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Abstract. Conditionally on the ABC conjecture, we show that a hyperelliptic curve C/Q of

genus at least three has infinitely many quadratic twists that violate the Hasse Principle iff it
has no Q-rational hyperelliptic branch points.

1. Introduction

Let C/Q be an algebraic curve. (All our curves will be smooth, projective and geometrically
integral.) An involution ι on C is an order 2 automorphism of C/Q. For any quadratic field

Q(
√
d)/Q, there is a curve Td(C, ι)/Q, the quadratic twist of C by ι and Q(

√
d)/Q. After extension

to Q(
√
d) the curve Td(C, ι) is canonically isomorphic to C/Q(

√
d), but the Aut(Q(

√
d)/Q) = 〈σd〉

action on C(Q(
√
d)) is “twisted by ι”: σ : P ∈ C(Q(

√
d)) 7→ ι(σd(P )), and thus

Td(C, ι)(Q) = {P ∈ C(Q(
√
d)) | ι(P ) = σd(P )}.

If d ∈ Q×2 we put Td(C, ι) = C, the “trivial quadratic twist.”
Let q : C → C/ι be the quotient map. Every Q-rational point on Td(C, ι) maps via q to a Q-

rational point on C/ι. Let P ∈ C/ι(Q). If P a branch point of ι, then the unique point P ∈ C(Q)
such that q(P ) = P is also rational on every quadratic twist. If P is not a branch point of ι, there
is a unique d ∈ Q×/Q×2 such that the fiber of q : Td(C, ι)→ C/ι consists of two Q-rational points.

Previous work of Clark and Clark-Stankewicz [Cl08], [ClXX], [CS18] gave criteria on C and ι for
there to be infinitely many d ∈ Q×/Q×2 such that Td(C, ι)/Q violates the Hasse Principle: letting
AQ be the adele ring over Q, we have Td(C, ι)(AQ) 6= ∅ but Td(C, ι)(Q) = ∅. Here is one version.

Theorem 1. [CS18, Thm. 2] Let C/Q be a nice curve, and let ι be an involution on C. Suppose:
(T1) The involution ι has no Q-rational branch points.
(T2) The involution ι has at least one geometric branch point: {P ∈ C(Q) | ι(P ) = P} 6= ∅.
(T3) For some d ∈ Q×/Q×2 we have Td(C, ι)(AQ) 6= ∅.
(T4) The set (C/ι)(Q) is finite.
Then, as X →∞, the number of squarefree d with |d| ≤ X such that Td(C, ι)/Q violates the Hasse

Principle is �C
X

logX .

An involution ι on a curve C/Q is hyperelliptic if C/ι ∼= P1. A hyperelliptic curve is a pair (C, ι) with
ι a hyperelliptic involution on C. (A curve of genus at least two admits at most one hyperelliptic
involution.) A hyperelliptic curve (C, ι) of genus g has an affine model y2 = f(x) with f(x) ∈ Q[x]
squarefree of degree 2g+2 and ι : (x, y) 7→ (x,−y). The twist Td(C, ι) has affine model dy2 = f(x).
The branch points of ι are the roots of f in Q.1

If ι is a hyperelliptic involution then (C/ι)(Q) = P1(Q) is infinite, so (T4) is not satisfied. In
this note we give a conditional complement to Theorem 1 that applies to hyperelliptic curves.

1We have chosen a model in which the point at ∞ is not a branch point; this is always possible. There is a model
in which the point at ∞ is a branch point iff there is a Q-rational branch point.
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Theorem 2. Assume the ABC conjecture. For a hyperelliptic curve (C, ι) of genus g ≥ 3, the
following are equivalent:
(i) The hyperelliptic involution ι has no Q-rational branch points.
(ii) As X →∞, the number of squarefree integers d with |d| ≤ X such that Td(C, ι)/Q violates the

Hasse Principle is �C
X

logX .

(iii) Some quadratic twist Td(C, ι)/Q violates the Hasse Principle.

Certainly (ii) =⇒ (iii). As for (iii) =⇒ (i): if ι has a Q-rational branch point then this point
stays rational on every quadratic twist. The matter of it is to show that (i) =⇒ (ii), which we
will do in §2. Some final remarks are given in §3.

2. Proof of Theorem 2

2.1. Local.

Theorem 3. Let (C, ι)/Q be a hyperelliptic curve of genus g ≥ 1. If C(AQ) 6= ∅, then the set of
primes p ≡ 1 (mod 8) for which Tp(C, ι)(AQ) 6= ∅ has positive density.

Proof. For any place ` ≤ ∞ of Q, if p ∈ Q×2` then Tp(C, ι)/Q`
∼= C/Q`

and thus Tp(C, ι)(Q`) 6= ∅.
In particular this holds for ` =∞. Henceforth ` denotes a prime number.

Let M1 ∈ Z+ be such that C extends to a smooth relative curve over Z` for all ` > M1. Such
an M1 exists for any nice curve C/Q by openness of the smooth locus. Since C is hyperelliptic, we
can take M1 to be the largest prime dividing its minimal discriminant.

