = w. |

Thus harmonic forms can be characterized as precisely those closed forms w which minimize
the “energy” (w,w) = [,,; w A xw among all forms in their cohomology class [w]. Moreover in any
cohomology class there is a unique such form.

The following exercise gives a notable consequence of the Hodge decomposition that is less
directly related to cohomology:
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EXERCISE 1.1.17. Let M be a compact oriented Riemannian manifold, and assume Theorem[L.1.12]
(and hence all of its corollaries). Prove that if w is any exact form, then there is a unique a € Im(d*)
such that w = da. Moreover, prove that if p € Q¥"1(M) with df = w, then (8,8) > (a,a), with
equality only if B = a.

(Hints: For the existence of a, use the facts that Im(d) C Im(A) (proven in the proof of Corollary
[I.1.15) and that Im(d) and Im(d*) are orthogonal. For uniqueness, you might draw inspiration from
the proof of Proposition )

Thus Hodge theory singles out a preferred solution to the equation da = «w whenever this
equation has a solution; namely, if one takes a equal to the unique element of Im(d*) (i.e. the
unique “coexact” form) with da = w, then this choice of a will have the strictly smallest possible
energy {a, a) among all solutions.

By Exercise if H"*(M) = {0} then a k-form is coexact if and only if it is coclosed (i.e., in
ker(d*)). So in this case if w is an exact (k + 1)-form then there is a unique 3 € Q*(M) satisfying
the system of differential equations

{ap 26

To relate this to physics, let n = 3 and k = 1. A 2-form w written locally as B;dy A dz + Bydz A
dx +Bsdx Ady can be seen as corresponding to a magnetic field B = (B;, B,, B;). One of Maxwell’s
equations (corresponding to the nonexistence of magnetic monopoles) says that V ‘B =0, ie
that dw = 0. So if H*(M) = 0 there is a € Q'(M) with da = w. We can likewise view a =
A;dx +A,dy + Asdz as corresponding to a vector field A = (A;,A,,A;), and the equation da = w
says that V x A = B, i.e. that A is what physicists call a “vector potential” for the magnetic field
B. There are many such vector potentials for any given B, corresponding to all the solutions to
da = w; one is said to “fix a gauge” when one makes a choice of the vector potential. One gauge-
fixing criterion that is commonly used is the “Coulomb gauge,” wherein one requires V - A = 0.
This equation is equivalent to d*a = 0. So it follows that any magnetic field on a compact oriented
3-manifold M with H?(M) = 0 has a unique vector potential which is in Coulomb gauge.

1.2. Introductory Analysis of the Laplacian

1.2.1. The Hodge Laplacian in local coordinates. Our intention is to look for solutions w €
QK (M) to the equation Acw = a for arbitrary a € #*(M)*; doing this will require some information
about what this equation says when w is written in suitable local coordinates.

As before we assume that (M, g) is a compact oriented Riemannian manifold. The Hodge star
operator »: QX(M) — Q" %(M) is then induced pointwise by linear maps x: A* T,M* — AR T,M*
for each p € M, which are characterized by the property that, if {e;,...,e,} is any oriented or-
thonormal basis for T,M with dual basis {e',...,e"}, then x(e’ A--- Aek) = e*"P A--- A", (The
values of the various (e’ A --- A e'*) can then be inferred by reordering the oriented basis.) Then
d*: QK(M) — Q" 1(M) is given by d* = (—1)"* D1 « dx and A = d*d + dd*.

Choose a coordinate chart ¢ = (x1,...,x,): U — R" for M, with ¢(p) = 0. Given an oriented
orthonormal basis {ey,...,e,} for T,M, by postcomposing ¢ with some linear map that sends the
basis {¢,e;,...,P.e,} to the standard basis for R", we may assume that {¢,e;,..., P.e,} is equal

to the standard basis in R". In other words, for each i we have e; = %‘ € T,M where we use the

standard notation for the ith coordinate tangent vector at p induced by the coordinate chart.
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Now the coordinate chart indeed gives us vector fields 3Lx1’ ey ax throughout the open set U,
and so the Riemannian metric g gives us functions
q)

For each q € U, the matrix (g;;(q)) is symmetric and positive definite. Since the coordinate basis
coincides with the orthonormal basis {e,,...,e,} at p, we have g;;(p) = &;;; however this equality
generally holds only at p and not elsewhere. In some special cases it may be possible to choose the
coordinate chart ¢ so that g;; = §;; everywhere, but if the curvature of the metric g is nonzero then
this will not be the case[]

In spite of this warning, let us compute A in terms of the local coordinates x,...,x, onU C M

under the assumption that g;; = &;; throughout U; after doing this we will explain qualitatively

9
Jx

i

)

* ox;

gij: U— R defined by gij(q)Zg(
q J

what happens in the more general situation. Thus everywhere in U, {aixl, . aixn} gives an ori-
ented orthonormal basis for the tangent space and so (recalling that, essentially by definition,
{dxq,...,dx,} is the dual basis to {Bixl’ . ax =—1}), the action of the Hodge star operator is given by
the formula from (2)).

By linearity and reordering coordinates it suffices to work out the action of A = d*d + dd* on
a differential k-form of the shape fdx; A --- A dx;. Beginning with the action of dd*, we obtain
(where " is used to signify omission of a term from a wedge product)

dd*(fdx, A---Adxp) = (=1)" DG wd x (Fdxy A--- Adxy)

k
G,
= ()" DG e d(fdxgyg Ao Adx,) = (—1)RkDHL E d * (a—fdxi AdXppq e A dxn)
i=1 Xi

k
- (_l)n(kfl)Jrl Z(_l)(kfl)(nfk)ﬂfld (3_£dx1 Ao ANdx; A A dxk)

i=1

o K — a2f
= Z(—l)l ——dx; Adxy A---Adx; A+ Adxg + Z (-1 1
— 3xl et dx;0x;

———=—dx; A+ Adx A Adxg Adx;
(13)

Sk Zf _
z_(za zdxi A '/\dxk) ZZ( 1)l+k1 dx1 o Adxg A Adxg Adx;.

i=1 j=k+1

(The simplification of the sign in the second to last equality uses that n(k — 1) + (k—1)(n — k) =
(k—1)(2n — k) which is even since k(k — 1) is always even.)

"More specifically, by using “exponential coordinates” one can arrange for the partial derivatives of the g;; to be zero
at p, but the curvature at p gives a coordinate-independent obstruction to the second derivatives all vanishing at p. See [|[dC,
Chapter 4] or any other text on Riemannian geometry for more details.
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Meanwhile,

dx

j=k+1 O

S
d*d(fdxl/\---/\dxk)=(—1)”k+1*d*(df/\dxl/\---/\dxk)=(—1)”k+k+1*d*( Z —fdxl/\

=(— 1)”"+k+1*d(2( 1Y+ 1ﬂdxk+lA Ad/;?jA---Adxn)

j=k+1 Xj

j=k+1 9x;0x;

n
_( 1)nk+k 1+k(n—k) Z

j=k+1

P 2dx1 s Adxg

+§: E:( 1)k DR+ i)k 1)+n—]aaaf dxl/\u-/\d/x\i/\”-/\dxk/\dxj.
X
i=1 j=k+1

Now nk+k—1+k(n—k)=—1+k(2n+1—k) is always odd (since k(1 — k) is always even).

Meanwhile nk+j+(i—1)(n—k)+(k—i)(n—k—1)+n—j=nlk+1)+(n—k)(k—1)—(k—i) =
2kn —k(k — 1) — k —i has the same parity as i + k. So we obtain:

(14)

--/\dxk/\dxj)

> (—1)”k+j*((—1)j_k 1ax£dxk+1/\ ‘Adx, +Z o%f dxi/\dxkﬂ/\---/\gx\j/\---/\dxn)
J

n 82 2
d*d(fdxl/\---/\dxk)z—( Z E J;dxl /\dxk)+z Z( 1)‘+’< dxl/\ /\dx/\ ‘AdxAdx;.

j=k+1 i=1 j=k+1

Combining with (I4) we see significant cancellation yielding that

no52
AFdxg A~ Adxg) = (—Z . f)dx1 < Adxg if g =6y

i=1 9%
Of course this is consistent with what we found in Example [T.1.4]

As mentioned earlier, in general we can only hope to choose coordinates in which g;; coincides
with 6;; at a prescribed point p, rather than throughout the domain U of the coordinate chart. In the
more general situation, applying the Gram-Schmidt process pointwise to the bases {a—x1 lgs -+ ax lq}
yields vector fields e,,...,e, on U with each {(e;),...,(e,)s} an oriented orthonomal ba51s for
T,M. Denoting by {e!,...,e"} the corresponding dual basis of one-forms, the Hodge star operator
is determined not by (2)) but rather by (e A---Aek) = e *1 A--- Ae™ (and similar identities for the
other e’ A --- A el with the usual signs e(I)).

We could repeat the above calculation of A, working consistently in terms of the pointwise basis
of forms {e* A--- Aein} in order to compute A(fel A--- AeX). This will lead to more complexity,
however, because the one-forms e! (unlike the coordinate forms dx;) have no reason to be closed.
For our purposes it will suffice to give a qualitative description of what ensues. We will encounter
various derivatives of the form

(15) d(he" A---Aetm)=(dh) Ae A---Aeim +hd(el A--- Aeln).

Note that, although the e; do not come from a coordinate system, we can still expand dh = Zi(velh)ei

where we define V, h = dh(e;) as the derivative of h along the vector field e;. Thus the first
term on the right hand side of (I5) (which is the only term that involves the derivative of h) is
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2.:(V, h)(e' Aet A--- Aek); this is just like what one sees in the simpler case that e = dx;. On the
other hand the second term involving d(e"" A --- A e'") is rather different.

Fortunately, however, the terms of A(fe' A--- A ek) that involve the most derivatives (i.e., two
derivatives) of f are the ones that will be most relevant to us. If one were to pay attention only to
terms in Leibniz rule expansions that involve differentiating f rather than the e, then the discussion
in the previous paragraph shows that the calculation of A(fe! A---AeX) is identical to the derivations
of and [T4), just with dx,’s replaced by e"’s and aixi’s replaced by V,’s. I do not intend to work

out anything more about the other terms that appear in A(fe! A--- AeX) beyond the facts that they
depend linearly on the input and involve differentiating f either zero or one times (and also involve
some number of differentiations of the ei)ﬁ

To make this more precise, using the abbreviation e’ for e A---Ae% for k-tuples I = (iy, ..., i),
the following should be evident from the above discussion.

PROPOSITION 1.2.1. Let (ey,...,e,) be an oriented orthonormal frame of vector fields throughout
some coordinate chart U for a Riemannian manifold (M, g), and let f € C°°(U). Then for each
I =(iy,...,1;) we have

A(fe') = (—Z vei(ve,.f)) e+ D D (VB + D e
i=1

i=1 J N
for some ﬁlij, Y1; € C°°(U) depending only on the orthonormal frame and not on f.

1.2.2. Harmonic functions and the mean value property. For the rest of Section[L.2lwe will
work with real-valued functions defined on open subsets 2 C R", and we will regard the Laplacian
on such functions as defined by

n azf
Au= ; ax?.

“Laplace’s equation” is then the statement that Au = 0; more generally one can prescribe a
function f: © — R" and consider “Poisson’s equation” Au = f. A function on R" is said to be
harmonic if it satisfies Laplace’s equation.

Notice that, with our sign convention, Au = —V - (Vu) = —div(grad u) in terms of the famil-
iar divergence and gradient operators from multivariable calculus. Consequently, if u € C2(Q) is
harmonic and if x, € 2 with the closed radius-r ball B,(x,) C 2, we obtain:

0= / (Auw)dVv = —/ div(gradu)dV = —/ (gradu)- vdS
B,(xo) B, (xo) 9B, (xo)

where we have used the divergence theorem[] Now (gradu) - v is of course equal to the directional
derivative of f along v, so if o denotes the standard volume form on S™! the above shows that,

8While we won’t pursue this, the detailed structure of these terms does have some interesting features and consequences
for Riemannian geometry, see for instance [JP, Section 7.3.3].

? Here dV = dxj A -+ Adx, is the standard volume form on R" and dS is the standard volume form on 8B, (x,)
and v is the outward normal vector along the boundary. So we have dS = ,dV as differential forms (¢, means insertion
of v as the first argument of dV). While the divergence theorem as taught in multivariable classes is usually phrased for
domains in R®, it is equally valid in R": to give a Hodge-star-based proof, if F = (Fy, ..., F,) is a vector field on R" we can
construct the one-form ¢ = > F;dx;, and then the reader can easily verify that (divF)dV = d(x¢). So Stokes’ theorem gives
fQ(divF)dV = fag(*d)). Given a point x € 99, if we work in a rotated coordinate system in which T, 9Q = {x; = 0}, we
then have

(@)1 00 = Fidxy A--- Adx, = (F- »)dS|r sq-

This holds at each x € 9Q, so ¢ restricts to I as (F- v)dS, and we indeed have fn(divF)dV = fm(F~ v)ds.
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provided that B,(x,) C Q,

o=0.

d
—u(xo+tv
/"’ES'FI dt ( ° )t:r

This applies equally well with r replaced by an arbitrary value s between 0 and r; integrating over

s then yields
"d
(7) ds = / — (/ u(xg +sv)a) ds = / (u(xo+rv)—u(xy))o
t=s 0 ds gn—1 yes§n—1

0_/r(/ iu(x +tv)
0 yesn1 dt 0

where we have used Fubini’s theorem and the fundamental theorem of calculus.

In other words, if u is harmonic on 2 then we have faBr(xO)(u—u(xo))dS = 0 whenever B,.(x,) C
Q. This is one version of the mean value property for harmonic functions. We will instead using a
version that integrates over balls rather than spheres and follows almost immediately: we equally
well have |, 2 BS(XO)(u —1u(xy))dS =0 for 0 < s < r, and then integrating over s (with a weight s"!
to reflect a change from polar to Cartesian coordinates) and applying Fubini’s theorem produces
Jb,(x,) (@ —u(x0))dV = 0. In other words, denoting by f, fdV the average value vo+(U) [ fdv of
a function f over a bounded set U, if u is harmonic in £ then we have, on any closed ball B,.(x;)
contained in €,

(16) u(xy) = ][ udV.
B,(xo)

This is called the mean value property for harmonic functions.

Conversely, if u is not harmonic, choose a point x, with (Au)(x,) # 0; for convenience (replac-
ing u by —u if necessary) let us assume that Au(x,) > 0. We assumed that u was C2, so this implies
Au > 0 throughout some ball B,.(x,).

Reasoning in exactly the same way as before, the divergence theorem now gives |, 3 BS(XO)(grad u)-
vdS < 0foralls < r, from which we infer via reasoning just like that above that u(x,) > fBr(xo) udV.
To summarize:

DEFINITION 1.2.2. If u: Q — R is any locally integrable@ function on an open set 2 C R", we
say that u satisfies the mean value property provided that for all x, € Q and all » > 0 such that

B, (x,) C £, we have
u(xy) = ][ udV.
B,.(xo)

PROPOSITION 1.2.3. Let u € C?(Q2) where  C R? is open. Then Au = 0 if and only if u satisfies
the mean value property.

Of course, a function does not need to be differentiable in order for one to ask whether it satisfies
the mean value property. We will see below that functions that satisfy the mean value property are
however automatically C2 (in fact C*°) and hence are indeed solutions to Laplace’s equations. To
do this we will first need to record some facts about convolutions which will also be useful to us
elsewhere.

1.2.3. Convolution and Mollifiers. For two functions f,g: R" — R one may (attempt to,
depending on how well-behaved f and g are) define a new function f % g: R"™ — R by

(0= [ fe=)gav,

10;¢., Lebesgue integrable over each compact set
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called the convolution of f and g (we use the notation dV,, for the volume form dy; A---Ady,). A
simple change of variables to z = x — y shows

()= [ f=)g0Idvy = | glx=2f )V = (g/)0)

provided that both sides are defined, so f * g is symmetric in f and g. However we will typically
use convolution in a rather asymmetric way, in that often the function f will be known and quite
well-behaved (e.g. smooth and compactly supported) while g will be potentially less well-behaved
(e.g. we might just assume that g is locally integrable). Note that if f € Cy(R"™) (where the subscript
denotes compact support) and g is locally integrable then f % g is certainly well-defined since for
each x the integrand in the integral defining (f * g)(x) has compact support and is obtained from
multiplying g by a bounded function.

In general, when f is well-behaved, we can often expect f * g to be similarly well-behaved
regardless of g, as we now start to illustrate.

PROPOSITION 1.2.4. Let f € Co(R") and let g: R"™ — R be locally integrable. Then f x g is
continuous.

PROOF. We have

I(Fg)(x+h)—(Fg)(x)| < /R 1 Gy t)—f el ()lav, = /

( )If(x—y+h)—f(x—y)|Ig(y)IdVy
Br(x
if we take |h| < 1 and R so large that Bz_;(0) contains the support of f. Since f is continuous
and has compact support it is uniformly continuous, so for any € > 0 there is r € (0,1) such
that for all z,h € R" with |h| < r we have |f(z + h) — f(2)| < €. So we obtain, for |h| < r,
I(f *@)(x+h)—(f *g)(x)]| < efBR(x) |g|dV for all x € R™. Since g is locally integrable, fBR(X) |g|ldV

O

is just some finite constant, so this suffices to prove continuity.

PROPOSITION 1.2.5. Let f € Cé (R™) and let g: R™ — R be locally integrable. Then for each i the

partial derivative %( f * g) exists and is equal to (%) xg.

PROOE. For x € R" and h € (—1, 1) we have

(f xg)x+he)—(f xg)x) _ [ flx—y+he)—flx—y)
h - h

Our assumptions on f imply that g—f; is compactly supported and continuous, and hence bounded in
absolute value by some number M, and then it will hold that, for all z € R", |f (z+he;)—f (2)| < M|h|.
Consequently the integrand in (I7) has absolute value bounded by |[M g|, and moreover is supported
in a compact set K, (which can be chosen independent of h € (—1, 1), though it will depend on x;
specifically we can take K, = {y : dist(x — y,supp(f)) < 1}) on which g is integrable. So we can
apply the Dominated Convergence Theorem to show that

17)

g(y)dv,

C(Frxhe)—(F)x) [ flx—y+he)—Ff(x—y) o, _(3f
lim « = tim [ 2 sav, = [ Sy, = (55 e,
as desired. O

A straightforward induction argument then yields:
COROLLARY 1.2.6. Let f € C;°(R") and let g: R" — R be locally integrable. Then f x g €

C(R"), with
dNTHI(fxg) ( ot f )*
axy - 9xy" xy - 9xy" &




18 1. THE HODGE THEOREM AND SOBOLEV SPACES

forall aq,...,a, € Zs,.

The following inequality will help us prove that L? functions can be approximated using certain
(smooth) convolutions, see Theorem [1.2.10] below.

PROPOSITION 1.2.7 (Young’s inequality). Let f € Cy(R") and let g € LP(R") (1 < p < 00).
Then f x g € LP(R"), with
If=gll, < £l

REMARK 1.2.8. One could make the weaker assumption that f € L!(R") here; the only reasons
that I assumed f € Cy(R™) were that I didn’t want to bother making a separate argument as to why
f * g is well-defined, and that in our applications f will be in Cy(R").

PROOE. If p = oo the statement is obvious:
/R flx—=y)g(y)dvy| < ”g“oo/R If (e =)ldVy, = [If 11 1Igloo-

If p =1 the result essentially follows from Fubini’s theorem:

If gl = |

= [ 1l [ e=ylav ) av, =i lgh.

So for the rest of the proof assume that 1 < p < oo, and let p% + % =1 (soalso 1< q< 00, and

% = p —1). Then using Holder’s inequality we obtain, for any x,

|f *g(x)l =

=gV, | dv, < / 1 = llgIdV, v
Rh n ]Rn

1/q 1/p
g0 = [ 1f = Paf =P Pleniav, < ([ ee=ylav, ) ( [ ife=slisoray, )

1/p
=11 ( | vee=nlgoiray,)

and so, using Fubini’s theorem similarly to the p =1 case:
|1 cgerave<isi [ [ - pligoipav,ay,

=||f||’1’_1/ IglpdV/ IFldv =1 IElIgl?.
RH Rfl
|

Our preferred functions with which to convolve will be the functions 1, (r > 0) constructed
as follows. First choose a function n: R" — R (a “standard mollifier”) satisfying the following
properties:

(i) 1SRN
(i) n(x) =0 for all x, and n(x) = 0 whenever |x| > 1.
(iii) m(x) only depends on |x| (i.e. each restriction g () is constant).
(iv) [r.mdV =1
Now for r > 0 define
(X
n(x)=r"n (;)
Then 1), likewise satisfies properties (i), (iii), (iv), while in place of (ii) we have n,.(x) = 0 and
1,(x)=0 for |x| > r.
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A convolution of the form 7), % g is then given by (changing variables to z = x — y)
nes00= [ n0e-0e0aY, = [ n@eGe-aav= [ @st-mav.
Rn Rn® Br 0

Thus to evaluate 7, * g(x) we essentially average the value of g over the ball of radius r around
x, with weights determined by the (spherically symmetric) function 7,. This should suggest that
7, * g will approximate g when r is small, a notion that we begin to confirm as follows:

PROPOSITION 1.2.9. If g € Cy(R") then n, * g — g uniformly (and hence also in LP for any p)
asr — 0.

PROOE. Bearing in mind that [, n,dV =1 and n, > 0, we have

1, *g(x)—g(x)| =

/Rn n(x—y)g(y)dV, —g(x)

- ‘/R N, (x —y)(g(y) —g(x))dV,

< [ nGlgtx—2)-golav. = [

N, (2)|g(x —2) — g(x)|dV,.
B,(0)

Now g is continuous and compactly supported, and hence is uniformly continuous. So if € > 0
there is r, > 0 such that, for any x € R" and any z € B, (0), |g(x —2)—g(x)| <e. Soif r <r, then
S 1 ()| g(x —2) — g(x)|dV, < € [z, m,dV = € and so |0, x g(x) — g(x)| < € independently of x,
proving the desired uniform convergence.

Since the support of 7, * g is contained in an r-neighborhood of the (compact) support of g,

the fact that ||, * g — gllcc — 0 as r — 0 immediately implies that ||, x g — gl[, > 0 forallp. O
This fairly quickly yields the following result which will be important to us several times:
THEOREM 1.2.10. For p < oo, if g € LP(R") then 0, xg — gin L? as r — 0.

PROOE. Let € > 0. Standard constructions (relying on the assumption that p < oo) show that
g can be arbitrarily well-approximated in L? norm by compactly supported continuous functions,
so we can choose h € Cy(R") with [|h—g||, < €/3. We then have

In. xg—gll, <lln, *(g—RIl, +lIn, xh—nhll, +[h—gll,.
By assumption ||h—g||, < €/3, and moreover ||n,x(g—h)||, < [In.[l1|lg—hll, < €/3 using Proposition
[[.2.7] Meanwhile Proposition [1.2.9] shows that there is r, such that ||n, * h —h|| p <€ /3 for r <r,.
So altogether we obtain ||n, x g —gll, < € for r <rj. O

1.2.4. Weak solutions to Laplace’s equation and Weyl’s lemma. Proposition[I.2.3]states that
a C? function u satisfies Laplace’s equation Au = 0 if and only if u satisfies the mean value property
that u(x) = fB,(x) udV for all sufficiently small r. One can then think of the latter condition as a
“weak” version of Laplace’s equation, which unlike Laplace’s equation does not require the function
in question to have partial derivatives. (Another, more easily generalizable, weak form of Laplace’s
equation will be given shortly.) For elliptic equations such as Laplace’s equation, a common and
important feature is that solutions to the weak versions of the equation end up being smooth and
consequently are solutions to the original equation. We are now in position to prove this for the
case of Laplace’s equation.

PROPOSITION 1.2.11. Let u: Q — R be a locally integrable function where Q C R" is open, and
assume that u satisfies the mean value property. Then u € C*°(Q) and Au = 0.

(In particular this shows that if u € C2(2) and Au = 0 then u € C*°(f), so even in the case
where Au is already known to be well-defined and zero the proposition has some content.)
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PROOE Denote Q, = {x € 2|B.(x) C Q}. Since B,(x) denotes the closed ball and 2 is open, .
is also open, and it suffices to show that, for each r > 0, ul,_is of class C*°. So from now on we fix
a specific r > 0.

Let 1), be the function constructed from the standard mollifier and defined above Proposition
Note that for each x € Q,, the integral (1, xu)(x) = [g. N, (x—Yy)u(y)dV, makes sense (even
though we only defined u on Q, not R") because n(x —y) = 0 unless y € B.(x) C Q. So we can
define the convolution 0, xu: Q, — R.

Now recall that the functions 7), are spherically symmetric, in that there is a smooth function
g: [0,00) — R, supported in [0, r], such that n,.(z) = g(|z|) for all z. I claim that this spherical
symmetry, together with the mean value property satisfied by u, implies that 7, x u is simply equal
to u on £2,.. This should be intuitively plausible, though the argument below runs into technicalities
because our local integrability assumption on u is so modest.

Indeed the mean value property can be phrased as the statement that |, BS(O)(u(x—z)—u(x))dVZ =
0 for all s < r. Fubini’s theorem shows that, for almost every t € [0, r], the function u(x —-)—u(x)
is integrable on the sphere dB,(0), and that, if we denote f(t) = fSH(u(x —tz) —u(x))o, the
statement that st(o)(u(x —z)—u(x))dV, = 0 is equivalent to the statement that [; t""'f(t)dt =0
So for any 0 < s; <s, < r we have fsslz t"1f(t)=0

Meanwhile we have

o) —u() = |

-

gllx D) —ueNav, = [ e[ wle— ) —uGo e

(x)
= /Org(t)t”‘lf(t)dt.

But we showed above that the integral of t"~! f(t) vanishes over every interval, so it’s easy to see
that the integral of g(t)t" ! f(t) vanishes (for instance, C°-approximate g by step functions and
then take a limit of the corresponding integrals). So we have in fact shown that 7, * u(x) = u(x)
forall x € Q,.

But Proposition [I.2.6 shows that 7, s u is a C* function, so the fact that u|o = 7, *u means
that u is C* on ,. The parameter r > 0 was arbitrary, and the sets {Q,.},., cover €, so we indeed
have u € C°°(Q). Since u is a (better than) C? function that satisfies the mean value property,
Proposition [I.2.3] shows that Au = 0. a

We now, as promised, describe another notion of weak solution to Laplace’s equation, which
adapts more flexibly to other PDE’s. We begin with the observation that if u € C2(Q) is a genuine
solution to the equation, then for any ¢ € C;°(£2), we would have:

o= [oomav =5 [ £ (28)omv =3[ (20)(22)ov =5 [t

= / u(A¢)dav

(we have repeatedly integrated by parts, using that ¢p and each of the are compactly supported

inside Q and consequently integrals [, aixi( f¢)dVv or fQ I ( a_xi) dV always vanish.

Now for any locally integrable function u on Q we can ask whether it is or is not the case that,
for every ¢ € C;°(2), we have fQ uA¢dV = 0; if the answer is yes we call u a weak solution to
Laplace’s equation. If u € C2(2) the above calculation shows [,(Au)¢dV = [,uA¢dV,anduisa
weak solution if Au = 0, while if Au # 0 then u is not a weak solution since then we can easily find
¢ € C5°(92) with Jo(Au)$pdV # 0. The following shows that any (locally integrable) weak solution
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is in fact a genuine solution in that its Laplacian is well-defined and equal to zero, at least modulo
redefinition on a set of measure zero. (Note that it is clear from the definition of a weak solution
that the criterion is preserved when one changes u on a set of measure zero.)

THEOREM 1.2.12 (Weyl’s Lemma). Assume that Q C R" is open and that u: Q — R is locally
integrable and has the property that, for all ¢ € C;°(Q), JrauApdV = 0. Then, after possibly
redefining u on a set of measure zero, u € C°° (), and Au = 0.

PROOE. Similarly to the proof of Proposition [I.2.11]let Q, = {x € Q|B,(x) C 2} and note that
the mollified functions 7, * u are well-defined and smooth on Q.. Fix ry > 0 and consider below
only those r having r < r, (so always Q, C Q, and 1), xu is defined on Q, ).

CLAIM 1.2.13. For each ¢ € C°(R, ) we have [, (n, *u)(x)A¢(x)dV, =0
ol

PROOF OF CLAIM[I.2.13l Note that the function 7, * ¢ has support in an r-neighborhood of the
support of ¢, and hence in Q since ¢ is supported in 2, and r < ry. Also Corollary [1.2.6] shows
that 0, x (A¢) = A(n, * ¢). Then, using the fact that n,.(x —y) = n,.(y — x), we find:

/Q 1 OIAP Y, = /ﬂ ro /ﬂ (X — () AS()AV, dV, = /Q /Q = DAY,

- / u(y)(n, * D))V, = / u()AC, * $)(y)dV,.
Q Q

But by the assumption on u in the theorem and the fact that 1, x¢ € C;°(Q) we have Jou()A(n, *
¢)(y)dv, =0. O

Given Claim [I.2.T3] the fact that n, xu € C*°(£, ) implies that Jo AM, xu)(x)p(x)dV, =0
0
for all ¢ € C;°(Q,,) and hence that A(7, *u) = 0. In particular 7, * u satisfies the mean value
property:
N, xu(x) = ][ n,*udV  whenever B{(x) C Q, and r <rj.
By(x)

Now Theorem shows that, whenever By(x) C Q, , we have n, xu > uasr — 0in
LY(B,(x)), and hence st(x) M, *udV — fBS(x) udV.

Meanwhile, the fact that i, xu — u in L' on all compact sets implies (see, e.g., [[F, Proposition
2.29 and Theorem 2.30]) that there is a sequence ;. \, 0 such that 1), *u — u almost everywhere
on Q, . Let E = {x € Q, |n,, *u(x)— u(x)}. We then have

(18) Foreach x € E: u(x)= lim 0, xu(x)= lim 7, *xudV = ][ udV if B(x)cQ, .

r—0 'k k—00 /B (x) k B,(x) 0
So u satisfies the mean value property at almost every point of Q, ; we will modify u on a set of
measure zero so that it satisfies the mean value property on all of Q, .

Let us choose a smooth function s: Q, — (0,00) such that By,y(x) C Q,, (as is easily seen
to be possible since 2, is open) and define ii(x) = (1) * u)(x). Due to Corollary [1.2.6and the
fact that 1, depends smoothly on positive parameters r, ii is a smooth function. Also if x € E, (18]
shows that u satisfies the mean value property at x for balls of radii less than or equal to s(x), and
so just as in the proof of Proposition[I.2.1Tlwe will have 7., *u(x) = u(x). So fi(x) = u(x) almost
everywhere on Q, . But a continuous function such as @ that satisfies the mean value property at
almost every point must in fact satisfy it at every point by a simple limiting argument. So i is a
smooth function on Q, satisfying the mean value property; thus Ai = 0.

We have thus shown, for any r, > 0, how to redefine u on a set of measure zero so as to make it
smooth and harmonic on Q, . If r; <1y (so Q, C R, ), the functions i) and 1" obtained by this
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procedure will coincide on Q, for the simple reason that they are smooth functions which coincide
almost everywhere, and hence everywhere by continuity. So repeating the process for a sequence
r; \y 0 yields a function ii: Q — R, coinciding with u almost everywhere, such that A = 0. O

1.3. Weak derivatives and Sobolev spaces

We motivated Weyl’s Lemma by observing via integration by parts that a smooth function
u: R" — R necessarily satisfies, for every ¢ € C°(R"), [.(Au)¢dV = [p, uA$dV (for sim-
plicity we just consider the case that 2 = R" here), based on which we said that a weak solution
to the equation Au = 0 should be a (a priori not necessarily differentiable) function u such that
JpnuAPpdV =0forall ¢ € Co°(R™). The Laplacian A could be replaced in such considerations by
any number of other differential operators L; in general one can use integration by parts to get an
identity fRn(Lu)(ﬁdV = fRn u(L*¢)dV for some other operator L*, which leads to a definition of a
weak solution to Lu = 0 or more generally to Lu = f. (The Laplacian is somewhat unusual in that
it is formally self-adjoint and so A* = A in this notation.)

The simplest operator L to which one might apply this—simpler indeed than the Laplacian—is
the single partial derivative operator i Here one observes that, for ¢ € C;°(R") andu € C HRY),
one has by integration by parts (since d) is compactly supported) fRn ( )d)dV =— et a—¢dV
So if u € C}(R") the partial derlvatlve is the unique continuous function f having the property
that, for every ¢ € C;°(R"), St a—idv = — [an f @dV. Since the latter condition makes sense if u
is just locally integrable, we make the following definition:

DEFINITION 1.3.1. Let u, f : R" — R be locally integrable functions. We say that the weak ith

partial derivative of u is defined and equal to f, and write a_;l = f, provided that, for all ¢ €

Co°(R™),
/u—dV—— fdv.

w o, . o .
Note that the truth or falsehood of the statement that % = f is unaffected if either u or f is
modified on a set of measure zero.

L : . . A
EXERCISE 1.3.2. Prove that weak derivatives satisfy the product rule, i.e. that if 5 ﬂ = f and

ﬂ v g then =—— a(’”) = ug+fv. Youmay assume that, for some p, q with + +— =1, wehaveu, f € LP(R")

and v, g € Lq(R”) (which ensures that uv,ug, fv € L*(R") by Holders lnequallty). Suggestion: First
do the problem in the case that v € C°°(R"), then approximate.

EXAMPLE 1.3.3. If n =1 and u(x) = |x|, it probably won’t be too surprising to learn that 5 a” z o,

where o(x) =1if x > 0 and o(x) = —1if x < 0. To check this, note that if ¢ € C;°(R) then

/_: |x|p’(x)dx = —/_io x¢'(x)dx + /OOQ x¢'(x)dx = /_io d)(x)dx—/_(:><> ¢ (x)dx = —/_: a(x)e(x)dx

where we have integrated by parts and used the fact that the function x — x¢(x) vanishes at £00
and at 0. Thus u has a weak derivative even though it cannot be redefined on a set of measure zero to
be differentiable everywhere.

EXAMPLE 1.3.4. Consider u(x) = |x|™* where 0 < a < n, as a function on R" (extended arbitrarily
to x = 0; the condition a < n is needed to keep u locally integrable). Away from O we have a genuine
partial derivative % = —‘;i%, which is locally integrable provided that a < n— 1. Now if € > 0 and
¢ € C;°(R") we can write ¢ = ¢ + ¢35 where ¢7 is supported in {||x|| = 5} and ¢35 is supported in
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{Ix| < €} (namely take a smooth function : R — [0, 1] such that B(s) =0 fors < e/2and B(s) =1
fors = € and put ¢{ = B¢ and ¢5 = (1— )¢). Moreover we can do this in such a way that, for
some constant M depending on ¢ but independent of €, we have ||¢{|lcc <M and ||[V{|loc < M/e.
Then if a < n—1, both [, |x|™* aa(if dV and [, pf“%qﬁgdv converge to zero as € — 0, as both of these
are bounded above by a constant multiple of the integral of |x|~*"! over an n-ball of radius €, which is
equal to a constant multiple of €""'"%. On the other hand we have [, |x|_“a%dv = [an ‘:‘%q&fdv
simply because %IXI_“ = _I:I% (in the usual sense) throughout the support of ¢]. Sending € — 0
and using that ¢ = ¢{ + ¢35, we deduce that

o e ¥ ax;

X =
0 X; |X |a+2
So this gives an example of a weakly differentiable function that fails to be continuous at the
origin; this example can be made quite a lot worse in the following way (cf. [[E, Example 5.2.2.4]).
Let {r}2; be a sequence which is dense in R", and define (for x ¢ {ri}.2,; the values u(r;) can be
prescribed arbitrarily):

provided that a < n—1.

oo
u(x) =y 27 x — ™
k=1
where 0 < a < n—1. Also let

f(x) z—iz—km.

L7 x —ryfer2

The previous paragraph obviously extends, for any K € N and any ¢ € C;°(R"), to give

K
[ () 52— [ (S Joav

and it is not hard to see from the Dominated Convergence Theorem that taking a limit as K — ©0
shows that [g, u%d V=—[p fodV. Thus = f Thus u has weak partial derivatives even though
it is an extremely poorly behaved functlon—lndeed there is no open set on which u is bounded, so u is
not continuous anywhere.

Analogously to Proposition [I.2.5] (and to the start of the proof of Weyl’s Lemma), we have:
PROPOSITION 1.3.5. Suppose that % v:vf’ and let g € Co(R"). Then %(g *xU) v gxf.

PROOE Define g(z) = g(—2). For ¢ € C;°(R") we have:

5} 0
| erug2ean= [ [ g-yurgLeoaav,

= /nu(y) (/Rn g(J/—x)S—i(X)de)dVy = /]Rn u(y)(g* Z—i)(y)dvy
- [ @ ona,

where we have used Proposition [I.2.5] to obtain g % = %(g * ¢). Now since g was assumed
compactly supported and ¢ € C;°(R"), Corollary shows that g x ¢ € C;°(R"). Hence the fact

that 5—; v f implies that the last line displayed above is equal to — [¢. f (¥ )(g * ¢ )( ¥)dV,. So we
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obtain

20 - o
| erumztewav == [ o) | 2 -xcaav.)ay,
= [ [ s-nrmpmavav.= [ s neewav.
n JRn Rn
This holds for all ¢ € C;°(R"), so we have shown that aixi(g *U) v g*f.

O
COROLLARY 1.3.6. Let g € C(} (R™) and suppose that u: R™ — R is locally integrable with % z f.

Then the partial derivative %(g xu) exists (in the ordinary sense) and is equal to g * f.

PROOE. Propositions[[.2.4land[I.2.5lshow that that g+u is a C! function, with partial derivatives

(g—i) x u. Integration by parts then shows that also aixi(g *U) v (g—fi) x u. But the preceding

proposition shows that, at the same time, %( gxu) = g*f. From the definition of a weak derivative,

this implies that the functions h; = (S—i) xu and h, = g x f have the property that, for all ¢ €

CP(R"), [enhidV = [4.hy¢pdV. Moreover h; and h, are both continuous by Proposition [[.2.4]
so it is easy to see from this that they are equal. So g * f is indeed equal to the genuine ith partial
derivative of g * u. O

We will also be dealing with higher order (both weak and genuine) partial derivatives; let us
introduce a standard notation for doing this. Consider multi-indices a = (a,...,a,) € Z,. For

any such a define the “order” of a to be |a| =Y. a;. We then define

alal

- Oxite-dxy"
So for instance Corollary [1.2.6] says that if f € C;°(R") and g is locally integrable then f x g is
smooth with D*(f x g) = (D%f) * g for all a. As for weak derivatives, iterating Definition[I.3.1] we
say that D%u v f (for u, f locally integrable) provided that fRn uD*¢pdV = (1) fRn f¢odV for all
¢ € C;°(RM).

Weak derivatives are used to define the following Sobolev spaces, which provide an effective
way of interpolating between L? functions and smooth functions.

Da

DEFINITION 1.3.7. Let k € Zs and 1 < p < 00. The (k, p)-Sobolev space on R" is
WEP(RY) = {u € LP(R")|For each a with |a| < k, there is f, € LP(R") such that D*u v:vfa} .

If u € WRP(R™) with D%u 2 £,,, the (k, p)-Sobolev norm of u is

1/p
||u||k,,,=(||u||g+ >, ||fa||§)

1<|al<k

where || - ||, denotes the usual L” norm.

So WXP(R™) is the space of functions having all weak derivatives of order up to k belonging to
the class L?, and the WP norm is a natural combination of the L? norms of these weak derivatives
(including the zeroth).

