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ABSTRACT

For ground level ozone prediction, we consider a functional linear regression model where
the explanatory variable is a real random surface and the response is a real random vari-
able. We use bivariate splines over triangulations to represent the random surfaces. Then we
use this representation to construct two solutions, a least squares estimate of the regression
function based on a brute force approach, and an autoregressive estimator based on a prin-
cipal component analysis. We apply these two functional linear models to ground level ozone
forecasting over the United States to illustrate the predictive skills of these two methods.
We also extend the brute force approach to a model where both the explanatory variable
and the response are both real random surfaces.
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CHAPTER 1

INTRODUCTION

When we think about ozone, we often think about ozone in the upper atmosphere and the
depletion of the ozone layer. However, when ozone is present in the lower atmosphere it
can be toxic. Many human activities such as driving, daytime fueling of automobiles, and
the normal practices of industrial facilities and electric utilities contribute to ground level
ozone. We do not emit ozone directly into the air but these activities produce nitrogen
oxides (NOx) and volatile organic compounds (VOC). When exposed to heat and sunlight
the NOx and VOC produce ozone. High quantities of ground level ozone produce adverse
reactions in humans. Headaches, coughing, eye irritation and chest discomfort can all be
caused by an overexposure to ozone. For these reasons, we want to predict future ozone
values so we can protect “at risk” groups of people from overexposure to ozone. Since there
are many contributing factors it is hard to derive a model from first principles of chemistry
and physics. Hence we look to statistics to create a predictive model.

In statistics, there are many approaches for prediction. See [Crambes, Kneip, and Sarda,
2009 (9)] and [Damon and Guillas’02, (10)]) and its references. For problems with large
data sets, like ozone prediction, we can use Functional Data Analysis (FDA). The statistical
objects in FDA are curves, surfaces and manifolds, as well as traditional numbers or vectors
(22; 13). FDA aggregates consecutive discrete recordings and views them as sample values of
a random curve or random surface, keeping track of order or smoothness. A popular approach
to ozone prediction is to use an the autoregressive functional linear model. A functional linear
model is defined as a regression model with a random function as the explanatory variable and

a real random variable as the response, (see Ramsay and Silverman, 2005 (22)). In a series of



papers [Cardot, Ferraty, and Sarda’99 (5)], [Cardot, Ferraty, and Sarda’03(6)], and [Cardot
and Sarda’05 (7)], Cardot and his collaborators study the autoregressive approach for random
curves and a functional associated with the random curves. Their research uses univariate
splines to approximate the empirical estimator for the function associated with the random
functional. In particular, they introduce consistent estimates based on functional principal
components, and decompositions in univariate splines spaces. We use bivariate splines to
extend the autoregressive approach to random surfaces and a functional associated with the
random surfaces. We want to deal with random surfaces and a functional associated with
those random surfaces over a domain of irregular shape and hence bivariate splines are an
excellent tool to approximate the surfaces. In practice, random surfaces are only observed at
scattered locations and bivariate splines offer a natural way to approximate the surfaces in
these models, (see [Lai’08, (19)]). Hence we use bivariate splines as the explanatory variable
in the autoregressive functional linear model. Then we investigate how the autoregressive
process based on bivariate splines can be used for the ozone concentration forecasting. The
univariate autoregressive model can be extended to the bivariate setting as follows. Let Y
be a real valued random variable. Let D be a polygonal domain in R2. The regression model
is:
Y = / g(s)X (s)ds + ¢, (1.1)
D
where X is a random surface over the domain D, g € H where H is usually L*(D), and ¢ is a
real random variable that satisfies Fe = 0 and EX(s)e = 0 for all s € D. The objective is to
approximate the function g defined on the two dimensional spatial domain D from a given
set of design points in D. For the ozone prediction problem, we take the ozone concentration
for a particular location at a specific time to the the real random variable Y. The random
surfaces are created by fitting ozone concentrations at previous times over a region that
contains the location of interest.
The organization of this dissertation is as follows. In Chapter 2 we introduce some of

the basics of bivariate splines and some useful theorems for approximation as well as several



scattered data fitting schemes. The univariate autoregressive functional linear models are also
presented in Chapter 2. In Chapter 3, we extend the autoregressive functional linear models
to the bivariate setting. We closely follow the ideas in [Cardot, Ferraty, and Sarda’03, (6)]
and use bivariate splines instead of univariate splines. In Chapter 4 we consider an alternative
approach to solving (1.1) by using the optimal approximation property of splines. We call
this method the “brute force” approach. It is a new approach to ozone prediction using
bivariate splines introduced in [Guillas and Lai’08,(17)]. In Chapter 5, we extend the ideas
of the brute force method to a model with a random function as the explanatory variable and
a random function as the response. Chapter 6 implements the the methods in Chapters 3
and 4 on real data. For our numerical experiments, we use a data set of ozone concentrations
from various Environmental Protection Agency (EPA) stations over the continental United
States. The data was collected over a span of three months in 2005. We demonstrate how
the two methods predict tomorrow’s ozone concentrations for a particular city based on
the previous ozone concentrations. In Chapter 7, we explain the similarities and differences
between these two methods, make some conclusions about each approach, and discuss future

research directions.



CHAPTER 2

PRELIMINARIES

2.1 BIVARIATE SPLINES

In this section, we review some basics of bivariate splines and the necessary spline theory
we need for our application to functional linear models. Most of the spline results presented
in this section can be found in [Lai and Schumaker’07, (21)]. Let D be a polygonal domain
in R? and A a triangulation of D. That is, A is a finite collection of triangles 7' C D such
that UreaT = D and the intersection of any two triangles is either the empty set, a common
edge, or a common vertex. For each T € A, let |T'| denote the length of the longest edge
of T', and let pr be the radius of the inscribed circle of T'. The longest edge length in the
triangulation A is denoted by |A| and is referred to as the size of the triangulation. For any

triangulation /A we define its shape parameter by

A
KA 1= ) 2.1
. [N ( )

where pa is the minimum of the radii of the incircles of the triangles of A. The shape

parameter for a single triangle, k7, satisfies

7| 2 2
~ pr ~ tan(07/2) ~ sin(0r/2)’

Rt . (22)

where 67 is the smallest angle in the triangle 7. The shape of a given triangulation affects
how well we can approximate a function over the triangulation. Hence we have the following

definition of a J-quasi-uniform triangulation.



Definition 2.1.1 (/-Quasi-Uniform Triangulation). Let 0 < § < oco. A triangulation A\ is

a [B-quasi-uniform triangulation provided that

Bl

N
Once we have a triangulation, we define the spline space of degree d and smoothness r

over that triangulation as follows:

Definition 2.1.2 (Spline Space). Let A be a given triangulation of a domain D. Then we

define the spline space of smoothness r and degree d over /\ by,
SIHA)={seC"(D) | slrePy, VT € A},
where Py is the space of polynomials of degree at most d.