Suppose ` > M := max(M1, 4g
2−1), ` 6= p and p /∈ Q×2` . Then the minimal regular model C/Z`

is smooth. We have Tp(C, ι)/Q`(
√
p)
∼= C/Q`(

√
p). Since Q`(

√
p)/Q` is unramified and formation of

the minimal regular model commutes with étale base change [L, Prop. 10.1.17] it follows that the
minimal regular model Tp(C, ι)/Z`

is smooth. By the Riemann hypothesis for curves over a finite

field, since ` ≥ 4g2, we have Tp(C, ι)(F`) 6= ∅, so by Hensel’s Lemma we have Tp(C, ι)(Q`) 6= ∅.

Suppose ` ≤M and ` 6= p. If ` = 2, then p ∈ Q×2` because p ≡ 1 (mod 8). If ` is odd we assume

that p is a quadratic residue modulo `, so again p ∈ Q×2` . Either way, Tp(C, ι)(Q`) = C(Q`) 6= ∅.

Suppose ` = p. Let P ∈ C(Q) be a hyperelliptic branch point. We assume that p splits
completely in Q(P ). Then P ∈ C(Qp) ∩ Tp(C, ι)(Qp).

All in all we have finitely many conditions on p, each of the form that p splits completely in a
certain number field. Taking the compositum of these finitely many number fields and its Galois
closure, say L, we see that if p splits completely in L then Tp(C, ι)(AQ) 6= ∅. By (e.g.) the
Chebotarev density theorem, this set of primes has positive density. �

2.2. Global.

Theorem 4. (Granville [Gr07, Cor. 1.2]) Assume the ABC conjecture. Let (C, ι)/Q be a hyperel-
liptic curve of genus g ≥ 3. The number of squarefree integers d with |d| ≤ X such that Td(C, ι)(Q)

has a point that is not a hyperelliptic branch point is �C X
1

g−1+o(1) �C X2/3.

2.3. Local-global. We now complete the proof of Theorem 2. Let (C, ι) be a hyperelliptic curve
of genus g ≥ 3 without Q-rational hyperelliptic branch points, so C has an affine model of the
form y2 = f(x) with f(x) ∈ Z[x] of degree 2g+ 2, with distinct roots in Q and no roots in Q. Put
d0 := f(1). Then (1, 1) is a Q-point on d0y

2 = f(x) and thus on Td0(C, ι). The involution ι remains
Q-rational on Td0(C, ι) (cf. [CS18, §2.1]). We may thus apply Theorem 3 to the hyperelliptic curve
(Td0(C, ι), ι), getting a set of primes p ≡ 1 (mod 8) of density δ > 0 such that

Tpd0(C, ι)/Q = Tp(Td0(C, ι), ι)/Q
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has points everywhere locally. By the Prime Number Theorem, for at least ( δd0 + o(1)) X
logX

squarefree d with |d| ≤ X, we have Td(C, ι)(AQ) 6= ∅. By Theorem 4, we have Td(C, ι)(Q) 6= ∅
for � X2/3 squarefree d with |d| ≤ X. So the number of squarefree d with |d| ≤ X such that
Td(C, ι)/Q violates the Hasse Principle is �C

X
logX .

3. Some Remarks

In [Gr07, Conj. 1.3], Granville conjectures that for all g ≥ 2, if f ∈ Z[x] with distinct roots in Q of
degree 2g+ 1 or 2g+ 2, then there is a constant κ′f > 0 such that the number of squarefree d with

|d| ≤ X such that dy2 = f(x) has a Q-point that is not a hyperelliptic branch point is ∼ κ′fX
1

g+1 .
The above arguments apply verbatim to show that conditionally on Granville’s conjecture, for all
g ≥ 2, a hyperelliptic curve C/Q has �C

X
logX twists that violate the Hasse principle iff C has no

Q-rational branch points. This addresses the case g = 2. On the other hand, Vatsal has exhibited
a genus one hyperelliptic curve (C, ι)/Q for which a positive proportion of the quadratic twists
have infinitely many rational points [Va98]. Still, it may be true that every hyperelliptic curve of
genus 1 without Q-rational branch points has infinitely many twists that violate the Hasse Principle.

Work in progress of the second author aims to quantitatively sharpen Theorem 2. The recent
work [CS18] considered quadratic twists of (XD, wD) – here XD is a Shimura curve, wD is the
main Atkin-Lehner involution, and D is chosen such that XD/wD has genus at least 2 – violating
the Hasse Principle and showed that the number T (X) of such twists up to X satisfies

X

logαX
� T (X)� X

logβ X

for 0 < β < α < 1. Since we assumed that XD/wD has genus at least 2, the pair (XD, wD)
cannot be hyperelliptic. However, [CS18, Thm. 7b)] shows that, for any D > 1, the number of
quadratic twists up to X with points everywhere locally is O( X

log5/8X
). This applies to the genus

3 hyperelliptic pair (X35, w35), and thus the set of quadratic twists with points everywhere locally
has density zero.

Recent work of Bhargava-Gross-Wang [BGW17] shows that for each fixed g ≥ 1, when genus
g hyperelliptic curves (C, ι)/Q are ordered by height, a positive proportion violate the Hasse Prin-
ciple. Apart from being unconditional, their result is quantitatively stronger, yielding a positive
proportion rather than proportion zero. On the other hand, since all quadratic twists of a hyper-
elliptic curve induce the same point of the moduli space Hg of hyperelliptic curves of genus g, our
result gives (conditionally on ABC) precisely located Hasse Principle violations as Q-points of Hg.
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