Recall the mollifying functions 1, € C;°(R") defined above Proposition [1.2.91

PROPOSITION 1.3.8. If u € WEP(R™) then for all r > 0 we have 1), xu € WSP(R") N C%°(R"),
and ||, *u—ull, > 0asr—0.
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PROOE. If D*u = f, € LP(R") where |a| < k, then iterating Proposition[I.3.5]shows that D*(n,.*
u) z 1, * f,, which lies in LP(R") by Proposition [[.2.7. Thus 7, * u € W*P(R"), while of course
n, *u € C*°(R") by Corollary[1.2.6l Moreover we have ||, * f, — f,|l, — 0 as r — 0 by Theorem

So since D*(n, xu—u) bl N, * f, — f, for each a with |a| < k it immediately follows from
the definition of || - [[ , that [[n, xu—ull;, — 0. O

An important feature of the L? spaces is that they are complete with respect to the norm || || ,;
analogously we have:

PROPOSITION 1.3.9. Each (W*P(RM), || - llx.p) is a complete normed space.

PrROOF. Let {u,,}°° , be a sequence which is Cauchy in the norm ||- . So whenever |a| < k we
mim=1 q y k,p

have f* € LP(R") with D%u,, v f., and the Cauchy condition on u,, amounts to the statement that
each {f}>°  is a Cauchy sequence in LP. (In particular for the zero multi-index we see that {u,,} >
is Cauchy in LP.) So by the completeness of LP(R") we have u € LP(R") and (for 1 < |a| < k)
f% € LP(R") such that u,, — u in L? and each f* — f* in LP. Now the Hélder inequality readily
implies that, for any ¢ € C;°(R") and any a with |a| <k,

/uD“¢dV: lim [ u,D*dV =(=1)* lim / f,g¢dv:(—1)‘a'/ fepdv.
n m—0Q0 Rn m—0oQ R R

w . .
Thus we have D% = f % whenever |a| < k. Since u, f* € LP(R") this shows that u € W*P(R™), and
we have
=ty =l =l + D If4=£2ll, >0 asm— oo.
1<|al<k
Thus our arbitrary Cauchy sequence {u,},>, in WkP(R™) converges to a limit u € WP (R™) with
respect to || - |y - 0O

COROLLARY 1.3.10. WKP(R™M) is (Banach-space-isomorphic to) the completion of Cy°(R") with
respect to the norm || - ||j. .

PROOF. Clearly we have C;°(R") C WkP(R™), and we have just shown that W*P(R") is com-
plete. So it suffices to show that C;°(R") is dense in WkP(R™M).

Let u € WSP(R") and € > 0. Proposition [[.3.8] shows that, by taking v = 0, % u for small r,
we can find v € WEP(R™) N C*°(R™) with ||v —ullep < 5. So given this v € WEP(R™Y) N C*°(R™) it
suffices to find w € C5°(R") with |[v —wl|; , < 5.

Now since v is smooth the weak derivatives of v are equal to its genuine partial derivatives
D%y. Since v € WrP(R") we have D% € LP(R") whenever |a| < k, so given § > 0 we can find R
such that, whenever |a| < k, f]R"\BR(O) |[ID*v|PdV < 6. Let y: R" — [0, 1] be a compactly supported
smooth function which is identically equal to 1 on Bz(0) and which obeys |[D*y(x)| < 1 for all
x € R" whenever |a| < k. Now define w = yv, so certainly w € C;°(R").

The function v —w = (1 — y)v is supported outside of Bg(0), and obeys, whenever |a| < k and
x € R,

D —w)(x)l =] > (DPA =)D V)| < D IDTv(x)l.
B+y=a B+y=a
Since the integral of each |D"v|P over R"\ Bg(0) is at most &, it follows that each fRn |D*(v—w)[PdV
is bounded above by a quantity that tends to zero as & — 0. So by taking 6 sufficiently small in this
construction we can arrange that ||[v —wlf; , < 3. O



26 1. THE HODGE THEOREM AND SOBOLEV SPACES

1.3.1. Embedding theorems. As Example [1.3.4] shows, the existence of the weak derivatives
such as those that appear in the definition of W*P(R") is not necessarily enough to directly guar-
antee that a function is differentiable, even after redefinition on a set of measure zero. We cannot
generally expect a function that lies in W*P(R") to be k-times differentiable. However our use of
Sobolev spaces in proving major results such as Theorem[I.1.10]is premised in part on the fact that,
given p > 1 a function which belongs to the Sobolev space W*P(R") for every k is necessarily of
class C° after redefinition on a set of measure zero (see Corollary[1.3.22] below for a more precise
statement). This is guaranteed by two separate “Sobolev embedding theorems” (one for large p and
one for small p), to which we turn now.

THEOREM 1.3.11 (Morrey’s inequality). Fix a number p > n. Then there is a constant C such
that if u € WYP(R") N C*°(R™) then, for all x,y € R",

(19) luGl < Cllull,, — and  Ju(x)—u(y)| < ClIVull,lx — y [P

du

1/p
REMARK 1.3.12. Here the notation ||Vul|, just means (Zl Ve |52 dV) . So ||u||[1’,p

p p
a2 + (19 ull?.

PROOE The key is the following lemma:

LEMMA 1.3.13. If p > n, there is a constant Cy > 0 such that for all x € R", r > 0, and u €
C°°(B,(x)) we have

][ lu—u(x)ldV < Col|Vull,r* .
B,.(x)

PROOF OF LEMMA[T.3.13] As usual let o denote the standard volume form on S™!. For 0
s < r we have:

/ lu(x +sw)—u(x)|o = /
wesn—1 wesn—1

\%
/ / [Vu(x + tw)|odt = / Mdvy
wesn1 B.(x) |y —x[71

where in the last equality we have converted from (n-dimensional) polar to Cartesian coordinates
using the change of variables y = x + tw.
So we obtain

/B,(x) lu—u(x)|dV = /r (s”_l /Wesn 1 lu(x +sw)—u(x)|a) ds

0 <[ [ TN gt [ IOy
B.(x) |y — x|t B.(x) |y — x|t
n

Now the assumption that p > n implies that, where q is given by 5+ 5 = 1, we have 7=

belongs

IA

/ Vu(x +tw)-wdt|o

n(1—1/p) > n—1, and hence that (n—1)q < n, in view of which the function y —
to L1(B,.(x)), with

Ty=xT Xl“ !

1/q a 1/q
(/ e 1/ ) :( n rn—(n—l)q) =c rn/q—n—l
ly — x|t x|n 1 gn1 t(" rad n—(n—1)q "

where a,, is the ((n — 1)-dimensional) volume of S™! and ¢, is some dimensional constant. Now
n/q—(n—1)=n(1—1/p)—(n—1) = 1—n/p, so applying Holder’s inequality to (20) shows (perhaps
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after redefining c,)
/ lu—u(x)|dV < r'c,||Vull,r .
B,(x)
Dividing both sides by the volume of B, (x,) then proves the lemma. O

The first inequality in follows easily from Lemma [1.3.13] once we observe that
[u(x)| S][ |u—u(x)|dV+][ lu|dV.
Bl(x) Bl(x)

The first term on the right is bounded above by a constant times ||Vul|, by Lemma[L.3.13] and the
second is bounded above by a constant times ||ul[, by Holder’s inequality.

As for the second inequality in (I9), let x,y € R" and put r = |[x — y|. Let U = B.(x) N B.(y),
and notice that the volume of U is bounded below by a positive constant a, times the volume of
B,.(x) or of B,(y) (for instance we could take a,, = 27" since U contains a ball of radius r/2 around
%). Now observe that

lu(x)—u(y)| < ][ |u—u(x)|dV+][ lu—u(y)|dV < a;l (/ lu—u(x)|dV +/ |u—u(y)|dV) < 2a;1C0||Vu||pr1_”/P
5] U B,(x) B.(y)
where the last inequality uses Lemma[I.3.13] Since r = |x — y| this proves the result. a

THEOREM 1.3.14 (Sobolev embedding W*P — C*=17 for p > n). Let k > 1 and p > n, and
define y = 1 —n/p. Then any function u € W*P(R") coincides almost everywhere with a unique
function (still denoted u) that lies in the space CK"2Y(R™) of continuous functions whose derivatives
D%u of all orders a with 0 < |a| < k — 1 exist and are Hélder continuous with exponent y. Moreover
there is a constant C independent of u such that, for 0 < |a| <k—1,

|D%u(x) — D*u(y))|
—ylr

(21) max |D%(x)| + sup
X

< Cllullyp-
X,Y,XEy |X

PROOE For eachu € W*P(R™), Proposition[I.3.8|produces a sequence of functions u,, € C°°(R™)N
WEP(R") such that lluy,—ullx,, — 0. In particular this implies that, if 0 < |a| < k—1, then {Du,,};”
is a Cauchy sequence in the norm WP (R") (with limit equal to the weak a-derivative of u). But then
Theorem[1.3.1T]gives an inequality max,cg. |D*u;(x)—D%up,(x)| < C||D%u;—D%uyl; p, so that, for
0 <|a| < k—1, {D%,,} >, is uniformly Cauchy. So each sequence D*u,, converges uniformly to
some continuous function which we temporarily denote by v*. In particular (in case a = (0,...,0)),
u,, converges uniformly to a continuous function, which since u,, — u in L must coincide almost
everywhere with u. So if necessary we redefine u on a set of measure zero to coincide with the
uniform limit of the u,,.

Now in general if we have a sequence of smooth functions f,, with uniform limits f,, — f and
g—){i — g (so f and g are both continuous), then

h h
f(x+hei)—f(x)=n}ir§o/0 %(X%—tei)dt:/o g(x + te;)dt,

and so dividing by h and sending h — 0 shows that g—i exists and is equal to g. Applying this to our
functions v* from the previous paragraph which were uniform limits of the sequences D%u,, (with
u,, — u uniformly) shows that, for each a, D*u exists and is equal to v*. Thus the function u is
indeed (k—1)-times continuously differentiable, and for 0 < |a| < k—1 we have D*u,, — D*u both
in WP and unariformly, with

a — : a < H a — a <
max|D°u(x)| = lim max|D%u, () < lim ClID%upyly, = ClIIDully, < Clul,
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where C is the constant from Theorem [1.3.111
Likewise, for 0 < |a| < k—1 and y = 1 —n/p, and for distinct points x,y € R",

IDu(x) —D*u(y)| _ |Dup(x) = D*upn (¥l

= 1li < i @ <
X —yl lim =yl < C lim [[V(D%un)ll, < Cllully,p
where we have used Theorem [I.3.11l In particular each D®u with 0 < |a] < k — 1 is Holder
continuous with exponent v, and the estimate (2I) follows immediately. |

This suffices to show that, if p > n, then a function lying in W*P(R") for all p will be smooth.
Note that most of the hard work in the proof was a statement, namely Morrey’s inequality, about
functions that were already smooth. The point was that since smooth functions are dense in WP
we could combine this with an approximation argument, and Morrey’s inequality converts the L?
convergence used in Sobolev spaces (which does not behave well with respect to classical differen-
tiation, hence the introduction of weak derivatives) to uniform convergence (which behaves better,
see the start of the second paragraph of the proof of Theorem [1.3.14)).

While it might be nice to imagine that Theorem [I.3.14] would extend to the case that p =n to
at least give that W' functions are continuous, the following shows that this is not the case:

EXERCISE 1.3.15. Show that the function u: R" — R defined by u(x) = loglog(l + \:l(_l) for
x # 0 and u(0) = 0 has fBl(O) |Vu|"dV < oo for all n > 2, and hence that yu € WH(R™) for every
x € C;°(R™).

The following consequence of Theorem [1.3.14] (and the Arzela-Ascoli theorem) will be helpful
later:

THEOREM 1.3.16 (Rellich-Kondrachov compactness for p > n). Let p > n and k > 1. Suppose
that u,, € WEP(R™) (m € N) and that there is a bounded set Q C R" such that each supp(u,,) C
and a constant C such that |[uyllx, < C. Then there is u € C*1(R™) and a subsequence {umj};.’il of

Uy, such that u,, — uin C*1 norm (and hence in W54 norm for dll q).

PROOFE. By Theorem [1.3.14] after we redefine the u,, on a set of measure zero, each u,, is a
class C*~! function, supported within €, such that the quantities |D%u,,(x)| and W
are bounded independently of m, x,y when 0 < |a| < k— 1. Thus each {D%u,,} > is a uniformly
bounded and equicontinuous sequence of functions supported in the bounded set Q, so the Arzela-
Ascoli theorem (e.g. [[F, Theorem 4.44]) shows that there is a subsequence {umj }J‘.’;’l such that each
{D"‘uva };.’;’1 converges uniformly. If u = lim;_,, Up, then the same argument as at the start of
the second paragraph of the proof of Theorem [1.3:14] shows that, given that the D“umj uniformly
converge for 1 < |a| < k —1, their limits must respectively be D*u. Thus Up, = U in ¢! norm.
Since the Up, and hence u are supported in the bounded set 2 this immediately implies that Uy, = U

in each W14 norm (since Ja ID“umj —D%|4dV < vol(2) maXID“umj —D%u|? = 0). O

Now we turn to a Sobolev embedding theorem that applies to spaces WXP(R™) with p < n.
Again this follows from a certain inequality for smooth functions. First we consider the rather
specific case of W1!(R"); the general case will be reduced to this one.

LEMMA 1.3.17. For everyu € C(}(]R") we have
llull ~ <[Vull;.

REMARK 1.3.18. While our focus is on the case that n > 1, the statement is still true if n =1
provided that we interpret = = 00, since the assumption that u € C;(R) implies that |u(x)| =

| w(Dde] < [ W' (Dlde.
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PROOE It is perhaps instructive to warm up with the case that n = 2, so -5 = 1. In this case
(much like in Remark[[.3.18) for any x = (x;, x,) € R? we have
X1
S /
—o0

1 By oo
[u(xy, x5)| = ‘/ E(}’pxz)d)’l dy; < / [Vu(yy, x)ldy,
—0c0 1 —o0

du
3—x1 (y1,%2)
and similarly

Uy, )] < / VuCer, y2)ldys.

Let us write
oo oo
vo1(x2) = / VuGr,xe)ldy;  voa(xr) = / VuCer, yo)ldy,
—0Q —00

so the above shows that [u(x;, x5)| < v 1(x2) and [u(xy, x;)| < v 5(x;) for all (x,x,) € R2. Hence
[u(xy, x5)1* < vg,1(x2) v2(x1). Integrating then yields

||U||§ = / [u(xy, x5)|dx;dx, < / / vO,l(x2)v0,2(x1)dx1dx2 = (/ V0,1(X2)dxz) (/ v0,2(x1)dx1)~
R2 —00 J—00 —00 o0

But inspection of the definitions of v, ;, vy, shows that the integral of either one of these functions
is equal to [|Vull;. So we have shown (when n = 2) that |Jul|? < ||Vul|?, which is precisely the
content of the lemma in this case.

Now we consider an arbitrary n > 2. Let us define some functions as follows, where ~ denotes
omission:

For0<i<n—2<j<n: vi,j(xiﬂ,...,fcj,...,xn)=/_l|Vu(y1,...,yi,xiH,...,xj_l,yj,xj+1,...,xn)ldyl---dyidyj
Ri+
ForO0<i<n—1: p(Xp1,...,%) = _|VU(}’1,-'-:}’i,xi+1,~-,xn)|dJ’1"'dJ’i-
Rl

Note that v; ;,, = ;. For notational consistency we also let v,_; , be the number (function with

no arguments) v, 1, = [ [Vu(y1,...,¥)ldy; ...dy, = [Vull;.

Now as in the n = 2 case we have, for each j and each x = (x4,...,x;,...,x,) €R",

joee
i du

[u(xq,. ., x5 %) = / a—(xl,...,xj,l,yj,xjﬂ,...,xn)dyj
—0o Xj

oo
S/ [Vuxy, .., Yoo x)ldy; = vo j(xq,. 00, Xy o0, Xp)-
—0oQ

So

=
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. . o N
If we integrate the above inequality with respect to x;, then the factor v, 1(x,...,x,)*T comes out
as a constant, so we get

n
n 1 N 1
/Iu(xl,...,xn)lnfldxl < vo1(xg, ..., X)) T /l_[vOJ-(Jcl,...,xj,...,xn)nfldx1
R R =2
n

1
a N 1
Vo.1(x2, .05 X )™ l_[(/ Vo,j(}’l,xz,---,Xj,---,xn)d}’l)
R

j=2

IA

n
a1 R
TSNS’ | |V1,j(x2,---,Xj,---,xn)“’l-
j=2

Here in the second line we use the generalized Holder inequali and in the last line we use the
definitions of the v; ; and ;.

We then continue integrating with respect to the variables x;. We may inductively assume that
1 <i < n—2 and that we have shown that

n
_n_ L a 1
/» [u(xy, .. x)|=Tdxy - dx; < pi(xipq,...,x,) 0 | | Vi i(Xig1seees Xjyunn, X)) ™1,
! j=i+1
Now integrate with respect to x;,,. The v;;,; term does not depend on this variable and so comes

. 1 . . .
out as a constant (and is equal to t;,;(x;49,.-.,X,)™); the integral of the remaining product is
bounded above via the generalized Holder inequality just as before: suppressing argument names
we have

) n L n 1 ) n
i 1 n—1 n—1 i 1
n—1 n—1 J— n+1 n—1
/.Ul- | | v dXig S(/ Midxi+1) | | (/ Vi,jdxi+1) = U | | Via
R j=i+2 R j=it2 VR j=it2

1

Combining this from the factor of u"} that came from the v;;,, term, this shows that

n
_n_ i+l | | A 1
/. ) |u(x1, e ,Xn)l n—1 dxl s dxl'+1 < Mi+1(xi+2, N ,xn)'“l 'Vi_'_l’j(xi_'_z, e ,Xj, ooy Xn)"’l 5
Ri+ .
j=i+2

thus continuing the induction until we arrive at i = n— 1. At this stage the inequality becomes
n B
/ luCxr, - X, X T doxy Ay < Py () VI
]Rn—l

1
IVl [ 19X xld .
Rn—1
Integrating a final time with respect to x, then indeed gives

_n_
llull o < [IVull;™.

O

The following is intended to motivate the choice of p* in Theorem[1.3.20/and Corollary[1.3.271

M This inequality says that if finitely many functions f; € LPi where 3, Pli =1, then [ |1_L fl-| < TT;1Ifillp,- To prove

it, rescale the f; to each have LPi norm equal to one (unless one of the f; is zero a.e. in which case there is nothing to
Pi

show) and use the inequality [ [, a; < >; o for nonnegative real numbers a;. The latter inequality is trivial if some a; =0,

and otherwise can be proven by putting x; = a’* and observing that the concavity of the logarithm function implies that

> plilog(xi) <log (Zl ;—:)
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EXERCISE 1.3.19. For A € R and a nonzero u € Cy(R") define u,(x) = u(Ax). Forany 1 < p,q <
00 compute
llually w ||Vu;\||p‘
llullg IVull,
Deduce from this that if there is a constant C > 0 such that ||v||; < C||VV||, for all v € C5°(R") we
must have q = %.

That such an inequality indeed holds follows without too much work from Lemma [T.3.T7L

THEOREM 1.3.20 (Gagliardo-Nirenberg-Sobolev Inequality). Let 1 < p < n and define p* by
= = zl) — ,—11 (sop* = %). Then there is a constant C > 0 such that for all u € C(‘)”(]R”) we have

p*
llull,- < ClIVull,.

PROOE. If p =1 this is immediate from Lemma[T.3.17] (and we can even take C = 1), so assume
p > 1. Define y = l@ = psl"T_pl). Note that y > 1 since the assumption that p > 1 implies that
np—p>n—p. Soifue C;°(R") then |u|" € Cj(R™) with |V |u|"| = ylul"!|Vul.

Also, if q is given by % + % =1 (soq=p/(p—1)), then
p (np—p)—(m—p)__p nlp—1)_ np = p*
-1 n—p p—1 n—p n—p
Hence, using Lemma [T.3.17] (applied to |u|") and Hélder’s inequality,

(r—1)q=
p

n—1 n—1

( |u|P*dv)" =( (|u|7)ﬁdv)" — e < / V]| dV
Rn Rn n Rn

1/q 1/p R
=y [ |u"YVuldv < y( |u|(7_1)qu) (/ IVuIP) < c( |ulP dv) Vull,
Rn Rn n Rn

for some constant C. Now
n-1 p—1 1 1 1
n p p n p-
p-1
so dividing both sides of the above by ( [, [ul"dV) * gives

llull,- < ClIVull,

as desired. O
COROLLARY 1.3.21 (Sobolev embedding W*? — W*=1P" for p<mn). Letue WEP(R™) with
k = 1 and p < n, and define p* by 1% = % - % Then u € WK"LP"(R"), and there is an inequality

llulli—1,p+ < Cllullx , where C depends only on k, p,n and not on u.

PROOE. By Corollary [1.3.70l we can find u,, € C5°(R") with |lu,, —ull;, — 0. Then for all a
with 0 < |a| < k—1, {D*u,,};> ; is Cauchy in WLP(RM), hence also in LP" (R") by Theorem [1.3.20
If D% V=vfa where 0 < |a| < k — 1, we know both that D*u,, — f, in WP (in particular in L?) and
that D%u,, has a limit in L?"; it follows from this that f, must be equal (almost everywhere) to this
L?"-limit and hence in particular that f, € L?"(R"). This holds for all @ with 0 < |a| < k—1, so
indeed u € Wx=1P"(R"). Moreover when 0 < |a| < k — 1 we have

Ifallps = Hm[[D%upll,e < Tim Clluglly, = [1fall1p

where C is the constant from Theorem [1.3.20] so the estimate |[ul[_; ,« < Clull;, follows directly.
O
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The above Sobolev embedding theorems can be combined as follows:

COROLLARY 1.3.22. If | is a positive integer and if u € W*P(R™) where k —n/p > | then, after
possibly redefining u on a set of measure zero, u € C'(R™).

PROOE. Let us first assume (for reasons of convenience that will become clear later) that zﬂn is
not an integer. Let h be the greatest integer that is less than n/p, so since n/p is not an integer we
have h < 1% <h+1. If h=0then n < p and the result is immediate from Theorem [T.3:14] (since for
k,l to be integers with k —n/p > [ we must have [ < k — 1), so assume that h > 1. We may apply
Corollary[1.3.2T] h times to get a sequence of embeddings (writing p, = p)

WHEPO(R™) e WELPI(RY) s ... s WhTRPH(RT)

where ;ﬁ = pli—% and hence % = %—%. By the definition of h we have }%1 > % > % and so % > %,
ie. p, > n. So Theorem [I.3.14] gives an embedding W*-Pr(R") < Ck=L1=/Py(R"), which
combines with what we have previously done to give an embedding WP (R") — Ck=h=L1-n/pr(R"),
So our arbitrary function u € W*P(R") is (k—h—1)-times differentiable (after redefinition on a set
of measure zero in order to apply Theorem[1.3.14). The definition of h was such that k —h —1 is
the largest integer that is smaller than k — 157, so u is of class C! for any integer [ < k — g whenever
5 is not an integer.

If g is an integer, the argument in the previous paragraph runs into the inconvenient fact that
we do not have a Sobolev embedding theorem for the “borderline” case of spaces W*"(R"). We can
argue around this as follows. If u € WXP(R™) and x € R" then u is of class C! on a neighborhood
of x provided that {u € C'(R") where { € C;°(R") is smooth and equal to one on a neighborhood
of x. The fact that u € WP (R™) implies that {u € W*P(R"), for instance by Exercise [1.3.21 But (u
has compact support, which together with the fact that {u € W*P(R") implies that {u € W*P'(R™)
for all p’ < p. Choose p’ < p with[ < k— z% and 1% not an integer. Then the previous paragraph
shows that {u € C!(R"), and hence that u is C! on a neighborhood of x. x € R" was arbitrary, so
this proves that u € C!(R"). O

We’ll also need the following compactness result, complementing Theorem|[1.3.16

THEOREM 1.3.23 (Rellich-Kondrachov compactness for p < n). Let p < n, and set p* = %. Fix
a bounded open subset Q C R", and let {u,,} > ; be a sequence of functions with support contained in
Q such that, for some C > 0 independent of m, we have u,, € WYP(R") with luplly,, < C for all m.
Then there is a subsequence {uy, }>, which is Cauchy in the LY norm for all q € [1,p*).

PROOE. Fix r > 0 and consider the sequence of r-mollifications {7, * u,} > ,. Note that we
have, for each x € R",

|15, () S/ Ny (x=y)lup(YdV, < IInrlloo/ ||V < {1l oo [t I, (vOL () 7P < €I, [l o (VoI ()17
Rn Q
o, *up) r an,
— -(x—Y)

and Slmllarly
< /
8Xi n axl 3Xi

Here of course we use both the assumptions that the u,, are supported in the bounded subset Q2 and
that they obey |[[u]|, , < C. Consequently, for any fixed r, the sequence of functions {n, *u,},>, is
uniformly bounded and equicontinuous, so since each 7, xu,, is supported in an r-neighborhood of
u it follows from the Arzela-Ascoli theorem that we can find a subsequence {um; }re, (depending on

9 (vol(Q)) V2.

o

| (¥)ldV), < C H

r) such that {n, * Uy } e, is uniformly Cauchy. If we apply this sequentially to the values r = % for
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[ee]

j € Z, using {umi”} as the input (in place of the whole sequence {u,,},> ;) for the construction

of {um;/(jﬂ)};;i > We can arrange that each {”m}/(f“)}l(:; is a subsequence of {umi/j}]fi 1~ Then the
standard diagonal trick of setting m; = m,l(/ k yields a subsequence {u,, };2, of the original sequence
{un} o, such that, for every j € Z., {n1/; * Up, } o, is uniformly Cauchy.

Now let us consider how the 7, * u,, converge as r — 0 and m is fixed. Recall that 1,(x) =
r~"m(x/r) for a smooth function 1 supported in B;(0) with fBl(O)ndV = 1. Suppose that v €

CY(R™). Then we can write

nov@= [ nmne-ni= [ agpeermay,

1(0)

< /Bl(o)n(y)/o1

1
Sr// n(y)IVv(x —try)ldV,dt
0 JBy(0)

and so

1, v(x)—v(x)| = ‘/E o () (v(x—=ry)—=v(x))dVv, %(V(x —try))

dthy

Integrating over R" gives

1 1
vt <r [ n) [ [ iovee-ylavdeay,=r [ ) [ 1ovideav, = o,
B,(0) o Jrr B,(0) 0

We would like to apply the above with v = u,,, which superficially may not be possible because u,,
may not be C!, but by approximating u,, by smooth functions supported on a small neighborhood
of O and using Young’s inequality, the fact that ||, * v — v||; < ||[VV||; for smooth v implies that
1M, *upm—umll; < ||Vu,ll;. Now since the u,, are supported in the bounded set Q2 we have ||Vu,,||; <
V|l vol(£2)* /7. Moreover our hypothesis gives that ||Vu,,||, < C independently of m, so where
A= Cvol(£)'/? we have shown that

(22) ”nr*um_umul <Ar,

so the L!-convergence of 1), *u,, to u,, as r — 0 is uniform in m.
We can improve this to uniform-in-m convergence in the L% norm for any q € [1, p*) by using a

standard L? interpolation technique: Note in general that if f € L'(R")NLP (R") then for r € [1, p*]

we have, choosing 6 € [0, 1] such that 6 + 1;*0 = % and using Holder’s inequality,

-0y

or >
frdv = Ifl"rlfl““’)rdvs( / |f|dv) ( |f|P*dv)
Rn Rn R Rn

and so f € L"(R") with ||f]|, < ||f||f||f||11):9. Applying this to (22) and using Corollary [1.3.27] to
convert our assumed bound on [[up|; , to a bound on ||u,,]|,-, and then using Young’s inequality to
obtain ||n, * ||, < |lu,ll,, for any g € [1, p*) we obtain a constant B depending on Q2 but not on

r and m, and a constant 68 > 0 (given by % =0+ 1;9) such that

”nr >l<um_um”q SBre-

In other words, for any g < p* the convergence of 7, * u,, to u,, in L? norm is uniform in m.

Recall from earlier that we have a subsequence {u,, }.2, such that, for all j, {n;/; *uy,, }oo; is
uniformly Cauchy, and hence Cauchy in L9 by the boundedness of the support Q of the u,,. Given
€ >0 and g < p* (yielding 6 > 0 and B as in the previous paragraph), let us choose j so large that
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Bj™% < &, and choose K so large that, whenever k,! > K, we have 1M1/; * Uy, — N1yj % Uny,llg < 5.
Then for k,l > K we have

||umk —Up, ||q < ”umk —MNyj >I<umk”q + ”T’l/] *Um, — N1y * Un, ”q + ”T)l/] * U, — Upy, ”q <€,

so the subsequence {u,, }°; constructed at the start of the proof is Cauchy in L9. |

1.4. Hilbert spaces, weak convergence, and W12

We now recall some standard facts about Hilbert spaces, which will lead to a criterion for
membership in WH2(R") in terms of difference quotients; this will be useful to us in the proof of
the main regularity theorem in the following section.

Recall that a (real) Hilbert space is by definition an inner product space (H, (-,-)) which is
complete with respect to the metric induced by the inner product. Examples include W*2(R™) for
any k > 0, with inner product given by

wi=> [

(D*u)(D%v)dV
0<lal<k /B
where we slightly abuse notation and write D® for weak derivatives rather than genuine ones. As

usual we define denote the norm induced by the inner product on a Hilbert space by || - || (so
llxll = +/{x, x)).

PROPOSITION 1.4.1. Let (H, (-,-)) be a Hilbert space and let V < H be a proper closed subspace.
Then there is z, € H such that ||zo|| = 1 and (zq,v) =0 forall v € V.

PROOE. Since V is closed and proper we can find z € H such that
d(z,V):=inf{|lv—z]||lveV}>D0.

We can then choose a sequence {v,,}>>; in V such that ||v,, —z|| — d(z, V). We claim that {v,,}>?
is a Cauchy sequence. To see this, observe that

Hvk +Vm
2

201 1
2| = Z 10—+ O =2 = 5 (=21 + [ =317 + 200 =2, v, =)
while
Vi = Vanl® = (Vi = 2) = O = 2P = vie =21 + v — 201> = 2(vie = 2, vy —2).
Adding four times the first equation to the second equation shows that

2

VetV
" —z|| =20zl + v —211%),

Ve — vl + 4

. 2 )
so since ||Vk+% —z” > d(z,V)? we obtain
Vi = Vil < 2(llvi — 211 + v,y — 211) — 4d (2, V)*.

Since ||lv; —z||* — d(z,V)?* as k — oo it follows that ||v,—v,,[|> = 0 as k,m — oo, i.e. that {v,,}°°
is a Cauchy sequence.

Since H is complete and V < H is a closed subspace it follows that v — v for some v € V,
necessarily with ||[v —z|| = d(z,V). We then see that for all w € V we have (v —z,w) = 0, for
lv+ew—zl||? = ||v—z]||®+2€e(w,v—2) +€2||w||? so if (v—2,w) # 0 we could find a small (positive or
negative) e such that ||[v + ew —z|| < ||v—z|| = d(z, V), contradicting the definition of d(z, V), This
proves that v—z € V+, and clearly we have v —z # 0 since we assumed that z ¢ V. Then z, = ﬁ
satisfies the required property.

COROLLARY 1.4.2. If (H, (-,-)) is a Hilbert space and W < H is a closed subspace then (W*)* = W.
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PROOF. It is trivial that W c (W)*. Note that (W*)! is clearly closed in H, since it is the
intersection of the kernels of the bounded linear functionals (x,-) as x varies through W+. So
((WHL, (-,-)) is a Hilbert space. If the inclusion W ¢ (W)* were proper then we could apply the
preceding proposition with V.= W and H = (W)* to get z, € W n (W) with ||z,]| = 1. But
this is nonsense since an element of W+ N (W+)* would be orthogonal to itself and hence would
be zero. O

THEOREM 1.4.3 (Riesz Representation Theorem). Let (H, (-, -}) be a Hilbert space and let ¢ : H —
R be a linear map which is bounded in the sense that, for some M € R, |¢(x)| < M||x|| for all x € H.
Then there is a, € H such that ¢(x) = (a4, x) for all x € H.

charat

PROOF. If ¢ is identically zero we can simply take a, = 0, so we assume that ¢ is not identically
zero. Then since ¢ is evidently continuous, ker(¢) is a closed subspace of H, which is proper since
¢ is not identically zero and so Proposition [[.4.1] gives 2z, € H such that ||z,|| = 1 and (z,,v) =0
for all v € ker(¢). I claim that the theorem is satisfied by as = ¢ (20)z,. Indeed, notice that, for all
x € H, we have ¢(x)zq— ¢(z9)x € ker(¢) by the linearity of ¢, and so

0 = (@ (x)z0 — b (20)x,29) = P () — (P(20)20, X)

from which the claim follows immediately. a

In general for a Banach space (B, || -||) one lets B* denote the space of bounded linear functionals
¢: B — R, and endows B* with the operator norm ||¢||* = sup<; ¢ (x)|. If (H, (-,-)) is a Hilbert
space (and hence in particular a Banach space) then we have a map H — H* defined by x — (x,);
this map is obviously injective and (by the Cauchy-Schwarz inequality) norm-preserving, and then
Theorem [T.4.3] says that the map is an isomorphism of Banach spaces.

For a Banach space B we have one topology on B* induced by the operator norm (and in the case
of a Hilbert space this coincides under the isomorphism H = H* with the original norm on H), but
there is another topology on B* called the weak topology. Here one says that a sequence {¢,,}
converges weakly to ¢ € B* and writes ¢,, — ¢ if for every x € B it holds that ¢,,(x) — ¢(x). For
example if {e, } , is an infinite orthonormal sequence in a Hilbert space it is not hard to see that
the linear functionals (e,,, -) converge weakly to the zero functional.

THEOREM 1.4.4. Let B be a Banach space which contains a countable dense subset, and let {¢,,}> ;
be a sequence in B* such that we have a uniform bound ||¢,||* < C where C > 0 is independent of m.
Then there is ¢ € B* and a subsequence {¢,, } 2, of {¢n} ey such that ¢, — ¢.

REMARK 1.4.5. In fact the hypothesis that B has a countable dense subset is not needed at
least if one is willing to work with nets instead of sequences, as follows from what is known as
the Banach-Alaoglu theorem [F, Theorem 5.18]. The assumption of a countable dense subset will
hold in the cases that we are interested in, and allows for a simpler proof that does not rely on
Tychonoff’s theorem.

PROOE The proof is rather similar to the standard proof of the Arzela-Ascoli theorem. Let
{x;}:2, be a countable dense sequence in B. Let us inductively construct a sequence of subse-
quences of {¢,,,}~,, denoted {{¢; x}.2,};, such that {¢; ;(x;)}; 2, is convergent (as is possible
since {¢,,(x1)}.2, is a sequence in the bounded set [—C||x; ||, C[|x;]|]] € R), and such that, fori > 1,
{@it1x}po, is a subsequence of {¢; ;}.2, such that {¢;,;,(x;41)}72, is convergent (as is possible
since {¢; x(x;4+1)};2, is a sequence in the bounded set [—C||x; 1[I, Cllx;111]).

Then by construction, each sequence {¢; ;};2, is, for each j < i, a subsequence of {¢;;}.2,,
and therefore has the property that ¢; ;(x;) converges as k — oo for all j <.
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Now let ¢, = ¢y x. Note that {¢y i }i>; is a subsequence of {¢; ;}.2;, so in particular ¢, (x;)
converges as k — oo for each i € N.
In fact we claim that ¢, ;(x) converges as k — oo for each x € B. Indeed, by the denseness of

{x;} we can find i such that ||x — x;|| < 5%, and then we have

D1k () =11 Gl < e () =Pk (XN F[ g (xi) =11 (XN + D1, (xi) =, () < 23_e+||¢k,k(xi)_¢l,l(xi)”

where we have used the uniform boundedness hypothesis on the ¢,,. For K so large that k,l >
K = [[$1x) — dui(x)ll < § we will have k, 1> K = (o) — (oIl < . S0 {i ()}, isa
Cauchy sequence for each x € B.

So we can define, for each x € B, ¢(x) = limy_, o ¢ x(x). Since [¢y x(x)| < C||x|| for all k, x
we have |¢(x)| < Cl|x|| for all x. Also ¢ is linear:

¢ex+y)= lim ¢pex+y)= lUm (cdpr(x) + dri(y)) =cp(x) +y.
So ¢ € B*, and the fact that ¢; ;(x) — ¢ (x) for each x precisely means that ¢, = ¢ —¢. O

Combining this with the isomorphism x — (x, -) given by Theorem [T.4.3] we obtain:

COROLLARY 1.4.6. If (H,(-,-)) is a Hilbert space which contains a countable dense subset and
{xm}ney is a bounded sequence in H then there is a subsequence x,, and an element x € H such that

(X ¥) = (x,y) forall y €H.

For example, H = L?(R") contains a countable dense subset (for instance one could take the
rational linear combinations of characteristic functions of rectangles with rational coordinates), so
if [|fully < C then there is f € L*(R") such that, for some subsequence {f,, }72,, [z fgdV =
limy_, o0 [gn fin,gdV for all g € L*(R™).

REMARK 1.4.7. A similar statement works with f, f,, € LP(R") and g € LY(R") for p > 1 and
zlw + % = 1, using the identification of LP(R™) with the dual of LI(R") ([IF, Theorem 6.15]—this is
significantly harder than the p = 2 case which falls out from Theorem[I.4.3] and it does not extend
to the case p = 1 since L! is not the dual of L°°).

While the foregoing may seem a bit abstract, it yields a useful criterion for the existence of
weak derivatives. We first introduce notation for difference quotients: fori € {1,...,n}, |h| > 0, and
u: R" — R let us define

u(x + he;) —u(x)
-

THEOREM 1.4.8. Let u € L>(R™) and let C > 0. The following are equivalent:

D{‘u: R"—>R by Dl.hu(x) =

(i) There is hy > 0 such that for each h with 0 < |h| < hy and each i € {1,...,n} we have
IDMull, < C.

(i) ue€ WY(R"), and for each i we have 2% Vzvfl- where f; € L%(R") has ||f;|l, < C.

PROOE. We first prove that (i)=(ii). By Corollary (and the remark immediately there-
after), the assumption that ||Dihu||2 < C for h < hy implies that we can find a sequence h; — 0 and a

function f; € L?(R™) such that D?ku — f;. Inparticular ||f;|I5 = (f;, f;) = limy 00 (Dihku,fi) < Cllfills,

. w
50 ||fill, < C. We claim that % = f.
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To see this, if ¢ € C°(R"), by construction we have (f, ¢) = lim;_, o, (Dih"u, ¢). So, changing
variables as appropriate, we have

L u(x + hye;) —u(x)
Rnffde = lim . ( , )¢(X)de
e $lr—he)—d()\ ¢
= klingo . u(x)( n, )de = /n u(x)HXi (x)dV,

where in the final equality we hae used the Dominated Convergence Theorem, which applies since
%fﬂm admits a uniform bound by the Lipschitz constant of the (smooth and compactly sup-

ported) function ¢. The above formula shows that indeed % z fi, completing the proof that
)= ). l
The reverse inclusion (ii)=(i) is more elementary. Suppose first that u € C;°(R"). Observe
that, using the Schwarz inequality, for any x € R", h # 0 we have
2 1
dt) ( / 12dt),
0

<h? /1 9
- 0 dx

—u(x + thei)
i

2

1
lu(x +he) —u(x)]? = / h % (e + the )dt
0o 0x;

ie.,
2

1
|Dl.hu(x)|23/ ‘5—;:(3(+thei) dt.
0 i

:—;(X + the;)

2

So
1 2
/|Dl.hu(x)|2dvx=// dtdv,
Rn R JO
ou ou

1 2 1
A = | ], o R

where we have simply made the change of variables y = x + the; in the second-to-last equality.

ou
ax;

)

Jdu 2
a—(x+thei) dv,dt =
Xi

So we have shown that for any u € C;°(R") and any h > 0 we have ||Dihu||2 < ‘

. If now
2

' . w .
v € WH2(R™), we can find a sequence {uy}o2, with |lu, —v|l;, — 0. If % = f;, then we will have

% — fi” — 0. Meanwhile, for any fixed h > 0, it is immediate from the fact that u,, — v in
i 2

du,,

L? that likewise ||D!'u,, — Dv||, — 0. So since ||DMu,,l, < | T

completing the proof that (ii)=(i).

it follows that ||D!v|l, < Ifil,,
2

REMARK 1.4.9. Using the results mentioned in Remark [T.4.7] the above theorem can equally
well be proven for any p with 1 < p < 0.