When working with polynomials on triangulations, it is more useful to work with barycen-

tric coordinates instead of Cartesian coordinates. We define them in the following lemma.

Lemma 2.1.1 (Barycentric Coordinates). Let T' = ((x1,v1), (2, y2), (23, y3)) = (v1, Vs, v3)
be a non-degenerate triangle. Then any point v := (z,y) € R? has a unique representation
of the form
v = byvy + byvy + b3y (2.3)
with
1 =0y + by + bs. (2.4)

The numbers by, bs, by are called barycentric coordinates of the point v relative to the triangle

T.

Proof. Writing (2.3) and (2.4) in matrix form yields

Ty Ty T3 by | = | = (2.5)

Y Y2 Y3 b3 Yy



The area of T is given by

1 1 1
1
AT = 5 det Xr1 X9 X3 . (26)
Yo Y2 Y3

We know A7 is positive when T is a non-degenerate triangle and its vertices are numbered
in a counter-clockwise order. Hence (2.5) is a non singular system and by Cramer’s rule we

have the following formulas for the barycentric coordinates:

11 1 1 1 1 I 11
by = ﬁ det | © @y a3 |+ b2= ﬁdet T T my |, b3= ﬁdet Ty T2 T
Yy Y2 Y3 Y1y Y3 Yo Y2 Y

]

Lemma 2.1.2 presents a useful algebraic characterization of the barycentric coordinates,
b1, by and b3 that also have the nice geometric interpretation as areas of the sub-triangles

formed by the given point v (see Figure 2.1).

Lemma 2.1.2. For each i = 1,2,3 the function b; is a linear polynomial in x and y which

assumes the value 1 at the vertex v; and vanishes at all points on the edge of T opposite v;.

Proof. When we expand (2.7) for b; by the first column, we obtain

b — (z2ys — yo3) — x(ys — y2) + y(x3 — 2)
1 — .
2A7

Hence we see that b; is in fact a linear polynomial. When we evaluate b; at v; we obtain

1 1 1
1
bllvl = E det Tr1 Xo9 XT3 = A_TAT =1.
Y1 Y2 Ys

by (2.6). Finally, any point on the edge opposite of v; lies on the line between v; and v, and
hence can be written as a linear combination of vy and v3. Therefore the determinate of the

matrix in (2.7) is zero and so by is zero. The proofs for by and b3 are similar. O



(%1 U3

V2

Figure 2.1: For the triangle above, T" = (v, v, vs), the barycentric coordinates by, by and
bs for the point v have the geometric interpretation of being the areas of the sub-triangles
formed by v.

We use barycentric coordinates to define Bernstein-Bézier polynomials over a given tri-

angle.

Definition 2.1.3 (Bernstein-Bézier Polynomials). For a fized degree d > 0 and non-negative

integers i, j, k such that i + 7 + k = d, we define the Bernstein-Bézier polynomials to be

a . .
Bz'djk(xay) = Wblb%bg'

The Bernstein-Bézier polynomials are useful because they form a basis for the polynomials

of degree d over a given triangle, 7.

Theorem 2.1.1. The set

Bt = {Bzdjk}iﬂ‘%:d (2.8)

of Bernstein-Bézier polynomials is a basis for the space of polynomials P,.



(1,0,0) (0,0,1)

U1

V2 (07 1a O)

Figure 2.2: For the triangle above defined by vy, vy and v3 the barycentric coordinates are
shown at each of the vertices and at the center of the edge opposite v3.

Proof. The size of B? is (d;Z) which is the same dimension as P;. Hence we only need to
show that all the polynomials of the form z¥y* for v + u < d are in the span of B?. First,

we show that 1 € B From the trinomial expansion we have

d!

1= (by + by +b3)? = EIEWEW@; (2.9)
i+j+k=d s
and hence
Z ijk(v) =1 for all v € R (2.10)

i+jtk=d

Hence 1 € B? and we say the Bernstein-Bézier polynomials form a partition of unity. Now

we show that z,y € B¢. By (2.3), we have

= b + by + b . (2.11)



Using the partition of unity (2.10) with d — 1, we have

r = bll‘l + bQZL‘Q + b3l‘3

= (bll’l + bgl’g + b3l’3> ( Z ijz,l(l‘, y))

itjtk=d—1
1 . .
= i@+ jze + kas) Bl (2, y)- (2.12)
itj+k=d
Similarly for y we have
1,. .
y= > (g1 + jys + kys) B (x, 9)- (2.13)
itjt+k=d

Now, we proceed by induction. Assume that the theorem holds for polynomials of degree
d — 1. Then we have

v—1, u __ d—1
x Yy = § CijkBijk (l’, y)
i+j+k=d—1

for some coefficients ¢;;;. To get a polynomial of degree d, we multiply by x using (2.12),

’y? = (byzy + bawg + byxs) Z cijkajzl(x, Y) (2.14)
it+jrk=d—1
= Y dipB(zy) (2.15)
i+j+k=d
for some constants d; . O

Since the Bernstein-Bézier polynomials form a basis for Py, we can write any polynomial
of degree d over T uniquely in terms of Bernstein-Bézier polynomials. We call this the B-form

of a polynomial.

Definition 2.1.4 (B-Form). Let s € P satisfy

slr = Z Cijkngk(xvy)'
i+j+k=d

We use the coefficient vector s = (ciji,i +j+ k =d, T € A) to denote a spline function in
S7HA) [Lai and Schumaker’07, (21)].

The coefficients ¢;;;, are displayed using locations called domain points.
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Definition 2.1.5 (Domain Points). For a given triangle T = {((x1,y1), (T2,Y2), (3,y3)) the

domain points are defined as

. . I
Sijk = (5617y1) + £(1327y2) + 3(56371/3)
fori+j+k=d.
101
200 P @ S002
110 e Sou
020

Figure 2.3: Set of domain points for a polynomial of degree 2

To store polynomials in B-form, we only need to store the coefficients. Fortunately, there
is an efficient and stable algorithm to evaluate polynomials in B-form by using only the
coefficients. This algorithm is known as the de Casteljau Algorithm and is based on the

following recurrence relation

Bd

ijk — ble 1,5,k + b2Bd] 1,k + b3Bzdg11 1 (2-16)

The above recurrence relation follows directly from the definition of B%,_ and we use the

ijk

convention that expressions with negative subscripts are considered to be zero.

