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Ext(Q,Z) is the additive group of

real numbers

James Wiegold

Standard homological methods and a theorem of Harrison on

cotorsion groups are used to prove the result mentioned.

In this note Z denotes an infinite cyclic group, Q the additive

group of rational numbers, Z °° a p-quasicyclie group, and I the group

of p-adic integers.

Pascual Llorente proves in [3] that Ext(Q,Z) is an uncountable group,

and gives explicitly a countably infinite subset. Very little extra effort

produces the result embodied in the title, as follows.

Llorente applies the functor Homf ,ZJ to the exact sequence

(1) 0 •* Z •*• Q •* Q/Z •* 0 ,

and deduces almost immediately an exact sequence

(2) 0 •+ Z -*• Ext(Q/Z,Z) •* Ext(Q,Z) •*• 0 .

Since Q/Z is the restricted direct sum \z °° , the sum taken over all

primes, it follows [I, p.238] that Ext(Q/Z, Z) is the complete direct sum

l*Ext(Z» Z; .

To find the structure of ExtfZ <*>,Z) , we apply the functor HomfZ >», )

to (l), giving a long exact sequence:

<=°.,z;>Homrz o>3Q)^Aam(Z <*>1Q/Z)-*Ex.t(Z °°1Z)-*Ext(Z <*>iQ)-*
:Ext(Z <»,

All but the two central terms vanish, and we are left with an exact sequence
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( 3 ) 0 -»• HomfZ <*>,Q/Z) •* ExtfZ°°>Z) •+ 0 .

However, i t i s c lear that HomfZ ^Q/Z) = HomfZ °>,Z «>) = I , so that (3)

expresses an isomorphism

Extrz^z; = ip .

It follows that ExtfQ/ZjZJ is a cotorsion group in the sense of Harrison

[2]; the main feature which concerns us is that '&om(QJExt(Q/ZJZ)) and

ExtfeJExt('e/ZJz;; are both zero [2, Proposition 2.1]. As a result,

application of Hom(<2, ) to (2) yields an exact sequence

0 •+ Horn(Q,Ext(QtZ)) •* ExtCQ^Z) + 0 ,

so tha t ExtC^Z; = Hom.(Q,Ext(Q3Z)) . Since Q i s d iv i s ib le , t h i s

isomorphism gives [7 , p . 207] that ExtfQjZJ i s torsion-free. Further,

since Q i s tors ion-f ree , Ext(Q,Z) is divisible [7 , p . 21*5]. Finally,

(2) and the fact that ExifQ/Z^Z) i s isomorphic with £ I proves that

^ has the cardinal of the continuum. This is enough to yield our

claim that Ext(QjZ) is isomorphic with the additive group of real numbers.

One s l i g h t l y s u r p r i s i n g fea ture i s t h a t (2) expresses

v*large torsion-free divisible group, as a factor-group of J I by a eyelid

subgroup. I would not have imagined that killing a cyclic subgroup could

have so profound an effect.
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