We close this section by recording a couple of simple facts about difference quotients that will
be used later—these are finitary versions of the product rule and integration by parts.

PROPOSITION 1.4.10. Let f,g: R"™ — R be two functions and h € R\ {0}. Then:
(i) Defining f"(x) = f (x + he;), we have
D}(fg)=f"D}'g +(D!f)g.
(i) If f,g € L2(R") then

[ @insav=- sorteuv
Rn Rn
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PROOE (i) follows by simply writing

(f )(x + he;) — (f g)(x)

glxthe)—glx) . flxthe)—f(x)

- =l +hey SRS gt
For (ii), we have
[ @ingav = ([ secrnepgtaave— [ sosean) =1 ([ roetr=nepty, - [ seean)
= [ sttt Sy~ [ potgav.
Rf‘l _h ]Rn
|

1.5. The main regularity theorem

To prove Theorem [[.T.T2lwe must show that the equation Aw = 6 can be solved for a smooth
differential form «w whenever 6 is a smooth differential form that lies in the orthogonal complement
of the space of harmonic forms. This will involve two steps: we will argue that the equation has a
weak solution in an appropriate (differential forms-based) version of the Sobolev space W12, and
we will show that any such weak solution is smooth. In this section we develop the PDE theory
necessary for the second step. When written out in local coordinates, the equation Aw = 6 belongs
to a class of linear second-order elliptic equations Lu = f which, as we will see, has the general
feature that if the right-hand side f belongs to the Sobolev space W*?2, then the solution u belongs
to Wk+2.2.

Since the differential equations that we study are for local coordinate representations of func-
tions defined on a manifold, the functions involved will be defined on some open subset U C R"
rather than all of R". So our prior work on Sobolev spaces should be adapted to the context of func-
tions defined only on open subsets of R". If U € R" is open and u: U — R" is locally integrable we

can define weak derivatives analogously to before: for f € L}OC(U ) we say that D%u z f if and only

if, for every ¢ € CS°(U), we have [, uD*¢dV = (—1)* [, f¢dV. There are two natural Sobolev
spaces to consider. We can let

wkp(U) = {u € LP(U) ‘(Vo <la| < k)(3f, € LP(U))(D*u ‘é’fa)}

and equip W*P(U) with the norm || - ||y, (y given by ||u||€vk,p(u) = Zoslalsk Ju |falPdV if D*u Vzvfa.
We can also consider the space Wok’p (U) given as the completion of C;°(U) with respect to the
norm || - |lykr(y). SO Wé(’p(U) C WkP(U), but in contrast to the case U = R" we should not expect
equality—for instance if k > n/p any element of Wok’p (U) extends to a continuous function which
vanishes along d U, whereas elements of W*P(U) can be large near dU. Meanwhile since C;2(U)
naturally embeds (via extension by zero) into C;°(R"), and since the norms || - |lyxsyy and | - [l
correspond under this embedding, we can also see W(f P(U) as a subset of WP(R™M).

It’s easy to see (using Exercise[I.3.2]and Proposition[I.3.8) thatif { € C;°(U) and ifu € wkp(U)
then {u € WP (U).

Let us use the notation V @ U to signify that V,U are open subsets of R" with V compact

and V C U. The proof of the main regularity theorem will involve showing that certain elements
g € L?(U) in fact belong to W'2(V) whenever V € U.

DEFINITION 1.5.1. If V € U, a VU-cutoff is a function { € C;°(U) which is equal to 1 on some
neighborhood of V.
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PROPOSITION 1.5.2. Let V € U, let { be a VU-cutoff, and let g € L*>(U). Suppose that there is a
constant C > 0 such that we have fU C2|Dihg|2dV < C2%forallie€{1,...,n} and all sufficiently small
h > 0. Then g € WY2(V), and for some constant B (depending only on {, not on g) there is a bound
ligllwr2qvy < B(C +11gllL2qwy)-

PROOE Since {g|, = gy, we have g € WH2(V) iff {g € W12(V). Note that { g extends by zero
to a function in L?(R"), so Theorem [[.4.8] can be applied with u = {g.

Choose h # 0 with |h| so small that for every x € supp({) we have By,(x) € U. Consider
the difference quotients Dih(C g) (where {g has been extended by zero outside of U). If x fails to
have By (x) C U our hypothesis on h shows that { vanishes both at x and at x + he;, so Dih(x) =0.
Meanwhile if B;(x) C U (so in particular g(x + he;) and g(x) are both defined) then by Proposition
[[.4.10 we have

D}'(¢g)(x) = g"(x)D}'¢(x) + {(x)D}'g (x)

where g"(x) = g(x + he;). So if A is an upper bound for the Lipschitz constant of { (which exists
since ¢ is smooth and compactly supported) we have

ID(¢)(x) — ¢ (x)D! g (x)] < Alg"(x)].

Hence integrating over x (and using translation invariance of the integral) gives
2
| Ipte)-cotefav <4 [ igpav
U U

ie. |IDMCg)—¢D!gll >y < Allglli2wy. So the L? bound on ¢D!'g in the hypothesis gives an L?
bound (independent of sufficiently small h) on Dlh(@' g) by C +Al|gll;2@)- So applying Theorem
[[Z.8 implies that {g € W2(R™) with ICgll12 < B(C + lIgllz2) for an appropriate constant B.
Since (g coincides with g on V the result follows immediately. O

We will consider the general class of equations, for a function u: U — R where U C R" is open,
of the form

= 0 du
23 - — | a;()— |=1,
23) > o (wtosr )=
i,j=1 J L
where the functions a;;: U — R" are assumed to be bounded, and to satisfy a;; = a;; and a uniform
ellipticity condition
n

24) Z a;;(x)v;v; = 92"1‘2 for all x € U, (vy,...,v,) € R" and some 6 > 0.
=1 i=1

In other words, we are assuming that the matrices A(x) = (a;;(x)) are symmetric and positive
definite, with all eigenvalues bounded below by 6 > 0 independently of x. The function f will be
considered as given. The Poisson equation Au = f is the special case that A(x) is the identity for
all x.

DEFINITION 1.5.3. A weak solution to (23) on U is a function u € W2(U) such that, for every
v e Wol’z(U), we have

(25) Z/UaijuxivxjdV=/vadV.

i,j=1

(Here for g € W12(U) we denote by gy, the weak derivative of g with respect to x;.)
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By considering approximations of v by functions in C;°(U) it’s easy to see that it is equivalent
to just require that (25) hold for v € C;°(U). The motivation for the definition is that, if all func-
tions involved were assumed to be smooth (or even just C 1), one could obtain (25) from @23) by
multiplying both sides by v and integrating by parts.

The following theorem is the main step in proving regularity for solutions to the various equa-
tions that appear throughout these notes. The proof will frequently (and sometimes without com-
ment) use the following inequality for real numbers:

1) 1
(26) For x,y €R, 5§ >0, |xy|<—x?+—y%

2 20

2
It is easy to prove this: just use the fact that («/3 || — %I yl) > 0. Typically we will choose & to
be relatively small, so that |xy| is bounded by a small constant times x? plus a large constant times
¥
THEOREM 1.5.4. Assume that the functions a;;: U — R are bounded, Lipschitz, and satisfy a;; =

a;; and @4). Assume also that f € L?(U), and that u € WY2(U) is a weak solution to (23). Then for
every V @ U we have u € W*2(V), and there is a constant C depending on a;;, U,V but not on u or f
such that

27) lullwz2qry < Cllullwray + 11F l2w))-

PROOE. Let { € C;°(U) be a VU-cutoff. Since u € WL2(U) we have {u € Wol’z(U). Also, if
h # 0 is sufficiently small that By, (x) C U for all x € supp({), then for each k € {1,...,n} we
have both ¢ 2D,’(”‘u € W01’2(U ) (after extension by zero at points where x + he;, ¢ U, since { =0 at all
such points) and D, k(g 2D,’(lu) € Wol’z(U). We will apply (25) with v = —Dk’h(C 2D{{lu). Proposition
[T.4-10((ii) then yields

j>

n
(28) Z /U (Di(ajjuy,)) (¢ Diu), dV = —/Uka—h(gZDQu)dv.
i,j=1
In view of Proposition [I.5.2] it will suffice to prove appropriate upper bounds for the quantity
||§D{;Vu||§2w) = [, C}IDEVul*dv.

Let us rewrite and estimate the left-hand side of (28), using the product rule and its finitary
version from Proposition [T.4.10|(i) and also using (24). We have, for some constant C depending
on ¢ and on the q;;:

Z /U(D,f(aijuxi))(czD]’;u)xjdV = /U (@'2 Z a?jD]’:uxiD,’;uxj) dv + Z /U(ZCCXJ,D]’:(aUuXi)DZu + Cz(D,faij)uxiD,i‘uxj) dv

i,j=1 i,j=1 i,j=1

n
>0 / ZDpvuldv + ) ( / 2¢, (Dfay)u, {DudV + / 2¢al'Dlu, £, DiudV + / ({(D]faij)uxil(D}:uxj)dV)
U = \Ju U U
(29)
= 9||CD£VU||%2(U) —C(||VU||L2(U)||CD;’fu||L2(U) + ||CD;’fVUHLZ(U)||§ij£u||L2(U) + ||Vu||L2(U)||CDZVU||L2(U))-

Recall that h is chosen to be close enough to zero that if x € supp({) then By (x) C U. If
x € C;°(U) is a function which is identically equal to one on a radius-h neighborhood of the
support of ¢, then Dl’:(xu) will coincide with DZ(u) on the support of {; on the other hand yu
extends by zero to a function in W2(R"), so the implication (ii))=>(i) in Theorem [[.4.8] gives a
bound ||D£()(u)||2 < llxully . Now |lxull, 5 < Allullw:2q) for some constant A depending on y but
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not on u. So the expression ||§D£u||L2(U) that appears in is equal to ||CD£‘()(u)|IL2(U), which is
bounded above by a constant (depending on {) times |[ul|y12). A similar remark applies to the
expression IIijD,’jullLZ(U) in 29). So (29) and give, for some constant C’ and all § > 0:

n
>, / (Dli(ayu,)) (£2Dfu), AV 2 O1ZDEVUI, ) — C (el 12y + el 1T DRVl oo
i,j=1

Cc’s 1
= GHCDI?VU”%Z(U) - T“Z:Dlilvu“%z(u) - C/ (1 + %) “u“%\/l,z(u)'
If we choose 6 = %, the first two terms on the right above combine to give %Il{ D,’:Vullﬁzw). So
based on (28)) we obtain
0 _
30) S 1DVl <= [ FDAEDRIAY +Cluly

where C” = C'(1+ %) =C'(1+ &).

Now for any h in our allowed range, the function ¢*Df'u = £(¢?u"—{?u) is a class-W ! function
on U whose support is contained in that of ¢, and hence extends by zero to give a function in
WL2(R"). So Theorem [I.4.8|applies to show that, for all sufficiently small nonzero h,

ID (2Dl oy <

2 2nh
—(¢°D
3Xk(¢’ )

L2(U)

So by the product rule and our earlier observation that bounded || Di‘ull 12(uy by a constant times
|lullw12(y) we obtain, for some constant B,

D2 D{wll 2y < Bllullwrewy + 12V (D)l 20y

For the last term above, note that {? < { (since 0 < { < 1) and that Vo D,}(’ = D,}(’ oV, so this term
is at most our familiar quantity || DZVuIl 12wy So ([BQ), the Schwarz inequality, and give, for
some constant C, and any € > 0:

0 _
SUEDETUE, ) < I lialIDF (G D) oy + € o,

< I oy Bllwllwr ey + 18D Vull ) + €l

B 1 €
< (5 + 30 ) Uy * Collulinagey + S DIVl

Choosing € = % and rearranging finally gives an inequality

0
ZIEDEVUI, ) < Clllnagy + 1 o)

with all constants independent of u and of sufficiently small h. So applying Proposition [I.5.2] with
g equal to the various (weak) partial derivatives Uy, of u shows that each Uy, belongs to W12(V),
with “uxj“Wl:Z(V) bounded above by a constant times |[ully12¢) + [If || 12y). Thus we indeed have
ue wW22(v) with
||U||W2,2(v) =< é(”u”WLZ(U) + ||f||L2(U))-

The constant C depends on the g; ; and on the cutoff function ¢ (and also on the cutoff function
x that appeared in the middle of the proof, but this is constructed based on {);  in turn may be
constructed just based on the pair of sets V and U, so our constant indeed only depends on a;;, U,V
(and not on u and f). O
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Results such as Theorem [T.5.4] are often stated for a superficially larger class of equations:

- 0 du - du
(31) Yo (a3 )+ D g o=

i,j=1

for given functions a;;b;,c, f. Here u € WL2(U) is said to be a weak solution of (3I) provided that,
for every v € Wol’z(U) we have

Z/aijux,.vx,dV+Z/buxivdV+/cuvdV=/fvdV.
U ! —'Ju U U

i,j=1

However at least under reasonable hypotheses on the coefficient functions b;, ¢ our regularity result
Theorem formally implies regularity for (31):

COROLLARY 1.5.5. If a;;, b;,c: U — R are bounded functions with each a;; Lipschitz, a;; = aj;,
and such that (24) holds, and if V € U, then there is a constant C depending on a;j, bj,c, U,V but not
onuand f such that ifu € WH2(U) and f € L?(U) with u a weak solution to (31), then u € W22(V)
and

lullwazy < Clullwrzey + 1 lz2)-

PROOF. Simply note that if u € W2(U) is a weak solution to (31D, then if we put g = f —
Z?zl b;u,. —cu, the boundedness of b;, c implies that g € L?(U), and evidently u is a weak solution

3 2
to —Zi’j 7% (aija—;‘i) = g. Moreover we have ||gll;2) < IIf | 2wy + C'llullwizqyy for some constant

C’ depending on b;,c. So applying Theorem [I.5.4] (with f replaced by g) immediately implies the
result. O

Now we wish to show that a solution to an equation like (1) is not just of class W22, but is
of class W*?2 for all k (at least assuming that the coefficient functions a;j, b;,c and the function f
on the right-hand side are all smooth). This can be done simply by noticing that taking a partial
derivative aaTm of both sides of (BI) leads to an equation of the same form for fTHm. To be formal
about this:

PROPOSITION 1.5.6. Let u € W"2(U) be a weak solution of (31D, where a;;, b;,c,f: U — R are
as in Theorem [L.5.5] and where we moreover assume that each of a;;, b;,c are of class C? and that
f € WY2(U). Let V @ U. Then each weak derivative g = u, of u belongs to W'2(V) and is a weak
solution of the equation "

N2 28\, g _ 7
32) ]Z o (a0 2 ) #2Ih00ZE +e)s =

where ||f||L2(v) < B(|If w12y + llullwr2q)) for some constant B independent of u, f (but depending
on a;j,b;,c,U, V). Also, if a;;, b;,c are of class C'*? and if u € WH2A(V) and f € WH2(V) then
f e Wh2(V) with ||f||Wz,2(V) < f lwineqy + Agllullwiszayy for some constant Ay indepedent of f and
u.
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PROOE. Corollary [[.5.5] says that u € W22(V) and hence that u, € W2(V). Integrating by

parts (or, perhaps more accurately, using the definition of a weak derlvatlve) and using the assump-
tion that u is a weak solution of (31)) we have, for any v € C;°(V),

n
Z/ u, xvx,dV+Z/ bu, X,vdV+/cux vdVv
i Jj prt v mai v m

i,j=1
d ]
(UZ;/ )dV+/ S (b V)dV+/VuE(cv)dV>
:_/V(Zauu Vx xi+Zn:biuxivxm+cuvxm)dV—/V(zn: lJ ty, vy, + Z_uxy_'_

i,j=1 i=1 i,j=1

n ol 3aij - ab; dc
- dv — - —u,—— dv
/Vf”"m *A(ijzzlaxj(axm“"f) = ENEE: ”)V
:/fvdV
14

where

x 3f 3 (9a; — 0b; dc
33 = Sy, | -S>y, - 25
33) f= Z:: dx; ( ox; ux") P axi“*f meu

m

Note that since u € W22(V) and since a;; j»bi,c are C? functions on the compact set V containing V

(so their derivatives up to order two are bounded on V) the function f in (33) belongs to L2(V),
with a bound ||f||L2(V) < |If llwrzevy + Allullw22(yy for some constant A depending on a;j, b;,c. So

by (27) we have ||f||L2(V) < B(|lf w12y + llullwrz2yy) for an appropriate constant B. Likewise, if
a;j, b;, ¢ are assumed to be of class C**2 and u € W**22(V) then the formula for f readily shows
that f € Wo2(V) with ||f||Wk,2(V) < If llwrerzqry + Agllullwiezz(yy for some constant Ay.

Thus we have u, € W'*(V), f € L%(V), and our calculation above shows that, for every
v € C;°(V), we have

n
E / Uy Ve, dV + E /bux X,vdV+/cux vdV=/fvdV.
i J mai m
b | = Jv % v

If instead we just assume that v € W 2(V), then by taking a sequence {v,}°2, in C;°(V) and taking
the limit as r — oo of the versions of the above equation with v replaced by v,, we obtain that the
same equation holds for v. Thus g =u, is indeed a weak solution to (32). |

We can now prove the following, which can be seen as a vast generalization of Weyl’s Lemma
[[.2.12] (though with a slightly stronger regularity hypothesis on u).

THEOREM 1.5.7. Let U C R" be a bounded open subset, and let a;;, b;,c: U — R be C° functions,
with a;; = a;;, such that @4) holds. Suppose that f € W™ 2(U) (m = 0), and that u € WY2(U) is a

Qjis
- (U(x) )Zb(x)—+c(x)u—f

weak solution to
i,j= 1

Then u € W™22(U), and we have a bound

(34) [ullwmezzqry < Celllullwrzy + 1 llwmaqy)

)dv
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where Cy is a constant depending on k, a;;, b;,c,V,U but not on f and u. In particular, if f € C*°(U)

then u € C*°(U).

A

PROOE Let us abbreviate by L the operator

<. d .9
i;axj (a”axi) ; "9 x; ©

so our theorem concerns (weak) solutions to the equation Lu = f.

Let V € U and choose a sequence of opensets U =V, DV, D - DV, D -V, =V,
with each Vi;; @ V;. We will show inductively that u € W***2(V;) with a bound [[ullynaqy) <
Crlllullwrz@y + 1f llwirzqny) for all 1 < k < m+ 1. For k = 1 this is simply Corollary [[.5.5] In
general assume the result proven for a value k < m and choose V/ with V;; € V/ € V;. By
sequentially applying Proposition[1.5.6]to derivatives D%u = (D? u), with || =la|—1<k—1, we
see that each D%u with |a| < kis,on V/, a class-W 2 weak solution to an equation Lg = f,, where
fo € WKTIEL2(V/) with

I fallwrrarzqrry S AU llwraqyy + ||Dﬁu||wk—\a\+2(vk'))
< AUf Nlwrzqry + lullwrazoy)

for some constant A. But then Corollary [I.5.5] shows that, for all a with |a| = k, we have D*u €
W22(V,,,), with a bound

ID*ullw2a(v,,,) < C'Ulfallizgry + 1D ullwraevyy)
< C//(”f”Wk’Z(Vk) + lullwrerzqny)

for appropriate constants C’,C”. This combines with the inductive hypothesis on [|ulyxnz2(y) to
give the desired bound |lullyiezey,, ) < Cr(llullwizqy + [If llwezw)). This completes the induction;
the final inductive step (leading to the assertion that the inductive hypothesis holds for k = m + 1)
gives that u € W™22(V) and that (34) holds.

For the final sentence, the assumption that f € C°°(U) implies that f € W*?(V) forany V € U.
So what we have shown establishes that, for all k and all W € V € U we have u € W**22(W). This
implies that u is of class C°° on every subset W with W @ U, and hence on all of U since smoothness
is a local condition. |

REMARK 1.5.8. The fact that Lu = f with f € W™? is enough to imply that u € W™22 (modulo
passing to an arbitrary precompact open subset) is perhaps surprising, since the equation Lu = f
only imposes a condition on a very particular combination of (some of) the second partial derivatives
of u, while (34) controls all of them separately. This nice behavior of “gaining two derivatives”
doesn’t quite work out if one uses the more straightforward spaces C*(U) in place of the Sobolev
spaces W52(U): the function u(x,y) = (x> — y?)y/—log(x2 + y2) on the open unit disk has Au
continuous but isn’t C2.

1.6. Proof of the Hodge theorem

We now finally have enough background on Sobolev spaces and PDE’s to return to the context of
differential forms on a smooth manifold and to prove Theorem[I.T.12] To formulate the argument
we should first define Sobolev spaces of differential forms on a compact smooth manifold M. We will
do this in a somewhat simple-minded way, by summing over suitable coordinate charts. To avoid
various difficulties we will assume that our coordinate charts are taken from an atlas satisfying the
following definition.
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DEFINITION 1.6.1. If M is a smooth manifold, a bounded atlas for M is a finite collection .o =
{¢po: V, > R a=1,...,N} where:
(i) Each V, is an open subset of M, with M = UN 1 Vas
(i) Each ¢,: V, — R" is a smooth coordmate chart (i.e., a diffeomorphism to its image,
which is open in R™);
(iii) Each closure V, is compact, and for each a there is an open set U, with V,, C U, such that
¢, extends to a coordinate chart defined on U,,.

It is easy to see that a smooth manifold M admits a bounded atlas if and only if M is compact.
Notice that if .&/ = {¢,: V, > R"} and 8B = {¢p5: Wz — R"} are both bounded atlases for M,
then each transition function g o qbgl : ¢q(Vy) — p(Wp) extends smoothly to a neighborhood

of the compact set ¢,(V;), and hence the derivatives of all orders of Y4 o ¢;l are bounded (on
¢.(V,)). Using the chain rule, it then readily follows that for any k, p there is a constant C such
that, if f € C*°(V, N Wp), then
Ilf °¢El||wk,p(¢ﬁ(wﬁ)) < ClIf o o5 lwrr(p,wv,)-

By a straightforward approximation argument, this implies that, for any function f : M — R, we
have f o ngl S Wk’p(q,bﬂ(Wﬂ)) ifand only if fo ¢ ' € WEP (¢, (V).

In view of this it makes sense to define Sobolev spaces of differential forms in the following
way. If w € Q'(M) and if .« = {¢p,: V, > R":a=1,...,N}is a bounded atlas, then we can write,

for each a,
w|va=(¢a1)*( 2. fradxi A dxl-,)

where each f; , € C*°(¢,(V,)) and the sum is over I = (iy,...,i;) € {1,. ..,n} having i; <--- < 1i,.
We then define

1/p
(35) ||w”k,p,d = (ZZ ”fI a”Wkp(¢ A ))) .

a=1 1

If B={yp: Wg —R":=1,...N'} is another bounded atlas, and if we write

w|wﬁ=(wgl)*( ST gupdx;, A Adx )

J=(j1seedt)

then the boundedness of the derivatives of the transition functions vy o d)(:l shows that we have
bounds of the form ||gJ’/5||Wk,p(¢ﬁ(UamVﬁ)) < CZI,a ||f,,a||wk,p(¢awanvﬁ)) where C only depends on .«f
and 98. Now since the U, cover M there is a trivial bound || g; g ||Wk,p(r¢ﬁ(vﬁ)) <Dllgrs ||Wk,P(W(UanVﬁ)),
so we have

185, llwkocw, ) < € D M frallwiopu -
I,a

So summing over (the finitely many) 8 and J proves:

PROPOSITION 1.6.2. If the norm |||l , o on QL(M) is defined as in (3B5), then for any two bounded
atlases .o/, B there is a constant C, 4 such that [|wlli, 5 < Cy gllwllkp, 4 foral w € QL(M).

Of course this proposition is symmetric in ./ and 93, so the norms || - ||, o and || - ||y, 5 are
uniformly equivalent. Accordingly we may define:
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DEFINITION 1.6.3. If M is a compact smooth manifold, k,l € N, and 1 < p < oo, we define
WHRP(Q!(M)) to be the completion of !(M) with respect to the norm || - |l p,.» for any bounded
atlas ./ on M.

Proposition shows that the space W*P(Q!(M)) defined in this way is independent of the
choice of ./ (since uniformly equivalent norms admit the same Cauchy sequences). The norm
I ll.p,.» then extends canonically to the completion WkP(QL(M)); different choices of atlas .«/ give
different (but uniformly equivalent) norms.

More concretely, approximation arguments like those used in Proposition readily show
that an element w € W*P(Q!(M)) can be written in local coordinates with respect to a bounded
atlas .o ={¢,: V, > R"} as

w|va=(¢a1)*( ST frad;, A- )

I=(i1,0511)

where now the functions f; , just belong to WHhP(¢,(V,)); conversely if w is a “pointwise differ-
ential form” (i.e. a choice of element of A! T:M for each x € M, initially without any condition
on smoothness with respect to x) that is locally represented in the above way then «w belongs to
whr(Q'(M)).

With this definition, the exterior derivative d: Q'(M) — Q*(M) (acting on smooth forms)
extends by continuity to an exterior derivative d: W*P(Q!(M)) — WK LP(Q*1(M)), and simi-
larly (given a Riemannian metric on M) the Hodge star operator * from Section [1.1.4] extends to
an operator x: WP(Q!(M)) — WKP(Q"!(M)). Combining these gives yields the operator d* =
(=)D dw: WEP(QU(M)) —» WELP(QL(M)), and then the Hodge Laplacian A = d*d + dd*,
now viewed as a map W*P(Q!(M)) — W*=22(Q!(M)). We will now deduce from our main regular-
ity theorem that the (extended) operator A has the property that, roughly, if Aw € W™2(Q!(M))
then w € W™22(Q!(M)); indeed, consistently with Theorem we will only need to assume
that w € WH2(Q!(M)) is a weak solution (to be defined below in Definition [1.6.4) to an equation
Aw = 6 with 8 € W™?(Q!(M)) to obtain this conclusion. In particular, in the case that 8 € Q'(M)
(i.e. that 0 is a smooth differential form), then it will follow that «w € Q!(M). This reduces the
problem of finding solutions in Q!(M) to equations Aw = 6 to the problem of finding class-W -2
weak solutions to this equation.

For the rest of the section we assume that (M, g) is a compact oriented Riemannian manifold.

Fix a chart ¢ : V — R" coming from a bounded atlas for M (so that in particular V is compact
and ¢ extends to a coordinate chart on a neighborhood U of V). By applying the Gram- Schmidt
procedure (with respect to the Riemannian metric g) to the frame of vector fields {aixl’ 5 ax } we
obtain a set {e;,...,e,} of vector fields on U which, when evaluated at any x € U, give an oriented
orthonormal basis for T, U. Let {e!,...,e"} be the dual basis of one-forms, and for I = (i, ..., 1)
with i; < --- < i; write e/ = e® A--- Ae!. Note that for some smooth matrix-valued function
P: U — GL(n;R) we can write e/ = ZLI P;jdx;. In particular the derivatives of all orders of P
and of P! are bounded on V (since V C U is compact). By replacing U by a smaller set that still
contains V we may as well also assume that U is compact and that P is defined on a neighborhood
of U’ so that the derivatives of all orders of P and of P71 are bounded on U. Consequently the

f; € WRP(U) (resp. f; € WkP(V)).
Based on Proposition [[.2.T] the Hodge Laplacian is given locally on U by

A(Z f,ef) Z( Zv (Ve f1) )e LIS, 18 +me1e

j=11J
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Thus if w, 0 € Q'(M) have w|y, = >, fie! and 0|, = ., 0,¢’, by taking the e/ component of the
above expression for each J we see that (Aw)|, = 0|y if and only if, for all J = (ji,...,j;) with
jl << jl;

(36) ( Zvej(ve)fJ )-{_ZZ/jjjvelfl_*—Z}/lJfl 0;.

i=1 I

Now if we write e; = >, j Qjj W (so Q is the inverse transpose of the matrix P in the second-to-
last paragraph) then

- 2 of;
- vej(ve]-f) = Qi‘ (Qk )
; ljzk Tax, UM ax,
9Qy  3fy
_Z ax; (ZQ”Qkf dx ) ax; o, LG, dx;

—Z l((QQT)lkafJ) _&Q s

X Tk axi kjaxk

Now since at each point x € U, Q(x) is an invertible matrix, it follows that each of the Q(x)Q(x)T
are positive definite, and so (since we have reduced to the case where U is compact and Q is defined
on a neighborhood of U, yielding a positive lower bound on the lowest eigenvalue of Q(x)Q(x)")
it follows that the coefficient functions (QQT);, appearing above satisfy the uniform ellipticity re-
quirement in the hypothesis of Theorem [1.5.7]

DEFINITION 1.6.4. If 6 € L%(Q{(M)) and w € W2(Q!(M)), we say that w is a weak solution
to Aw = 0 provided that, for all n € WH3(Q!(M)), we have

(dw,dn) + (d*w,d*n) =(6,n).

REMARK 1.6.5. If w € W22(QL(M)) (so that Aw is a well-defined element of L2(2!(M))), then
for each nn € WH2(Q!(M)) we have

(dw,dn)+({d*w,d*n) = (d"dw,n) + (dd*w,n) = (Aw,n),

so w is a weak solution to Aw = 0 if and only if (Aw,n) = (6, 7) for all n € WL2(Q!(M)), which
(as one can see by choosing 1 € Q!(M) to be L?-close to Aw — @ if the latter is nonzero) holds if
and only if Aw = 6. Thus a class-W2? weak solution to Aw = 8 is genuinely a solution to this
partial differential equation.

THEOREM 1.6.6. For any m > 0, let & € W™2(Q!(M)) and let w € W2(QI(M)) be a weak
solution to Aw = 0. Then w € W™22(Q(M)) and Aw = 6. In particular if 6 € Q'(M) then also
w € Q!(M) after possibly redefining w on a set of measure zerd.

PROOE. Let us cover M by the domains of finitely many charts ¢,: V, — R", each having
the property that there are open sets U,, W, with V, c U, c U, ¢ W, where U, (hence also V,) is
compact and ¢, extends to a coordinate chart (still denoted ¢ ) defined on all of W,,. For any j € N,
w € WH2(Q!(M)) if and only if, writing wly, = ¢% (3, f 4¢'), we have f; , € WI2(,(U,)) for each
I and each a, which in turn (using the boundedness of the derivatives of the transition functions
between the atlases {U,} and {V,}) holds if and only if f; , € W72(¢,(V,)) for each I and each a.
So it suffices to show inductively that, for each a, if 1 <k <m+1 and if each f; , € wk2(¢,(U,),

12 set of measure zero in a smooth manifold is by definition a set whose image under each coordinate chart in some
atlas has measure zero in R".
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then each f;, € Wk12(4,(V,)). We now fix a choice of a and prove this latter statement; for
convenience let us delete o from the notation, writing ¢ = ¢,,U =U,,V =V, f; = f; 4.

We may apply the definition of a weak solution to the form 1) obtained by setting 1|, = ¢*(he;)
where h € WO1 ’2(¢>(U ) is arbitrary, and setting 1 equal to zero outside of U. Now if y € W>2(Q!(M))
has |y = ¢* (3, fie;), with this choice of n) we have (dy,dn) + (d*y,d*n) = (Ay,n), and then by
using and the computation below it we see that for certain smooth functions a;;, b; ; ;,¢;;: U —
R having all derivatives bounded and with q;; satisfying the uniform ellipticity requirement (24),

we have
(Ay n)=/ —Zi a~-a—fJ Zb +Zc fi |nav,
s S0 x 8xj ljaxl- llJ 7)1

so integrating by parts gives
(dy,dn) +(d*y,d"n) = (Ay,n)

B af} oh af;
(37) —:L;D(EZ % B }:buja h+jzcuﬁ )dv

While we deduced the above formula under the assumption that y € W22(Q!(M)), if we instead just
assume that y € WH2(Q!(M)) it continues to hold because W22(Q!(M)) is dense in W12(Q!(M))
and both sides of are continuous with respect to the W2 topology. Applying this with y = w
where w € W12(Q!(M)) is our given weak solution to Aw = 0, if we write 0|, = ¢* (3, 6,¢’) then
since (6,m) = f¢(U) 0,hdV the fact that (dw,dn) + (d*w,d*n) = (6,n) shows that

afJ dh af; /
b; h+ > ¢ dv = 0,hdV.
/W)@ et S Seut Jav= [ o

The above holds for an arbitrary choice of multi-index J = (jy, ..., j;) and an arbitrary h € WO1 2(U),
so, for each J, f; is a weak solution to the equation

g f;\ _ af; B
_;a—xj(aua_xl) = QJ_;bi’I’Ja_xi_ZCUfI = 9]

The inductive hypothesis that each f; € W*?(¢(U)), together with the fact that € W™2(Q!(M))
where m + 1 > k, shows that the right-hand side above belongs to W*~12(¢(U)), and so since
$(V) € ¢(U) we have f;, € Wkt1-2(¢(V)) by Theorem This holds for all J (and moreover
for all charts V as above) completing the proof of the inductive step that if w € W*2(Q!(M)) with
k < m+1 then w € W12(Q!(M)). Thus any class-W? weak solution w to Aw = 6 belongs to
wm™22(Ql(M)) (and in particular to W22(QL(M))).

The additional conclusions in the theorem are easy to prove. Since w € W22(Q!(M)), Aw is
defined, and Remark[L.6.5lshows that in fact Aw = 6. If 8 € Q!(M) (i.e., if 0 is a smooth differential
form) then 8 € W™2(Q!(M)) for all m, so by what we have shown we have w € W™*22(Ql(M))
for all m, and so (after possibly redefining w on a set of measure zero) w € Q!(M)) by Corollary

[1.3.22 O

We now begin work on finding weak solutions in the sense of Definition Define a map
w2 (! (M)) x WH(Q!(M)) — R by

B(w,n) = (dw,dn) + (d*w,d*n),

so that a weak solution w to Aw = 6 is precisely an element of W 2(Q!(M)) such that B(w,n) =
(e, n) for all n € WH2(Ql(M)).
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Clearly B is a symmetric bilinear form on W12(Q!(M)). It will be useful to compare this sym-
metric bilinear form to another one on the same space, namely the inner product (-,-,); , , defined
by choosing a bounded atlas {¢,: V, > R"|la =1,...,N} and setting

(0, M 12,0 = ; /a(va) (fl,agl,a +(Vfia): (Vgl,a)) av

if w, n are written locally as

wly, = (Zfl adx; A~ dxil) nly, = (Zg, adXxi A~ dxil).

Soin particular (w, w); 5 4 = ||o)||1 o where the latter is defined in (35), and so (W >2(Q!(M)), (-, N2.4)
is a Hilbert space. By writing the definition of B out in local coordinates (as is done for instance

in the proof of Lemma [1.6.7] below)it is not hard to see that B is a bounded bilinear form on this
Hilbert space, in the sense that there is C; > 0 such that

(38) B(w, w) < Cy{w, w); 5, for all w € WH(Q'(M)).

In general this inequality cannot be reversed, but the following weaker version of a reversal of (38)
will be very important to us:

LEMMA 1.6.7. There are constants A;,A, > 0 such that for all & € WH?(Q!(M)) we have
B(w, w) 2 A1{w, )1 5 4 —Ar{w, w)

REMARK 1.6.8. We emphasize that the last term (w, w) is just the standard L?-norm |, y @AXW
that was introduced at the start of these notes; in particular the derivatives of the local coordinate
representations of «w do not appear in local coordinate formulas for {(w, w), whereas they do of
course appear in local coordinate formulas for (w, w); 5 4.

PrOOE Fix a and fix an extension of the coordinate chart ¢,: V, — R to an open set U,
containing V,, and for I = (i,...,i;) let e/ = e A--- A el be the [-form constructed from an
orthonormal frame on U, as before. Without loss of generality we assume that the orthonormal
frame is compatible with the orientation, so that <¢>(’;(e1 A--+ Ae™) is a positive top-degree form on
U,. We will sometimes abuse notation and regard I as a set rather than an ordered tuple, so thati € I
means that i € {i;,...,{;}. Also recall the notation I° for the ordered (n — [)-tuple with underlying
set {1,...,n}\ {iy,...,i;}, and recall that e/ A el =e! A---Ae = e(I)e! Ae!” for an appropriate
choice of sign e(I) € {1}, while e’ x e/ = 0 for I # J. These facts readily imply that 5 A * is
equal to a nonnegative function times an oriented volume form on M for any 8 € L%(Q!(M)); in
particular [,  A*f > [, B A*p for any subset U C M.

By definition, B(w, @) = (dw, dw) + (xd * w, *d * ) (since d* = (—1)""D*1 x dx). To estimate
the first term, if w|, = ¢ (f; 4¢’), we see that

(dw,dw)=/M(dw)/\*(dw)2/v(dw)/\*(dw)

=/¢ W) (Z (Z(veifl,aei Ael)+f1,ad(el))) /\*(Z (Z(veifl,aei /\el) +f1,ad(61))) dv
Ve I

i¢l I i¢l

> > / Ve fralPel Aees Ae" = Co DIV frallegcuan s allgoun — Co X M frallags,
(i.Digr Y $a(Va) IJ i
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for certain constants C,, C/, depending only on the coordinate chart and the basis forms e! (relating
primarily to the various derivatives d(e’), the coefficient functions of which are bounded since they
are smooth and extend to U,).

As for the other term appearing in B(w, w), namely (xd * w, *d * w), first of all note that in
general (since xx = (—1)4"~® acting on q forms) *n A * * { = { A *n when { and 7 are forms of
complementary degree, so in fact (xd * w, *d * w) = (d * w,d * w). Now

*wly = ¢ (Z e(I)fI’aelo) where e(I) € {£1},
I

so an identical calculation as above shows that, for certain constants D,, D;, we have

(do,dw)> >’ / oV Srale A-Ae" =Dy DIV allizguvinllf allizoumn =D, Z||f,a||L2(¢ .

(l I):i¢l° 1,J

If we add the two inequalities that we have just obtained, the sum over {(i,I) : i ¢ I} combines with
the sum over {(i,I) : i ¢ I°} to just give a sum over all possible i and I. This yields (for any choice
of a):

B(0,0) 2 D IV allZae ) —(CatDad D IV Fralliees,cumlllfallizs.n—(CarD) D M frallas vy
I 1J I

We can now use the same trick that we used throughout the proof of Theorem[1.5.4] to observe that,
for each I

/

1 C.+D. 2
Z||Vf,,a||L2(¢a(Va))||||fJ,a||L2(¢a(va»s2(6,—+D,)|| Vhralliagg, oyt~ Zumnm v | -
J a a

It then follows that, for some constant A,
39) B(w, )= Z IV frallZaqy, ) —A Z fr.allZaqy,

This holds for each of our finitely many charts ¢,: V, — R". Continuing to denote the total
number of charts in our atlas by N, we have, for some constant C depending on the transition
functions relating the e’ to the dx; A=+ Adxy,

(w’ w)l,z,ﬂ <C Z (“vfl,a“%zm;a(va)) + ||fa||%2(¢a(va)))

< 2NCB(w, w)+Z(C + 28 fallZ, 0,0

where the second inequality follows by rearranging (39) and summing over a. The last term on the
right is bounded above by a constant times the standard L? norm (w, w), and so rearranging the
above inequality proves the result. g

COROLLARY 1.6.9. If A > A, where A, is the constant from Lemmal[L.6.7} then the map B, : W12(Q!(M))x
Wh2(QL(M)) — R defined by
Bl(w) T’) = B(Q), 77) + A(")) n)
is an inner product on W2(Q!(M)), such that for some constant L > 0 we have
L™ {ew, W)12,.9 <Bylw,w) < L% w, W)12,.-

In particular B, induces on W2(Q!(M)) a Hilbert space structure with the property that, for w,,, w €
WL2(QI(M)) we have w,, — w with respect to B, if and only if w,, — w with respect to (-, N2,
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PROOF. Clearly B, is symmetric and bilinear. Combining (38)) and Lemma [1.6.7] we have uni-
form estimates
A {0, 0)12 4 < Bi(w,w) < (C; + A){w, )15 4-
and in particular B, (w, w) = 0 with equality only if v = 0 and the desired estimate holds with
L? = max{A;l,C‘1 + A}. The bounds imply that a sequence is Cauchy (resp. convergent) with
respect with respect to B, if and only if it is Cauchy (resp. convergent) with respect to (-,-); 5 , SO
since (-,); 5 » makes Ww2(9!(M)) into a Hilbert space the result follows immediately. a

COROLLARY 1.6.10. Let A = A, where A, is the constant from Lemma Then for each 6 €
L2(Q'(M)) there is a unique wy € WH2(QI(M)) such that B;(wg,n) = (8,7) for all n € WH2(QL(M)).
Moreover, for some constant C independent of 6, we have a uniform estimate
(40) lewplli 2,0 < ClIOI L2t (ary)-

PROOE. The Schwarz inequality readily implies an estimate (0,71) < Col|Ollp,4/Inllo2, 4> SO
since || - llo2. < Il - Il12,» We see that (6,-) is a bounded linear functional on the Hilbert space
(W12(9!(M)), B,) having norm at most LCyll€lo2,» Where L is the constant from the previous

corollary. So the Riesz Representation Theorem [1.4.3] shows that there is w, € W2(Q!(M)) such
that B, (w,-) = (6,-). Clearly there can only be one such w,, since for any other choice wj we
would have B, (wq — w},-) = 0, forcing wy — wj, = 0 since B, is an inner product. Also,

L wll} 5 < Balwy, @g) = (6, wg) < LCollBllo,lllwsll1 2,5
S0 holds with C = L2C,. O

In view of the uniqueness of wy, the assignment 6 — w, is clearly linear since B;(cwy +

wg,,") = (cO; + 05,-). Let us now define a map
K: L2(Q'(M)) - LA(Q'(M)
0 — Awy.