Theorem 2.1.2 (de Casteljau Algorithm). Let p be a polynomial with coefficients cg.),)g = Cijk,

i+ j+k=d. Suppose v has barycentric coordinates b := (by, by, b3). Let

l Z l /—
A0 (b) = b1l L (0) + bact L (0) + bact D (0), (2.17)
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fori+j+k=d—"{. Then
plw)y = > dL0)BE (v), (2.18)
itjtk=d—¢
for 0 < ¢ <d. In particular,

d
p(v) = con(b). (2.19)
Proof. The de Casteljau algorithm is proved by induction. We note that (2.18) is true for
¢ = 0. Now, we assume it holds for ¢ — 1 and use (2.16) for degree d — ¢ + 1

0-1) pd—
p(v) = Z Cz(jk )Bidjk“—l(v)

i+j+k=d—(+1

= Z cz(fl;l) (ble'd—_IE,j,k(v) + b2BZ;—Z1,k(U) + bSBZ;iq(U)) :
it j+h=d—0+1

Now, we split the above into three sums:

(t-1) pd—¢ _ (t=1) d—¢
E blcz‘jk Bifl,j,k(v) = E blciJrl,j,kBijk (v)
itjtk=d—1+1, i>1 itjthk=d—¢
(£-1) pd—¢ _ (t—=1) pd—t
E bQCijk Bz‘,j—l,k(v) = E bQCz‘,j+1,kBijk (v)
i+j+k=d—I1+1, j>1 i+jt+k=d—L
(£-1) pd—¢ _ (t=1) d—¢
§ : bsc;jy, Bz‘,j,k—l(v) = E b3¢; ; 11 Biji (v).
itjrk=d—I+1, k>1 it jtk=d—0

Combining, the above sums yields (2.18). For ¢ = d, (2.18) reduces to (2.19) because the

only Bernstein-Bézier polynomial of degree zero is By, = 1. O]

One important result of the de Casteljau algorithm is that the intermediate coefficients

©

C;jx Produced in the algorithm are polynomials of degree ¢ in v. Hence we have the following

result.

Theorem 2.1.3. The coefficients in the de Casteljau algorithm in equation (2.18) are given
by

k= D CorvgrukinBlu(v), i+ jtk=d—L (2.20)
v4putr=~L
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Proof. We start by noting that

CE]II)g = Ci—i—l,j,kbl + Ci,j+1,kb2 + Ci,j,k—i—lbf}, 1 +] + k=d-—1 (221)

are linear polynomials since by, by and b3 are linear polynomials in v. Now, we rewrite the
equation above as

CZ(]II)C = (b1E1 + b2E2 + b3E3)Cz‘jk7

where we define Eiciji = Cip1jk, Eociji = Cijr1k and Escijr, = ¢;jk+1. Similarly, we can

express (2.17) in the de Casteljau algorithm as

C”Ef?f = (i By + Do By + b3E3)c§§,;1)-

Now, we repeatedly use the formula for Cz(f?w ¢ — 1 times and apply the trinomial expansion

to obtain:

A = (byEy + byBy + by Es) ey

ik
_ 1 vl K
o Z Bupn(U)El EZ E3Cijk
v+pu+r=~

— ¢
- § Ci+V,j+,Lt,]€+HB1/,Lm'
v+put+r=~_

]

The de Casteljau Algorithm is also helpful in computing the directional derivative at a
given point. Before we discuss the derivative we need the notion of directional coordinates

of a vector u.

Definition 2.1.6 (Directional Coordinates). The directional coordinates of a vector u are

the triple (a1, as,as), defined by
a; ‘= o — ﬁi, 1= 1, 2, 3 (222)

where (aq, ag, az) and (51, Pa, B3) are the barycentric coordinates of the two points w and w

such that v := w — w.
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Note that while the barycentric coordinates (b, bg,b3) of a point v sum to one, the

directional coordinates (ay, as, as) of a vector u sum to zero.

Theorem 2.1.4 (Differentiation). Let u := w — v be a vector with directional coordinates
(ay,as,a3) with a; = o; — B;,i = 1,2,3. Then for any i + j + k = d, the derivative in the

direction u s given by

Dy B (v) = d (a1 B{}; (v) + aa BT (0) + asB{ 5 (v)] (2.23)
and
Dyp(v)=d Y clip(a)Byr(v), (2.24)
i+jrh=d—1
where cz(ﬂ)c( ) are the quantities arising in the first step of the de Casteljau Algorithm (2.1.2)

based on the triple a.

Proof. Let (b1, ba, b3) be the barycentric coordinates for the point v. Then the barycentric
coordinates of the point v + tu are (by + tay, be + tas, bs + taz) and

|

Bwk(v +tu) = TR

[(bl + tal) (bg + tag)j(bg + t&g)k} .

Now, we differentiate with respect to ¢ and evaluate the result at ¢ = 0, yielding

D Bz]k( v) = z'j'k:l [ib}~ Lay bk 4 b jbh " agbk 4 bt bl kbt 5]

= d[ale ljk( )+CLQBZ;—11J§( )+a3BZJk 1( )] :

To obtain (2.24), we differentiate the B-form of the polynomial and apply (2.23),

Dup(v) = Y cypDuB(v)
itj+k=d
= Z Cijk (d[ Bfl 113k< )4‘@23?;111@( )4‘@33?;; (v )])
itj+k=d
= d Z C@Jrla]aka’lBZJk ( )+cl]+1 kCLQszlc ( )+Cljk+1a3Bwk ( )
itj+k=d—1
1
= d Y cl@)Biv).
i+jth=d—1
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By applying Theorem 2.1.4 repeatedly we obtain the following theorem for multiple

derivatives.

Theorem 2.1.5. Let p be a polynomial written in B-form, and suppose u is a vector with

directional coordinates a := (a1, as,as). Then for any 1 < m < d,
m d! m —m
DIvl) = g 2o e (a) B (), (2.25)
i+j+k+d—m

(77,:)(@) are the quantities obtained after m steps of the de Casteljau algorithm applied

where c; ;

to the coefficients of p using the triple a.
Polynomials in B-form also have nice integration and inner product formulas.

Theorem 2.1.6 (Integration). Let p be a polynomial written in B-form over a triangle T

with coefficients c;ji, 1+ j +k = d. Then

A
/p($ay) dxdy:TTQ Z Cijk, (2.26)
T

() 5o

where Ar is the area of T'.

Proof. Using barycentric coordinates as defined by (2.5), we can write

€ T — T3 To— T3 €3
= + ) (2.27)

Y =Y Y2~ Y3 Y3
and it follows the corresponding determinate is 2A7 as in (2.6). Now using the fact
/1 7 (1 — z)dr = - (2.28)
0 (i+j+ 1)

we have

il7k! .
Zjl / By (x,y)dzdy = / biby(1 — by — by) dbydbs
. T T

1 pl=bi
— 2AT/ / Vibh(1 — by — by)"dbydby
0 0

b . by ) by \" db
— 24 b@1—bﬂ+’f+1/ 2 1——2 2
T/O 11 =0 o 1—b 1-b ) (1—1b)

1 1
— 2AT/ ul’(1—u)j+’““du/ (1 —t)kat
0 0

il(j+k+1)! Jk!
(i+j+k+2)!(G+E+1)

= 2Ar

dby
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Hence we have

2Ar Ar

/TBZ-djk(x,y)dxdy = A2+ 1) = (d_gz), (2.29)

for all i + j + k = d. Then (2.26) follows by integrating the B-form of a polynomial term by

term. [
The inner product for is given in the following theorem [Chui and Lai’90, (8)].

Theorem 2.1.7 (Inner Product).

H—V j-&ju k+k AT
/Bijk(x,y) Byun(@,y) dady = ¢ )(de )2§+§ ) : (2.30)
T (d)( 2 )
Proof. Consider the product of two Bernstein-Bézier polynomials
SRIGPIeY
BidjkBguH = (QJd) : Bz%crlu,jJru,ker (2.31)
d

then applying (2.29) yields (2.30). ]

Now, that we have defined polynomials over a single triangle we want to connect the
triangles in such a way that they connect smoothly to form our splines. Hence we introduce

the following conditions for smoothness.

Theorem 2.1.8 (Smoothness). Let T' = (vy, vy, v3) and

T = (vy, v3, vg) be triangles sharing the edge e := (vy,v3). Let

p(v) = Z cijkBidjk(v) (2.32)

i+jt+k=d
and
plo)= > EuBhi(v), (2.33)
i+j+k=d
where {BY,} and {ng} are the Bernstein-Bézier basis polynomials associated with T and

T respectively. Suppose u is any direction not parallel to e. Then

Dyp(v) = Dyp(v), (2.34)
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veEeandn=0,...,7 if and only if
6njk = Z Cu,k+M7j+f€Bl7/Lp,n(v4) (235)
v+pt+r=n

forj+k=d—mandn=0,...,r.

Proof. Along the edge, e both p and p reduce to a univariate splines hence for them to join
continuously we need

60]’]4 = Cojk, for ] + k= d, (236)

which is the case when r = 0. Now, for » > 0 we start by noting that all of the derivatives
of p and p corresponding to the direction of v3 — vy agree at every point along e, and
all other derivatives will be linear combinations of D,,_,, and D,,_,,. Hence (2.34) holds
if and only if it holds for direction u = vy — ve. Let b = (b1, by, b3) be the barycentric
coordinates of v4 relative to 7. Then the directional coordinates of u with respect to T and

T are a := (by,by — 1,b3) and a := (1,0, —1), respectively. Now, by Theorem 2.1.5 for each

0<n<r,
n d! (n) d—n
Dyple = d—n)! Z COjk(a)BOjk )
" j+k=d—n
and
n~ d! ~(n) ~\ d—n
Dyple = d—n)! Z COjk(@)BOjk )
" jtk=d—n
where cg.i(a) and 65;2(&) are the coefficients obtained by applying n steps of the de Casteljau

algorithm to {c;j;} and {¢;;x} using a and a respectively. For any point v on the edge e, we
have Bg,;j”(v) — Bog;(v), hence (2.34) holds if and only if
ég?,)g(d) :c(()%(a), j+k=d—n, n=0,...,r. (2.37)

Recall that @ := (1,0, —1) then applying (2.20) yields

~\n)(~ - n—m [ T\~ :
an@) =Y (-1) < >cm,j,d_j_m, j+k=d—n. (2.38)
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Although, if we follow the proof of Theorem 2.1.3 we have

Cg’;l)c = (blEl + (bg — 1)E2 + b3E3)nCijk

= (blEl + ngg + b3E3 - Eg)"cijk

n

n
= Z(—l)nfm (m) (b1 By + ba By + b3 E3)™Co ftn—m,j

m=0
- n—m n m

= ()l 0
m=0

for j + k = d — n. Therefore (2.37) holds if and only if

~ _ .n) - _
Cnjd—j—n=Coq jn;), J=0,...,n, n=0,...,m

which is equivalent to (2.35). O

One of the main reasons we want to use splines is for their optimal approximation order.
We need to show several results before we can get to the main theorem. We start with a result
that connects the g-norms and oo-norms of polynomials on a given triangle. The following

results can be found in [Lai and Schumaker’07, (21)].

Theorem 2.1.9. Let T be a triangle, and let Ap be its area. Then for all p € Py and all
1 <g<oo,

—1 —1
AN pllor < Iplle < KAZYpllor, (2.39)

where K is a constant depending only on d and ||p||7 := ess sup,crp [p(u)|.

Proof. By the definition of norm, we have

—1
AL pllor < -

For the second inequality, we consider the standard triangle T = {(z,y) : < 0, y <
1, x4y < 1} and use the fact that all norms on the finite dimensional space of polynomials

are equivalent. Then

lgllz < Kllgll,7:
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for all polynomials g € P;, where K is a constant depending only on d. Now, we can apply a
change of variables to map any polynomial p € P, into a polynomial g € P, with ||g||+ = ||p||r
and ||g|l, 7 = A;l/quHq;p and hence
1
Ipllr = gl < Kllgll, 7 = KAZ[pllgr-
O

The next theorem links the co-norms of polynomials to the coefficients of their B-form

representation. First need the following result which can be found in [Lai and Schumaker’07,
(21)].
Lemma 2.1.3. Let {g1,...,9,} be the the Bernstein-Bézier basis polynomials of degree d
and let {ty,...,t,} be the associated domain points arranged in the same order. Define

M = [g; ()72, (2.40)
then the matriz M is nonsingular.

Theorem 2.1.10. Let p be a polynomial written in B-form with coefficient vector c. Then

lelloo
K

< pllr < llefloo, (2.41)
where K is a constant that depends only on d.

Proof. By Lemma 2.1.3, the coefficient vector ¢ of a spline in B-form can be computed from
the system of equations

Mc=r
where 7 := (p(t1),...,p(t,))T. Then we have
lelloo = 1M~ rlloe < M7

We obtain the first inequality by observing that ||7]|s < ||p|lz. The second inequality follows

from geometric interpretation of barycentric coordinates which implies
0< ngk(v) <1 forallveT, (2.42)

and the partition of unity property of Bernstein-Bézier polynomials (2.10). O]
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Now, we can extend Theorem 2.1.10 to the g-norms of polynomials.