The proof of Theorem [I.1.12]will rest on several properties of this map. Note that we treat the
codomain of K as being L2(Q!(M)) even though by construction we always have K6 € W2(Q!(M)).

PROPOSITION 1.6.11. The map K: L*(Q'(M)) — L%(Q(M)) is a compact operator in the sense
that if {0,,}- , is a sequence satisfying ||0,,lo 2, < C (where C is independent of m) then {K6,,} >
has a subsequence which converges in L>(Q(M)).

PROOE. By construction and the hypothesis implies that for each m we have K6,, € W2(Q!(M))
with ||K6,,]| < LC,CA. If we fix a partition of unity {y,} subordinate to the cover {V,} given by
our finite atlas .o/, this implies a uniform upper bound on the W2 norms of the coefficient func-

tions appearing in the local coordinate representations of the various forms y,K6,,; hence Theorem

[[.3.23]implies that, for some subsequence {6, };’21, each of the {y,K0,, };’zl converge in L2, and

hence the K Qm}, =2, 2K ij converge in L2. O

PROPOSITION 1.6.12. The map K : L*(Q'(M)) — L?(Q!(M)) is self-adjoint in the sense that, for
all 0, ¢ € L*(QL(M)), we have

(0,K¢) = (KO, ).
PROOF. We see that, by the definition of K and the fact that B, and (-,-) are inner products,
(6,K¢) =B,(A7'K0,K$) =B, (A'K¢,K0)
=(¢,K0) = (K0, ).
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We now connect the operator K to our differential equation Aw = 6. By definition, for any
0,n € L*(9'(M)), we have

(9’ 77) = BA(A_lKG’ T])
=271 ((dK6,dn) + (d*K6,d*n)) + (K6, n).
Rearranging this shows that, for any 6 € L2(Q!(M)),
(41) K6 is a weak solution to A(K0) =A(0 —K0).

In particular it follows from this (and Theorem that we in fact have KO € W22(Q!(M))
for all 8 € L2(M).

Let us now consider the operator I —K: L%(Q'(M)) — L?(Q!(M)), where I is the identity. It is
an immediate consequence of (41)) that

Im(I —K) ¢ Im(A: W22(QH(M)) — L2(QF(M))).
As for the kernel of I — K, if w € ker(I —K), i.e. if Kw = w, then automatically w € W22(Q!(M)),
and by definition
(w,) =B,(A 7w, ) =A"(Aw,") +(w,),
so that Acw = 0. Conversely if Aw = 0 then B, (A 'w,-) = (w, ") so Kw = w. Thus
ker(I —K) =ker(A: W22(Q'(M)) — L2(Q'(M))) = # (M)

where #!(M) is as defined in (TI) and where we have used Theorem to deduce that any
class-W??2 element of ker(A) is in fact smooth and hence belongs to #!(M).

Theorem now follows from what we have done together with the following general
proposition:

PROPOSITION 1.6.13. Let H be a Hilbert space, let K: H — H be a self-adjoint compact operator,
and let I be the identity. Then ker(I —K) is finite-dimensional, and Im(I —K) = ker(I —K)*.

In fact we’ll prove this proposition based on a still more general lemma, formulated for later
use in other contexts:

LEMMA 1.6.14. Let Hy, H,, H,, be three Hilbert spaces with associated norms || - ||o, || - l1, || - ||, and
suppose that D: Hy — H; and K: Hy — H, are bounded linear maps such that K is compact and such
that there is C > 0 such that for all x € H, we have

(42) llxllo < CUIDx|l; + IKx]]5)-
Then Im(D) is closed, and ker(D) is finite-dimenisonal.

PROOF OF PROPOSITION [1.6.13] ASSUMING LEMMA[1.6.14l Let H, = H; = H, = H and D =
I—K. Then [@2) holds with C = 1 by the triangle inequality. So Lemmal[l.6.14]asserts that ker(I—K)
is finite-dimensional and that Im(I — K) is closed. Now since K is self-adjoint we have, for any
x,y €H

(I-K)x,y) = {x,(I—K)y).
Soifz =(I—K)y and x € ker(I—K) then (x,2) = (I—K)x, y) = 0, proving that Im(I—K) C ker(I—
K)*. To prove the reverse inclusion, first note that if x € Im(I —K)* then the above equation shows
that ((I —K)x,y) = 0 for all y € H and hence that x € ker(I —K). Thus Im(I —K)* c ker(I —K),
from which it directly follows that ker(I —K)* ¢ (Im(I —K)*)*. But because Im(I —K) is closed,
we have (Im(I —K)Y)* = Im(I —K) by Corollary[T.4.2} So ker(I —K)* c Im(I —K). |
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PROOF OF LEMMA [1.6.14] First we prove that ker(D) is finite-dimensional. If this were not the
case, then we could find an infinite orthonormal sequence {x,,}> , in ker(D) C H,. Since K is a
compact operator and each ||x,,||, = 1, it follows that there is a subsequence {xm}_ }J‘:l such that
{mej };’;’1 is Cauchy. But since each x,, € ker(D), @2) says that, for each j, j,, ||xmj1 — X, Iy <
CllKx, —Kxy, I3, so {xmj}]?’f1 is Cauchy. But this is nonsense since the fact that the x,, are or-

: -

thonormal shows that ||xmj1 —Xp, llo = v/2 for j; # j,. So indeed ker(D) must be finite-dimensional.

To prove that Im(D) is closed, let y,, € Im(D) with y,, = y € H,;. We may write y,, = Dx,,
where x,, € ker(D)' by projecting an initial choice of preimage of y,, orthogonally to ker(D). If
the norms of the x,, are bounded, then some subsequence {ij }J‘:l has Kx;,, convergent, and then
since also Dx,,, — y it follows from @2) that {x,, };’21 is a Cauchy sequence, converging say to
X € H. But then Dx = lim;_,, Dxp, = lim;_, Ym, =Y proving that y € Im(D) if the norms of

the x,, are bounded. On the other hand if the norms of the x,, are unbounded then we can find a
X, A
subsequence {xm}_ };’21 such that ||ij|| — oo and hence D (HX_JH) — 0. Using the compactness of
mj
Xm .
K, a further subsequence of the E would then converge to an element z € ker(D), necessarily
mj

with norm 1. But since each X, € ker(D)* we will also have z € ker(D)*, contradicting the obvious
fact that ker(D) Nker(D)* is trivial. Thus Im(D) is closed. O

We have thus shown that
#' (M) = ker(I —K) is finite-dimensional

and that
ker(I —K)* =Im(I —K) c Im(A: W22(Q/(M)) — L*(Q'(M)).

The Hodge theorem asserts that 2! (M) is finite-dimensional, and that the orthogonal complement
A (M) of #(M) within the space of smooth forms is equal to the image of the operator A acting
on smooth forms. Now #!(M)* = ker(I — K)* n Q{(M), so the above shows that #/(M)*+ c
Im(A: W22(QI(M)) — L2(Q'(M)). But Theorem[L.6.6]shows that if Aw € Q!(M) then w € Q'(M),
so in fact A (M)* c Im(A|giar))- The reverse inclusion is trivial (as already mentioned in Remark
[[.1.73) so the proof of the Hodge Theorem is complete.

REMARK 1.6.15. In fact, Lemma continues to hold if we just assume that Hy, H;, H, are
Banach spaces rather than Hilbert spaces, as will be useful later in the proof of Theorem [3.4.3] The
proof of this is a slight modification of the one given above; the point is that the proof goes through
if we replace references to orthogonal complements and orthogonal projections by appeals to the
following fact: if B is a Banach space and if A < B is a closed subspace, then for any x € B \ A there
is a, € Asuch that ||[x —a, || > %llx —a|| for all a € A. Tt is easy to prove this fact: just use that since
A is closed the quantity inf { ||x — al|| a € A} is positive.

Given this fact, it’s easy to see that any infinite-dimensional subspace V of a Banach space B
must admit a sequence {v,,}>>; with ||v,,[| = 1 and ||v,, —v,|| = 1/2 for all m, n: inductively, having
chosen vy,...,v, €V, apply the previous paragraph to the subspace A spanned by v,,...,v, and to
some choice of x € V\ V,, and let v,; be an appropriate rescaling of x —a,. Hence in particular an
estimate still implies the finite-dimensionality of ker(D) when the H; are just Banach spaces,
since the compactness of K shows that the unit ball in ker(D) is sequentially compact.

To prove that D has closed range, we follow the proof in the Hilbert space case almost word-
for-word except that, instead of taking the x,, to be in ker(D)* (which in the Banach space case
has no meaning) we take them to have the property that ||x,,[l, > %me —al|, for all a € ker(D).
Just as before, if the x,, are bounded then they converge to a preimage of y, while if the ||x,,||, are
unbounded then, after passing to a subsequence, the elements z,, = ”;ﬁ have Dz,, — 0 and Kz,
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Cauchy, whence z,, — z with Dz = 0, whereas the condition on the x,, forces ||z,, —all, > 1/2 for
all a € ker(D), a contradiction.



CHAPTER 2

Hodge theory on complex manifolds

2.1. The Hodge theorem with complex coefficients

The goal in this chapter will be to establish a different version of the Hodge theorem on complex
manifolds; in the case of a Kdhler manifold (a complex manifold equipped with a Riemannian metric
that is compatible with the complex structure in a certain sense) this will have a simple relation to
Theorem[I.T.T0land will lead to interesting topological consequences. In Hodge theory on complex
manifolds one works with differential forms with complex coefficients, so in this section we will
introduce the linear algebra needed to do this and show that our earlier formulations of the Hodge
theorem (Theorems and [I.T.72) extend trivially to complex-coefficient differential forms.
(In this section our manifold will not be assumed to be complex.)

The starting point is the following definition:

DEFINITION 2.1.1. If V is a vector space over R, the complexification of V is the complex vector
space
Ve =V g C={v; +ivy|vy,v, €R}.

Of course, the scalar multiplication for the complex vector space structure on V is given by
(x+iy)(vi+ivy) = (xv;—yVvy)+i(xv,+yv,). Anobvious but important point is that complexification
can be seen as a functor from the category of real vector spaces to the category of complex vector
spaces: not only do we obtain a complex vector space V. for every real vector space V, but to each
R-linear map f : V — W we obtain an induced C-linear map f: Vi — W defined by f(v; +iv,) =
f(vi) +if(v,), and one has identities (f o g)¢ = fc © g¢ and I = I. Usually I will abuse notation
and just write fi as f unless the redundant notation is likely to cause confusion.

The complexification V. of a real vector space V comes with a R-linear conjugation map v — v
defined by v; +iv, = v; —iv, for v;,v, € V.

If (,-): VXV — R is an inner product on the real vector space V, there is a canonically-
determined (Hermitian) inner product (-,): V¢ x Ve = C on V. defined by

(43) (v +ivg, wy +iwy) = ((v1, Vo) + (W, wy)) + i ((vy, wy) — (v1, w5))

(our convention is that a Hermitian inner product is complex-linear in its first argument and conjugate-
linear in its second argument). Trivially, if {e;,...,e,} is an orthonormal basis for (V,(:,-)) then
{eq,...,e,} is also an orthonormal basis for (VC, (-, )) We now make the following simple observa-
tion:

PROPOSITION 2.1.2. Suppose that (V,(:,-)y) and (W, (:,-)y ) are real inner product spaces, and
that A: V. — W and A*: W — V are linear maps obeying the identity (Av,w),, = (v,A*w), for all
v € V,w € W. Then where (-,-)y and (:,-)}y the Hermitian inner products on Vi and W constructed
using (@3), we likewise have (Acv,w)y = (v, (A*)cw)y forall v € Vi, w € We.

(In other words, the complexification of an adjoint to a real-linear operator is a Hermitian
adjoint to the complexification of that operator.)

55
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PROOE. For v =v; +iv, € V; and w = w; + iw, € W we have:
(Acv, W)y = (Avy +iAvy, wy +iwy )y = (Avy, Wiy + (Avg, W)y + i(Avy, i)y — i(Avy, wo)y
= (v, AWy +i(ve, A" W1 )y + (v, AWy )y — i(vy, A" Wy)y = (V) + Ve, AW )y — i{vy + iV, AW,y
= (v + vy, A" (wy +iw,))y = (v, (A )ew)y.

O

2.1.1. Complexifying the Hodge theorem. Now let us assume that M is a compact n-dimensional
oriented Riemannian manifold. We have a Hodge star operator x: Q25(M) — Q" ¥(M), which then
complexifies to give an operator « = xc: QK(M)e — Q" %(M)c. In (O we defined an inner product
(-,+) on QK(M) by (a, B) = fM a A xf3. We can then as usual use (43) to obtain a Hermitian inner
product {-,-) on QK(M)¢ by, for a = a; +iay, B = B, +if, € QF(M)¢,

(a, B) = (aq, B1) +ilay, Br) —i(ay, B2) + (a2, B2)

=/Mal/\*ﬂ1+i/Ma2/\*/51—i/Ma1/\*/52+/Ma2/\*[52
_ / (o + iay) A+ + / (ay + i) A *(—if) = / (ay + iay) A +(By — ify)
M M M

44) :/ a/\*ﬂ
M

Now we have en exterior derivative d: Q" 1(M) — Qk(M), with adjoint d* = (—1)"k—D+1 «
dx: QF(M) — Q*"1(M). Proposition 2.1.2]then shows that the complexified map d¢: Q< 1(M) —
QF(M)c has adjoint (with respect to (44)) given by the complexification df of d*. Trivially, a
complexified form w = w; +iw, € QF(M)c obeys dcw = 0 if and only if dew; = dw, = 0, so
ker(dc) = ker(d)c and likewise ker(d() = ker(d*)c. Similarly Im(dc) = Im(d)¢ since d¢ is just
given by acting on real and imaginary parts separately by d. In view of this the complex de Rham
cohomology
ker(dc: Qk(M)c - QkH(M)C)
Im(de: Q1 (M) — QK(M)¢)

is naturally identified with the complexification H*(M ). of the original de Rham cohomology H*(M):
indeed the fact that ker(d.) = ker(d) implies that w; +iw, — [w;]+i[w,] is a well-defined and
surjective map ker(dc) — H*(M)c, and the fact that Im(d.) = Im(d)c implies that this map has
kernel exactly equal to Im(d).

We can then form the complexified Hodge Laplacian A¢ = dcd(. +dgdc, and the fact that d¢. is
adjoint to d. shows that, for any w € Q(M)c,

H*(M;C) =

(Acw, w) = (dew,dew) + (dfw,diw)

and so just as in the real case we have Acw = 0 if and only if dcw = df.w = 0. Evidently ker(A¢) =
ker(A)e = #%(M)¢. The Hodge Theorem [I.1.10] shows that the map #*(M) — H*(M) given by
w — [w] is an isomorphism, so it follows immediately that:

PROPOSITION 2.1.3. If M is a compact oriented Riemannian manifold and A = d*d + dd* is the
Hodge Laplacian, we have isomorphisms

ker(Ac: Q(M)e — Q(M)e) = H*(M;C) = HY (M),

defined respectively by wq +iw, — [w1 +iwy] and [w +iwy] — [wi]+i[w,].
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2.1.2. More about the complexified Hodge star operator. We now return to the context of
linear algebra. If (V,(:,-),0) is an oriented n-dimensional inner product space over R, we have
constructed the inner product (-, ) on V. via (@3], and we have a complexified Hodge star operator
*: (A*V*)e = (A"*V*).. The operator x was designed to have the property that if {e;,...,e,} is
any oriented basis (over R) for V then *(e! A---ek) = ek A--- Ae™. Now if {ej,...,e,} is a basis
over R for V then it is also a basis over C for V.. It will soon be useful to us to consider the action
of x on orthonormal bases for V- whose elements do not necessarily belong to V (i.e. which might
have nontrivial “imaginary part”), and we will work out how to do this presently. (One issue here
is that we do not immediately have a notion of what it means for such a basis to be “oriented.”)

First let us consider the domain (AXV*) of the complexified Hodge star operator . By defi-
nition, AKV* consists of alternating k-linear maps 1: V¥ — R, while (AKV*). consists of elements
n,+in, where n,, 1, € AKV*; equivalently (A*V*).. consists of k-linear maps = 1, +in,: V< — C.
(Here of course “k-linear” in this context means “k-linear over R” since we are only assuming V to
be a real vector space.)

One could also consider the space A(’E V¢, consisting of alternating complex-k-linear maps 7): (Ve)k —
C. This is of course a complex vector space, and since any such 7 is uniquely determined as soon
as one gives arbitrary values to n(e; ,...,e; ) for a complex basis {es,...,e,} for Vg, as (jy, ..., ji)
varies over increasing k-tuples in {1,...,n}, we have dimg Af(‘:Vé‘ = (Z) Likewise, dimq(AKV*)e =
dimg AFV* = (Z) In fact these two spaces are naturally isomorphic: since V C Vi, we have a
restriction map

ri AKVE — (AFV)e
n= Ny,

Ifne Afévg has 1|y« = 0 then the complex-k-linearity of n readily implies that n(v; +iwq,..., v, +
iwy) = 0 for all v;,w; € V and hence that n = 0. Thus the restriction map r is an injective linear
map, and hence a linear isomorphism since its domain and codomain have the same dimension.
The inverse is given by extending an arbitrary alternating k-linear n: V¥ — C to a complex linear
map (Vz)k — C in the obvious way, e.g. if k = 2 then

(r'vy + iwy, vy + iwy) = n(vy, vy) + in(vy, wy) + in(vy, wy) — n(wy, wy).

As a rather special case, for any real vector space W, recalling that A'W* = W* we get an
isomorphism r: (Wg)*e — (W*)e (where the superscript # means the complex dual space) given
by restriction of complex-linear maps Wy — C to W C W.

Recall from that x: AKV* — A"kV* is given as a composition

(Ake)?

-1
(45) % ARy 2 (A"RV ) s ARy

where £: V — V* is given by v — (:,v), where (¢ a)(f3) is the value t € R for which a A f = twy,
where wy is the canonical generator for A"V, and where (¢0)(f; A+ A fri) = 0(f1, ..., fu) for
any fi,...,f,_x € V. So the complexified operator x = x¢: (AKV*). — (A" *V*) can be computed
as the composition of the complexifications of the three maps in (45). These complexifications are
perhaps easier to understand in terms of the various restriction isomorphisms r : Aché‘ — (A'W*)e.
(Recall that AFV is defined in these notes by using the canonical identification of V with V** and
interpreting AV as AKV**, so in particular one special case of the restriction isomorphisms is an
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isomorphism ALV — (A¥V)¢.) So consider the diagram

(AR o o
(46) (AFV*)e — (AFV)e — (A7FV))e —— (AFV)e
T LB T Py T Y3 T

k
AcVe

AEVe (A™FV))re ——= ATV

where the maps on the bottom row are chosen to make the diagram commute (as is possible in a
unique way since the vertical maps r are all isomorphisms).

Note that the usual formula for wedge product (in terms of a sum over permutations) extends
trivially either to alternating R-multilinear maps V¥ — C (i.e. to (A*V*)¢) or to alternating C-
multilinear maps (V¢)* — C (i.e. to ALV;); we use these extensions below.

Continue to denote by w, the canonical generator for A"V associated to our oriented inner
product space (V,(:,+),0) (given by wy, = e; A--- Ae, for an arbitrary oriented orthornomal basis
for V). Then wy, includes trivially into (A"V) (with zero imaginary part), and corresponds under
the restriction isomorphism r: AZ.V¢ — (A"V) to the unique element wg € AV (i.e. the unique
complex n-linear map ((V*)c)" — C) that restricts to (V*)" as wy,. With this preparation, we can
state the following:

PROPOSITION 2.1.4. Let (V, (:,+), 0) be an oriented inner product space, let {ey, ..., e,} be a complex
basis for V. that is orthonormal for the Hermitian inner product (43), and let {e',...,e"} be the
complex-dual basis for V.. Assume moreover that e; A-+-Ne, = wg. Then
(47) x(r((a) A AL = (e A Al

REMARK 2.1.5. Note that the maps (-,€;): V. — C are complex-linear; so {-,&;) A-+- A (-, &) is
a well-defined element of AféVC* and the left-hand side is well-defined. By contrast the maps (e;-)
are of course not complex-linear. In our applications the e; will also be members of the basis under
consideration, and so the (-, & j) will be dual basis elements.

PROOE. Referring to (46), we are to show that the maps 11,15, that make that diagram
commute obey Y3(15 (1 (( &) A=A () =T A-- Ae
First of all we claim that 1, ({,&;) A<+ -A{-,&)) = e; A---Aey, i.e. that (AKO)c(r(eg A+ Aeg)) =
r({- &) A---A{,e&)). Now, as usual interpreting various terms by using the identification of V
with V*,
r(e1 JARERWAN ek) = (61 JAREEWAN ek)|(V*)7<
= (en)ly« A=+ Ale)ly-
=(fitig)dA-A(fie+igi)

. . _ . R
where we write the various e; as e; = f; +1g; where each f;, g; € V = V™. Hence

(A Oc(r(eg A= Ae)) = L(fy +ig) A A(fi +igi)
=(L(f)+il(g ) A= AL(fi) +il(gr))
= (G, ) +iC g A A fid +1C, &)
= A—ig I A AW fie—igidlv)
=r((e) A A(E)),
confirming the claim.

Next we consider the element y,(e; A---Aeg) € (A(’é_kVC)*C. The space A%‘kVC is generated by
elements e; =e; A---Ae;  asJ varies over increasing (n — k)-tuples (jy, ..., j,—r)- Since wedge
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product commutes with restriction of multilinear maps from Vi to V, and since all elements of
(A™V¢)* are multiples of wg, the values (1,(e; A -+ A e))(es) are just the complex numbers t;
satisfying e; A--- Aeg Aey = tywy. ForJ # {k+1,...,n} this value is zero since then j; € {1,...,k}

.....

t(k+1,...,n) =1. Thus

1 J=(k+1,...,n)
0 otherwise

Poleg A= Aedley) = {

Now the map {5 : (AE"‘V)*C — A%‘k Viin is the inverse of the isomorphism ¢ : AE"‘VC* —
(AL*V)* defined by letting (t“0)(fy A+++ A fi) = 0(f1, ..., foy) (that (€ is well-defined follows
just as in the discussion of (6)). Indeed, if we set 15 = (1©)™! then the right square of will
commute, and since the other maps in are all isomorphisms it follows that v; = (1), But it
is immediate from the definition that, for any increasing (n — k)-tuple J,

1 J=(k+1,...,n)

L(C(ek+l A A en)(ej) = { 0 otherwise

Thus v5(,(e; A--- Aep)) = eFt1 A--- Ae”. Together with the calculation at the start of the proof,
this establishes the result. U

Here is a somewhat easier-to-use version of Proposition [2.1.4] Dually to w, € A"V, given an
oriented inner product space V we define vol, € A"V* C (A"V*)¢ by putting vol, = el A--+ A
e™ where {e!,...,e"} is the dual basis to an arbitrary oriented orthonormal basis for V (as with
wy, this is independent of the choice of such a basis because the relevant basis change matrix has
determinant one). Likewise we let VOIS be the unique element of A{.V: mapping to vol, under the
restriction isomorphism r.

COROLLARY 2.1.6. Let (V,(:,+),0) be an oriented inner product space and let {eq,...,e,} be a
complex basis for Vi that is orthonormal with respect to the Hermitian inner product (3), and let
{el,...,e"} be the dual basis for V.. Assume that e’ A---Ae" = avol{. Then for 0 <l<n,

*(r(e1 /\~--/\el)) =ar({e ) A A E,)).

PROOE. By definition if we take an orthonormal (real) basis {f1,..., f,} for V, then this basis is
also an orthonormal basis over C for V, and VOIS = fYA--+ A f™ for the dual basis {f},..., f"}.
Now the change-of-basis matrix relating our given basis {e;,...,e,} to {fi,..., f,} is unitary, so its
determinant has modulus 1; thus the parameter a in the hypothesis of the corollary obeys |a| = 1.
In particular the basis {ej,...,e,_;,ae,} is still orthonormal, with dual basis {e!,...,e" !, a te"}.
Since (-, ae,) = a(-, e,), this reduces us to the case that a = 1, which we assume from now on.

That a = 1 implies that the change-of-basis matrix from the previous paragraph has determinant
1 (as a is the reciprocal of this determinant), and hence that e; A--- Ae, = wg. Now apply the
previous proposition with k = n— [ to the basis {(—1)""Ve,,;,e/1,...,€n,€1,...,¢} (the sign is
used to ensure that the wedge product of the elements in this new basis is still equal to a)g) to find
that

DD () A A (8 =Tt Ao Aeh).
Now apply * to both sides and recall that »x acts on A'V* by (—1)!*™ to obtain the result. O

EXAMPLE 2.1.7. Let V = R? with its standard inner product and orientation, so that Vg = (C_2 with
its standard inner product {(21,25), (W1, W5)) = 2w +2,W,. Let 6 = (1/%, «/LE)’ so 0 = (‘/%,—ﬁ), s0

in terms of the standard basis for R? we have 6 = %(el +ie,) and O = %(el —iey).
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If {¢, P} is the dual basis to {0, 0}, we find that

_ 1 0 s ‘ZL 1, .2
qb—ﬁ(e ie”) ¢ 1/5(6 +1ie”)

and hence that ¢ A ¢ = ie' A e?. Hence Corollary 2.1.6]shows that

(p)=i(,0)=i(.0)=io.
Similarly since ¢ A ¢ = —ie® Ae? one finds x(¢p) = —i¢.
Of course these identities can also be checked directly; however the approach given by Corollary
2 1.8 will significantly simplify similar higher-dimensional computations, as we will see below.

2.2. Complexification and complex structures

DEFINITION 2.2.1. If V is a vector space over R, a complex structure on V is a linearmap J: V —
V such that J? = —I (where I always denotes the identity).

If J is a complex structure on V, then we can view V as a vector space over C using the scalar
multiplication (a +ib)v = av + Jbv. However this is not usually the perspective that we will take.
Instead, we will consider the complexification Vi, which is a complex vector space on which we
have an induced complex-linear map J = J: Vi — V that still satisfies J*> = —I. Evidently the
possible eigenvalues of J are +i. We denote the corresponding eigenspaces by

Vi =ker(il —J) Vo1 = ker(—iI —J).
Here are some simple facts about these spaces:

PROPOSITION 2.2.2. Let V be an m-dimensional real vector space with a complex structure J: V —
V. Then:
(i) We have a direct sum decomposition of complex vector spaces Ve =V, 3 @ Vp ;.
(ii) The complex conjugation map ~: Vi — V. restricts to an isomorphism of real vector spaces
V10— Vo1. Hence m is even, and dim¢ V; o = dim¢ Vo ; = 5.
(iii) We have
Vip={v—iJvlyv eV} Vop ={v+iJvlveV}

PROOE. Of course V; o and Vj ;, being eigenspaces of a complex-linear operator on the complex
vector space Vg, are both complex subspaces of V.. Obviously V; , NV ; = {0} since an element
v €V, 0NV, would obey iv = Jv = —iv. The fact that J: Vi — V¢ is complex-linear with J 2=—1
immediately implies identities

(48) (A =NEI+J)=0I+7)({I—-J)=0,

so for any v € V. the formula
1(1 iJ) +1(I+'J) i('I+J) i('I J)
v==-(I—-iJ)v+ i)y =——( v——=({I—=J)v
2 2 2 2

expresses v as v = vy g + Vo 1 where v; o = %(v —iJv)€Vigand vy, = %(v +1iJv) € V1. So indeed
Ve=V0® V.

For (ii), if v;,v, € V we see that v; +iv, € Vi (ie. J(v; +ivy) = i(v; +ivyp)) iff Jv; = —v,
and Jv, = v; (actually the second statement follows from the first and the fact that J 2 =—J), while
vy +ivy €V iff Jv; = vy and Jvy, = —v;. Thus v, +iv, € V) g ifand only if vi —iv, = v +iv, € V5.
So since the conjugation map is R-linear and is its own inverse this proves that the conjugation
map sends V; ; isomorphically (as vector spaces over R) to V; ;. So dimg V; o = dimg V4 ;. So since
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dimg Ve = 2m it follows from (i) that dimg V; o = dimg V, ; = m. So since V; ; and V; ; are complex
vector spaces, it follows that m is even and that dim¢ V; o = dim¢ Vo ; = 5.

Now to prove (iii), the restriction of the map I —iJ: Vi — V to V is clearly injective (since it
acts trivially on real parts), and since I —iJ = —i(il +J), shows that I —iJ has image contained
in V5. So (I —iJ)ly is an injective linear map from V to V; 5, and we have just shown that these
spaces have the same dimension, so indeed V; , = {(I —iJ)v|v € V}. Taking complex conjugates
shows that likewise V, ; = {(I +iJ)v|v € V}. O

If dimg V = m = 2n, let {v,,...,v,} be a basis over C for V; ;. Then {v,,...,V,} is evidently a
basis for V; 1, and so we get a basis {vy,Vy,...,V,, V,} for Ve =V, o ® V5.

We can then take a dual basis {v},#},...,v", 7"} for the dual space V¢. Here and elsewhere,
for ¢ € VC*C, the complex conjugate ¢ is defined by

P(V) =) (p eV, veVy).

Under the restriction isomorphism r: Vgc — (V*)¢ discussed in the previous section, this conjuga-
tion operator on Vgc corresponds to the original complex conjugation ¢ +i¢, — ¢p;—i, on (V*)c.
(One needs to take the conjugate of the input to ¢ above in order for ¢ to be complex-linear.) With
this said, from now on we will implicitly identify V.© with (V¢)*, and likewise ALV with (AFV*),
omitting the restriction isomorphism r from the notation.

Let

VIO={p eVlply, =0}, VP ={p eVIply,, =0}
Evidently our dual basis {v',7',...,v",#"} has v!,...,v" € V1 and #',...,7" € V%! Hence V.* =
Vl,() P VO,l‘
. . . ,k7 k .
Similarly, for 0 < p < k we may consider the subspace AP*"PV* of AV defined by

Ap’k_pV)i< = {¢ (S AEVE |¢|(V1,0)7x(vo,l)k—r =0 fOI' all r # p } .
More concretely, given our basis {v!,¥',...,v", %"} as above, we have, for 0 < p,q < n,
APAY* =span{vil A--- AV Aph /\.../\171}1|1 <ij<---< ip <n1<j<... <jq <n}.

From this it is clear that
kyrsx D,q\/*
AV = P arave,
p+q=k
Note that

(49) If w € AP1V* then w € AYPV*

as follows from directly from the fact that the conjugation operator on A(’E V¢ is given by (v, ..., v) =

w(Vy,...,7V). Also
(50) If w € APIV* 0 € A™*V* then w A @ € APTHITSY*,

Recalling that V can be made into a complex vector space by interpreting J as scalar multiplica-
tion by i, if {e;,...,e,} is a basis (over C) for this complex vector space then {e;,Jey,...,e,,Je,} is
a basis over R for V. This induces an orientation o for V, the “complex orientation,” by saying that
{ei,Jeq,...,e,,Je,} is an oriented ordered basis. (This orientation is independent of the choice of
the e;, essentially because GL(n, C) is connected and hence the set of such choices is connected.)

Let us say that an inner product (-,-) on V is J-compatible if (Jv,Jw) = (v,w) for all v,w € V.
Such inner products certainly exist; for instance this will hold if we define (-, -) by the property that
some specific basis {e;,Je;,...,e,,Je,} is orthonormal. Conversely, if (-,-) is a J-compatible inner
product then one can find an orthonormal basis of the form {e;,Je;,...,e,,Je,}, as follows by an
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easy argument by induction on d‘meV (if (e,e) = 1, then {e,Je} is an orthonormal set, and we may

apply the inductive hypothesis to {e,Je} ).

PROPOSITION 2.2.3. Let J be a complex structure on the 2n-dimensional real vector space V, let
(+,-) be a J-compatible inner product on V, and endow V. with the Hermitian inner product (-,-) be
the Hermitian inner product defined by (43). Then the subspaces V; o, V1 < Vi are orthogonal to each
other.

PROOE If v =v; +iv, €V} and w = w; +iw, € V;; (where v;,w;, V5, w, € V) then the fact
that Jv = iv implies that Jv; = —v, while the fact that Jw = —iw implies that Jw; = w,. So

(viHivy, witiwy) = (v, wi)+(va, wo)+Hi(ve, wi)—i(vy, wy) = (v, wi)+(—=J vy, Jwy)—i(J vy, wy)—i(vy,Jw;) = 0
(since in particular (v;,Jw;) = (Jv;,J%w;) = —(J vy, wq)). O
PROPOSITION 2.2.4. Let V be a 2n-dimensional vector space over R with a complex structure J

and a J-compatible inner product (-,-) and the complex orientation. Then the (complexified) Hodge
star operator *: AféVé‘ — Aé”’kvg has the property that

If w € APIV* then » w € A" I PV*

PROOE Any element of V* can be written as a linear combination of elements of the form e! A
AP AfTA---Af9where {ey,...,e,}is an orthonormal basis for V, o, {f}, ..., f,} is an orthonormal
basis for V; 1, and {e!,...,e"} and {f!,...,f"} are the corresponding dual bases. Proposition 2.2.3]
then shows that {e;,...,e,, f1,...,fy} is an orthonormal basis for Vg, so it follows from Corollary
(continuing to suppress the restriction isomorphism r from the notation) that, for some a € S!,

k(e A NP AFIA AfD) = al,8pn) Ao A8 A fraa) Ao A )

Now each ¢&; € V;;, so by Proposition 2.2.3] (-, ;) vanishes on V, o, i.e. belongs to VOl Likewise
each f] € V1, so each (-, f_]) € V0. Thus the right-hand side above is a wedge product of n — p
elements of V%! and n — q elements of V1°, so it belongs to A" 4" PV*, O

If dimV = 2n, the formula (44) motivates consideration of the bilinear pairing
k k 2
ARVE X ARVE — A2V
(@,B)—> anxp

According to (49), (50D, and Proposition 2:2.4] if a € APRPV* and B € APFTTV* we have #f3 €
ARy and hence a A xf € AMTPTITPY* | But since dim V = 2n we have A"V = {0}
unless j =0, so:

COROLLARY 2.2.5. If a € AP*PV* and p € A"K"V* then a Axf =0 unless p =r.

In other words, the decomposition A(’E Vi = @,,q=kAP1V" is an orthogonal decomposition with
respect to the pairing (a, 8) — a A *(f).

2.3. Almost complex and complex manifolds

The linear algebra constructions of the previous section can be made differential-geometric by
imposing them on the tangent spaces at each point on a manifold.

DEFINITION 2.3.1. Let M be a smooth manifold.
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e An almost complex structure J on M is a smoothly-varyiné?] choice, for each m € M, of a
complex structure J,,: T,,M — T,,M on the real vector space T,,M. In this case the pair
(M, J) is called an almost complex manifold

e An almost Hermitian structure on M consists of an almost complex structure J on M
and a Riemannian metric g on M such that, for each m € M and v,w € T,,M we have
TV, Jow) = g, (v,w). In this case the triple (M, g,J) is called an almost Hermitian
manifold, and g is said to be compatible with J.

By working locally and then using partitions of unity it is not hard to see that any almost complex
manifold (M,J) admits Riemannian metrics g that are compatible with J. So any almost complex
manifold can, non-canonically, be made into an almost Hermitian manifold.

If (M,J) is an almost complex manifold, then we can form the complexified tangent bundle
(T M) (with fiber over m given by (T,,M )¢, and local complex trivializations given by complexifying
the local trivializations for TM—this initial step does not use J), and then we obtain a bundle
endomorphism J of TM by acting on the fiber over m via the complexified version of J,,,. This
leads to a decomposition of subbundles TM¢ = T, (M & T, ; M, with (using Proposition (iii)
for the second equalities in each line):

T oM ={v € (TM)c|lJv =iv}={v—iJv|lv € TM}
TosM ={v €(TM)c|Jv=—iv}={v+iJv|lv€ TM}

Dually, for any k € N we may consider the complexification QX(M). of the space of k-forms on
M. In view of the restriction isomorphism r from Section an element w € QF(M): may be
regarded as a smoothly-varying choice, for every m € M, of an element w,, € A(’E(TmM )i, i.e. asan
alternating complex-multilinear k-form on (T,,M)c. Applying the decomposition from Section [2.2]
pointwise gives a decomposition

QM) = P P 1)

p+q=k

where QP-9(M) consists of alternating complex-multilinear k-forms which, for each m € M, vanish
on (T; (M) x (Tl,OM)ﬁl_r for all r # p.

Suppose now that (M,J, g) is almost Hermitian, and (since Proposition [2.2.2] shows that M
has even dimension) let dim M = 2n. The almost complex structure J induces a smoothly-varying
orientation on the various T,,M and hence an orientation on the manifold M; thus we obtain a
(complexified) Hodge star operator »: QX(M)s — Q2" ¥(M)c, and Proposition [Z.2.4] shows that
restricts to QP4(M) as a map »: QP4(M) — Q2" P(M). If M is compact, we have a Hermitian
inner product on Q*(M ) defined by (a, B) = [, @ A*p. For a € QP*P(M) and € Q"k"(M) we
have a A *f3 € QWP T+P (M), so it follows that (@, 8) = 0 unless p = r. This proves:

PROPOSITION 2.3.2. If (M,J) is an almost complex manifold we have a direct sum decomposition

QM) = P arim),

p+q=k

and if (M, J, g) is almost Hermitian then this direct sum decomposition is orthogonal with respect to
the inner product (@4) on Q*(M)c induced by g.

Lin the sense that if X is a smooth vector field on M then putting (JX),, = J,,X,, defines a smooth vector field JX on
M
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The collection of spaces QP4(M) can helpfully be visualized as follows:

QL
Qn,n—l Qn—l,n
Qn,n—2 Qn—l,n—l Qn—2,n
Qnl . . . . . Qln
Qn,() Qn—l,l . . . . . Ql,n—l QO,H
Qn—l,O . . . . . QO,n—l
QZ 0 Ql,l QO 2
Ql 0 QO,l
QO’O

The “height” of QP in the picture above is the value k = p + g, while the horizontal coordinate
is given by g — p. Complex conjugation restricts as a map QP4 — Q%P and thus reflects the picture
through the central vertical axis {g — p = 0} while the Hodge star operator Q4 — Q""9"? acts as
reflection through the central horizontal axis {p + ¢ = n}.