Theorem 2.1.11. Given 1 < ¢ < oo there exists a constant K > 0 depending only on d

such that if p is a polynomaial written in B-form, then

1/q
1
= llell < llpllgr < Al "lelly- (2.43)
Proof. First we note that
Ipllr < llelloe < Killplir (2.44)

by Theorem 2.1.10. When we combine (2.44) with (2.39) and

d+2
el < (5 ) el

we obtain the first inequality. Combining (2.44) with (2.39) and ||c|le < ||c||; yields the

second inequality. O

To develop error bounds we will apply the Markov inequality to compare the size of the

derivative of a polynomial to the size of the polynomial itself on a given triangle 7T'.

Theorem 2.1.12. Let T := (vy,vq,v3) be a triangle, and fir 1 < q < oo. Then there exists a
constant K depending only on d such that for every polynomial p € Py, and any nonnegative

integers a and 8 with 0 < a+ ( < d,
anp K
1Dz Dypller < —5llpler, 0<a+p<d, (2.45)
Pr
where pr denotes the radius of the largest circle inscribed in T'.

Proof. The unit vector u pointing in the direction of the x-axis has the barycentric coordi-
nates (Y2 — ys, Yz — Y1, ¥1 — ¥2)/2Ar, where Ar is the area of the triangle T'. Thus for
d
p= Z CijkBijk
i+j+h=d
we have

Dyp = YA Z (Y2 — y3)Citr g + (Y3 — y1)Cijrrk + (Y1 — Y2)Cijiri] Bl‘dj;I'
T it jtk=d—1
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By the partition of unity property of Bidj;l, we have
dllclloo(ly2 — ys| + lys — w1l + [y1 — 1|

D, <
IDaplloeir < e

Since the area of a triangle is equal to its perimeter times pr/2 it follows that

Pr
7(|y2 —y3| + ys — vl + |y1 — o) < Ar.

Hence

”Da:pHoo,T S dHCH .
pr

Now, we combine |||/ < ||¢||; with Theorem 2.1.9 and Theorem 2.1.11 to obtain

dA}* dAY" dK

| Dxp [elloe < lellg < —llellgr
1%

q,T S A;/qHDpooo,T S

where K is the constant in (2.43). The proof for ||D,||,r is similar and the general result

follows from induction. ]

Now we can approximate any function in C**! on a triangle T with approximation order
O(|T|4Y) by the polynomial of degree d which interpolates f at the set of domain points.
Before we can prove the main result on approximation order we need to introduce Lagrange
polynomials, quasi-interpolants and some important inequalities we need to estimate our
error bounds. We start by using the Lagrange polynomials, we can express the polynomial

that interpolates the domain points by

et @e(v) i bu(v) ey (V)
T H,uZO a,u(gijk) HVZO by(&]k) HI{:O Cn(fijk-) (246)

where a,(v) is the line passing through the points &, with p+ j + &k = d, b,(v) is the line

pijr(v)

passing through the points &, with i +v + k = d, and ¢, (v) is the line passing through the
points &, with 7 + 7 + kK = d. We also use the convention that a product is defined to be

one when the upper limit is negative.

Theorem 2.1.13. Let {&ji}ivjtn=a be the domain points defined in (2.1.5) and let

{piji}itjrr=a be the corresponding Lagrange polynomials defined in (2.46). Then there
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exists a constant K depending only on d and O such that for every f € C™Y(T) with
0 <m < d, the interpolating polynomaial
Z [ (&g )pij
i+j+k=d
satisfies

IDEDy(f = po)llr < KITI™ 7] flsa (2.47)

for all0 < a+ B < m and |f|mi1.r denotes the Ly, norm of the m + 1st derivative of f over

T.
Proof. For each domain point, we let &, = (£, §Zy]k) for i+ j+ k = d. Applying the Taylor
expansion to f about a fixed point (z,y) € T yields

1
f(&i) = Z WDQDZJF(%?J)( e — )" (& —v)”

0<p+v<m

£ 3 DA€ — 0 (€= )

ptrv= m+1
where 7 is some point on the line from ;j; to (z,y). For any non-negative integers o and 3
with o + 8 < m + 1 differentiation of p; yields
DeDYps(x,y) = > f(&r) DD pii(w,y).
i+j+k=d

Now, by the Taylor expansion given above we have

DyD)ps(w,y) = Y u, ! > DEDyf(a,y) (& — )" (€ — )" Da Dypik(x, y)
0<ptv<m z+j+k d
+ Y o YL DEDYF()(ES — 2 (& — ) DS Dypigi(, y).

ptv= m+1 'z+J+k: d
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To simplify the above equation, we note that interpolation reproduces polynomials up to

degree d hence

> (& — o) (€ — v) DI D pii(,y)

i+j+k=d
= DQDB Z ”k zy]k - y)ypijk(u7v>|(u,v):(m,y)
i+j+k=d
= DYDY (u— )" (v = Y)" | (u)=(a)
1Bl if () = (o, 9)

0 otherwise.

Thus we can simplify the Taylor series expansion above to
DeDlps(x,y) = DYDY f(x, y)

+ Y == > DEDYF) (5 — ) (E — v)Y DS Dypiji(, y).

pntrv= m+1 H—]—‘rk d

Then we have

‘D;Dg?(pf(x7y) - f(xvy»‘

B Z ,u'l Z DEDy Fn) (&5, — )" (&l — )" Dy Dypiji(, y)

p+r=m+1 i+j+k=d
< KT Y ||DSD vk | f s
i+j+k=d

Applying the Markov inequality, Theorem 2.1.12, yields

Ko
1Dz D pzijT = pa+5||pwk||T (2.48)
T

From our definition of the Lagrange polynomials in (2.46) it is easy to see that
Ipiellz < d”. (2.49)

Now by combining (2.1.12) and (2.49) we obtain

T m-+1
‘pc'wﬁ . (2.50)
T

D3 D) (ps(a,y) = fl,y))|| < Ks

The result in (2.47) follows from (2.50) and (2.2). O
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When d > 3r+2 the spline space S;(A) possesses an optimal approximation order which
is achieved by the use of a quasi-interpolation operator. To define the quasi-interpolation
operator we need linear functionals {\;jx. 7 }itj1h=d, T € A which are based on values of f at
the set of domain points over triangles in A\, that is

N (f) =Y ad* F(&)). (2.51)

v|=d

The quasi-interpolation operator of f is defined by

Qf ZZZ Z )\ijk,T(f)Bij;’k' (2.52)

TeN i+j+k=d

Now, we are ready for the crucial theorem on optimal approximation order [Lai and Schu-

maker’98, (20)].