We now turn to differentiation. The space Q%°(M) = Q°(M).. is simply the space of smooth,
complex-valued functions f = f; +if,: M — C where f, f, € C°°(M) are real-valued. The dif-
ferentiation operator d: Q°(M) — Q'(M) complexifies to an operator d: Q*°(M) — Q}(M) =
QLO(M) — Q%L(M), as always by simply requiring d(f; +if,) = df; + idf,. We can thus uniquely
write

df =3f +0f wheredf € Q0(M), af € Q*'(M).

So we have operators 8 : Q*°(M) — Q°(M) and 3: Q%°(M) — Q*1(M) withd =3 + 4.

It is often useful to work locally; on some open set U (over which T; M and T, ;M admit
trivializations) let us choose local (complexified) vector fields {e;, ..., e,} such that, for each m € U,
{(e1)m>---»(en)n} is a basis for (T; oM),,. Then the conjugations {(&;),,,...,(€,),,} likewise form a
basis for each (T, M),,, and if {el,...,e" &l ... ,&"} is the corresponding (pointwise) dual basis of
1-forms we will have

(51) Of =D (Ve fle,  3f =D (Vs f)e.
J J
One can also produce simple global formulas for 3 f and df in terms of df and J: specifically:
afzé(df—idfOJ), éfZ%(df-f—idfoJ).
Indeed, the right-hand sides above obviously sum to df, and for v € TM we have
(df Fidf o) (vxiJv)=df (V) Fidf(Jv)+idf(Jv)+df(J*>v)=0

which in view of Proposition [2.2.2] (iii) shows that the right-hand sides annihilate T, ;M and T; (M
respectively, and hence belong respectively to Q°(M) and Q%}(M). In particular é f = 0 if and
onlyifdf(v) =—idf(Jv)forallv € TM,i.eif and only if df (Jv) = id f (v) for all v, which is to say
that, for all m € M, the map (df),,: T,,M — C is complex linear when T,,M is made into a complex
vector space using J. Thus the functions f with d f = 0 are (under the natural definition) precisely
the holomorphic functions form the almost complex manifold (M, J) to C.
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Now let us consider 1-forms. Suppose that w € Q°(M), and as above let {e,,...,e,} be a local
frame for T1°M in some open set U, with dual coframe {e!,...,e"}. We can then write

w|U :ije] Where f] EQO’O(U):COO(U;C)
j=1
and so

(52) doly= Y (df;Ne/ +fide)) =D "0f;Nel+ D> 3fnel+ > fdel.
j=1 j=1 j=1 j=1

The first term on the right above evidently lies in Q%°(U) and the second term above lies in Q! (U).
However in this level of generality there is not much that we can say about the third term, and in
particular it might have a nontrivial component in Q%°(U). Accordingly we now restrict attention to
a context where we can say something, namely where our manifold is complex and not just almost
complex.

DEFINITION 2.3.3. A complex manifold of (complex) dimension n is a smooth manifold M of
(real) dimension 2n equipped with an atlas of coordinate charts {¢,: U, — C" = R?"} where the
U, form an open cover of M and all transition functions ¢4 o ¢(;1: ¢o(U,NUg) = ¢5(U, N Ug)
are holomorphic.

Here if U ¢ C' is an open subset, a map h: U — C" is said to be holomorphic if and only if, for
all x € U, the derivative (dh), (which a priori is a real-linear map from C" to C") is complex-linear.
If your preferred definition of a holomorphic function looks different from this, then you should
check that this is equivalent to your definition.

If M is a complex manifold, it can naturally be viewed as an almost complex manifold in the
following way: for m € M, choose a chart ¢, : U, — C" from the atlas in Definition[2.3.3]such that
m € Uy, and for v € T,,M define J,,v = ¢;j(i¢a*v). This is independent of the choice of a since for
an alternative choice 8 the holomorphicity of the transition function says that (letting i denote the
operation of scalar multiplication by i) io¢ g, ¢! = ¢ 5., oi and hence qb/;: oiogg, = ¢ loiog,,.

In any coordinate chart ¢ : U — C" for a complex manifold, the individual coordinates z;, ..., 2,
of ¢ define functions 2,...,2,: U — C. For j =1,...,n, the very definition of J makes clear that
dz;(Jv) = idz;(v) for each v € T,M and m € U (just take the jth component of the equation
¢,0J =i¢,). So {dz,...,dz,} restricts to each m € U as a basis for (T}°M),,, and likewise

{dz,,...,dz,} gives a basis for (T“'M),,. We now define the complexified vector fields aiz}_, a%
on U by requiring that {dz,...,dz,,d%;,...,d2,} be the dual basis to {aizl, e, aizn’ 3%1’ ees, 3%1 s if

a a

zj=x;+iy;and 7, 3y denote the standard coordinate vector fields for the real coordinate chart
J J

(X1,..+, Xy, Y15- -5 Yn), One easily sees that
o 1( 0 2 0 1( 0 0
53) —=—(——i—) —_=—(—+i—).
Jdz; 2\ 9x; 0y z; 2\ dx; dy;
As a special case of (51)), the operators @ and @ on Q%°(M) are given locally by

n af _ n 3f .
8f=21:a—zjdzj, 3f=21:a—ijdzj.
J= J=

The crucial point now is that the one-forms dz; in our coframe are closed (since dz; = dx; +idy;
and dx; and dy; are closed), and so when we compute the exterior derivative of a (1,0)-form as
in the third term in that formula does not appear. More generally, for a tuple I = (iy,...,1,)
with iy <--- <1, let us write dz; =dz; A--- A dzl-p and dz; =dz; A+ A d:Zl-p. Each of these forms
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is closed by the Leibniz rule. Then any w € QP9(M) has restriction to our holomorphic coordinate
chart U given by

wly = Z fydz A dZ;

#I1=p,#J=q
and so by the Leibniz rule and the fact that each d(dz;) = d(dz;) =0,
(54) d(l)lU: Z (3fU)/\dZI/\d:ZJ+ Z (éflj)/\dzl/\dél].
#I=p,#J=q #I=p,#J=q

COROLLARY 2.3.4. Let M be an n-dimensional complex manifold. Then there are linear oper-
ators 8,0 on GBZZOQI‘(M)C such that d = @ + @ and such that @ restricts to QP4(M) as a map
d: QPI(M) — QPLI(M), while 0 restricts to QP4(M) as a map @ : QPI(M) — QP9+ (M). Moreover
we have identities

9*=0, d9d+do=0, I*=0.

PROOF. In the context of (54), each term (3f;;) A dz; A dZ; belongs to QP*14(U), and each
term (3 f;;) A dz; A dz; belongs to QP4*1(U). Since M is covered by coordinate charts U such as
those used in (54), this shows that d(QP4(M)) c QPTHI(M) @ QP9T1(M). So we can (and must)
simply define 8 and & to be, respectively, the first and second components of d with respect to this
splitting.

To see that the identities at the end of the proposition are satisfied, note that if w € QP9(M)
then

0=ddw=(0+3)(w+dw)=380w+(30+33)w+ddw.
Now 39w € QP24(M), (30 + 39)w € QP19+ (M), and 33 w € QPI2(M), so since these three
spaces are complementary the fact that ddce = 0 implies that all three of 99w, (80 + 98)w,dd w
must be zero. O

We emphasize that if (M, J) were only almost complex we would not be able to conclude that
d(Q°(M)) c Q2°(M)eQl}(M). In fact, the famous Newlander-Nirenberg theorem can be phrased
as saying that this latter condition holds if and only if there exists a complex manifold structure on
M with J as its associated almost complex structure. .

Since the operator & on forms from Corollary[2.3.4] satisfies 22 =0, we can make the following
definition:

DEFINITION 2.3.5. If M is a complex manifold and p,q € N, the (p, q)-Dolbeault cohomology is
the complex vector space
ker(d: QPI(M) — QPITI(M))

Im(3: QPa—1(M) — QPa(M))
The Hodge numbers of a complex manifold (M, J) are the numbers h?¢(M) given by
hP9(M) = dim¢ Hg’q(M).

HYI(M) =

Of course, we could do a similar thing with the operator d, giving groups Hg’q(M ), but this
would not give any new information since it is easy to check that there is an identity dw =030
yielding an isomorphism H54(M) = H g’p (M).

I will mention in passing that, analogously to the de Rham theorem identifying de Rham co-
homology with (for instance) Cech cohomology with coefficients in the constant sheaf R, there is a
Dolbeault theorem identifying H g’q (M) with the cohomology H1(M, Qﬁol) where Qiol is the sheaf of
holomorphic p-forms on M (so local sections are given in our language by (p, 0)-forms w satisfying
Jdw =0).
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2.4. The Dolbeault Laplacians

Let M be a compact complex manifold of complex dimension n with associated almost complex
structure J, and suppose moreover that M is equipped with a Riemannian metric g that is compatible
with J. (In this case we call (M, J, g) a Hermitian manifold, dropping the modifier “almost” since J
arises form a genuine complex manifold structure.) By (IQ) and Proposition[2.1.2] the complexified
exterior derivative d : Q%(M)e — QK1(M)¢ has an adjoint d*: Q"1 (M)e — QK(M)¢ with respect
to the inner product (a, 8) = [,, a A *f, given by d* = —x d*. (The sign is simpler than in previous
formulas because M automatically has even real dimension.) In view of Proposition [2.2.4] and
Corollary[2.3.4} the action of d* on any QP*4(M) is given by

d* =—x0 »—* 0 » where —+d*: QPI(M) — QP97 Y(M) and —*3*: QPI(M) — QP~9(M).

PROPOSITION 2.4.1. If we set 0* = — @ and 8* = — 9, then for all a € Q*(M)¢ and
B € Q%(M)c we have

(0a,B)=(a,0"B)  (0a,B)=(a,3"B).

PROOE. We will prove the first equation; the second follows by an identical argument (or just by
complex conjugation of the first). By the sesquilinearity of (-,-) it suffices to prove the statements
in the case that a € QP 1P(M) and B € Q" (M) for some p,r. By Proposition both
sides of the equation (da, ) = (a,d*B) will then automatically be zero if p # r. If p = r, note
that da € QPYHA1-P(M) is orthogonal to B € QPFP(M), and likewise x3 x € QP~VKP(M) is
orthogonal to a € QP*"1"P(M). Hence

(éa’ﬁ) = (da,ﬁ) = <a’d*ﬁ> = <a:_*a*ﬁ>’

as desired. O

Motivated by this, we can form the Dolbeault Laplacians
O;=0%0+3d0%, 0,=0%3+33"
By construction, each d* restricts as a map QP41 (M) — QP9(M) and each 8 restricts as a map

QPFLI(M) — QP4(M), so Oz and O, both restrict as endomorphisms of QP4(M).
Just as with the original Hodge Laplacian, the calculation

(Oza,a) = (0*0a,a) + (30%a,) = (a,da) + (3*a,d*a)
implies that ker(d3) = ker(2) Nker(2*). In particular if a € Qli’q (M) lies in ker(O3) then a deter-
mines a class [a] in the Dolbeault cohomology Hg’q(M ) =ker(2d)/Im(2), and the complex version
of the Hodge theorem asserts that this is an isomorphism. The proof of this will rely on much the
same analysis as that of the ordinary Hodge Laplacian A, as we will establish that O0; is a very sim-

ilar operator to A, and indeed is simply directly proportional to (the complexification of) A under
an additional assumption on the metric. Explaining this will require the following digression.

2.4.1. The fundamental 2-form and the Kihler condition.

DEFINITION 2.4.2. The fundamental 2-form of a Hermitian manifold (M, J, g) is the element
w € Q?(M) defined by
wlv,w)=g(Jv,w).

(Note that w is indeed alternating, since the J-compatibility and symmetry of g show that
ww,v) = g(JJw,Jv) = —g(w,Jv) = —w(v,w).) Of course Q2(M) sits inside its complexification
Q*(M)¢, all elements of which extend (via the restriction isomorphisms AZT* M = (AT M)c)
uniquely to complex-bilinear alternating 2-forms on each of the complexified tangent spaces T,,M¢;
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we will continue to denote this complexified form by w. Denoting by (,-) the Hermitian inner
products on the T,,M induced by the Riemannian metric g together with (43)), we evidently have

wv,w)={Jv,w) forv,we T, Mc.

So it follows that if U is an open set and {e;,...,e,} is an orthonormal frame of vector fields for
T, oM|y (ie., for each m € U {(e;),,,...,(e,;)n} is an orthonormal basis for (T; ,M),, with respect
to (-,-)), with dual coframe {e!,...,e"}, then

n
(55) wly =1y e A&

=1

In particular w € Qb1(U). For an alternative description, if (z,...,2,): U — C" is a local holo-

morphic coordinate chart for (M,J) and if we define functions hj;: U — C by hj, = <%, aizk> (so
- J

hkj = th) then

(56) wly =1 hydz; AdE.
j,k

(Elsewhere in the literature you may see a similar formula but with é in place of i; the explanation
is that our hj; is one-half of what many authors use: if g is the standard Euclidean metric on C"

. . 1
our definition gives hj = 506 j.)

DEFINITION 2.4.3. A Hermitian manifold (M,J, g) is said to be a Kédhler manifold if its associ-
ated fundamental 2-form w satisfies dew = 0.

As mentioned in the footnote in Section[I.2.T] a general construction in Riemannian geometry
(“exponential coordinates”) allows one to choose a coordinate chart around any point in terms of
which the Riemannian metric agrees with the standard Euclidean metric up to second order near
the chosen point. If the Riemannian manifold also carries a complex structure, this construction
cannot always be made compatible with that structure. One interpretation of the Kihler criterion
is that it is precisely what is required for such “complex exponential coordinates” to exist.

PROPOSITION 2.4.4. A Hermitian manifold (M, J, g) is Kdhler if and only if for each point m € M
there is a holomorphic coordinate chart ¢ = (21,...,%,): U — C" for M such that ¢(m) = 0 and a
constant C such that, for each j,k € {1,...,n} and x € U,

o 9\ _1s
9z;" 0z [, 2 Ik

PROOE. Throughout the proof we denote hj;(x) = <%, aizk> for any given local holomorphic
J X

chart (z,,...,2,): U— C" for M. The reverse implication is straightforward: its hypothesis implies
that for any m € M we can find a local holomorphic chart for which (dhj;),, = 0, and so differ-
entiating shows that the fundamental 2-form w satisfies (dw),, = 0. But m is arbitrary, so
dw=0.

Conversely suppose that dew = 0. By postcomposing an arbitrary coordinate chart with a suit-
able complex-linear map (namely the basis change matrix corresponding to applying the Gram-
Schmidt process to the basis {a%} for T, oM, associated to an initial coordinate chart), we can find

< CllpColP.

a local holomorphic chart (z,,...,2,): U — C" mapping m to 0 for which hj(m) = %Sjk. Our task
then is to modify this to a different local coordinate chart that additionally has the property that
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(dhji)m = 0. We will take the coordinates of this chart to be given by
(57) W] :Z] +Zajklzkzl
Kl

for some complex numbers aj; to be determined; any such choice will evidently have (dw;),, =
(dz;),, and hence (2,2, = 165 jk- The chart will have the desired property provided that

ow;? dwy

—Zdw Adiv; = (hy +O(IE]?) dz; A d,

Jj,k
where we use the standard notation O(||Z||?) for a generic quantity that is bounded above by a
constant times Z |:z-|2 (indeed, one has (aiwj’ aawk) = w(—law , aw =) and by (5f) the indicated
1
condition implies that cw(— 13W1 , 3W ) =38 +O(ZII?) = 36 % + Ol Wll*)).

Now for w; as in (57), one finds

J

— Zdw A dW = Z (2 ik + Z(akl] + akﬂ)zl +Z(aﬂk + ajkl)zl) dZ A dzk
j.k

So the de51red property holds provided that

dhy dhy

S = iyt Akt -
521 J J aZl

in fact the second set of equations follows from the first by complex conjugation since hj; = i_lkj.

=aj+ay forall j,k,1;

. ah;
So we just need to check that we can choose complex numbers a;;; such that B—;k = ayj + aij;; the

hlk hik _ Ohy .
But a 7z,

h;
relevant obstruction here is that this would require -~ P ‘ to be equal to

ah;
coefficient of dz; Adz; Ad% in dw, so the assumption that (M, J, g) is Kahler 1mp11es that 2 = %lf.

ah ah
So we can satisfy the requirement by setting a;;; = ; 5 Zjlk = 1 &

COROLLARY 2.4.5. Let (M, J, g) be a Kdhler manifold. Thenfor any m € M there is a neighborhood
U of m and an orthonormal frame of vector fields {e,,...,e,} for T; M|y such that the dual coframe
{el,...,e"} satisfies (de’),, = O for each j.

PROOF. Let (24,...,2,): U — C" be a coordinate chart as in Proposition [2.4.4] and apply the
Gram-Schmidt process pointwise to the frame {Bizl""%} to obtain {e;,...,e,}. The fact that
(aizj, aizk) = %5jk is easily seen to imply that, for each j, e; = 1/53% + 0O(||2]|?), and hence also that
e/ =dz;+ O(||Z||?). But then (since the coordinate chart maps m to the origin) (de’),, = (ddz)), =
0. 0

2.4.2. Interior and exterior products. Here are two simple types of operations on the (com-
plex, for definiteness) exterior algebra of a vector space:

DEFINITION 2.4.6. Let W be a vector space over C, let v € W, and let a € W*. We define:
o The interior product with v to be the operation ¢, : AféW* - A(k:_lw* given by
(1, 0)We,...,w1)=0(v,wq,...,Wr_1).
o The exterior product with a to be the operation €, : AEW* — Af(‘:“W* given by

€,0=anb.
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PROPOSITION 2.4.7. Let {vy,...,V,} be a basis for the complex vector space W, with dual basis
{vl,...,v™}. Then
(1 j=k
ijbvk + kae‘,j = 0 ]# k.

PROOE For L = (I1,...,1,) let us write v = vlt A --- Avlr. It suffices to consider the action of
€yily, + 1, €, on elements of the form v" or vk A vl where we always assume that k ¢ {l;,...,1,}.

We have 1, v* = 0, while ¢, (v Av") = vE. For j # k we see that
(€yity, + 1y, €,)(V)=0+0=0,
while
(€yity, + 1, €DV AVE) =V AVE 40, (W AVEAVE) =9I AvE =y AvE =0
Meanwhile
(pkty, + 1, 6,0V =0+, (FAVE)=vE
and
(€yty, + kaevk)(vk AVEY=vEAvE 40

SO €.kl + L, €, is the identity. |

Now let us assume that our complex vector space W is the complexification W = V. of an

oriented real inner product space (V,(:,), 0), so that we have an induced Hermitian inner product
(-,+) on W and a complexified Hodge star operator *: AEW* - A(’g_kW*.

PROPOSITION 2.4.8. For each v € Vi we have xo(, = (—1)](_16(.’;,) o x as maps defined on A(’EVC*.

PROOE. Both sides are complex linear in v, and both of the maps are linear, so it suffices to
consider the effects of the maps on wedge products v! A --- A vk where the v/ are the dual basis
elements to an orthonormal basis {v;,...,v,} having v A--- A v, = w(g, and where v is equal to
either v; or to v;.

If v = viq, then ¢, (v A+ AvK) = 0 while

*(Vl/\---/\vk)z(-,17)/\--~/\(',Vm)

and hence e<4,‘7)(*(v1 A--+Avk)) = 0. So in this case both maps in the proposition evaluate as zero
on our element.
If v=v,, then

xo b, (VEA - AVE) = x(V2 A AVF)
= (1) A G Vi) A (V)
= (—1)’(_16(,"—,) *(VEA - AVR).
Here in the second equality we have used Corollary[2.1.6]and the fact that
Vo A AVEAVE AVigg A AV = (1D v A Ay, = (1) Twf.
O

COROLLARY 2.4.9. If (V, (-, ), 0) is an even-dimensional oriented inner product space and if {v;, ..., v, }
is an orthonormal basis for Vi with dual basis {v1,...,v™}, then
*E 1k = Ly
PROOE. Applying the preceding proposition with v = ¥, (and hence (-,7) = v!) gives €,1x =
(1)1 *1; as functions on AféVC*. So since (using the even-dimensionality of V) xx acts as (—1)*
on A(’E’lv(é‘, the result follows by applying * to both sides. O
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2.4.3. The Kihler identities. As we will see in this section, the Kédhler condition on a Her-
mitian manifold (M, J, g) leads to certain surprising identities involving the fundamental 2-form w
and the operators d, 3%, 6_’, o* ; we will also see that in the non-Kéhler case these identities still hold
“modulo lower-order terms.”

For the next several paragraphs, assume that we have an open subset U C M and an orthonor-
mal frame {es,...,e,} for T; (M|y; thus w|y = izj e/ N&/. For m € U, we will say that this frame
is adapted at m if (de;),, = 0 for all j. So Corollary 2.4.5]asserts that, if M is Kéhler, then for each
m € M there exists a neighborhood U of m and an orthonormal frame for T; (M|, which is adapted
at m.

We will write e’ =€ A--- Ae and &/ =& A--- A&l for tuples I = (iy,...,1,),J = (i, -, Jg)-
Here is a seemingly technical but hopefully conceptually-simple definition.

DEFINITION 2.4.10. For any natural numbers k, [, a zeroth-order operator T : Q*(U)e — Q(U)c
is a linear map for which there exist smooth functions p;;x; on U such that T is given by the formula

T (quel A EJ) = Z PukLfise NE"
J

1J,K,L

For m € U, we say that a zeroth-order operator T vanishes at m if the functions p;;x; all obey
pxL(m) = 0 (or equivalently, if (Ta),, = 0 for all a € Q*(U)c).

Similarly, a first-order operator T: Q*(U)c — Q!(U)c is a linear map for which there exist
smooth functions p;;x1,qrsxz > drsxr,r 0 U such that T is given by the formula

I ns) ~ K 5L
T ( 2 :fIJe Ae ) = E (QUKL,rVe,fIJ + ke, Ve, i+ PI,J,K,LfIJ) e Ne”.
7 IJK,L

For j =1,...,n let us define operators J;, 5’j: QK (U)e — QF(U)e by:

9; (ZfIJeI A éj) = Z(Ve}fu)@l NE, 5, (queI A EJ) = Z(Véjfu)el nE.
7 L J 1J

So both J; and éj are first-order operators. Note also that

d(fe' N&) = 3(ea(fel AE))+FO(e! NE),
J

and similarly for J. Hence 8 — Z i 3j oe,; and J— Z i 9j o €;; are zeroth order operators, and these
operators vanish at m if the frame {e,,...,e,} is adapted at m.

Note that the operators d; commute with any operator that both is linear over C*°(M, C) and
sends each e’ A&’ to ceX A el for some ¢ € C and multi-indices K, L. Such operators include the
Hodge star operator (by Corollary [2.1.6] since (-,¢;) = ¢' and (-,e;) = ¢') and also the exterior
products €e,s €, and the interior products Le,» bg,- From this we can quickly observe:

PROPOSITION 2.4.11. The operators 8*: QP4(U) — QP97 (U) and 3*: QPI(U) — QP H(U) are
given by

é*z—Z(EJOLéj)+T, 8*=—Zé_’j0Lej+T’
J J

where T and T’ are zeroth-order operators. Moreover T and T’ both vanish at m if the frame {e;, ..., e,}
is adapted at m.
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PROOE. We have 3* = — x 9, and we have shown above that  differs from . j0jo€, bya
zeroth order operator. So the result for 3* follows directly from the facts that *J; = J;* and that,
by Corollary[2.4.9] x o €, 0 x = t,- The argument for 0% = —x d is identical. O

THEOREM 2.4.12 (Kihler identities). Define an operator L: Q*(U)c — QK2(U)¢ by L(a) =
w A a. Then
LO*—0*L=—id—S L3*—3*L=i0—S
where S,S’ are zeroth-order operators. Moreover if (M, J, g) is Kihler then S =S’ = 0.

PROOE. By (55) we have L =i ), €, o €z, which in particular implies that L commutes with
the operators J;, J;. Let T, T’ be the zeroth-order operators from Proposition[2.4.11} We then have,
using Proposition [2.4.7]in the second and third equalities:

Lo(0*—T)—(d*—=T)oL=—i (Z (eekeéké‘jbé/ — ajbéjeekeék)) =—i Z djo (eekeékaéj + eekbéjeék)
ik

Jjk
=—i Z 0j€,, 03l =—1 Z 3jeej
Jok J

(where 6 is the Kronecker symbol). This right-hand side differs from —id by a zeroth-order op-
erator which vanishes at m if our frame is adapted at m. So since —LT + TL is likewise a zeroth
order operator which vanishes at m if our frame is adapted at m, this proves that the difference
S =—i0*—(Ld*—3*L) is zeroth-order operator which vanishes at m if our frame is adapted at m.

To see that S = 0 if (M, J, g) is Kéhler, we have shown that, for any a € Q*(U) and any m € U
we have (Ld*a—3d*La),, = (—ida),, +(Sa),,, and moreover if we choose a frame which is adapted
at m (as is possible by Corollary[Z:4.5) then (Sa),, = 0. But the terms (Lo *a—3d*La),, and (—ida),,
are independent of which frame we choose, and so by choosing an adapted frame we learn that in
fact (Ld*a— 0*La),, = (—ida),,. This holds for all m, so indeed Lo* — d*a = —id in the Kihler
case.

This completes the proof of the statements concerning the operators 8* and S; the statements
concerning J* and S’ may be proven either by an identical argument or by taking the complex
conjugate of the identities that we have already proven. |

We can now work more globally. Let us say that a C-linear map T: Q(M)c — Q!(M)c is
a zeroth-order operator (resp. a first-order operator) if there is a cover of M by open sets U
equipped with local orthonormal frames for T; oM |; such that whenever supp(a) C U we also have
supp(Ta) € U, and such that there is a zeroth-order (resp. first-order) operator Ty : QX(U)e —
Q!(U)¢ such that (Ta)|; = Tya whenever supp(a) € U. (In other words, a first-order operator is
one which is locally given by the action of a first-order partial differential operator on the coefficient
functions of a k-form, and likewise for a zeroth-order operator.) It is easy to see that the compo-
sition of two zeroth-order operators is a zeroth-order operator, and likewise the composition of a
first-order operator and a zeroth-order operator (in either order) is a first-order operator. Note that
in our convention a zeroth-order operator is a special case of a first-order operator (so perhaps we
should say “at most first-order” instead of “first-order”). Theorem [2.4.12]then immediately implies:

COROLLARY 2.4.13. Defining L: QX(M)¢s — Q*2(M). we have 8 = i(Lo* —3*L)+S and 2 =
—i(L3* — 0*L) + S’ where S,S’ are zeroth-order operators. If (M, J, g) is Kihler then S =S’ = 0.

Recall our Laplacians

Ac=d*d+dd*, O;=0*3+00% 0O,=0%3+3dd".
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The Kéhler identities show that these operators are closely related:

THEOREM 2.4.14. If (M, J, g) is a Hermitian manifold, there are first-order operators T, T’ such
that

1 1 ,
DéZEAc‘i‘T and DEZEAC+T

Moreover if (M,J, g) is Kihler then T =T’ =0and so O3 =0y = %AC.

PROOE. With notation as in Corollary[2.4.T3] we have:

O; =03 +03*=—i(8"(Lo*—3*L) + (LO* — 3*L)3*) + (3*S' +§'3")
= i(5°0"L — 53°Lo" + 9°LE* —12°5%) + (3°S' + §'57).
Similarly
O, =03 +03*=i(8*(L3* —3*L) + (L3* —3*L)d*) +(8*S +S3%)
=i(—0"3*L—3*L3* + 0*L3* + L3*0*) +(3*S + S3").

Now the fact that 39 + 33 = 0 implies that 0*3* = —3*3*, so the expressions multiplying i in the
above formulas for Oy, 0; are equal to each other. Thus:
O;—0; = (3*S' +58'0*)—(8*S +S38*) is a first-order operator, and O; =0, if (M, J, g) is Kéhler.

To compare O, and Oj to A, note that

Ac=(0+0)(@+d)+(@+3)2+a)
=0, +0; +(3"0 +33%)+ (%3 +80%).
Now using Corollary [2.4.13] again,
%0+ 00" =—i(0*(Ld* —3*L)+ (L3*—3*L)d*) +(8*S' +5'3%)
=0"S'+5'0*

since *0* =0. So 3*0 +33* is a first-order operator, and is zero in the Kéhler case. An essentially
identical calculation shows that 9*9 + J * is a first-order operator that vanishes in the Kéhler case.

Thus Ay — 0Oz — O, is a first-order operator that vanishes in the case that (M, J, g) is Kéhler.

Together with the fact that O3 — O, is a first-order operator that vanishes in the case that (M, J, g)
is Kahler this proves the result. O

2.5. The complex Hodge Theorem

Theorem [2.4.14] allows us to prove statements for the Dolbeault Laplacians O, and O along
exactly the same lines as we proved them for the Hodge Laplacian A, leading to versions of the
Hodge theorem for O, and O3. We now proceed through the relevant arguments; the basic point
here is that the precise nature of the first order part of A was irrelevant to our proof of Theorem
[[.I132] The fact that 20; and 20, each differ from ther complexification Ay of A by first-order
operators implies that, for any 6 € QX(U)c, either of the equations 20;a = 6 or 20;a = 6 may
be written in local coordinates in the form (36). So if we define a weak solution to Oza =6 to
be a class-W'? complexified form a satisfying (da,dn) + (d*a, d*n) = (6,n) for all 1, it follows
exactly as in Theorem[L.6.6]that, if 8 is of class W™?2, then any weak solution to Oza = 0 is of class
Wmt22 A similar statement applies to solutions to Oya = 6.

If one now defines Bz(a,p) = (da,dp) + (d*a,d*B), just as in Lemma [I.6.7] we obtain a
bound Bz(a,a) > A;llall; , —As{a, a) where A;,A, > 0, in view of which setting Bg(a,/j) =
Bs(a,B) + A{a,B) for any A > A, defines an inner product on W2(QP9(M)) which is uniformly
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equivalent to the usual inner product. So just as in Corollary [1.6.10] the (complex version of the)
Riesz Representation theorem gives, for any 8 € L2(2P9(M)), a unique solution ay € W12(QP4(M))
to the equation Bg(a9,~) = (0,-). As in (@), if we set K& = Aa, then K: L2(QPY(M)) —
L?(QP94(M)) is a compact, self-adjoint operator such that K@ is a weak solution to the equation
0;(K0) = AM(6 —K0). Consequently Im(I —K) C Im(O3: W22(QP4(M)) — L%(QP9(M))) and
ker(I —K) = ker(dz: W22(QP4(M)) — L2(QP9(M))).

So Proposition[1.6.13]shows that ker(O; : W*2(QP4(M)) — L*(QP9(M))) is finite-dimensional
and that its L*-orthogonal complement is contained in Im(0;: W*3(QP9(M)) — L*(QP9(M)).
Hence for any (smooth) element 6 € QP9(M) which is L?-orthogonal to ker(Oz: QPI(M) —
QP49(M)) there is a class-W?? solution a to O3a = 0. But as noted earlier such a solution must
be of class W™*22 for all m and hence is smooth. Thus, analogously to Theorem [[.T.12}

THEOREM 2.5.1. If (M, J, g) is a compact Hermitian manifold then for any p,q let %’ép’q(M) =
ker(Od;: QP4(M) — QP9(M)). Then 32"; (M) is finite-dimensional, and
%;’q(M)L cIm(dz: QPY(M) — QPU(M)).

As with Theorem [I.1.12] the reverse inequality is trivial: if @ € QP4(M) and 6 € ker(O,) then
(Oza, ¢) = (a,03¢) = 0. One can then deduce the analogue of Theorem [[.1.T0along exactly the
same lines as was done in Section [[.T.4} elements ¢ of %;’q(M) obey (0¢,0¢) + (0*¢,0%P) =

("0 +33*)¢,¢) =0 and hence d¢ = 3*¢ = 0, so we obtain
Im(d) ®Im(3*) C 3@0;"1(1\/1)i =Im(0*3 + 30*) c Im(3) ® Im(3*),
SO %ép A(M)*+ =Im(3) ® Im(3*) and we have an orthogonal direct sum decomposition QP4(M) =

HAP(M) @ Im(3) @ Im(3*), with ker(d) = A(M) @ Im(J). Hence:

THEOREM 2.5.2 (3 version of the Hodge theorem). Let (M,J, g) be a compact Hermitian mani-
fold. Then the map

ker(d: QPU(M) — QPIH(M))
Im(3: Qra-1(M) — Qpa(M)

(M) — HEI(M) =
a—[a]
is an isomorphism. In particular Hg’q(M ) is finite-dimensional.

Of course, the exact same arguments show that we likewise have an isomorphism between

X ) a
#09(M) = ker(D,) and HYI(M) = &2

One consequence of this is an analogue of Poincaré duality which is a special case of Serre dual-
ity from algebraic geometry. Recall that complex conjugation gives a conjugate linear isomorphism
from Hg’q(M ) to Hg’p (M). Meanwhile, recalling that 0* = —x d* and * = — x 0%, one sees that

O =—(x@*3+3dx03x), Oy=—(x0 %3+ ~x0*).
From this one finds that O, (xa) = *»(Oza) for any a (since *x acts on k-forms as (—=1)* on our
complex—and hence even-real-dimensional—manifold). Thus  defines an isomorphism H g’q (M) —
HZ *"P(M). Combined with the conjugation isomorphism mentioned earlier we obtain:

COROLLARY 2.5.3 (Serre duality). If (M,J) is a compact complex manifold there is a conjugate-

linear isomorphism H g’q (M)=H gfp (M.
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Theorem[2.5.2]and Corollary[2.5.3|hold regardless of whether the compact Hermitian manifold
(M, J, g) is Kahler; however in the Kéhler case matters simplify significantly and we obtain other
interesting results. For the rest of this section assume that (M,J, g) is a compact Kihler manifold.
We then have A =20, = 203, so taking the kernels of these operators gives (for k = p +q),

(58) A (M) N QPUM) = AU (M) = #P1(M)  if (M, J, g) is Kéhler.

So Theorem 2.5.21 and its analogue for H5? give an isomorphisms Hg’q (M) = HY(M). Together

with the conjugate-linear isomorphism Hg’q(M ) — H}?(M) and the Serre duality isomorphism of

Corollary[2.5.3] this shows that the Hodge numbers of Definition [2.3.5]satisfy a four-fold symmetry
hPA(M) = R&P(M) = h™P"9(M) = K™ 9"P(M) if (M, J, g) is Kéhler.

More interestingly, in the Kahler case there is a very straightforward relation between the Dolbeault
and de Rham cohomologiesﬂ Indeed, the fact that Ac = 20 shows that the map A¢: QK(M)e —
Qk(M) restricts, for any p,q with p +q = k, to a map Aq: QP4(M) — QP9(M). In view of this,
the decomposition QX(M)c = ®,+q=1271(M) yields a decomposition

ker(Ac: QM) — Q5 (M)e) = @ #F (M) naPam),
p+q=k

and so by (58), Proposition 2.1.3] and Theorem 2.5.2] we obtain:
THEOREM 2.5.4. If (M, J, g) is a compact Kdhler manifold there is an isomorphism
kear- o) = P:q
HY(M;C) = p@kHE} (M).
Thus the Betti numbers b, of M are related to the Hodge numbers by
be(M)= > hPi(M) if (M,J,g) is Khler.
ptq=k

COROLLARY 2.5.5. If (M, J, g) is a compact Kdhler manifold then, the odd-degree Betti numbers
byj1(M) of M are even.

PROOE Recalling the conjugation symmetry h*? = h??, we see that

2j+1 j j
byjir(M) = D hP2HIP(M) = > (hP2HIP (M) + R2H17P2 (M) = 2 ) hP2H1P (M),
p=0 p=0 p=0

O

Let us also mention another, simpler, topological consequence of the Kéhler condition. If
(M,J, g) is a compact Kihler manifold, then its fundamental 2-form «w is closed, and is given lo-
cally by w|y = iz;lzl ek A &* where {e*} is the dual basis to an orthonormal frame {ey,...,e,} for
T oM]|y. Consequently w"|; = i"nle’ A&' A--- A&" A&"; in particular w" is nowhere-vanishing
(and is also real, since w € Q*(M) C Q*(M)¢). Thus w" induces an orientation on M, and (using
this orientation to define integration of 2n-forms) f y @" > 0. Stokes’ theorem then shows that w"
is not exact. But since w is closed, we have a cohomology class [w] € H2(M), and the cup product
in de Rham cohomology is given by wedge product, so that [w]" = [w™]. Thus:

2More generally, in the non-Kéhler case one can use the notion of the spectral sequence of a filtered complex to obtain
a spectral sequence from the Dolbeault to the de Rham cohomology, but this is not sufficient to calculate one in terms of the
other unless one has additional information
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COROLLARY 2.5.6. If (M, J, g) is a compact n-complex-dimensional Kdhler manifold then there is
a € H?(M) such that a™ # 0. In particular H*(M) # {0}

For instance this shows that smooth manifolds such as $2" or S2 x $2" can never be made into
Kahler manifolds for n > 2.

There are a variety of other interesting topological consequences of the Kahler condition that
are beyond the scope of these notes; for instance the “Hard Lefschetz Theorem” (see [[GH| p. 122])
asserts that the class a = [w] from Corollary[2.5.6l has the property that, for each i € {0,...,n}, the
map

Hn—i(M) —>Hn+i(M)
c— aic

is an isomorphism. The paper [DGMS]] contains some additional topological results on Kéhler man-
ifolds from the viewpoint of rational homotopy theory.

We close this chapter on a more concrete note by considering some examples of complex man-
ifolds which do or do not admit Kahler structures.

EXAMPLE 2.5.7. If n =1 and (M, J) is a compact complex 1-manifold (so its real dimension is 2),
then for any choice of J-compatible metric g it will hold that (M,J, g) is Kdhler, for the trivial reason
that the fundamental 2-form w, like any 2-form on a 2-manifold, is closed. Now a compact smooth
2-manifold M can be made complex if and only if it is orientable (the forward implication is trivial; for
the backward implication, choose a Riemannian metric and define an almost complex structure J by the
property that for each unit vector v € T,,M the pair {v,Jv} is an oriented orthonormal basis for T,,M,
then use the Newlander-Nirenberg theorem—which is a bit easier to prove in two real dimensions, see
[MS1] Theorem 4.16]—to see that J is induced by a complex manifold structure on M). So the fact
that complex 1-manifolds can always be made Kdhler is, via Corollaries [2.5.5] and consistent
with the fact that every compact orientable surface has H? # {0} and dim H! even, as is familiar from
the classification of surfaces. Indeed one could even say that we have given a proof of this latter fact
that is independent of the classification of surfaces, though admittedly significantly simpler proofs than
this are possible.

EXAMPLE 2.5.8. Moving up one dimension, consider the “Hopf surface,” defined topologically as a

quotient space

C*\ {0}
C F~27

It is easy to give a complex-2-manifold atlas for H: note that the quotient projection p: C2\ {0} —» H
restricts to either {Z € C%|1 < |Z| < 2} or to {Z € C?|3 < |Z| < %} as an embedding of an open subset;
let Uy, U; C H be the respective images of these embeddings and let ¢o: Uy, — {1 < |Z] < 2} and
¢,: U — {% <|Z] < %} be the inverses of the embeddings. Then H = U, U U;, while ¢,(U,NU;) =
{1<Z| < %}U{% <|Z| <2}and p;(UyNU;)) ={1<Z < %}U{% < |Z] < 1}. The transition function
¢Poo qbl’l restricts to {1 <Z < %} as the identity and to {% < |Z] < 1} as multiplication by 2, so ¢y 0 qbl’l
is holomorphic and we have indeed presented an atlas making H a complex-two-manifold.