Theorem 2.1.14 (Optimal Approximation Order). Assume d > 3r + 2 and let N\ be a
triangulation of D. Then there exists a quasi-interpolatory operator Qf € Si(A) mapping
f € Li(D) into S5(A) such that Qf achieves the optimal approximation order: if f €
Wy (D),

IDEDF(QF = Nl < CLA™ | flns1p (2.53)
foralla+ 6 <m+1 with0 <m < d, where Dy and Dy denote the derivatives with respect
to the first and second variables, || f|| .,y denotes the usual L, norm of f over D, |f|mpp
denotes the L, norm of the m' derivatives of f over D, and W];“H(D) stands for the usual
Sobolev space over D. The constant C depends only on the degree d and the smallest angle

O and may be dependent on the Lipschitz condition on the boundary of D.

We will also need the following lemma that relates the norm of the spline with the norm

of the splines coefficients [Lai and Schumaker’98, (20)].

Lemma 2.1.4. Suppose that A is a (3-quasi-uniform triangulation. There exist two positive
constants Cy and Cy independent of A such that for any spline function S € Sy(A) with

coefficient vector s = (s1,-++ ,8m) with S = Z $i0j,
i=1

CHAP s < [1SI1* < ColAP[Is]* (2.54)
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Now we discuss the some useful results from [Awanou, Lai and Wenston’06, (1)]: the
Lagrange Multiplier Method and the scattered data fitting schemes we implement in our
functional linear models. The Lagrange Multiplier Method is a useful method for using
splines to solve ill-posed problems. Let S := S}(A) be the spline space of degree d and

smoothness r over a given triangulation A. Define a functional on S by
1
J(u) = éa(u,u) — b(u)

where @ is a continuous bilinear form and b is a continuous linear functional. Consider the

constrained minimization problem:
J(sg) = min{J(s), s € S, B(u) =G} (2.55)

where B(u) = G is a set of side conditions such as smoothness and interpolation conditions.
Let

_ d,T pdT’
A= (a(Bz‘jk » Bpir )> itjtk=d, TeA

prqtr=d, T'eA

be the matrix associated with the bilinear form a. Let F' = (b(B¢.

zjk)) be the vector associated

with the linear form b. The side conditions in matrix form are Bu = g. Using the B-form of

spline functions we can rewrite the above abstract problem as

min J(c) = 3¢7Ac — ¢’ F

subject to Hc =0, Ic =f,

where Hc = 0 is the linear system imposed by the smoothness conditions in Theorem 2.1.8

and Ic = f is an interpolation condition. The theory of Lagrange Multipliers yields
1
L(c, A\, A2) = écTAc —c'F4+ M He+ M (Ie—f) (2.56)

for Ay and A5 such that

Ac+ H' M+ 1)y =F

Hc=0, Ic=f1,
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or in matrix form,

BT A A F
0 B c G

We solve the system above using the following matrix iterative method [Awanou, Lai and

Wenston’06, (1)].

Algorithm 2.1.1 (Matrix Iterative Method). Let I be the identity matriz of R™. Fix e > 0,

given an initial guess Aoy € Im(B). Compute

(1) L o L T

c=(A+-B'B F+-B'G—B" )\ ).
€ €
Then iteratively compute
(k+1) Lo o *) , L7
C =|A+-B'B Ac + -B'G
€ €

fork=1,2...

Below is the convergence theorem for the above matrix iterative method [Awanou and

Lai’05, (2)].

Theorem 2.1.15. Assume the linear system (2.57) has a solution (A, c) where ¢ is unique.
Also assume that A is positive definite with respect to B. That is, xT Ax > 0 and xT Ax = 0
with Bx = 0 implies that x = 0. Then there exists a constant Cy(€) depending on € but

independent of k such that

k+1
e < a0 (1)

1+Cg€

for k > 1 where Cy = || BY||?||A|| and BT denotes the pseudo inverse of B.

We use the matrix iterative method in our discussion of several different methods for fit-
ting scattered sets of data. For each scattered data fitting method we are given unstructured
data {(x;, vi, f(xi,v:)),i = 1,... N}. We want to find a smooth surface sy that fits the data.

We start by discussing the minimal energy method that interpolates the given data. Let
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{(zs,yi, f(xi,y5)), i =1,..., N} be a scattered data set where all of the points are distinct
and take A to be a triangulation of the given data locations with vertices at the given data
locations. Let S := S} (A) be the spline space of degree d and smoothness r over A. Then

we consider the set of interpolating splines,

A(f)={seS : s(xi,y;) = f(zs,y:),i=1,...,N}, (2.58)
and choose sy € A(f) such that

E(s¢) ;= min FE(s
(s) Jnin, (s)

where

E(s) =) /T (s2, + 252, + s,) dady. (2.59)

TeA

The following existence and uniqueness theorem is given in [Awanou, Lai and Wenston’06,
()]-

Theorem 2.1.16. Suppose that A(f) is non-empty. Then there exists a unique sy € A(f)

minimizing (2.59).

The convergence theorem for the minimal energy method is below [von Golitschek, Lai

and Shumaker’02,(14)].

Theorem 2.1.17. Suppose S C S5 (A) where d > 3r + 2 and A is (-quasi-uniform trian-

gulation. Then there exists a constant C' depending only on d and (3 such that

1f = s¢llei@) < CIAPfl2,00.0-

To solve the minimal energy method we note that for s € S, the spline s satisfies the

smoothness conditions in Theorem 2.1.8 which can be expressed as the linear system
Hc=0.
The energy functional E(s) can be expressed in terms of ¢ as

E(s) =c'Kc
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where K = diag(Kr, T € A) is a block diagonal matrix with

Kp = [ /T (Dngjr,ngng +2D,D, Bl D,D,BET + DB D2 BT ) dady| .

ptgtr=d

(2.60)
where Bf]?,f is the Bernstein basis polynomial of degree d with respect to the triangle T
Hence the minimal energy interpolation problem is equivalent to the following constrained

minimization problem:

min ¢’ Kec
subject to

Hc=0, Ic=f

where Ic = f is the linear system associated with the interpolation conditions. Finally
we solve the above constrained minimization problem by the previously described matrix
iterative method in Algorithm 2.1.1 since K is positive definite.

Next we discuss the discrete least squares method. Let {(z;, i, f(xi,4:)), it =1,...,N}
be a scattered data set where N is a relatively large integer. Let ) be the convex hull of the
given data locations and A a triangulation of €. For the discrete least squares method, we
do not require the vertices of A to be data points. We also want the data locations to be

evenly distributed over /A with respect to d.