Now there is an obvious diffeomorphism F: S x S* — H: we can view S! as % and S* as the
unit sphere in C2, and define F(Z,r) = p(rZ) where again p: C2\ {0} — H is the projection. So H is
an example of a complex manifold that cannot be given the structure of a Kihler manifold: indeed we
have b,;(H) = b;(S* x $®) =1 and b,(H) = b,(S! x §*) = 0, so H violates both Corollary Z.5.5]and
Corollary 2.5.6]



2.5. THE COMPLEX HODGE THEOREM 77

EXAMPLE 2.5.9. Consider the complex projective space
pri— cr\ {0} _ g2n+l |
Z~AZfor A eCx  Z~ el%% for el? € S?
Denote by p: C™1\ {0} — CP" and m: S*"*! — CP" the quotient projections. One can define a

complex manifold atlas on CP™ by covering it with open sets U, = p({Z € C"™!|z; # 0}), and defining
charts ¢, : CP" — C" by

o(lz0:---12,]) = (z—o,...,zk—_l,zk—Jfl,...,Z—”).

Zx Bk 2k
It’s easy to see that the transition functions ¢; o (/),?1 have components given by rational functions of
the z;, and so are holomorphic.

The Fubini-Study metric is, roughly speaking, the Riemannian metric induced on CP" using the
quotient map 7: S*"*! — CP" and the standard metric on S*"*! (this makes sense because the maps
Z — %% are isometries). More precisely, let {-,-) be the standard inner product on C"™*! (which we
freely identify with T;C"*! for any Z € C"*1), so Re(,-) is just the (real) dot product. Then, for
Z € §2" we have T;S?>"*! = {w € C"*}|Re(Z, W) = 0}.

Now the linearization (1, );: TyS*>"! — T;zCP" is surjective and has image spanned by JZ where
J is the standard complex structure on C". This leads to an identification of TjzCP" with the (real)
orthogonal complement of {JZ} inside T;S*"1, i.e. with the real orthogonal complement of {Z,JZ} in
C™1, i.e. with the complex orthogonal complement of Z in C*"'. Thus we have an identification

(59) Ty CP" 2 {i € C™|(i#, ) = 0}.

Notice that the set on the right-hand side above is unchanged if we replace Z by €'%Z, i.e. it only depends
on the element [Z] of CP™ and not on the choice of preimage z € S*"*1.

Under this identification, it is not hard to see that the (almost) complex structure J on CP" given
by simply acting on the complex subspace T;CP" = {W € C*"'|(#,Z) = 0} of C**! by multiplication
by i is the same as the complex structure induced by our coordinate atlas for CP". For instance, one
can see this by noting first that the projection p: C"**\ {0} — CP" is holomorphic and then that the
linearization of this projection at any Z € S***! maps any element of {w € C""|(, Z) = 0} to itself

We can now define the Fubini-Study metric g by simply putting g(v,w) = Re(¥, W) for ¥,w €
T;CP" = {w € C""|(W,Z) = 0} < C"L. Thus the corresponding fundamental 2-form on CP™ is given
by w(¥,w) = Re{JV,W). Part (b) of the exercise after this example will confirm that this form is closed.

Assuming this result, we obtain a wealth of examples of Kihler manifolds by taking an arbitrary
complex submanifold of CP™ (for instance, one could use the vanishing locus of a collection of homo-
geneous polynomials, provided that this locus is smooth), and endowing it with the restriction of the
Fubini-Study metric; the Kdhler condition is satisfied because the restriction of a closed form is closed.

EXERCISE 2.5.10. Throughout this exercise p, T, w are as in Example[2.5.9|

(a) Show that 7*w is the restriction to S*™*1 of the two-form w,(V, W) = Re(J¥, W) on C"*1. (This
is not completely trivial, because you have to account for the direction in T;S**™! that is annihilated
by m,.)

(b) Show that *w is exact, and deduce from this that w is closed.

(c) Show that p*w = %69 log (ZLO Izjlz). (It will help think of p as the composition p =mor
where r: C™1\ {0} — S¥"*1 is the radial projection, so that p*w = r*(n*w), and also to find a
convenient a such that da = ©*w and work with o instead of w.) Deduce that, where ¢,: Uy, — C"
is the local coordinate chart described at the start of Example w|y, may be expressed in this

coordinate chart as 503 log (1 + Z};l IZjIZ) .






CHAPTER 3

Pseudoholomorphic curves

3.1. Introducing the nonlinear Cauchy-Riemann equation
We now turn to a different geometrically-interesting elliptic PDE:

DEFINITION 3.1.1. Let (%, ) and (M,J) be almost complex manifolds. A differentiable map
u: ¥ — M is said to be (J, j)-holomorphic (or just J-holomorphic if j is understood) provided that,
for all p € I, we have the following equality of linear maps T, % — T,,)M:

(60) u,0j=Jou,.

In other words, when we use the almost complex structures j and J to view T,% and T,,yM
as complex vector spaces, we are asking for the derivative of u at each p € X to be complex-linear
and not just real-linear. The equation will be called the Cauchy-Riemann equation. (As should
soon be clear, if ¥ and M are both open subsets of C it is equivalent to the usual Cauchy-Riemann
equation for a holomorphic map).

We will focus entirely on the case that the (real) dimension of ¥ is 2, and in applications a
standard example of (%, j) (such as CP! with its standard complex structure) will be specified. The
Newlander-Nirenberg Theorem guarantees quite generally that j will then be an integrable complex
structure, in the sense that ¥ has the structure of a complex 1-manifold (a “curve” as in the title
of the chapter) with j the almost complex structure induced by the complex manifold structure.
As for M, Proposition 2.2.2] shows that the real dimension of M is an even number, say 2n, but if
n > 2 we generally cannot expect that J will arise from a complex manifold structure on M, as the
following exercise shows. A “holomorphic curve” would be a map from a complex one-manifold
to another complex manifold (or perhaps the image of that map); the prefix “pseudo” in the term
“pseudoholomorphic curve” alludes to the fact that the codomains of our maps are typically not
complex manifolds.

EXERCISE 3.1.2. Construct an almost complex structure J on R* such that, in terms of the decom-
positions Q*(RY)¢ = @, P4 (R*) induced by J, the restriction of d to @°(R*) does not have image
contained in Q%>°(R*) ® QV1(R*). Hence by Corollary 2.3.4) there does not exist a complex manifold
structure on R* with J as its induced almost complex structure. (Suggestion: Since it’s not obvious
how to write down a large family of matrices whose square is —I, a good way of constructing an almost
complex structure is to choose a suitable complex basis {e;, e, } for the space that you intend to be TLOIR4
at each point (and then TOJ]R4 is obliged to be the complex conjugate of T1,0R4 and J is determined by
these data). Your basis will probably need to vary from point to point; do this in such a way that that
the corresponding dual basis element e' obeys de' ¢ Q*°(R*) ® QL 1(R*).)

Accordingly if p € ¥ we can choose a complex coordinate chart z =s+it: U — C, mapping z to
0 (where s, t are real-valued). That j is the almost complex structure induced by these coordinates

means that jg, = J, and jo, = —J, (where we use notation such as &, as an abbreviation for the

coordinate vector field %). So applying both sides of to &, yields the equation % =J %, while

applying both sides to o, yields —% =J %. In fact these latter two equations are equivalent, as can

79
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be seen by applying J to both sides of either of them and using that J> = —I. So in terms of a local
complex coordinate s + it on %, the Cauchy-Riemann equation is equivalent to the equation

du + Ju
ds "ot
Let us now introduce local coordinates on M near u(p) for p € X. Note first of all that there
exist bases for T,y having the form {v;,Jv;,...,V,,Jv,}; to prove this quickly from prior results,
based on Proposition[2.2.2lwe may take a basis for (T, ; M), having the form {v; +iw,,..., v, +iw,}
where each v, wy € T ;)M C T,;,)Mc, and then taking real and imaginary parts of the equation
J(v + iwy) = —i(vi + iw) shows that Jv, = w, and Jw, = —v;; moreover it’s not hard to see
from the various parts of Proposition 2.2.2] that {v;,w1,...,Vv,,w,} spans V. We can then take a
neighborhood V of u(p) and a local coordinate chart Z = (%,¥): V — R?" mapping u(p) to 0 and
whose derivative at u(p) maps {v;,Jvs,...,Vv,,Jv,} to the standard basis {0, 3, ,..., 0,9, } for
(the tangent space to) R?" = {(%, 7)|¥, ¥ € R"}. Now identifying R?" with C" via (¥, ) — ¥ +i¥,
the standard complex structure on C" (given by componentwise multiplication by i) is the linear
map J,: R?® — R?" defined by JoOy, = 9, and Jy0,, = —0,. Thus our coordinate chart identifies
J |Tu(p) v With the standard complex structure J, on R?". However, at other points x € V, we must
expect that the coordinate chart Z: V — M will identify J|; ) with some other complex structure
from R2"; the most we can say is that this complex structure will vary smoothly with x.
So using both the complex coordinate chart z =s+it: U — C to identify a neighborhood of p
with a neighborhood of 0 € C, and the above coordinate chartZ: V — C" to identify a neighborhood
of u(p) with a neighborhood W :=Z(V) of 0 € C", the Cauchy-Riemann equation becomes

0.

du du
(61) Ts +J(u(z))§ =0

where J: W — Endg(C") is a smooth function with J(0) = Jo and J(£)2 = —I for all Z € W.
We emphasize that the appearance of the term J(u(z)) makes this local version of the equation
nonlinear. (If J were constant the local version would be linear, though from a global standpoint
our equation cannot considered to be linear for the simple reason that there is no vector space
structure on the set of maps from a surface ¥ into a manifold M.)

It is useful to rephrase this equation in term of the operators 9, = % and Jd; = % from (53).
Adapting these to functions with image in C" rather than C by simply working component by com-
ponent, and recalling that J, just denotes componentwise multiplication by i, for u: C — C" we

have
=1 (2 02 aus (20,2
7 2\as ot a\es  %ac)
Hence
Z—Z = d,u+ g;u, % =J5 ' (—d,u + d;u) = Jo(3,u— du),
and
a_u

s +J(u(z))% = (I —J(u(z)J)osu+ (I +J(u(z))Jy)o,u.

Now we have chosen coordinates so that u(0) = 0 and J(0) = Jy, so when the right-hand side above
is evaluated at z = 0 the term (I —J(u(z))J,) simplifies to I —Jg = 2[ and the term (I +J(u(z))J,)
becomes zero. Since J and u are continuous, it follows that, at least after shrinking to a smaller
coordinate chart, I —J (u(z))J, will be invertible throughout our coordinate chart. So (after possibly
shrinking our open sets V and W) we may define

q@) =T —J@J) U +I (@),
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and then q: W — Endg(C") is a smooth function with g(0) = 0, and is equivalent to the
equation

(62) d;u+q(u(z))o,u=0.

Since q is small near our origin of coordinates (and is identically zero in the case that J(Z) is iden-
tically equal to J,), we might think of this locally as a nonlinear perturbation of the usual Cauchy-
Riemann equation d;u = 0.

3.2. Some properties of the linear Cauchy-Riemann operator

Nonlinear equations such as (62]) are generally more difficult to analyze than linear ones; it will
help us to have some background about the linear Cauchy-Riemann operator J; acting on functions
from C to C. So consider the equation d;u = f where we regard f as known. The following shows
that, if u is compactly supported, we can reconstruct u from f.

PROPOSITION 3.2.1. Letu € C;(C; C). Then for all z, € C, we have

1 o5
u(z) = —/ il MY TS
c

21t Jeo 2—2,
(In particular the integral on the right exists.)

PROOE Since u is continuous, taking the average value of u on small circles around z, gives

1 .
63 = lim — +ee'?)d.
(63 ) =lima= | utay+eehag

If p, ¢ are polar coordinates relative to z,, so that dB.(z,) = {p = €} and the usual coordinate on
C is given by z = z,+ pe'?, we have an equation of complexified one-forms dz = e!®dp +ipe'®d ¢,

So (63 gives

. i d
so since dp|sp,(,,) = 0 and pel® =z —z, we have ddlsp, ) = m

u(zy) = 1 lim/ u(z) dz

271 €20 35 (z,) 2 — %0

1
=——lim / d( u(z) dz)
2701 €20/ ¢\B, (z5) Z— 2

g;u

aBs(Zo)'

=———1Iim dz Adz.

271 €20 J\B, (z) 2~ %0
Here in the second equation we have used Stokes’ theorem (which applies despite the noncom-
pactness of C since u is compactly supported; the sign arises because the boundary orientation
for 2(C \ B.(z,)) is opposite to the boundary orientation for B.(z,)) and the third equation uses
the quotient rule and the fact that d(z —2,) A dz = 0. So the Proposition follows provided that

lim,_,, fC\B @) Z%uodz A dz exists (for then [ za_iso dz A dz would, essentially by definition, be equal

to this limit). We have assumed that u is C' and compactly supported, so d;u is bounded and com-
1

) == dA — 0 as € — 0. But converting to the

pactly supported. So it suffices to check that |, @

. .. . 2 .
polar coordinates p, ¢ centered at g, this integral is equal to fo " foe % pdodp = 2me, so it indeed
converges to zero. O

Let us define ¢p: C\ {0} — C by

1
w’

plw)=—
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Since dz A dz = —2ids A dt we find from Proposition [3.2.T] that a compactly supported C* function
u: C — C satisfies

u(z) = /C ¢ (20— 2)Bu(z)dA = (¢ + Bou)(zo)

where * denotes convolution. As in the proof of Proposition [3.2.T] we note that fBR(O) |p|dA =

027r f(f %rdrd@ = 2R, so ¢ is locally integrable; thus ¢ * f is a well-defined function for any
f € Cy(C; C). On the other hand the same computation (sending R — 00) shows that ¢ ¢ L!(C;C).
For f € Cy(C; C) let us define
Pf=¢xf,
so Pf € C(C;C) (by Proposition but generally we cannot expect Pf to be compactly sup-
ported even though f is. It follows from Proposition [[.2.5] that if f € C;(C;C) then also Pf €
C!(C; ), and that

But by Proposition[3.2.7] in this case PJ;f = f. Thus:

PROPOSITION 3.2.2. For f € Cé((C;C), the function Pf = ¢ % f is a solution to the equation
agu = f

We would now like to generalize this to the case that f € LP(Q;C) for some bounded domain
Q C C (where p < 00); note that C;(€;C) is dense in LP(Q;C). For any f € C;(2;C) we may
extend f by zero to be defined on all of C, then apply the operator P to obtain Pf € C!(C;C), and
finally restrict Pf to £2. We will mildly abuse notation and still write the resulting operator from
Cy(2;C) to C1(Q;C) as P.

LEMMA 3.2.3. For any bounded domain Q2 and any p < 09, the above operator P: C&(Q; C)—
C(Q; C) extends to a bounded linear operator P: LP(Q;C) — LP(£; C).

PROOE Since C&(Q; C) is dense in LP(Q; C), it suffices to show that there is a constant C, such
that we have a bound ||Pf||»(:c) < Collf llzr(a.c) for all f € C;(Q). Since Pf = ¢ * f this almost
follows from Young’s inequality ||g * fl1r(c.c) < 1€llLi(c;o)llf lzo(cic)> except for the issue that our
function ¢ is only locally integrable and not in L!. But since our domain is bounded we can work
around this as follows. Choose R > 0 so that  C Bz(0), and notice that, if z, € Q, then we have
(via the change of variables w = z, — 2)

Pf(zg) = /C ¢ (0 —2)f (2)dA, = /C 6 (W)f (50— w)dA,,

and the term f(z, — w) vanishes for all w outside the doubled ball B,z(0) (since if w ¢ B,z(0)
and z, € Q C Bz(0) then 2z, —w ¢ Bg(0)). Hence the integral on the right above is unchanged if we
replace ¢ by y ¢ where y is any compactly supported continuous function that equals 1 everywhere
in Byg(0). (Note that we can choose y to depend only on Q (or really only on R) and not on f.).
Since ¢ is locally integrable, we will then have y¢ € L'(C;C) with Pflq = ((x¢)*f)lg. So
Young’s inequality gives ||Pf || o0y < I(x @) * flleccsoy < X @l flio(c:c) @and the desired
bound holds with Cq = ||y ¢ || 11(c.c)- O

We can thus attempt to generalize Proposition [3.2.2] to this extended operator P, thus consid-
ering the equation J;u = f where f € LP(Q;C). As usual when we work with partial differential
equations and L? spaces, it works best to consider weak solutions to this equation, according to the
following definition.
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DEFINITION 3.2.4. If u, f are locally integrable functions on a bounded domain Q ¢ C, we say
that u is a weak solution to d;u = f and write d;u z f provided that, for all g € C;°(C; C), we have

/uaigdAz—/fgdA.
Q Q

(As usual, the motivation for this definition is that integration by parts shows that, in the case
that u is continuously differentiable, the left-hand side above would be equal to — [,,(d;u)gdA, and

so in this case d;u Vzvf if and only if d;u = f.)

PROPOSITION 3.2.5. Let Q C C be a bounded domain and let p < oo. For any f € LP(;C) we
have 8,(Pf) 2 f.

PROOE. Choose a sequence {f,} of functions in C}(£; C) such that f, — f in L?. By Proposition

[B:2.2] for each n we have &;(Pf,) = f,, and so &;(Pf,) V=an.
Now Pf, — Pf in LP and f, — f in L?, so (using Holder’s inequality, for instance), one therefore
finds for every g € C;°(22;C),

/(Pf)aigdAz lim /(an)aigdAz— lim /fngdA=—/fgdA,
Q n—oo [o n—0o0 Jo Q
as desired. O

If f € W™2(Q;C) where m > 1 and if d;u z f (for instance we could take u = Pf), then
applying J, to both sides of the equation d;u = f gives d,d;u = J,f ; note moreover that

22 1(8 .a)(a+.a) 1 32+32

= =——i—|[=t+i=— == —=+=—].

FE o4\ 9s 9t)\ds Ot 4\ ds2  Ot2

So since 9,f € W™ 2(Q;C) with |8, f lwn2¢0.c) < IIf llwma(a.cy our Regularity Theorem
applies to show that, for any Q' & Q, there is a constant C such that u € W™2(Q’;C) with
lullwmz@.cy < Cllullwize) + If lwne@.c))- The above required the right-hand side f of the

equation d;u v f to be at least class W'? (since we needed to apply &;u to f before applying the
main regularity theorem), but by a separate argument we can (at least if we choose the specific
solution u = Pf) require f to be only L2. The following (perhaps somewhat surprising) lemma will
be helpful here:

LEMMA 3.2.6. If h € C2(C;C) then ||3,hll;> = |&:hll 2 = LI VAl ..

2

PROOF. We have
Jh @

1 [(3h .8h\(3h Bh 1 2 ohdh 8hdh
a-h22=-/(—+~—) oh %M )ga =1 / ony dA+'/ ————— dA.
ekl =7 J \ 35 *13c )\ 35 ~'ae AVANEA RS 'Jo\Bras " as ar
Since h is compactly supported, the last integral may be converted via integration by parts to
Je(~h%% +h 5% ) da =0, and so indeed [|&:hI1%, = 31 VAIE,.

The statement that ||3,h||;- = %lIVhII 12 can be proven by an essentially identical argument by

changing some signs in the above calculation; alternatively one can just note that ﬂ = d.h and so
applying what we have already proven to h shows that ||9,h||;- = %HVhHLz = %HVhHLz. O

Motivated in part by this, let us define an operator T: C;°(C;C) — C*°(C;C) by T = g, 0 P.
Thus, for any u € C;°(C; C) we have:

T o;u = 9,Pd;u = o,u.
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So Proposition shows that, if f € C;°(C;C) has the property that f = d;u for some u €
C;°(C;C), then |ITf |2 = [|G,ull 2 = ||Gzull 2 = || I 2. In fact with only slightly more work one can
show that the same identity holds without the assumption that f = d;u for a compactly supported
u. (Actually this generalization isn’t strictly necessary for our purposes since we will ultimately only
apply T to functions of the form d;u where u is compactly supported; I am including the following
mainly as a not-too-hard-to-prove version of Theorem [3.2.8])

PROPOSITION 3.2.7. For any f € C;°(C;C) we have ||Tf ||z = ||fll 2. Hence T extends to an
isometry of L?(C;C).

PROOE. The trick is to evaluate the following exterior derivative:
d(PfTfdz+fPfdz)=(8,PfTf +Pfa,Tf —o,fPf—fo,Pf)dzAdz
=(ITfP+PfETF —aFPf ~|f*)dz ndz.
Now &;Tf = 8;9,Pf = 0,f since g;Pf = f, so the middle two terms above cancel and we obtain
(65) ITf12dz AdZ = |f*dz Adz+d (PfTfdZ+ fPfdz).

Now the definition of P makes clear that there is a constant C (depending on f) such that |Pf (z)| <
|§—|, and then since Tf = PJ,f a similar estimate holds for Tf. So if R is so large that the support
of f is contained in the interior of BR(0), we will have by Stokes’ theorem

— = —_— 27CR
/ d(Pfodi+fPf)=/ PFTfdz< =~
Bg(0) 9Bg(0) R
So integrating [65] over Bg(0) and then taking the limit as R — oo proves the result. |

In fact, the following theorem whose proof is beyond the scope of these notes (see [Al Section
VD] for one proof) shows that the above result extends to other values of p. We will later find
it useful to take p > 2, since (in the context of pseudoholomorphic curves) in this case all WP
functions are continuous.

THEOREM 3.2.8 (Calderén-Zygmund Theorem). Let 1 < p < oo. Then there is C, > 0 such that,
for all f € C5°(C;C) we have ||Tf|l,» < C,lIf o Thus T extends to a bounded linear operator on
LP(C;C).

This leads to the following regularity theorem, analogous to Theorem [1.5.71

THEOREM 3.2.9. Let 1 < p < oo, let f € W™P(Q;C) for a bounded domain Q (where m = 0),
and let u € LP(2) obey d;u V=vf. Then for all ¥ € Q we have u € W™P(Q; C), with a bound

(66) lullwmero@cy < Cllullpooscy + I lwmescy)

where C depends only on m, p and not on u.

PROOE Note first that if u € W*P(Q; C) where k < m then 8;(D%u) b D*f. So by induction on
m (and by replacing u with appropriate D%u) it suffices to prove the result in the case that m =0,
so that f,u € LP(Q; C) with d;u V=Vf and we wish to show that u € WP(Q'; C).

Choose a cutoff function y € C;°(2; C) with x|, = 1. Then yu is an L? function supported in

Q with d;(yu) v g where we define g = y f + (; ¥ )u. Note that g € LP(2; C) and there is a bound
lIgllzoo:cy < Allullzsoa:cy + I1f llze(q:c)) where A depends only on the cutoff function y.

Since y has support compactly contained within £, for large n the mollifications v,, = 1, *(y u)
will be smooth and supported within Q2 and, by Theorem[T1.2.10} will converge in L? to yu. Moreover
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by Proposition [1.3.5we will have &;v,, = 1, * g; thus &;v,, — g in LP. Note that, since the v, are
compactly supported, we have Pd;v, = v,, and hence Lemma [3.2.3] shows that Pg = yu.
By Theorem we find that

”Vn - Vm”WLP(Q;(C) < ”vn - vm”LP(Q;(C) + 2(||82(Vn - vm)”LP(Q;C) + ”az(vn - Vm)”LP(Q;(C))
< Vo = VillLo o) + 2(C, + DI (vn = vidll Lo o)

and so since {v, } -2, and {J;v,} -2, both converge in L? it follows that {v,}>° is Cauchy in WLP(Q;C)
and hence that its LP-limit yu in fact lies in W'P(Q;C). So u € W'P(Q/;C), and

lullwrescy < lxullwieey < ulle@iey + 2013l eq;c) + 118 (x Wl Lrsc))
< lull ooy + 2(C, + DIIglwiricy < Nellieosey +2(C, + DAl o oscy + I e osce))

where we have used that J;(yu) v g and that Tg = 9,Pg = 3,(yu). O

3.3. Regularity for the nonlinear Cauchy-Riemann equation

Having learned more about the linear operator d;, we now return to the local version of the
nonlinear Cauchy-Riemann equation, which we rewrote in as

J;u+qu(z))du=0

where we have chosen coordinates so that u: D — C" obeys u(0) = 0 and thatq € C*°(C", E ndg(C"))
obeys q(0) = 0. (Since for now we will just be concerned with local behavior, we will assume the
domain of u to be a disk D centered at the origin.) The goal of this section is to show that any
class-W 1P solution to this equation is in fact smooth; we will assume that p > 2, since by Morrey’s
inequality this forces u to be continuous. To be a bit more specific about the strategy, we will show
that if u € WEP(D; C™) solves then there is a smaller disk D’ centered at the origin such that
u € WkrLP(D/; €"). By induction (and Theorem [T1.3.14) this will show that u is smooth at the ori-
gin, and then since we could have chosen an arbitrary point as the origin by a suitable coordinate
change it will show that u is globally smooth.

We will use the properties of the operator T from the previous section (extended to C"-valued
functions by working component by component). First of all we modify the problem to one involving
a compactly supported function defined on all of C, by our usual device of choosing a cutoff function
X € C5°(D,[0,1]) which is identically equal to 1 on some subdisk centered at the origin, and then
considering the function yu. Assuming that u satisfies (62]), yu evidently satisfies the equation

(67) G(xw) +(qow)d,(yu) = (G x)u+ (0, x)(qowu.

This equation holds at all points of D; moreover since d;(yu), d,(yu),d;x,,x are all supported
in the interior of D, each term on either side of the equation naturally extends by zero to all of
C. To work in a context where this is a little more explicit, choose another cutoff function n €
C;°(D;[0,1]) such that 7 is identically equal to 1 on the support of y. If we let v = yu,w = nu,

both v, w lie in Wé< P(D;C") (and hence extend by zero to functions in W*P(C;C")) and gives
(68) ;v +(qow)d,v = (Gzx)w+ (3, x)(q o w)w.

(Indeed, we have u = w on the support of y, and each term in in which u appears vanishes
outside the support of y, so such terms are unaffected by replacing u by w.) In view of this, our
desired regularity statement for u will follow if we show that there is a subdisk centered at 0 on
which a function v obeying is of class WXL where we assume that v, w € WK+*LP(C; C") with
v(0) =w(0) =0 and q is as before.
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The left hand side of can be rewritten as (I +(qou)T) &;v, and the key will be to show
that the right-hand side of lies in W*P, and to reduce to a case where the operator I +(qow)T
is (or can be arranged to be) invertible on wkp,

We will need results about the behavior of Sobolev norms under multiplication and composition;
here is where the assumption that p > 2 makes things relatively simple.

PROPOSITION 3.3.1. Let p > n and k > 1. There is a constant C such that if f,g € C;°(R")
then ||f gl < CIIf i plIglli,p- Consequently if f,g € WSP(R™) then fg € WHP(R™) with ||f gl <
Cllf M p gk p-

PROOF. Let f,g € C;°(R"). Morrey’s inequality (Theorem [.3.11) shows that, for any multi-
index a with |a| < k—1, we have (for a constant A independent of f) max|D“f| < A||D“f||;, <
Allf |lx,p and likewise max |D*g| < Al|g|l) ,- Now if |a| < k, then

D(fg)= > (DPF)D'g)
Bty=a
where (since k > 1, so |a| < 2k) each term in the sum has either (or both) || < k—1or |y| < k—1.
Terms with || < k— 1 obey ||(D/5f)(DYg)||p < maxIDﬁfIIIgIIk,p < Allfllxpligllp, and terms with
ly| < k—1 likewise obey ||(Dﬁf)(DVg)||p <Allf llipligllkp- So for each |a| < k we have ||[D*(f g)II, <
A piy—a lf i pllgllk p, and so indeed [If glli, < ClIf Il plIg ]Ik, for appropriate C.

To prove the last sentence we use the usual approach of approximating f, g in W*? norm by
sequences {f,,},{g,}. What we have already done, together with the triangle inequality, gives an
estimate

/181 = fn8mllkp < Cllfillipllgr = &mllp + Cligmlli pllfi = frnlli p
and so proves that {f,, g}~ | is Cauchy in WP and so its limit, namely f g, belongs to WP (R™),
with [|f gllx p <limye0 Cllfinllkpll&mllk, = Cllf i pllgllk p- 0

PROPOSITION 3.3.2. Let 2 C R" be a bounded domain, let k > 0 and p > n, and let g: R™ - R
be a compactly supported C**! function. Then for each u € W(f’p(Q; R™) it holds that g ou € W*P(Q).
Moreover if g(0) = 0 and if {w}2, is a sequence with u; — 0 in WHRP(Q;R™) then g ou; — 0 in
wkp(Q).

PROOE To see that the result holds for k = 0, note that the fact that g is compactly supported
and C! implies that it is Lipschitz (with Lipschitz constant given by the maximum value of ||Vg||),
so we have a bound of the form |g(¥) — g(0)| < Al|X|| and hence |(g o u)(z)| < Alu(z)| + |g(0)]
for all z € R". So since 2 is bounded we obtain that g ou € LP(Q) with a bound ||g o ul|s) <
Allull ooy + |g(0)[vol(£2)'/P. This suffices to establish the k = 0 case of the proposition.

Let us now consider the case that k = 1. First of all we will show that the chain rule formula

2 3 ) . A . X
% => (%0 u) === continues to be valid (in the sense of weak derivatives) in the present case
1 r 1

where u is of class WO1 P and g is compactly supported and C2. Indeed if we take a sequence of

compactly supported smooth functions {u®} with u'© — u in WP, the fact that aaTg is Lipschitz

yields, as in the previous paragraph, a uniform bound H‘j_fr ou®— g—Ji ouj < Allu® —ul|o <

B|ju® —ullw1p(q) for constants A, B, where the second inequality uses Theorem[I.3.TTl So since also

0) . .
du_ _, U in IP, it follows that

ax; ax;
3(g ou®) (ag m)auﬁ“ (ag )aur .
= LP
dx; Zr: axr°ur dx; HZ 3xrou dx; s
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by the general (easily-verified) fact that the product of a uniformly convergent sequence and an
LP-convergent sequence is LP-convergent. So the usual argument with Holder’s inequality (used
e.g. in the proof of Proposition shows that the weak derivative of g o u with respect to x;
. . ag du,
exists and is equal to ., (— o u) e
With this chain rule in hand, we see that for any u € W, LP(: RM), a(g°“) => (% o u) ZL;

is a sum of finitely many terms each of which is a product of a bounded function ng ou with an

.2 . .
L? function ai’ , with L? norm converglng to zero for any sequence of u

whose WP norms converge to zero (smce in this case the ou terms remain uniformly bounded

by the compact support of g, while the 2 3 converge to zero). Combined with what we
have already done in the k = 0 case this proves the k = 1 case of the proposition.

Now let K > 2 and assume that we have proven the result for all k < K. Given any u €
WEP(Q; R™) we have g ou € LP(Q), with gou — 0in LP as u — 0 in L? provided that g(a) =0,
by the k = O case of the proposition. So it suffices to show that %}:“) € WkLP(Q), with norm
converging to zero as u — 0 in WP, But as we have already shown (in the proof of the k = 1
case), a(g ”) =3 (aa_xg o u) Ur i i i Q ou € WK=LP(Q) while by

assumptlon we have 2 T e WK LP, Since K—1> 1 and p > n, we can now appeal to Proposition

[B.3:T]to see that the product of these terms belongs to WX~1P(Q), and converges to zero as u — 0
in WKP (as this causes g O

We can now make the key argument leading to the regularity of solutions to the nonlinear
Cauchy-Riemann equation.

PROPOSITION 3.3.3. Fix a disk D C C centered at 0 and a C**! function q: C" — Endg(C") with
q(6) =0, and let k > 1 and p > 2. Then there is € > 0 such that for any functions v,w € Wok’p(D; cM
with |||l , < € such that 3;v + (qow)d,v € Wé"P(D; C™") we have v € WKLP(D; CM).

PROOE. The Calderén-Zygmund operator T appearing in Theorem [3.2.8]obeys TD* = D*T for
every multi-index a, so by Theorem [3.2.8 T maps WP (C; C") to itself, with an estimate ||T f|| kp <
Cyllf Ilx,p- Note that since k > 1 an estimate ||wl|; , < 1 leads to a uniform bound |w(z)| <R, so as
long as we choose € < 1 the function g o w is unchanged if we modify g to some function § = f8q
where f3 is a compactly supported smooth function equal to 1 on the ball of radius R. So Proposition
implies that (all matrix elements of) q o w will be of class W*P, and moreover that for any
6 > 0 we can choose € > 0 sufficiently small that if ||wl|; , < € then each of these matrix elements
has W*? norm less than &. So using Proposition [3.3.1] for sufficiently small e, it will hold that for
all f € WEP(C;C") we have ||(q o WIT flip < %Ilfllk,p. IfA: WhP(C;C") - WRP(C; C") is defined
by Af =(qow)Tf, foranyv e Wé(’p(D;(C") c WkP(C™) we have Ad;v = (qow)Td.v = (qow)d,v.
But, for [|wl|;, < €, we have shown that the operator A on WP(C;C™") has operator norm at most
% ; hence the operator I + A is invertible, with inverse (I +A)™! = Z;:O(—A)j . (That the right
hand side converges to a well-defined operator on W*P(C;C") is a corollary of the completeness of
wkp(c;c).)

Soif v+ (qow)d,y =h € W(f’p(D;(C") c WkP(C;C™M), then (provided that wlli, < €)
d.v = (I + A)"'h € WrP(C;C"). But then Theorem (applied to a set Q such that D € Q)
proves that v € W<1P(D; C™). O

By implementing the procedure described at the start of the section, we find:



88 3. PSEUDOHOLOMORPHIC CURVES

COROLLARY 3.3.4. Fix disks D’ € D C C centered at 0 and a C** function q: C"* — Endg(C")
with q(0) = 0, and let k > 1 and p > 2. Then there is § > 0 such that if u € W*P(D; C") satisfies
llully, < & and B;u+ (q o u)d,u =0 then u € W**P(D’; C").

PROOE. As suggested at the start of the section, if we let y be a smooth cutoff function supported
in the interior of D and equal to 1 on D’, and if we let 1 be a smooth cutoff function supported
in the interior of D and equal to 1 on the support of y, then the equation d;u + (g ou)d,u = 0
implies that d;v + (g o w)d,w = (J,x)w + (J,x)(q o w)w where we put v = yu,w = nu. Now
Propoisition B.3.T] implies that v,w € Wé"p (D; C), and we in particular have [[w|l; , < [0l lulli
so taking o to be sufficiently small and requiring that ||ul[, , < 6 implies that [|wl|; , < € where €
is the constant from Proposition [3.3.3] Since Propositions [3.3.T]and [3.3.2] (together with the same
argument in the proof of Proposition involving replacing q by a compactly supported §) show
that (3, y )w+(8,x)(qow)w € W(f’p(D; C"), the previous proposition shows that v € W**1P(D;C").
This implies the corollary since u coincides with v on D’. 0

All that remains to do now is remove the hypothesis that [|u|l;, < 6 in Corollary[3.3.4l This
involves using a renormalization trick which requires passage to a significantly smaller disk D, and
also (again) requires p > 2.

PROPOSITION 3.3.5. Let D C C be a disk centered at the origin, let k> 1and p > 2, let q: C" —
Endk(C") be a C**! function with q(0) = 0, and let u € W*P(D; C") satisfy u(0) = 0 and d;u + (q o
u)3,u = 0. Then there is a disk D, € D centered at the origin such that u € W**1P(D,; C").

PROOE. For each positive integer m define u,,,: D — C" by u,,(2) = u(z/m). So for all z € C we
have

Bt (2) + (0.0 ()t (5) = - Bou(s/m) + (e /m)).u(z/m) = O,

i.e. u,, satisfies the same equation that we have assumed to be satisfied by u. I claim that u,, — 0
(in W*P(D; C")-norm) as m — o0o. Indeed, we find that

[ 10%unepav. = [ motptusml v, = [ mr Dt ualdy, < m il e
D D s

where %D is the disk centered at the origin with radius % times the radius of D. Since we assume
that p > n, this proves that D%u,, — 0 in L? for |a| = 1. This argument does not work for a = 0,
but in this case Theorem [T.3.14] (together with our hypothesis that u(0) = 0) shows that, for z € D,
[u,(2)| = lu(z/m)| < |Z 1_2/p, so since D has finite radius u,, — 0 uniformly, and hence also in
LP(D;CM). Thus indeed u,, — 0 in W*P(D;C™).

Thus we can find m, such that ||t [lwke(p;c) < 6 where 6§ is the constant from Corollary[3.3.41
So uy, € W*LP(D; C"). But from the definition of Up, it is clear that the statement that u,, €
W LP(D; C") is equivalent to the statement that u € Wk“’l’(miOD; C"). So the result holds with

Do = 7-D. O

We now rephrase this in more global language, along the lines of the start of the chapter. To
formulate this we should introduce language for Sobolev spaces of functions between manifolds. If
3, M are smooth manifolds, a natural definition for a Sobolev space WII;f (2; M) would be as the
space of functions f : ¥ — M such that for each p € X there exist local coordinate charts around p
and f (p) in terms of which f is given by a class W*? function; if ¥ is compact we would just call this
WHP(%; M), deleting the loc (for noncompact manifolds there would be a more subtle question of
convergence of various integrals to consider in defining W*?). Provided that p > dim ¥, it is easy to
see using Proposition [3.3.2] (and an analogous but easier version of it for compositions u o g rather
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than gou) that the question of whether a function is locally of class W*? in this sense is independent
of which coordinate charts are used, provided at least that they are taken from a bounded atlas as
in Definition

For the following we will slightly generalize the class of almost complex structures we consider,
allowing an almost complex structure J on M to be just C* for some k (as a map of smooth manifolds
TM — TM) instead of being smooth.

THEOREM 3.3.6. Let (%, j) be a compact complex 2-manifold, and let M be a smooth manifold
equipped with a C* almost complex structure J where k > 2. Ifu: ¥ — M is a class-W P map obeying
the Cauchy-Riemann equation u, o j = J ou,, then u € WXP(Z; M). In particular, if J is a smooth
almost complex structure then u € C*° (%, M).

PROOE. As discussed at the start of the chapter, given any x € X we may choose a holomorphic
coordinate chart U around x (mapping x to 0) and a smooth coordinate chart V around u(x)
(mapping u(x) to 0) in terms of which J |TM M is given by the standard almost complex structure

Jy. Moreover defining (on possibly a smaller coordinate chart than V) q(2) = (I —J()J,) (I +
J(2)J,), q will be a C* function with q(0) = 0, and u will be represented in a subchart] of U by a
function satisfying d;u +q(u(z))d,u = 0. Applying Proposition [3.3.5]inductively gives a still-smaller
coordinate chart around x on which u is of class W*P. Since this can be done around every point
x € ¥ we have indeed proven that u € WP (; M). O

3.4. Differential topology of J,

Given a compact complex curve (X, ;) and an almost complex 2n-manifold (M,J) we now
intend to study (perhaps under additional conditions on J to be indicated later) geometric properties
of the “moduli space” of solutions u: ¥ — M to the Cauchy-Riemann equation u, o j = J ou,. Using
that J2 = —I, this equation is equivalent to

= 1
d;u :=§(u*+Jou*0j)=O.

We thus propose to think of the moduli space of J-holomorphic curves as something like the zero-
level set of a function, namely d,, defined on the space W*P(%, M) of class-W*P maps u: % — M.
Ideally, this zero-level set would be a manifold.

We will understand this (somewhat sketchily; see [MS2]] for many more details) from the view-
point of differential topology on Banach manifolds. By definition, a Banach manifold is a second-
countable Hausdorff space X with an atlas of coordinate charts ¢,: U, — E, where the U, form
an open cover of X and the E, are Banach spaces, with transition functions ¢4 o (;b;l being smooth
maps between open subsets of the Banach spaces E,, Eg. Here one says a map F between open
subsets of Banach spaces E,,, Eg is differentiable at a point x in its domain provided that there is a
bounded linear operator DF(x) with limy_,, W = 0, that F is twice-differentiable if
the map x — DF(x) (with codomain the Banach space of bounded linear operators from E,, to Ep)
is differentiable, and so on to define smoothness.