Definition 2.1.7. For a given spline space S5(A), let d = max{dr,T € A}. We say that
the given data locations vy, £ = 1,... N are evenly distributed over /\ with respect to d if

for each triangle T € A\, the matriz
(B (o), ve€T]
15 of full rank.

The discrete least squares method finds sy € S such that

N N
; |s¢ (i, yi) — f (@i, 9)]” = 2%?; (i ys) — s vl
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The existence and uniqueness of a solution is given in the theorem below [Awanou, Lai and
Wenston’06, (1)].

Theorem 2.1.18. Suppose that the data locations (x;,y;) fori = 1,...,N are evenly dis-
tributed over /\ with respect to d. Then there exists a unique discrete least squares solution

satisfying (2.01).

The following is the convergence theorem for the discrete least squares method [von

Golitschek and Shumaker’02, (15)].

Theorem 2.1.19. Let S = S}(A) whered > 3r+2. Let A\ be a 3-quasi-uniform triangulation

of D and sq denote the discrete least squares solution in (2.61). Then for all f € WD),

1f = soll .oy < CIA™ S lmt1,00,0

where C' is a constant depending only on the degree d and 3 if D is convex and also on the

Lipschitz constant Lgp of the boundary of D if D is not convex.

To compute the discrete least squares solution we let

L(c) := Z |5(zi,yi) — f(ﬂﬁi;yz‘)|2-

We only need to find a local minimizer since L(c) is convex. Hence by the Lagrange Multiplier
Method, we let

F(c,a) = L(c)+a’He

and set
0
%F(C,OO =0
0
%.F(C,OO = 0.

Again we apply the Matrix Iterative Algorithm 2.1.1 to solve the linear system

HT 2B o 2b
0 H c 0
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where B = diag(Br, T € A) with

Br=| > B u)B @) (2.61)
(z1y)eT it+j+k=d
ptq+r=d
and
b=l i+jt+k=d Teh) (2.62)
with

4T
b= flan,u)B (v, ).
(xhyl)eT
When we combine the minimal energy method and the discrete least squares method

we form the penalized least squares method. For the penalized least squares method, let
{(zs,yi, f(xi,y5)), i =1,..., N} be a scattered data set where N is a relatively large integer.
Again take ) to be the convex hull of the given data locations and A a triangulation of €.
Then the penalized least squares method is to find sy € S such that for a positive weight
A>0

Py(sf) := min Py(s) (2.63)

seS

where
N
Py(s) = Z |s(@i, yi) = (s )] + AE(s)
i=1
and E(s) denotes the energy functional defined in equation (2.59). The existence and unique-

ness criterium for the penalized least squares method is outlined in the following theorem.

Theorem 2.1.20. Fix A > 0 and suppose that there exist three data points that are distinct

and non-collinear. Then there ezists a unique sy € S5(A) satisfying (2.63) with r > 1.

Proof. For existence we need to show that (B — AK) is invertible. To do this we will show
that (B —AK) is positive definite. The determinate of a positive matrix is positive and hence
every positive definite matrix is invertible.

Now to show uniqueness, let sy and §; be solutions to (2.63), with coefficient vectors ¢

and ¢y respectively. Since Py is convex for any z € [0, 1] we have

P(ZSf -+ (1 — Z)§f) S ZPA + (1 — Z)P)\(SAf) = P)\(éf)
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Hence Py\(Sy + z(sf — §¢)) is a constant with respect to z. Thus

0 . .
%P)\(S‘f + z(sy — §¢)) = 0.

That is for all z € (0,1)

0 . .
0 = &P,\(Sf + z(sy — 57))
= 2Xz(cy — &) K(ep — &)

+22(Cf — éf)TB(Cf — CAf) — 2bT<Cf — éf)
Hence we have
(cp—¢p)' K(eg—¢p) = 0 (2.64)
(Cf — éf)TB(Cf — CAf) = 0 (265)

Now, (2.64) implies that sy — §f is a linear function. By (2.65) we know that s; — §f is
equal to zero at three non-collinear points with C' conditions. Hence s; — §; = 0 and the

minimizer is unique. O
The convergence theorem for the penalized least squares method is below [Lai’07, (19)].

Theorem 2.1.21. Let sy be the penalized least squares spline in Sj(A) with d > 3r + 2.
Suppose that f € WmH(Q) with 1 < m < d. Suppose that Ay > 0 and Ay < oo are constants
such that Ay /Ay is independent of \. Then

VA A
[55x = fllzee@) £ C (1 + Al <|A|m|f|m+1,ﬂ + W|f|m) :

if X is sufficiently small compared to |A|. Here C' > 0 is constant dependent on Ay/A, and
G and d.

To solve the penalized least squares method, note that for s € &, the spline s satisfies

the smoothness conditions in Theorem 2.1.8 which can be expressed as the linear system

Hc =0.
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The energy functional can be expressed as before in terms of c as
E(c) =c'Ke,

where K is defined as before in equation (2.60). We have

N 2
S ) — Flan )l — zz( 5 c?jka;;f(v)—f(v))
i=1 TeA veT \itjt+k=d

= c'Be—2bTc+ |f|?

where f = (f(v), v = (x,y), | =1,...,N) is the data value vector and B and b are the

same as (2.61) and (2.62) respectively. Thus
Py(s) = A" Kc+ c"Be — 2b"c + || f|l3. (2.66)

Again for the penalized least squares method, we only need to compute a local minimizer

since P)(s) is convex. To do this we use the Lagrange Multiplier Method by letting

F(c,a) = Py(c) +a’Hce

and set
0
%f(c, Oé) =0
0
a—af(c, Oé) = 0.

Finally by the existence and uniqueness Theorem 2.1.20 we know (B + AK) is positive
definite. Hence we can apply the Matrix Iterative Algorithm 2.1.1 to solve the linear system
HT 2(B+ \K) o 2b
0 H c 0

2.2  UNIVARIATE FUNCTIONAL LINEAR MODELS

In this section, we discuss the functional linear model as discussed in [Cardot, Ferraty and
Sarda’03, (6)]. Suppose C = [0,1] and let H be the separable Hilbert space of square inte-

grable functions defined on [0, 1]. Let (¢,v) denote the usual inner product of the functions
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¢ and ¢ on H and ||¢|| the norm of ¥. Let (X,Y") be a pair of random variables defined on
the same probability space, with X values in H and Y valued in R. Let f be the conditional

mean of Y given X, that is

EY [{X @) =x(t), t €[0,1]}) = f ({x(t), t €[0,1]}), (2.67)

for x € H. If the function f is linear and continuous, then by the Riesz representation

theorem there is a unique function «a in H such
EY [{X(t) = (), t €[0,1]}) = (a, ), (2.68)

for x € H. If f is not linear or continuous, consider the continuous linear approximation of

f as the function « in H satisfying

o =argmin& [(Y — (ﬁ,X>)2} = arg IgleiII{lg [(F(z) — (3, X))Q} : (2.69)