Our first contention is that (at least for p > 2) the space whkp (2, M) (as defined in the previous
section) is in fact a Banach manifold. To show this it suffices to, for allu € W*P (=, M), find a Banach
space T, and a homeomorphism &,, from a neighborhood B, of the origin in T,, to a neighborhood %,
of u, in such a way that the transition functions &, o <I>;1 are smooth. The Banach space T, will then
be identified with the tangent space to W*P (%, M) at u, and should be thought of as parametrizing
ways to perturb u within WP (3, M).

INote that since u € WP (%, M) where p > 2, u is automatically continuous, so it maps a sufficiently small neighbor-
hood of x into the region where I —J(Z)J, is invertible.
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Such a perturbation should involve, for each z € 3, a choice of perturbation of the point u(z) €
M, which is to say a tangent vector £(z) € T,,)M. This is conveniently expressed in terms of the
pullback bundle u*TM = {(z,v)|v € T,,)M}, which fits into the commutative diagram

wTM —TM

|,

T—% > M

(where the maps out of u*TM are the projections to either factor and the map TM — M is the
bundle projection). So u*TM — X is a vector bundle, with fiber over z naturally identified with
T,zyM, and our perturbation £ of u may be viewed as a section of u*TM (i.e. £: ¥ — u*TM with
no& =I5 where m: u*TM — X is the bundle projection).

To actually define the Banach manifold chart &, around u we need to have a way of converting
an “infinitesimal perturbation” & as in the previous paragraph into a new map ®,(£): ¥ — M. For
this it suffices to have a way, for each z € %, of converting the tangent vector (z) € T,(,)M into a
new point in M (which would be the value of the map ®,(&) at z). If M were R?" we would simply
use vector addition—our new point would be u(z) + £(z). On a general manifold M there is of
course no notion of vector addition, but Riemannian geometry provides a substitute appropriate for
our purposes. So let us choose a J-compatible Riemannian metric g on M. As is explained in any
Riemannian geometry book (e.g. [[dC]]), for each x € M and each sufficiently short (as measured
by g) v € T, M, there is a unique geodesic v, ,: [0,1] = M with y, ,(0) = x and y;’V(O) =v. So
denoting by A& C TM the set of pairs (x, v) which are “sufficiently short” in this sense, we obtain an
“exponential map” exp: A4 — M defined by exp(x,v) =y, ,(1). So as long as our section & of u*TM
is pointwise-small enough that (u(z), £(z)) € A for each z, we can define a map ¢,(£): % — M by
(2,(8)) (=) = exp(u(z), £(2)).

Of course the section & of u*TM should be chosen in such a way that the resulting map &,(&)
still lies in WXP(, M). The appropriate condition, probably not surprisingly (in view of the case
M = R?" in which case ®,(&) = u+ &), is that & should itself be of class W*? viewed as a section of
u*TM (i.e. a particular kind of map between the manifolds > and u*T M, so the discussion above
Theorem [3.3.6] suffices to define what it means for & to be of class WkP), The space of class whkp
sections of u*TM (which from now on we will just denote by Wk’P(u*TM )) is indeed a Banach
space: it is a vector space since sections of a vector bundle can be added and scalar multiplied in
the obvious way, and the most natural way to put a norm on it is to, for j < k, use the Levi-Civita
connection associated to the Riemannian metric g to make sense of the jth-order derivative V/&
as a j-linear bundle bundle map TM® — TM and then use g to measure the norm of this bundle
map. Since we always assume k > 1 and p > 2, Morrey’s inequality implies that if £ € W*P (u*TM)
has sufficiently small W*? norm then we will have (u(z), £(z)) € A for all z € ¥. So for all £ ina
sufficiently small neighborhood B, of zero in W*P(u*TM), the map ®,(£): £ — M is well-defined
and belongs to W*P (%, M). We omit the proofs (based, somewhat tediously, on standard properties
of the exponential map) that ®,: B, — W*P(Z, M) is an embedding of an open subset, and that
the transition functions ®, o €I>;1 are smooth.

The upshot of the above discussion is that WP (%, M) is indeed a Banach manifold, with tangent
space at u given by T,W*P(%, M) = W*P(u*TM) (the space of class W*P sections of the bundle
u*TM — X). We wish to think of 6_’J as a function on this Banach manifold; if this function has zero
as a regular value we would then conclude (by a Banach-manifold version of the implicit function
theorem, which is proven in just the same way as the usual implicit function theorem) that our
moduli space of J-holomorphic curves (solutions to 9Ju = 0) is a smooth manifold.
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If we are to think of d; as a function defined on the space W*P(%, M) and ask whether it
has zero as a regular value, we should first understand what the codomain of 9, is. For any u €
WHP(3, M) we have defined d,u = %(u* +J ou, o j). Thus d;u gives, for each z € %, a linear map
(9Ju)zz T,% — T,,)M. Now as before we can think of T, M as the fiber (u*TM), of the vector
bundle u*TM — %. So d,u is a section of the bundle over ¥ whose fiber over z consists of linear
maps T,% — (u*TM),; this latter bundle is denoted Hom(T X, u*T M ). More specifically, it’s easy to
see from the formula for d,u that (d,u)oj = %(u* 0j—Jou*)=—Jo(d,u), so if we view TS and
u*TM as complex vector bundles using the structures j and J, respectively, then d,u is a section of
the bundle Hom(T X, u*T M) whose fiber over z consists of conjugate-linear maps T,% — (u*TM),.
Moreover the assumption that u € W*P(%, M) readily implies that d,u is a class W<~ section of
this latter bundle. Thus,

For u € WEP(%, M), we have d,u € Wk=1p (Hom(TZ, u* TM)).

A mild difficulty is that the set in which we have located d,u depends on u. This is because, from a
global perspective, 9, is better seen not as a function whose zero-level set consists of J-holomorphic
curves, but rather as a section of a vector bundle, whose intersection with the zero section consists
of J-holomorphic curves.

We thus introduce a (Banach) vector bundle &< 1P — wkrp (2, M), such that the fiber é’l’f_l"’

over u is equal to Wk=1» (Hom(TZ, u*TM )). So set-theoretically

g = | ) {wxw (Hom(Tx,u"TM)).
uEWks (£,M)
For this to actually be a vector bundle it should admit local trivializations, i.e. around each u €
WHP (%, M) there should be a neighborhood % such that the restriction £&<~17|,, is diffeomorphic in
fiberwise-linear fashion to the trivial bundle % x gf_l’p . This entails identifying, for each v € %, the
fiber £571P = WLP (Hom(TZ,v*TM)) with 1P = W&~ (Hom(T'Z,u*TM)). Provided that
we choose % sufficiently small, this can again be done by a construction with geodesics. Pointwise,
the identification in question is a matter of setting up a correspondence between conjugate-linear
maps 1,2 — T,,)M and conjugate-linear maps T,% — T, M. If the neighborhood % is taken
small enough, then for all z € ¥ the points u(z) and v(z) will be sufficiently small enough that
(with respect to our fixed J-compatible metric) there is a unique geodesic y with y(0) = u(z) and
y(1) = v(2). Given any affine connection (see [[dC, Chapter 2]) V on M, the path y determines an
parallel-transport isomorphism gl’y i TyyM — Ty,yM. If we choose V so that VJ = 0 (specifically,

if V is the Levi-Civita connection let us set V, X = %(VVX —JV,(JX))) then ,@y will be a complex-

linear map, and so the correspondence a — g’y o a sets up an isomorphism between conjugate-
linear maps T, — T,;)M and conjugate-linear maps T, — T,,)M. Allowing z to vary through
3 in this construction gives an isomorphism é”vk_l’p = é”f‘l’p for any v € %, and then allowing v to
vary through % gives the desired local trivialization for the Banach vector bundle &2,
Accordingly, we obtain a section 3, — W*P(X,M) — &P given by u — (u,d,u). The
moduli space of J-holomorphic curves is then give as the intersection of the image of QJ with
the zero section of &P, and by the implicit function theorem this moduli space will be a mani-
fold provided that QJ is transverse to the zero section Z. Here transversality means that, for each
u with d,u = 0, and some Banach-space complement F, to T,0Z in T(u.0)6"F, with projection
m,: T(u,o)é”‘_l’P = T(y,0Z ®F, — F,, the composition of 7, with the derivative of é] atu is surjective
(with a bounded right inverse). In our context the obvious choice of a Banach-space complement
F, to the zero section at (u, 0) is the fiber é”f’l"’. Moreover, our local trivializations for the bundle
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&51P give, for a neighborhood % of u, an identification of §*~1?|,, with the product % x <F,
under which the section éJ is identified with the map v — (v,,@véjv). Here 2V is the iden-
tification of Hom(T %, v*TM) with Hom(T %, u*TM) given by parallel translation along geodesics
with respect to the connection V of the previous paragraph. Thus the transversality condition (at
a given u satisfying d,u = 0) is equivalent to the condition that the map v — Wajv from % to
é’f Lp — yk-1p (Hom(TZI, uwTM )) has linearization at u which is surjective, with a bounded right
inverse.

PROPOSITION 3.4.1. Foru € W*P(%, M), the derivative of the map 9’6@ DY — WhkLp (Hom(TE, u* TM))
is the map D,: W;P(u*TM) — WkLp (Hom(TZI, u*TM)) defined by, for £ € W*P(u*TM) and
veT,rz,

(69 (2,8).00) = 5 (VuE +I@ENY,,E) + 3 (Te ). 0)

(Here V is the pullback of the Levi-Civita connection on M to u*TM, and (9;u),(v) = %(u*v —Ju,jv),
so that if d;u =0 then Jyu = du.)

PROOE Let & € WoP(u*TM)and v € T, X be given. For small t define yt to be the geodesic with
7.(0) =z and y;(0) = t&(z), so that we have a parallel transport map 9 ¢ TexpyeeenM = Tyn)M
given by the Hermitian connection V. As before define the map & (tE ) > — M by &,(t&)(z) =
expy,)(t&(2)); thus t — &,(t&) defines an arc in WkP(, M) whose velocity at t = 0 is pre-
cisely & € WrP(u*TM) = T,W*P(%, M), and so the derivative of ,@6% at u in the direction &
is 77 h o 965_}] (®,(t&)). So writing D, & for this derivative, we have

d

o0 -3 (4

1( d
70 —z(a

9’: (®.(¢8).v + J(eXPu(z)(ti(Z)))%(tE)*J'V))

t=0

27 (@,(t8),v) +J (u(z)) % Y (%(ti)*jv)) :

t=0
Here we use the fact that VJ = 0 so that V-parallel transport preserves J; thus Q’XJ (expy(,)(t&(2))) =
J(u()2y.

Chooseanarcn: (—5,5) — Zwithn(0) = zand n’(0) = v, and define I'(s, t) = eXPy (s (EE(M(5))).
Thus ®,(t&),v = %
dt 9’V<I> L(tE),v is the derivative 2 T [ i o LS5 t)][=o of this vector field along the curve with

o L(s, 8, which gives a vector field along the curve t — ¢,(t&(2)), and

respect to our Hermitian connection V. If we instead used the Levi- Civita connection V to define
parallel transport ?}V we would likewise have E| 37’V<I> NGEIRES dt [ d I'(s, t))]t=0' Now

ds |s=0
by [dC, Lemma 3.3. 4] the Levi-Civita connection has the symmetry property that
DV [ d DV [ d
—| = I'(s,t =—| — I'(s, t
dt [ds e ))LO ds |:dt e ))LO

But the right-hand side above is just the time-zero derivative (with respect to V) of the vector field
& along the curve u o n); since 1’(0) = v this is precisely (by definition) V,&.

We have thus shown that % h:o ?]’beu(tg ),v =V,&. The object that we are actually interested
in uses the Hermitian connection V to define parallel transport instead of the Levi-Civita connection
V, but these are related in a simple way. Namely, for any vector field X and tangent vector w on M
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we have by definition
. 1 1 1
v, X—V,X= E(VWX +JV, (X)) = 3 (VX +J*V X +J(V,J)X) = EJ(VWJ)X,

which implies that, for any vector field X along the curve t — exp,,)(t&(2)), one has

d s 1
- (2¥-27)x(t)= —57 (Ve X (0).
t=0
In particular we obtain
d v 1
(71) d_ 5”), éu(tg)*v = vvg - —(JV§(Z)J)(U*V)
tli=o " 2

for v € T, 3. This applies equally well with v replaced by jv, so together with (ZQ) we get

(0,).0) = 5 (9,8 = I WENTe ot ) + I & = I NV eyt 9D

= (V& +HIWENT,,8) + 2 (Ve Nty +Iu.)

(where we have used that V(,)J anticommutes with J since V¢,(J 2) = 0. Since u,j +Ju, =
(u,—Ju,j) o j=2(d;u) o j this is precisely the desired formula. |

We will see that the operator D, from Proposition [3:4.T]is an example of the following class of
operators between Banach spaces. (Recall in general that the cokernel of a linear map L: E — F is
by definition the quotient vector space ﬁ.)

DEFINITION 3.4.2. Let E, F be two Banach spaces. A bounded linear map L: E — F is said to
be a Fredholm operator provided that ImL is a closed subspace of F, and ker L and coker L are
both finite-dimensional.

THEOREM 3.4.3. Let k > 1and p > 2. Ifu € WoP(Z, M)NCL(Z, M), the operator D, : WP (u*TM) —
W LP (Hom(T'%, u* TM)) given by (69D is a Fredholm operator.

PROOE. We begin by expressing D,, in local coordinates. Let U C X be an open set on which we
have a holomorphic coordinate z = s + it on %, and a complex orthonormal frame {e,...,e,} for
u*TM (so {e;,Jey,. .., e,, e, } evaluates at each point p € U as an orthonormal basis for (u*TM), =
T,y»yM with respect to our fixed J-compatible Riemannian metric). Since u is of class wkpncl,
the e,, can likewise be taken be of class W*P N C!. Using this frame, we identify each (u*TM ), with
C", so that multiplication by i in C" corresponds to the action of J(u(p)).

A general element & € WP (u*TM) has restriction to U given by &|,; = > fmem Where f; €
WkP(U;C). At the same time, since for each p € U (D,&), is a conjugate-linear map T,% —
(u*TM), and since J, = id;, we have (D,&),(5,) = —i(D,&),(5;), and hence

(72) (D, &)y = ((D,€)(&;)) d2ly

where as usual dz = ds —idt. (In other words, for each v € T, X with p € U, (D,&),(v) =
(D,£)(8,))dz(v).)
If E|y = ., fmen then one finds (by the Leibniz rule for the connection V) that
of

(VaS§)|U = Eem +fmvasem + Sfm(vﬁs‘])em
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and similarly for (V5 &)[y, where 3 denotes imaginary part. This (&9) yields, if &, = D om fmem for

fm—U—>C,
(73) 5 5
1
0.508) = 3 33 (G2 +i50 ent uTan +V000) + 32 (Va iV den (7., @G |

The key point about the above formula is that the only terms that involve differentiation of the
functions f,, yield precisely >, (&;fn)en. A little more specifically, based on (72) and (73), for
u € WhP(%, M) there is a class-W*~1P real endomorphism of A of u*TM|, such that

D, (meem) = (Z(agfm)em +A(z)(2fmem)) dz.

In the case that k = 1, since we have assumed that u € C'(Z, M), A will still be continuous (for
k > 1 this follows automatically by Morrey’s inequality). It then follows from Theorem that
whenever V € U’ € U we have a bound

1€ lwkoqeraty) < € (IDuE lweorsomersaeranty) + IAE lwisoqerayy + IElwesoqerany) )

for some constant C. If k > 2 then Proposition[3.3.TIbounds [|A& ||y x-10 (7 m],,) iD terms of || €l ywi-rouerm),,)-
If k = 1 then such a bound simply follows from the continuity of A on a set which contains the (com-

pact) closure of the set U’. So in fact we have, whenever V € U (in which case we can always find

an intermediate set U’ as above),

1Ewkoqerat,) < € (IDuE s momersaerantyy + IEIweso@eray) )

for a different constant C.

By applying this to a finite collection of local frames over open subsets Uj, ..., U, with subsets
V, € Uy,...,V, € U, with the V,, still covering > (as is possible since ¥ is compact), we obtain a
global bound (with still a new constant C)

I€lkp < CAUIDLENk—1,p + [IEllk—1,p)-

Now it is a straightforward consequence of Theorem that the inclusion W*P(u*TM) —
W =LP(y4*TM) is a compact operator. Hence the above estimate puts us precisely in the context
of Lemma (as generalized to Banach spaces in Remark [1.6.15), and so proves that D, has
closed range and finite-dimensional kernel.

It now remains only to show that the cokernel of D, is finite-dimensional. Because we know
that Im(D,) is closed, the dimension of coker(D,) is equal to the dimension of ker(D;) where D is
the adjoint to D,, provided that ker(D}) is finite-dimensional A Let us first assume that k = 1, so
the codomain of D, is LP(Hom(T %, u*T M)), which has dual space given by LY(Hom(T %, u*TM)*)
where % + % = 1. If n € ker(D}), then in terms of a local frame {e,,...,e,} for u*TM and local
holomorphic coordinate z for T as at he start of the proof, ) is locally represented as 1|y = hdz*
for some h € LY(U;C"), and the local description of D, from earlier shows that we must have
Ju{8:f +A(2)f (2),h(z))dsdt = O for every f € C;°(U;CM), where (-, ) is the usual Hermitian inner
product. But then this means that h is a weak, class L? solution to the equation —&;h +A(z)"h = 0,
which since A is continuous forces h to be of class W4 by Theorem[3.2.9} So (when k = 1), ker(D)
in fact consists of class W4 solutions to an equation D;"r) = 0 of the same basic form as the equation

2Sketch of proof: If y € wk=1.p (Ho_rn(TZ, u*TM )) does not lie in Im(D, ), the Hahn-Banach theorem allows one to
construct an element n € Wk=1p (m(TZ, u*TM )*) which vanishes on Im(D,) but not on y. Since Nimp,) = 0 we have
7 € ker(D};). Consequently the natural pairing between ker(D;;) and coker(D, ) is nondegenerate, and so these spaces either
have the same finite dimension or are both infinite-dimensional.
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D,& =0, where f);‘ maps class W sections to class L? sections. In particular just as with D, one
gets an estimate [|nll,, < C(ID:nll, + [Inll,), so by Theorem [[:3.:23 and Lemma D7 has
finite-dimensional kernel. So indeed the cokernel of D, is finite-dimensional when k = 1.

The case that k > 1 can quickly be inferred from this, together with Theorem Let
u € WhP(%, M), so that in particular u € WP(%, M) and we can view D, either as acting on
WP (u*T M) or as acting on WP (u*TM). If V < Wk=1p (%(TZ, u* TM)) has trivial intersection
with Im(D,, |y« (7)) then by Theorem[3.2.9]V would also have trivial intersection with the image
of D, acting on class-W P sections, since if D,& is of class WX~ then & is of class WP, But then
V can have dimension no larger than the dimension of the cokernel of D, on WP sections. Thus
the cokernel is no larger for D, |yt rary than it is for Dy |y e rar)- O

REMARK 3.4.4. If u € WHP(%, M) is a J-holomorphic map and if J is a smooth almost complex
structure, then Theorem [3.3.5]shows that u is in fact smooth, and so we could apply Theorem [3.4.3]
for any value of k. The description of D, in the proof, together with Theorem then shows
inductively that (for k > 1) any class WhP element & of D, is in fact of class WH+LP and hence is
actually smooth. Thus ker(D,,) is independent of our choice of k. Similarly since coker(D,) can be
identified with the dual of the kernel of the adjoint D}, the discussion of the kernel of D in the
proof shows, again via Theorem [3.2.9] that coker(D,) is independent of our choice of k.

3.4.1. Generalities about Fredholm operators. Having shown that D,, is a Fredholm operator,
we now discuss some general properties of such operators.

DEFINITION 3.4.5. Let E and F be Banach spaces and let L: E — F be a Fredholm operator.
The index of L is the integer

ind(L) = dimker L — dim coker L.

EXAMPLE 3.4.6. Let E =R" and F = R™. Then obviously any linear map L: E — F is a Fredholm
operator since all subspaces of E and F are closed and finite-dimensional. We find

ind(L) = dimker L —dim coker L = dimker L—(m—dimImL) = (dimker L +dimImL)—m =n—m

where the last equality is the rank-plus-nullity theorem. So for linear maps between two given finite-
dimensional Banach spaces, the index depends only on the spaces and not on the specific map, even
though different maps will certainly have different-sized kernels or cokernels.

We will see that in the infinite-dimensional context the index is likewise a fairly robust invariant
of the operator, though it is not completely independent of the operator—for instance among maps
2 2 . . . . .
{* — (* the identity has index zero while the “backwards shift” operator {x,} -2, = {x,41} .2, has
index one.
Here we give another characterization of the Fredholm property.

LEMMA 3.4.7. Let L: E — F be a bounded linear operator. The following are equivalent:

(1) L is Fredholm.
(ii) There s a finite-dimensional Banach space C and a surjective bounded linear operator L' : E x
C — F such that L’|g. oy = L and ker L' is finite-dimensional.
(iii) There are finite-dimensional Banach spaces C and K and a bounded linear isomorphism
L: Ex C — F x K having the form L(e,c) = (Le + ac, Be + yc) for some bounded linear
operatorsa: C > F, 3: E—K,y: C > K.

Moreover in case (ii) we have ind(L) = dimker L’ —dim C, and in case (iii) we have ind(L) = dimK —
dimC.
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PROOF. (i)=(ii): Since Im(L) is closed with ﬁ finite-dimensional, we can find a finite-dimensional
(and hence closed) subspace C < F such that Im(L) @ C = F (just take the span of an arbitrary set
of lifts of the basis elements of cokerL via the projection F — cokerL). Then L’: ExC — F
defined by L’(e,c) = Le + ¢ will satsify the required property. (This choice of L’ in fact gives
ker L’ = (ker L) x {0}.)

(ii)=(iii): Let K =ker L’ < E x C. Since this is finite-dimensional, it is a standard consequence
of the Hahn-Banach theorem that there is a bounded linear map I1: E x C — K such that [Tk = k for
allk €K. Sodefine L.: ExC — F xK by L(e,c) = (L'(e, c),TI(e, ¢)). This is bounded since L’ and I
are bounded, and it is clearly injective since ker L’ = K and II restricts injectively to K. Surjectivity
is only slightly harder: if (f,k) € F x K we can find x € E x C such that L’x = f. Now since L’
vanishes on K we have L'IT = 0 and so L (x —ITx + k) = (L'x, IIx — Ix 4+ [1k) = (f,k). So L isa
bounded linear isomorphism, which is clearly of the desired form (with a given by ¢ — L’(0,¢c),
by e — Il(e, 0), and y by ¢ — I1(0, ¢)).

(iii)=>(ii): By the open mapping theorem, the inverse L™': F x K — E x C is also bounded, so
IL(e, )|l = &li(e, ¢)|| for all e, c and some number & > 0 independent of e, c. We thus have

llell = liCe, 0l < 67 IL(e, 0)I| = 57" I(Le, Be)ll < 5~ (IILell + lIBelD).

But 8 is a bounded operator to the finite-dimensional Banach space K, so f3 is a compact operator
(as any bounded set in K is sequentially precompact). Thus Lemma (and Remark
proves that L has finite-dimensional kernel and closed range. Moreover the surjectivity of L shows
that F =Im L + Ima where a: C — F has finite rank since C is finite-dimensional. Thus coker L is
finite-dimensional, completing the proof that L is Fredholm.

Now let us obtain the conclusions about the index, first for case (ii). Define a: C — F by
a(c)=L'(0,c), so that L’ is given by L’(e,c) = Le + ac. Since L’ is surjective we have

rank(a) = dimcoker L + dim(Im L NIm a).

Meanwhile there is a surjective linear map ker L’ — Im L NIm a given by (e, c) — Le (or equivalently
(e,c) — —ac), and the kernel of this map is ker L x ker a, so we have

dimker L’ = dimker L + dimker a + dim(ImL NIm a).

Subtracting the last two displayed equations from each other gives dimker L’ —rank(a) = ind(L) +
dimker a, which by the rank-plus-nullity theorem proves that dimker L’ = ind(L) + dim C.

Finally in case (iii), let 7t denote the projection F x K — F. Since L: E x C — F x K is a linear
isomorphism, it follows that ol : ExC — F is surjective, with dimker(nol) = dimK. On the other
hand, the assumption on L shows that moL(e,0) = L(e) for e € E, so mo L satisfies the requirements
of case (ii), in view of which, by what we have already shown, dimker(n o L) = ind(L) + dimC.
Thus dimK = ind(L) + dim C, as claimed. O

As the proof shows, given a Fredholm operator L: E — F, we can choose the spaces C and K
in part (iii) to be equal to the cokernel and the kernel of L, respectively; however the freedom to
make other choices is helpful in the following corollary.

COROLLARY 3.4.8. Let E and F be Banach spaces, denote by B(E, F) the space of bounded linear
operators from E to F, and let Fred(E,F) C B(E,F) be the subset consisting of Fredholm opera-
tors. Then Fred(E,F) is open with respect to the operator norm topology on B(E,F), and the map
Fred(E,F) — Z defined by L — ind(L) is locally constant.

PROOE If L € Fred(E, F), construct a bounded linear isomorphism L : E x C — F x K as in (iii)
of Proposition 3:4.7, so L(e,c) = (Le + ac, Be + yc) for certain bounded operators a, 8,y. Recall
that the set of bounded linear isomorphisms between two Banach spaces is open with respect to
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the operator norm topologyﬁ So if L, is sufficiently close to L, the operator L;: Ex C — F xK
given by L;(e,c) = (Lie + ac, Be + yc) will still be a bounded linear isomorphism and hence will
be Fredholm by the implication (iii)=>(i) of Proposition [3.4.7] Moreover we will have ind(L,) =
ind(L) = dimK —dim C. Thus all bounded linear operators in a sufficiently small neighborhood of
a Fredholm operator L are Fredholm and have the same index as does L, which suffices to prove
the corollary. |

COROLLARY 3.4.9. If E and F are two Banach spaces and y: [0,1] — Fred(E,F) is a path of
Fredholm operators which is continuous with respect to the operator norm topology, then ind(L,) =
ind(Lq).

PROOE. The preceding corollary shows that the map t — ind(L,) is a locally constant function
on [0,1], hence is constant since [0, 1] is connected. O

3.4.2. Local structure of moduli spaces of J-holomorphic curves. An immediate conse-
quence of Corollary[3.4.9is that, given a homotopy {u,},[0,17 of WH5P maps u,: & — M (assumed
also to be C! if k = 1), the Fredholm index of the linearization Dli from Theorem [3.4.3] is inde-
pendent of t. In fact, by applying Corollary[3.4.9] to a path of Fredholm operators beginning at D,
and ending at the & operator on sections of u*TM with respect to a holomorphic structure on the
complex vector bundle u*TM, it can be shown using the Hirzebruch Riemann-Roch theorem (see
[MS2], Appendix C]) that

(74) ind(D,) = 2(n(1— (X)) + (c:(TM), u,[Z]))

where g(%) is the genus of X, ¢;(TM) € H?(M;Z) is the first Chern class of the complex vector
bundle (TM,J), and [X] € Ho(3;Z) is the fundamental class determined by the orientation that
is induced by the complex structure j on 3. So the index of D, in fact only depends on the class
u,[X] € Hy(M;Z).

For A € H,(M;Z) let us define

MAJT)={u: - M|d,u=0,u,[Z]=A}.

(We do not specify the regularity of u because Theorem [3.3.5] shows that all elements will auto-
matically be smooth if J is smooth, or WkP if J is C*.) We would like to describe the structure of
M (A,J) in a neighborhood of a general element u € .#(A,J).

First of all, if D, is surjective, then the implicit function theorem for Banach manifolds assertd]
that a neighborhood of u in .#(A,J) will be a smooth manifold of dimension equal to dimkerD,,.
The surjectivity of D, is equivalent to the statement that coker D, = {0}, so in this case dimker D, =
ind(D,) = 2(n(1—g(x)) + (c;(TM),A)). So if D, is surjective for all u € #(A,J) (typically J
is said to be regular if this is the case) then all of .#(A,J) is a smooth manifold of dimension
2(n(1—g(x))+ {((TM),A)) (and in particular is empty if this number is negative).

If D, is not surjective we can make a weaker statement. Since D, is Fredholm, Lemma [3.4.7]
shows that we can find a finite-dimensional Banach space C with a bounded linear map a: C —
5‘5’1’? such that the map L': W*P(u*TM) x C — 1P defined by L'(£,¢) = D,& + ac is surjective
and has kernel of dimension equal to ind(D,) + dimC. So the implicit function theorem shows
that a neighborhood A4 of the point (u,0) in the space {(v,c) € % x C|#Vd,v + ac = 0} is a
smooth manifold of dimension ind(D,) + dim C; here % is the neighborhood of u in WP (u*TM)

3Sketch proof: If Ais a bounded linear isomorphism (which implies that A~} is bounded by the open mapping theorem)
then A+ € will have inverse given by (Z,‘:zo(—Afle)k)Afl provided that € is small enough in operator norm || - ||, that
lA2ellop < 1.

“In general the implicit function theorem would require that D, have a bounded right inverse, but this holds automat-
ically in the present context because ker(D, ) is finite-dimensional and hence admits a closed complement.
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from Proposition 3.4.11 A neighborhood of u in .#(A,J) can then be identified with the preim-
age of 0 under the projection A — C. Thus denoting m = dimC, it is quite generally the case
that a neighborhood of u in .# (A, J) is homeomorphic to the preimage of O under a smooth map
2 RMd(P) ™ Of course such a set in general need not be a manifold (and it also need not
be empty if ind(D,) < 0), but it is at least a finite-dimensional object; this map 1) is an example of
what is called a Kuranishi neighborhood for u. As described in the proof of Lemma[3.4.7] the space
C can be taken equal to coker D, ; if we do this then our Kuranishi neighborhood will be given by a
map RAmkerDy _, gdimeokerDy o just as well, as a map ker D, — coker D,.

One would naturally prefer to work with manifolds instead of Kuranishi neighborhoods. Sadly
this is not always possible, but it often is, at least if one is willing to modify the almost complex
structure J. The idea is to consider a whole (possibly infinite-dimensional Banach) manifold _¢
of almost complex structures, and then look at the map which sends a pair (u,J) to 3Ju. As with
u — 0, u this is map is properly seen as a section of a Banach vector bundle; if we trivialize the bundle
around some pair (u,J) with d,u = 0, the linearization will be a map 9, ;: W*P(W*TM) x T, # —
&XLP of the form (§,Y) — D!& + AY where D! is the operator from Proposition 3.4.1] (and we
include J in the notation since it is now variable). Since DL{ is already “close to” surjective (it has
finite-dimensional cokernel), it is perhaps plausible that if we take ¢ to be large enough then 2, ;
will always be surjective. This runs into trouble when u is a multiple cover, i.e. u = v o = for some
branched covering map 7: ¥ — X/, but can generally be arranged otherwise, see [MS2| Chapter
3]. If this is the case, we obtain a “universal moduli space” M(A) = {(u,J)|d,u = 0} which is a
smooth (maybe infinite-dimensional) manifold. There is then a projection p: M(A) — ¢ given by
(u,J) — J. It is a good exercise for the reader to show that, if J € ¢ is a regular value for this
projection p, then it will hold that DL{ is surjective for every u € .#(A,J), and hence that .#(A,J)
is a manifold of the “expected dimension” ind(D, ). While a particular J € ¢ may not be a regular
value for p, Sard’s theorem (and Smale’s infinite-dimensional generalization of it) implies that many
regular values do exist, allowing this sketch to be carried out at least if one removes multiple covers
from consideration. See [MS2]] for a much more complete discussion.

3.5. Pseudoholomorphic curves in the presence of a symplectic structure

While the notion of a pseudoholomorphic curve just requires the target manifold M to carry
an almost complex structure J, Gromov observed [[G]] that if M carries a symplectic structure with
which J is compatible then J-holomorphic curves satisfy compactness properties which allow them
to be used in a powerful way to study the properties of M; this has been a major tool in symplectic
topology ever since. First we define the relevant terms.

DEFINITION 3.5.1. A symplectic manifold is a pair (M, w) where M is a smooth manifold and
w € Q?(M) is a two-form which is closed and nondegenerate (i.e., if x € M and 0 # v € T, M then
there is w € T, M with w(v,w) # 0).

DEFINITION 3.5.2. An almost complex structure J on a symplectic manifold (M, w) is said to
be w-compatible if for all x € M and all v,w € T, M with v # 0 we have w(Jv,Jw) = w(v,w)
and w(v,Jv) > 0. We write ¢ (M, w) for the space of w-compatible almost complex structures
(equipped with the compact-open topology on maps TM — TM).

We have already seen a large family of examples of symplectic manifolds. If (M,J, g) is a Her-
mitian manifold (so (M, J) is a complex manifold and g is a Riemannian metric obeying g(Jv,Jw) =
g(v,w)) then in Section2-4.Ilwe defined the fundamental 2-form w € Q2(M) by w(v,w) = g(Jv, w),
and we said that (M, J, g) is a Kdhler manifold if dew = 0. Note that in this situation w is certainly



3.5. PSEUDOHOLOMORPHIC CURVES IN THE PRESENCE OF A SYMPLECTIC STRUCTURE 99

nondegenerate, since for any nonzero v € TM we have w(v,Jv) = g(Jv,Jv) > 0. So Kihler man-
ifolds (M, J, g) can be seen as symplectic manifolds, using the fundamental 2-form w as the sym-
plectic form. Since (as just noted) w(v,Jv) > 0 for nonzero v, and since w(Jv,Jw) = g(J?v,Jw) =
gUw,—v) = w(w,—v) = w(v,w), in this situation we have J € ¢(M, w). It’'s worth mentioning
that none of the above depended on J being a genuine complex structure as opposed to an almost
complex structure; if (M,J, g) is only almost Hermitian then we can still form the fundamental
2-form w, and we say that (M,J, g) is almost Kihler if w is closed. In this situation (M, w) will
again be a symplectic manifold with J € ¢ (M, w).

Taking a different perspective, we can start with the triple (M, w,J) with (M, w) symplectic and
J € ¢(M, w) and then obtain a Riemannian metric g; by the formula g;(v,w) = w(v,Jw). It’s easy
to check that (M,J, g;) is then an almost Hermitian manifold with « as its fundamental 2-form.
Accordingly the term “almost Kdhler manifold” (or “Kéhler manifold” if J is a genuine complex
structure) is sometimes assigned to the data (M, w,J) rather than the (equivalent) data (M, J, g,).

Before trying to discuss J-holomorphic curves in a given symplectic manifold (M, w) for w-
compatible almost complex structures J, we should make sure that such almost complex structures
exist. Indeed they do:

PROPOSITION 3.5.3. If (M, w) is a symplectic manifold then the space ¢ (M, w) of w-compatible
almost complex structures is nonempty and contractible.

PROOE Let ¢ denote the space of Riemannian metrics on M (equipped with the compact open
topology on maps TM & TM — R). We will show that ¢ (M, w) is homotopy equivalent to ¥, from
which the result immediately follows since ¢ is nonempty (as can be seen by a construction with
partitions of unity by working in local coordinates) and convex.

More specifically, we will show that the map ¢: ¢(M, w) — ¥ given by 1(J) = g; is a homotopy
equivalence; in particular we must construct a homotopy inverse g — J,. Let g € 4. For each
X € M, the maps w — «(-,w) and w — g(-,w) each define isomorphisms T,M — T M (they are
injective by nondegeneracy, and hence surjective by dimensional considerations). Composing one
of these isomorphisms with the inverse of the other gives a smooth invertible map A,: TM — TM
such that g(v,w) = w(v,A,w). This latter property uniquely determines A,, for if Aig' is another such
map then the map v — w(v,A;w —A’gw) would be trivial for all w, forcing A,w = A’gw for all w by
the nondegeneracy of w. In particular it follows that if g = g, for some J € #(M, w) then A, =J.

For general g we cannot expect A, to be an almost complex structure. However we find that,
forxe M and v,w e T, M,

(75) g(Ai,v, w) = co(Azgv,AgW) = —w(AgW,AZgV) =—g(Aw,A,V)

and likewise g(v,Azgw) =—g(A;v,A,w). Thus Ai, is a symmetric operator on each T,, M (with respect
to the inner product given by g). Moreover we see from that g(A?gv, v) =—g(Agv,A,v) <O for
all nonzero v. So Ai, is a symmetric negative definite operator on each T, M, from which it follows
that —Aé is diagonalizable with all eigenvalues positive. This allows us to define, for any s € R, the
matrix power (—Az)sz one simply has (—Ai)s act by multiplication by A* on each A-eigenspace of
—Ai. Now A, preserves each eigenspace of —Aé, so since (—Azg)S acts by scalar multiplication on
each such eigenspace (and since the eigenspaces together span T, M) it follows that
(76) Ag(—Afg )y = (—A(Qg)sAg for all s e R.

Let us define J, =Ag(—A§)_1/2 for each g € 4. Then by (76),

2 A (A2N1/2A4 (A2V=1/2 _ A2(_a2V-1 _
J'g =A,( Ag) Aq( Ag) —Ag( Ag) =—I,
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so J, is an almost complex structure. Moreover for x € M and v,w € T,M we have (using (Z5),
(76), and the fact that each (—A‘zg ), like —Az , is symmetric and positive definite):

(g, Jgw) = g (Ag(—Af’g )_1/2v,Ag(—A§)_l/2A;1W) =g ((—A%g )72, A% (A2 )_I/ZA;W)

= g (A2, (=A2)1 24 W) = g (v, A, W) = w(v, w);

and

w(v,Jgv) = w(v,Ag(—Ai)_l/zv) = g(v, (—Azg)_l/zv) > 0 for v #0.

Thus for all g € 4 we have J, € #(M, w) and we can defineamap ¢: 4 — ¢#(M,w) by ¢(g) =J,.

As mentioned earlier, if g = g, then A, =J (and so —A?g = I); thus where again ((J) = g; we
have ¢ ot =I. On the other hand to¢ sends a general metric g(-,-) = w(-,A,-) to the metric given by
a)(-,Ag(—Az)_l/z-) = g(-,(—Ai,)_l/z-). If we define H,: ¥ — ¥ by setting H,(g) = g(-, (—Aé)_f/z-)
(which is indeed a Riemannian metric since —Az and hence also each (—Azg )’t/ 2 is positive definite)
we thus see that {H,},[o 1] defines a homotopy from the identity to ¢ o ¢. Thus ¢ and ¢ are indeed
homotopy inverses. |

Thus any symplectic manifold (M, w) can be viewed as an almost Kdhler manifold by choosing
some J € _¢(M, w). Such a choice is very non-unique; in fact (by considering the linearization of
the equations on J imposed by requiring that J € #¢(M, w) and appealing to the implicit function
theorem) it is not hard to see that ¢ (M, w) is an infinite-dimensional manifold. One large family of
elements of ¢ (M, w) can be obtained by starting with one element J, € ¢ (M, w) and considering
qb*JOq,’);l for arbitrary diffeomorphisms ¢ : M — M such that ¢*w = w. (There are many such ¢,
obtained for instance as the flows of vector fields X such that w(X, -) is closed—the nondegeneracy
of w shows that any closed 1-form determines such an X.)

While symplectic manifolds can always be made almost Kéhler, they typically cannot be made
Kéihler; the earliest proof of this (in [[T]]) involves constructing compact symplectic manifolds whose
first Betti number are odd (Thurston’s first example was given by S! x Y for the three-manifold Y
given by taking the mapping torus of a Dehn twist on the two-torus); we have seen in Corollary
[2.5.5] that such a manifold is not Kahler. By now it is well-understood that the class of symplectic
manifolds is vastly larger than the class of Kdhler manifolds.

We will now do a computation that indicates the significance of J-holomorphic curves in a sym-
plectic manifold (M, w) with J € #(M, w). Let (%, j) be a compact (almost) complex 2-manifold,
and choose a j-compatible Riemannian metric h on X. For any p € %, if e; € T, X is any unit vec-
tor (as measured by h), then the j-compatibility of h shows that je; is also a unit vector and that
h(e;,je;) = h(je;,—e;), so h(eq, je;) = 0; thus {e, je;} is an orthonormal basis for T, . Accord-
ingly, for a C! map u: ¥ — M we define

|du|§1(p) = g;(u.eq,u,er) + g (u,jer,u,jep).

Since any other unit vector in T, is given by ae; +bje; with a®+b? = 1, it’s easy to see that |du(p)|?,
is independent of the choice of unit vector e;. We now compute, for any C! map u: © — M and
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any p € % and unit vector e; € T, %,
|dul? (p) = g, (uer,ue1) + g5 (u.jer, u,jer) = w(u,er, Ju,e) + w(u,jer, Ju, je;)
= w(u.ep,u,je) + w(u,e;, Juey —u,jey) + wu,jey, —u.e1) + w(u, jer, u.e; +Ju,jer)
=2u"w(ey, jer) + w (wer,J(uey +Ju,jer)) + w (Ju,jey,J(ueq +Ju,je))
=2u"w(e;, je) tw (Z(éJU)p(el), ZJ(éJu)p(el))
=2u"w(e;, je) + 4gJ((éJu)p(el); (éJu)p(el))
=2 (u*o)(el,jel) + gJ((éJu)p(el): (éju)p(el)) + gJ((éJu)p(jel)’ (éju)p(jel)))

where the last equation uses that (éju)p(jel) = —J(éju)p(el), so that (éju)p(jel) and (E_)Ju)p(el)
have the same magnitude with respect to g;. ) ) )

?o if, consiste_:ntlywith our definition of |du|§J (p), we define Iajung (p) = g;((3yu),(e1), (Byu),(e1))+
g;((d;u),(jey), (8;u),(jer)), we have thus shown that, for any p € M and any unit vector e; € T, %,
we have

1 , _
S1aul? () = u*wles, jer) + |dul2 ().

Now we can integrate this equation with respect to the volume form vol,, determined by the Rie-
mannian metric h on X together with the orientation given by j; this volume form evaluates at p as
el Ae? where {e?, e?} is the dual basis to {e;, je;}. In particular u*w(e;, je;)vol, = u*w(e;, je;)et A
e? = u*w. So we obtain

(77) 1-/ |dul? Volhz/u*w+/|3ju|2 voly,.
2 5 & 5 5 &

Now the fact that w is closed means that the first term on the right-hand side is a topologi-
cal quantity: it is just {[e],u,[XZ]) where [w] € H?(M) is the de Rham cohomology class of w.
Meanwhile the second term on the right-hand side is nonnegative, and is zero if and only if u is
J-holomorphic. So we obtain:

COROLLARY 3.5.4. Let (%, j,h) be a compact Hermitian manifold of real dimension 2, let (M, w)
be a symplectic manifold with J € #(M, w), and for any C* map v: X — M define the energy of v as
the quantity E(v) = %fz |dv|§JV01h. Suppose that u: ¥ — M has d,u = 0. Then:

@ E@W) = ([w]u[Z]).
(ii) Ifv: X — M represents the same class in Hy(M; Z) as does u, then E(v) > E(u) with equality
if and only if v is J-holomorphic.

Thus the energy of a J-holomorphic map—seemingly a geometric quantity—is determined by
its topology, and J-holomorphic maps minimize the energy in their homology classes. One obvious
consequence of Corollary [3.5.4] and the definition of E(u) is that if A € Hy(M;Z) has ([w],A) < 0
then A can never be represented by a J-holomorphic curve, except in the case that A= 0 in which
case the only J-holomorphic representatives of A are the constant maps.

3.5.1. Compactness. If we fixa classA € H,(M;Z) and a complex curve (%, j) and let 4 (3,A,J) =
{u: ¥ — M|d,u=0, u,[%] = A}, then Corollary[3.5.4] gives something like a W2 bound on all el-
ements of .#(A,J). A bit more precisely, we could embed M in some Euclidean space R and use
the usual norm on W2(2; R") to make sense of the W2 norm of a map u: ¥ — M, and then as
long as M is compact (implying a bound on the L? norm of any map ¥ — M) we would have an
upper bound on all elements of .#(%,A,J) in this W2 norm. If we instead were to have a bound
on the WP norms of elements of .#(X,A,J) for some p > 2, then Theorem would imply
that every sequence in ./ (A, J) has a uniformly convergent subsequence (and with a bit more work
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based on the proof of Theorem [3.3.5lone could even show that the limit is a genuine J-holomorphic
curve). Unfortunately since we are in the “Sobolev borderline” case p = dim % = 2, this reasoning
does not quite apply, and indeed .# (%, A,J) is generally not sequentially compact. However, as we
will discuss (briefly) next, a somewhat weaker form of compactness does hold, in the sense that
M (A,J) can be compactified by adding other objects that are built out of J-holomorphic curves and
adjusting for reparametrization issues.

Before making positive statements, let us give a couple examples which should disabuse the
reader of any hope that .# (3, A, J) should generally be compact, while suggesting the limited senses
in which compactness can fail.

EXAMPLE 3.5.5. Let ¥ = M = CP!, and let A= [CP'] be the fundamental class. Then .#(%,A,J)
is just the set of degree-one holomorphic maps from CP* to itself; these are precisely the Mobius transfor-
mations ¢([w : 2]) =[cz+d : az+b]fora,b,c,d € Cwith ad # bc. (Identifying C with a dense subset
of CP! via z — [1 : 2], these restrict to C as z — %.) But the group PGL(2;C) of Mébius transfor-
mations is not compact under any reasonable topology. If we let ¢,([w : z]) = [nw : 2] =[w: ], then
for all [w: 2] € CP*\ {[0: 1]} we have ¢,([w: z]) — [1 : 0], while ¢,([0:1]) =[0: 1] for all n.
So {¢,,} converges pointwise to a discontinuous function, and so no subsequence of {¢,} can converge
uniformly to anything.

This issue affects all nonempty spaces .# (CP*,A,J) for all nonzero classes A € H,(M;Z), the point
being that if u € .#(CP',A,J) thenuo ¢ € #(CP* A,J) for all ¢ € PGL(2;C). For A # 0, any
element u of .#(CP',A,J) is nonconstant, so after precomposition by some Mébius transformation
can be arranged to have the property that u([1 : 0]) # u([0 : 1]). But then if ¢, is the sequence
of the previous paragraph, u o ¢, will converge pointwise to a function taking exactly the two values
u([1 : 0D),u([0 : 1]), so uo ¢, has no subsequence converging to any element of .#([X],A,J) (or
indeed to any continuous map, much less a pseudoholomorphic curve).

This suggests that we may have been asking the wrong question, at least when ¥ = CP!: instead
of asking for compactness of #([Z],A,J) we should ask for compactness of the quotient of this space
by the equivalence relation given by identifying a general element u with any of its reparametrizations
uo ¢ for ¢ € PGL(2;C). Another way of dealing with this reparametrization issue is to choose distinct
codimension-two submanifolds Cy, C,, C5 each having nontrivial intersection number with the class A
and then restrict attention to those elements u of M (2,A,J) such that u(p;) € C; fori =1,2,3, where
D1, P2, D3 are three fixed points on CP!. Since reparametrizations of u will typically no longer satisfy
the latter property, this has the effect of eliminating reparametrizations as a source of noncompactness
(at least in generic situations).

EXAMPLE 3.5.6. For this example let M = CP?, equipped with its standard complex structure J and
the Fubini-Study symplectic form w from Example[2.5.9] Let H denote the positive (i.e. {{w],H) > 0)
generator for H,(CP?; 7).

The idea in this example is to consider the limit of the of the complex curves {(x,y) € C?|xy =
1/n}; after including them into CP? and taking the closure to obtain a curve C, C CP?, these curves
can each be seen as copies of CP! representing the homology class 2H, while their limit, which would
be the closure in CP? of {x = 0}U{y = 0} C C2, is a union of two copies of CP! each representing the
class H.

To phrase this in terms of holomorphic maps, the C, are the images of maps u,: CP! — CP?
obtained by extending the map z — (L z) from C\ {0} to C? to a map between projective spaces. So

nz’

for w # 0 we should have u,([1: Z]) = [1 : ﬁ : f—v:l, clearing denominators yields a map on all of

CP!, namely
2
u,((w:2])= ([nzw cw? nzz]) = [zw : WT : zz} .
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From this formula it should be clear that

[w:0:2] if[w:g]#[1:0]
[0:1:0] if[w:2]=[1:0]

So somewhat similarly to Example[3.5.5] the sequence {u,,} 2, converges pointwise to a discontinuous
function, so does not converge uniformly to any function. For any given compact subset K of CP*\ {[1 :
01}, u,|x does converge uniformly to the function uly, where u: CP' — CP? is defined by u([w : z]) =
[w:0:z]. In other words u has image given by the closure in CP? of the complex line {(x,y) : x =
0} C C2. This is one half of the union of two complex projectivized lines that we expected to be the limit
of C,. So our maps u, converge away from the point [1 : 0], but the image of the limit u is “missing”
the copy of CP! corresponding to the line {(x,y):y = 0}.

It turns out that we can recover this missing line by reparametrizing the u,; this essentially allows
for a better understanding of the behavior of u,, near the “bubble point” [1 : 0]. As in Example [3.5.5]
let ¢,([w:z])=[nw:z]=[w:z/n]. Note that for large n and any fixed neighborhood U of [1 : 0]
with closure contained in CP'\ {[0 : 1]}, ¢,, maps U to a very small neighborhood of [1 : 0]. Hence
if we consider the behavior of the sequence {u, o ¢, } then we are essentially “zooming in” on [1 : 0],
which is the point at which our original sequence {u,} behaved poorly. We find that

Asn—>oo,un([w:z])—>{

0 (Tw : 1) = [ngw s mw? £ 7] = [zw W %]

and so

[z:w:0] if[w:2]#[0:1]

[0:0:1] if[w:2]=[0:1]. °

So the sequence {u, o ¢,} converges uniformly on compact subsets of CP' \ {[0 : 1]} to the map
v([w : 2]) = [z : w: 0]; this latter map has image equal precisely to the “other half” {y = 0} of the
expected limit of the curves C,,.

Thus the sequence of maps u,, € .#(CP*,2A,J) has a uniform-on-compact-subsets limit u on the
complement of a single bubble point (and u extends to a map over the bubble point, though it is no
longer the limit of {u,} there); by reparametrizing so as to zoom in on this bubble point we obtain a
sequence having a limit v which likewise extends to a map of CP*. This map v is called a “bubble,” and
the sequence {u,} is said to weakly converge to the “bubble tree” (u,v). The formal definition of weak
convergence is rather involved and I will not attempt to give it, but obviously it is not convergence in any
Sobolev space or C* sense, since (u, v) is not a map but rather a pair of maps. In particular this reflects
that .#(CP',2H,J) (and likewise its quotient by reparametrizations) is not compact. However it also
suggests that the one can obtain from .#(CP',2H,J) a space that is at least closer to being compact
by adding objects which are made out of J-holomorphic curves whose homology classes have sum equal
to 2H.

Asn—>oo,un0¢n([w:z])—>{

With very little time left in the semester, I don’t intend to give a serious proof of the compactness
theorem, but will indicate now some of the basic ingredients. I gave a more complete account in
[[U1], Section 8], and [[MS2] Chapter 5] contains a still-more-detailed treatment. Fix a compact sym-
plectic manifold (M, w) with an almost complex structure J € ¢ (M, w), let (%, j,h) be a compact
Hermitian manifold of real dimension two, and let A € H,(M;Z). Also let D(r) denote the closed
disk in C of radius r around the origin. Suppose that {u,}>, is a sequence in the moduli space
M(E,A,J)={u: & — M|d,u=0,u,[x]=A}. We can use h and g, to measure quantities such as
|du(p)| for any point p € =. The energy of amap u: C — M (where C is now a complex curve pos-
sibly with boundary—usually C will be a subset of 3 or its image under a holomorphic coordinate
chart) is again defined as E(u) = 3 [, |du[?*vol. By Corollary B.5.4 we have E(u) = [, u*w when u
is J-holomorphic.
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Suppose that K C ¥ is any compact subset on which there is a uniform bound ||du,, ||| e <
C. Then the Arzela-Ascoli theorem gives a subsequence of u,, which converges uniformly
on K. In fact with a little more work using the methods of Section one can obtain
W2P bounds on the u, for p > 2, which implies that (after passing to an appropriate
subsequence) their derivatives also converge uniformly, and so the limit will in fact be a
J-holomorphic curve.

A result sometimes called “Gromov’s Schwarz Lemma” ([[UT}, Corollary 8.14]) asserts that
there are constants C,# > 0 depending only on (M, J) such that any J-holomorphic map
u: D(1) - M such that E(u) < & obeys |du(0)| < C. By reparametrizing we see that any
J-holomorphic map u: D(r) — M such that E(u) < i obeys |du(0)| < % It follows from
this that if p € ¥ and if |du,(p)| — oo then p must be a “bubble point” in the following
sense:

For every neighborhood U of p, liminf E(u,|;) = A.
n—oo

A little more strongly, if U is an neighborhood of p with each E(u,|;) < i and V & U then
we can apply Gromov’s Schwarz Lemma to coordinate neighborhoods centered at points
in V to obtain a bound ||du,|y| < Cy for a constant Cy,. Thus for any p € %, either p has a
neighborhood V, on which [|du,|y ||, is bounded or else p is a bubble point in the sense
of (78).

Note that since E(u,) = ([w],A) is independent of n, we can pass to a subsequence of
u, for which there are only finitely many (more specifically, at most q“’—h]’A)) bubble points
Pi,---,Pn- (Choose one bubble point p; and pass to a subsequence—still called u,—for
which E(u,|y) = ki for all neighborhoods U of p; and all sufficiently large n, i.e. so that
every subsubsequence of our subsequence still has p; as a bubble point, then repeat for
a bubble point p, of this subsequence, and so on until no bubble points are left. This
process stops after at most ([wh]’A ) steps since arbitrarily small neighborhoods of each of
the bubble points contribute energy at least fi to every subsequence.) Moreover, the last
sentence of (ii) combined with (i) shows that a further subsequence of {u,} converges
uniformly to a pseudoholomorphic curve u: %\ {py,...,py} — M on compact subsets of
\{p1,...,pn} Passing to a further subsequence if necessary (and perhaps deleting some
of the p;), we may as well assume that each p; is a bubble point for every subsequence of
{u,}.

A pseudoholomorphic version of the removal of singularities theorem from complex anal-
ysis ([U1, Theorem 8.11]) asserts that a finite energy J-holomorphic map v: D(1)\{0} —
M extends over the origin to a J-holomorphic map on all of D(1). Applying this in coordi-
nate neighborhoods of p,,...,py to the map u from the end of (iii) shows that u extends
to a J-holomorphic map u: ¥ — M. Thus, much like in Example we have found a
map J-holomorphic map u: ¥ — M and a finite set {p;,...,py} such that a subsequence
of {u,} converges uniformly on compact subsets of >\ {p;,...,py} to u, and such that
the derivatives likewise converge uniformly on compact subsets of © \ {p;,...,py}- By
the definition of a bubble point (and the condition in the last sentence of (iii)), for every
K e 2\{py,...,pn} wewill have E(u,|x) < {[w],A)—NH, and hence E(u) < {{w],A)—Nh.
In particular if our subsequence has any bubble points, then u: X — M will represent a
class having strictly smaller pairing with [w] than does A.

We now consider the behavior near the bubble points. Let p; be one of these points, iden-
tify a neighborhood of p; by a holomorphic coordinate chart with D(1) ¢ C (with p; corre-
sponding to 0), and identify the maps u,, with their representations u,,: D(1) — M in these
coordinate charts. A fairly elementary argument (see [[U1, Lemmas 8.19 and 8.20]) allows
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one to find a sequence {,, — 0 and numbers €, — 0 such that r,, := €,|du,({,)| = oo and
|du, (¢, +w)| < 2|du,(¢,)| whenever |w| < €,. One then defines maps v,: D(r,) — M by

Z

RG]

In other words we are zooming in on a sequence of points {, converging to O at which
|du,| is large. By construction |dv,(0)| = 1 for all n, and the condition that |du,({,+w)| <
2|du,(¢,)| whenever |w| < €, implies that |dv,(z)| < 2 for all z in the domain D(r,) of v,,.
But r,, — o0, so it follows from (i) that a subsequence of {v, } converges uniformly on com-
pact subsets to a J-holomorphic map v: C — M. Certainly the energy of v is no greater
than ([w],A). Even better, viewing C as the complement of a point in CP? in the usual
way, by applying the removal of singularities theorem from (iv) to a coordinate neighbor-
hood of the point at infinity we find that v extends to a J-holomorphic map v: CP! — M.
Thus associated to each bubble point p we have produced a holomorphic sphere v in M, by
rescaling the domains of restrictions of the v, to certain open subsets contained in small
neighborhoods of v. This sphere is nonconstant, since |dv(0)| = lim,,_,, |dv,(0)| = 1.
Also for any neighborhod U of p, the quantity liminf,_, ., E(u,|y) is at least equal to the
energy of v.

The above outline shows how a sequence {u,} in (X, A,J) has a subsequence which converges
on the complement of finitely many bubble points to an element u € .# (X, B,J) (with B =A if and
only if there are no bubble points, and {[w],B) < {[w],A) otherwise), and moreover produces a
nonconstant J-holomorphic sphere v) from the behavior of the u, near each bubble point p;. A
more refined argument (which in particular involves a different approach to rescaling in (v) above)
builds a “bubble tree” consisting of u together with collections of J-holomorphic spheres sprouting
off of each of the bubble points (and possibly bubbling off of each other), such that the sum of all
of the homology classes of all the resulting curves is equal to A. Note that while our spheres v(”
are nonconstant, it is possible for u to be constant—this is what happens with the sequence {¢,} in
Example [3.5.51

By the way, the same conclusions about convergence to a J-holomorphic bubble tree hold if,
instead of assuming that u, € #(%,A,J) for some fixed J, we assume that u, € .#(%,A,J,) for
some sequence J,, of almost complex structures that C°-converges to J, in which case the limit will
be J-holomorphic.

3.6. Sketch of a proof of the non-squeezing theorem

In this final section we indicate how the general theory that we have discussed can be used to
prove Gromov’s non-squeezing theorem [|G]]; this is one of the earliest applications of pseudoholo-
morphic curves, and remains one of the most famous.

We now set up notation for the theorem, using contemporary notation for the sets involved.
For n € N we write points in R*" as (%,y) = (x1,...,X,, Y1---,Ys), and use the symplectic form
wo = 2. dx; Ady; on R*". For a > 0 we define the ball

B¥(a) = {(%,7 € R*"|n ) (x?+y?) <a},
i

so B?"(a) intersects the x; y; plane in a disk of area a, and B?*(a) is a ball of radius \/g . Also let
z*(a) ={(%,7) e R*"|n(x} + y}) < a},

so Z?"(a) = B%(a) x R?"2, with the natural product symplectic structure.
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A basic feature of symplectic geometry is that a symplectic manifold (M, w) admits many sym-
plectomorphisms (i.e. diffeomorphisms obeying ¢*w = w), obtained for instance as flows of vector
fields X such that w(X,-) is closed. For some time it was unclear what sorts of qualitative proper-
ties a symplectomorphism ¢ necessarily satisfies, other than the easy fact that ¢ must preserve the
volume form given as the top exterior power of w. The following non-squeezing theorem was the
first significant constraint going beyond volume preservation.

THEOREM 3.6.1 (Gromov’s non-squeezing theorem). Suppose that ¢ : B*(a) — Z?"(A) is an
embedding with ¢*wg = wy. Then a <A

So in particular a symplectomorphism of R?" can never map B2*(a) into Z2"(A) if A < a; on the
other hand certainly there are (for n > 2) many volume-preserving diffeomorphisms of R?" that do
so. For that matter if we had defined Z2"(A) slightly differently the theorem would be false: given
any a,A, for sufficiently small A > 0 the map ¢(¥,y) = (A%, A7'y) is a symplectomorphism that
maps B?"(a) into {(%, ¥)|n(x? + x3) < A}. So it is essential that the cylinder Z>"(A) was defined
using the variables x,, y;, not xy, x,.

To start the proof of Theorem[3.6.1] first note that here will be some N > 0 such that ¢ (B%"(a)) C
int([—=N,N]*"), so if we let TI%“ = 2522% it suffices to show that (for any N) if there is an embed-
ding ¢ : B**(a) — B*(A) x T2" with ¢*wy = w, then a < A. (The point of doing ths is to make the
codomain compact.) Here w is the sympletic form on R? x TAZI” that pulls back by the quotient map
to the standard symplectic form on R",

For any b > 0 let S?(b) denote the symplectic manifold whose underlying smooth manifold is
52 and has symplectic form whose integral over S2 is b. (It’s a basic symplectic geometry exercise
to show that this determines S2(b) up to symplectomorphism. Of course for a concrete version one
could use an appropriate multiple of the Fubini-Study form from Example [2.5.91) Whenever a < b,
B?"(a) (with its standard symplectic structure) can be seen as a codimension-zero submanifold-
with-boundary of S2(b) The key lemma is:

LEMMA 3.6.2. For any positive real numbers b,N, let J be any almost complex structure that is
compatible with the product symplectic form € on S?(b) x Tﬁ”’z. Choose any point x, € S?(b) x Tﬁ”’z.
Then there is a J-holomorphic map u: CP' — S*(b) x T2""2 such that u,[CP'] = [S? x {pt}] and
Xo € Im(u).

PROOE. (Sketch) Let 7ty : S*(b)xT2" > — S%and m,: S*(b)xT3"* — T2" for the projections,
and choose points s;,5., € S? such that the elements 7t;(x,),s;,50 are all distinct. Identify CP!
with C U {oo} in the standard way, so we have three distinguished points 0,1, oo € CP!.

For any J € #(S?(b) x TZ""2,Q), consider the space

du=0,u,[CP'1=[S%x {pt}], }

_J,,. 1_, g2
Mo = {u. cp S u(0) = x¢, 1 (u(1)) =57, my(u(00)) =5

Evidently it suffices to show that, for every J, .#; is nonempty. (The conditions on u(1),u(oo) are
introduced to eliminate reparametrization symmetry, as suggested at the end of Example [3.5.51)
These spaces fit into a simple modification of the Banach manifold setup described before Proposi-
tion[34.1} for k > 1,p > 2 we have a bundle &P — W*P(CP', M) of which J, is a section, and
we can also consider the “evaluation map” e: W5P(CP!, M) — (S? x T2"%) x $% x S defined by

e(u) = (u(0), 7, (u(1)), y (u(o0)).

By locally trivializing the bundle &P using parallel transport as before, we see that the intersection
of .#; with a small neighborhood % of an element u € #*P(u*TM) is given by the preimage of the
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point (0, (Xg,$1,500)) € P x ((82 x T2""2)) x §2 x S? under the map u — (2V3,u,e(w)). This
map has linearization

Dy WP (W TM) > KV x T, (8% x T2"2) x T, S* x T,_S>
u 0 1 oo
5 g (Du£7 5(0): ﬂ:l*g(l)’ 7'[2*5(00))

where D, is the operator from Proposition [3.4.T] which was shown to be Fredholm in Theorem
3.4.3

Since the codomain of 9, is the product of the codomain of D, with a (2n + 4)-dimensional
vector space, it is not hard to see from Theorem[3.4.7] that 2, is also Fredholm and that ind(2,) =
ind(D,)—(2n+4). According to (74), we have ind(D,) = 2(n+ (c; (T (52 x Ty,_5)),[S% x {pt}])) =
2(n+{c;(TS2),[521)) = 2(n+2) since ¢;(TS?) coincides with the Euler class of TS? and so evaluates
on the fundamental class to give the Euler characteristic of S, i.e., 2. Thus ind(9,) = 0, so if 9, is
surjective at all elements of . then .#; will be a zero-dimensional manifold. Let us call an almost
complex structure J regular if 9, is surjective at all u € .

Let’s see how this works when our almost complex structure J on S2 x TI\ZI”_2 is the “product
complex structure” J,,, obtained by acting separately on TS? and TTﬁ"‘2 by the standard complex
structures on these manifolds (where S? is identified with CP' and T3" 2 is viewed as a quotient
of C*™1). We can then write any map u: CP* — 8% x T2" % as u = (1, ou,om, ou), and 3, u = 0
if and only if both 7; ou: CP! — $? and m, cu: CP' — T2"2 are holomorphic with respect to
the standard complex structures. The statement that u,[CP'] = [S? x {pt}] is equivalent to the
statement that (7, o u),[CP*] =[$?] and (m; o u),[CP'] = 0. So in this case J;, = 0 if and only if
(again identifying S? with CP') 1t; ou is a Mébius transformation and 7t,ou is constant (as Corollary
[3.5:4] shows that a holomorphic null-homologous map from a compact domain must be constant).
From this we see that

(79) M, consists of exactly one element u;, = (us,ur),

where ug: CP' — CP! is the unique Mébius transformation sending 0,1, 00 to 7;(x),51,500 Te-
spectively, and uy is the constant map to 75(x).
In fact it’s not hard to see that Dy,, is surjective; since we already determined that Du,, has

index zero it suffices to show that @% is injectiveﬁ Because J, is the product complex structure, an
element of ker Dy, is given by a pair (&g, £) where & is a holomorphic section of (the holomorphic

line bundle) u}TS* and & is a holomorphic section of u} To" 2, satisfying the additional properties
that £5(0) = &4(1) = Eg(o0) = 0 and that £4(0) = 0 in order to preserve the conditions on
u(0),u(1),u(o0). Now uy is a constant map, so a holomorphic section of u7, Tﬁ”_z is the same thing
as a holomorphic map CP! — C""!, any one of which is constant, so the condition that £;(0) =0
implies that £; = 0 whenever (£g,&1) € ker Dy, As for &5, one can see in various ways that
a holomorphic section of the bundle ugTM that has more than two zeros must vanish identically.
From an algebraic geometry perspective this is because ug T M has degree two and any zero of a not-
identically-zero section contributes positively to the degree. For a more elementary argument, one
can find a section X of ugTM vanishing to order one exactly at 0 and oo (for instance, take a vector
field generating a one-parameter family of Mdbius transformations each of which fixes s;,s,, and

then pull this vector field back by the holomorphic map ug), and then the ratio i—s is (after removal

5Alternatively, if one didn’t want to appeal to the index computation (Z4), one could show that 2, 5o is surjective by
showing that the adjoint of 2, o is injective. This would involve first computing this adjoint in terms of sections of various
holomorphic line bundles over CP! and then applying a similar analysis to the argument that 9, 5o is injective that we give

presently.
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of singularities) a well-defined holomorphic function CP* — C which vanishes at 1. But the only
holomorphic functions CP! — C are constants, so in fact & = 0. So indeed ker Dy,, = {0}, which
implies that J;, is a regular almost complex structure in the sense defined earlier.

The key now is to consider one parameter families of almost complex structures {J}.co 1]
beginning at our regular complex structure J,,, and their associated “parametrized moduli spaces”

My ={(t,u) €[0,1] x WP(CP',S* x T D)u € A, }.

One finds by a similar analysis to what we have seen before that any such space is locally modeled
by the zero locus of a Fredholm operator of index equal to ind(2,) + 1, i.e. to 1. If this Fredholm
operator is surjective at all elements of .#; , then .4, , will be a one-dimensional manifold with
boundary, the boundary consisting of the points with t = 0 or t = 1. An argument with the Sard-
Smale theorem along the lines suggested at the end of Section[3.4.2]shows that, for any k, there is a
Ck-dense set in the space of paths of Q-compatible almost complex structures {J¢}te[0,17 beginning
at J,, such that this surjectivity property is satisfied. Thus, for any member of this dense set of paths,
My, is a one-manifold with boundary consisting of the set {(0,u, )} L ({1} x .4 ).

The final crucial point is that any such .#, ; is compact. To explain why, we know from Section
[3.5.T]that if a sequence {(t,,u,,)} -, failed to have a convergent subsequence, then this sequence
would necessarily form bubbles. These bubbles would be nonconstant J, -holomorphic spheres
v: CP' — $% x T2"2, each having energy E(v) bounded above by the energy of each of the u,,
namely ([Q],[S? x {pt}]) = b. Now elementary fundamental group considerations show that v
lifts to a map CP! — S? x C"!, so we must have v,[CP'] = k[S? x {pt}] for some k € Z. But
E(v) = fcpl v*Q = ([Q],v,[CP']) is both positive (since v is nonconstant) and bounded above by
b, so the only possibility for bubbling would be that k = 1, in which case v would be the only
bubble and the almost-everywere limit u of the u,, would be constant. In fact this last possibility
is prevented by the incidence conditions that u,,(0) = x,, 7;(u,,(1)) = s1, and 7, (u,,(00)) = Seo,
since {u,,,} converges to u on the complement of its set of bubble points, and so if there is only one
bubble point then u would take distinct values at at least two of the three points 0,1,00. So u
cannot be constant, in view of which no bubbling can occur and .y, ; is compact.

It thus follows that for any path {J,} in our dense set, .#;; is a compact 1-manifold with
boundary equal to {(0,u,,))} U ({1} x ., ). But a compact 1-manifold with boundary can never
have exactly one boundary point; thus .#;, is nonempty.

This holds for arbitrary almost complex structures J; that arise as endpoints of paths {J,} in
our C*-dense set. Now if J € _#(S? x Tﬁ"‘z, Q) is a completely arbitary compatible almost complex
structure, then since Proposition implies the existence of paths in #(S? x Tﬁ"_z, Q) from J,
to J, we can approximate one such path by a sequence of paths in our dense set, and this yields
a sequence of almost complex structures J,, with J,, — J and each .#; nonempty, say with u,, €
M; . The same compactness argument as that given two paragraphs ago shows that the u,, have a
subsequence that converges to an element of .4, finally proving that .#; is nonempty. 0

We now apply this lemma to our embedding problem. Suppose we have an embedding ¢ : B*"(a) —
Z2"(A) with ¢*w, = w,. As noted earlier, for sufficiently large N we can replace the codomain by
B?(A) x T2"> and we will still have an embedding. Now let € > 0, and consider the symplectic
manifold (S*(A+ €) x TZ"2,Q) where Q is the same symplectic structure as in Lemma[3.6.2} using
the (symplectic) inclusion B%(A) C S2(A+ €), ¢ is an embedding B**(a) — S?(A+ €) x Tﬁ"‘z with
¢ Q= w,.

Now let J, be the standard complex structure on C" D B%"(a). Because ¢*Q = w,, the almost
complex structure given by ¢, oJy o ¢ on ¢(B*'(a)) is compatible with (the restriction of) . By
the proof of Proposition [3.5.3] we may construct an 2-compatible almost complex structure J on
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S%(A+€)x TZ"% whose restriction to ¢ (B**(a—e)) is equal to ¢, Jo¢p, . (Use a partition of unity to
construct a Riemannian metric restricting to ¢ (B**(a—e¢)) as 8.5, and input this metric into the
map g — J, constructed in the proof of Propositon[3.5.3) Lemma produces a J-holomorphic
curve u: CP! — S2(b) x T2""2 such that u(0) = ¢ (0,0). The condition on the homology class of u
means that E(u) =A+e.

Now S := u"!(¢(B*(a — €))°) is an open subset of CP!, and we have a well-defined map
¢ 'ou: S — B*"(a—e)° (the superscript ° means interior). Because J coincides with ¢, oJy o ¢
on S, this map ¢! ou is in fact J,-holomorphic. Moreover

E((j)_lou):/S(qS_Iou)*a)OZ/Su*Q=E(u|S)SE(u)=A+E.

By construction, ¢! o u(0) = (0,0). If ¢ < a — € is any regular value of the smooth function
m|l¢~t o ul|?, then S, := u(¢(B?*(c))) is a subsurface-with-boundary of CP!, such that ¢! o
uls : S. = B**(c) is a Jy-holomorphic map with ¢ ' ou(35,) € dB*'(c). So by Sard’s theorem (or
the weaker statement that there exist regular values arbitrarily close to a — €) we conclude:

PROPOSITION 3.6.3. Suppose that there is an embedding ¢ : B2*(a) — Z2"(A) with ¢*wg = w,,
and let € > 0. Then there is ¢ > a — 2€, a compact almost complex 2-manifold with boundary S., and
a Jy-holomorphic map v: S. — B®*(c) such that (0,0) € Im(v), v(8S.) C dB*'(c), and E(v) < A+e.

The key fact now is that a holomorphic map v: S, — B?"(c) with (0,0) € Im(v) and v(3S,) C
B?"(c) necessarily has E(v) > c. So we obtain inequalities a —2e < ¢ < E(v) < A+ €, which since €
is arbitrary concludes the proof of the non-squeezing theorem modulo this lower bound E(v) > ¢ on
the energy of a holomorphic map with image passing through the origin and boundary contained
in the boundary of a ball of cross-sectional area c.

So we finally sketch the proof of this lower bound E(v) > c. For 0 < t < c let S, = v"}(B?*(t)).
Whenever t is a regular value of the function 7||v||?: S, — R, S, is a submanifold with boundary of
S., with v restricting as a J,-holomorphic map of pairs (S, 3S,) — (B*'(t), dB>"(t)). Furthermore,
still assuming that t is a regular value of 7||v||?, vls, is transverse to dB?'(t), so at each point of
S, the outward normal vector is mapped by v, to a vector pointing outward from dB2"(t).

For all t € [0,c] let a(t) denote the area of S, as a subset of S, with the measure given by
the pulled back form v*w,. This quantity is well-defined for all t € [0,c] and gives a monotone
increasing function; for those t which are additionally regular values of 7||v||? it additionally holds
that S, is a smooth manifold with boundary and a(t) is the integral of (v|s )*w over this manifold
with boundary.

Also, for each regular value t of t||v||?, let A(t) denote the length of the parametrized curve
Vlss,- Fix such a ¢, and let us parametrize dS, by a map y: I — 9S, where [ is a union of circles

% each having angular coordinate 7, consistently with the orientation of dS,, in such a way that
J

V*Z—Z has length 1 with respect to the standard metric g; . Thus A(t) = > j- Then —jg—z is an

outward normal along 9S,, so as noted earlier v, (— jS—Z) points outward from dB2"(t). Since v is

dy
*dr 2

So for small €, flowing out from JS, along the vector field —e¢j % extends S, to a subsurface

J-holomorphic this latter vector is equal to —Jv,
d
T
S¢ of S, which is mapped by v inside the ball of radius \/E + €+ o(€), and the energy of v on the
newly-introduced part S; \ S, is eA(t) +o(e). (Here as usual o(¢) is a generic symbol for a quantity
depending on € such that lim,_, @ =0.) This proves that, for t a regular value of 7||v||?, we have

fa(t +24/mte)—alt)
€

and so it also has length 1 and is orthogonal to
v

lim(i){l > A1),
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and so since the implicit function theorem fairly readily implies that a(t) is differentiable near t
when t is a regular value of 7||v||?,

(80) a'(t) > ML)
24/t

The final ingredient is then given by a mild adaptation of the classic isoperimetric inequality
that in turn bounds A(t) below in terms of a(t). The standard isoperimetric inequality (see [[Ol])
says that if C is a compact 2-manifold with boundary and w: C — R? is smooth then the length
L of the parametrized curve w|, obeys L? > 4 [ w*w,. If instead we have a map w: C — R*"
then, denoting by p,...,p,: R*" — R? the projections to the various complex coordinate planes,
one has [, w*w, = >, [-(p; o w)*w, (where wy is the standard symplectic form on R*" or R as
appropriate). Meanwhile, if we parametrize each component of 3C by y;: R/Z — dC in such a

when t is a regular value of 7||v||%.

is a unit vector at all times, then we have

1
Length(wiz) = /0 Ir@Pds =33 [ o nolias
J i j

> > Length(p; o wlac)’
i

dr;
way that w, o+

where the last inequality follows from the Schwarz inequality (it may not be an inequality because
the p; ow probably will not be constant-speed-parametrized). So the standard isoperimetric inequal-
ity shows that maps w: C — R>" continue to obey Length(w|sc)* > 47 [, w*w,. Applying this to
our maps v: S, — C" yields

A(t)*> = 4na(t) when t is a regular value of rt||v|%.

Combining this with shows that, for any regular value t of 7||v||?, we have a’(t) > a(t . But

then 0 )
a(t
(\/a(t \/_) 2\/7_2_«/?2

whenever t is a regular Value@ of 7||v||?. Since Sard’s theorem shows that the regular values of
t||v||? form a full measure set, and since a is monotone increasing for all t (not just for regular
values) and a(0) = 0, it follows easily that 1/ a(t) > 4/t for all t € [0,c]. In particular a(c) = c, so
the map v produced by Proposition [3.6.3| has energy greater than or equal to c.

As noted earlier, this directly proves that a —2e < A+ €, which since € is arbitrary completes
the proof of the non-squeezing theorem.

SNote that the fact that v(0) = 0 implies that the sets S, are never empty, which implies that a(t) > 0 at all regular
values, justifying the division by +/a(t).



Bibliography

[A] L. Ahlfors. Lectures on quasiconformal mappings. Von Nostrand, 1966.

[DGMS] P Deligne, P Griffiths, J. Morgan, and D. Sullivan. Real homotopy theory of Kéihler manifolds. Invent. Math. 29
(1975), 245-274.

[dC] M. do Carmo. Riemannian Geometry. Birkhauser, Boston, 1992.

[E] L. C. Evans. Partial Differential Equations. Grad. Stud. Math. 19, AMS, Providence, 1998.

[F] G. Folland. Real Analysis: Modern Techniques and Their Applications. 2nd ed. Wiley, New York, 1999.

[GH] P Griffiths and J. Harris. Principles of Algebraic Geometry. Wiley, 1977.

[G] M. Gromov. Pseudo holomorphic curves in symplectic manifolds. Invent. Math. 82 (1985), 307-347.

[MS1] D. McDuff and D. Salamon. Introduction to Symplectic Topology. Oxford, 1998.

[MS2] D. McDuff and D. Salamon. J-holomorphic Curves and Symplectic Topology. AMS, 2012.

[O] R. Osserman. The isoperimetric inequality. Bull. Amer. Math. Soc. 84 (1978), no. 6, 1182-1238.

[P] P Petersen. Riemannian Geometry. Grad. Texts. Math. 171, Springer, 1998.

[T] W Thurston. Some simple examples of symplectic manifolds. Proc. Amer. Math. Soc. 55 (1976), no. 2, 467-468.

[U1] M. Usher. MATH 8230, Spring 2010 lecture notes. http://alpha.math.uga.edu/ usher/8230/notes-spring.pdf

[U2] M. Usher. MATH 8210, Fall 2011 lecture notes, part I. http://alpha.math.uga.edu/ usher/8210-notes.pdf

[W] E Warner. Foundations of differentiable manifolds and Lie groups Grad. Texts. Math. 94, Springer, 1983.

111


http://alpha.math.uga.edu/~usher/8230/notes-spring.pdf
http://alpha.math.uga.edu/~usher/8210-notes.pdf

	Chapter 1. The Hodge theorem and Sobolev spaces
	1.1. Formulating the strategy
	1.2. Introductory Analysis of the Laplacian
	1.3. Weak derivatives and Sobolev spaces
	1.4. Hilbert spaces, weak convergence, and W1,2
	1.5. The main regularity theorem
	1.6. Proof of the Hodge theorem

	Chapter 2. Hodge theory on complex manifolds
	2.1. The Hodge theorem with complex coefficients
	2.2. Complexification and complex structures
	2.3. Almost complex and complex manifolds
	2.4. The Dolbeault Laplacians
	2.5. The complex Hodge Theorem

	Chapter 3. Pseudoholomorphic curves
	3.1. Introducing the nonlinear Cauchy-Riemann equation
	3.2. Some properties of the linear Cauchy-Riemann operator
	3.3. Regularity for the nonlinear Cauchy-Riemann equation
	3.4. Differential topology of J
	3.5. Pseudoholomorphic curves in the presence of a symplectic structure
	3.6. Sketch of a proof of the non-squeezing theorem

	Bibliography