BeH
We want to consider the model in (2.68) or equivalently (2.69), for the continuous linear

function defined as

\Ij(x) = <O‘7x>7 (2.70)

for x € H. In this general setting o may not exist and if it does it may not be unique.
We can develop conditions for the existence and uniqueness of o based on the covariance
operator or X and the cross covariance matrix of X and Y. First, we assume the H valued
random variable X is centered (£(X(t)) = 0, for all ¢ a.e.) and has a finite second moment
(E(]|X|?) < 00). Then the covariance operator I' of the H valued random variable is defined
to be
1

Fz(t) = /o E[X(t)X(s)] x(s)ds, (2.71)
for x € H and t € [0,1]. We note here that I' is an integral operator whose kernel is the
covariance function of X. It can be shown that the operator I' is nuclear, self-adjoint, and
non-negative. Similarly, we define the cross covariance operator A of (X,Y’) to be the linear

functional

Ax = / e X (Y] 2. (2.72)
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for x € H. Now there is a solution to (2.69) if and only if it satisfies
A(z) = (o, I'(x)), (2.73)

for x € H. Let \; for j = 1,2,... be the eigenvalues of I' and v; for 7 = 1,2,... the
corresponding eigenfunctions. Then we can express
a= Z(a, V;)V;. (2.74)

Jj=1

By (2.73) and (2.74) we can get the coordinates of a in terms of the functions v; as follows
(E(XY), v;) = Aj{a, v5), (2.75)

for j =1,2,.... Let N(T') = {z € H, Tz = 0}, if N(T') # {0} then o cannot be uniquely
determined. Some of the eigenvalues are null and if « satisfies (2.73), then a + oy satisfies
(2.73) for any ag € N(T'). Hence a unique solution to (2.69) can only be determined in the
space N(I')*. Hence we look for a solution in the closure of Im(I') = {I'z, z € H}. By
inverting (2.75) we get another expansion for a:

— (E(XY),v;

o = Z H)\ﬂ%. (276)

=1 !
Now, we note that the function « will belong to H if and only if
— (E(XY),v;
3 EXY).v) o (2.77)
— Aj
7j=1
In fact, (2.77) is satisfied if f is a continuous linear function then f(X) = (a, X). We also

note that the estimation of « is difficult since the eigenvalues A; decrease rapidly to zero.



CHAPTER 3

AUTOREGRESSIVE APPROACH FOR FUNCTIONAL LINEAR MODELS

In this chapter, we extend the functional linear model to the bivariate setting. For the
autoregressive approach in the bivariate setting, we take Y to be a real valued random
variable which is a functional of a random surface X over a polygonal domain D € R2. The

functional linear model for Y is:

Y = F(X) = (g X)+¢c— / o(s) X (5)ds + <, (3.1)

D

where g € H, such as L*(D), ¢ is a real random variable that satisfies £ = 0 and £X (s)e = 0,
for all s € D. We rephrase the problem, by looking for the function g € H that solves the

following minimization problem:

min & [(f(X) +e—(8,X))%]. (3.2)

BeH
We want to approximate the function, g, defined on the two dimensional spatial domain D
based on the observations on X from a set of design points in D and the random variable Y.
We cannot assume that the random surfaces at various time steps are completely indepen-
dent; hence we want to write the model in terms of the covariance operator of the H-valued

random variable X,

[:=E&(X(s)X(t)) (3.3)
and the cross covariance of (X,Y),
A:=E(X(s)Y). (3.4)
Theorem 3.0.1. The solution to the minimization problem (3.2) is
g = A. (3.5)

34
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Proof. We start with the minimization problem (3.2). If ¢ is the solution, the following

function

F(r)=£&[(Y = {g+rf,X))’]

(3.6)

achieves the minimum when r» = 0 for any function f € H. By taking the derivative with

respect to r, we have
Fi(r) =28[(Y = (g +rf,X)(=(f,X))] =0.

Evaluating at » = 0 yields
ENY = (g, XN, X)) =0,

SO

Elg, XN X)) = EY((f, X))

Note that the left-hand side of (3.8) is
£ [ | s@xeas [ f<t>X<t>dt] — [ | st xe)s
se€D teD teD JseD
and the right-hand side is

EV((f. X)) = & [ /tepf<t>x<t>mt} - [ swerxayie

Since the equation (3.8) holds for all f € H, we have

/teD /GD g(5)E[X (8)X ()] f(t)dsdt = /teD FOEIX ()Y ]dt.

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

Now, let I" be the standard covariance operator of the H-valued random variables X as

defined in (3.3) and take A to be the cross-covariance of X and Y as defined in (3.4). Then

we have
(Tg)(t) = / XX (W)gl)ds, Vg€

and

(A,f>:/tED8(X(t)Y)f(t)dt VfeH.
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Now, (3.11) can be denoted by

]

Note that I' is a symmetric integral operator mapping H to H. Assume that I" is a
compact operator [Cardot, Ferraty,and Sarda’03, (6)]. Let \;,j = 1,2, ..., be the eigenvalues
of I arranged in decreasing order and take v; € H to be the eigenfunctions of I' associated
with \; for j = 1,2,.... Suppose that v;,j = 1,2,..., form a complete orthonormal basis for

H. Then we can write I' = ) " \:v;(t)v;(s) and g = g,vi)v; for any g € H. Then (3.11
3 Vi)Y 31Yj

j
yields

>\j<gvvj> = <ga )\jvj> = <gaFUj> = <Fgavj> = <A7Uj> = <5(X(t)Y),’U]>,
and it follows that if A\; > 0

(9,0j) = (E(X()Y), 05) /X5

Thus, we get the expansion for g

L (E(X()Y), v,
QZ;H (A)j) >vj.

Note that the function ¢ is in H if and only if

S (<5<X(-A>j¥>,vj>)2 < 40,

j=1

In general, we do not know if T" is invertible or not. Let A/(T") be the kernel of T', V(') =
{z € H,Tz = 0} and suppose that N (") # (. In this case, g can not be uniquely determined.
However, g can be determined in A (I')1. So we let Hj = span{vy,..., v} C N(I')* be a
finite dimensional approximation of the orthogonal complement of AV(T') and Py be the
orthogonal projection operator from H to Hjy. Now, PpI"Py is invertible when A\, > 0. Note

that PI"Prg = Z?Zl Aj(vj, gyvj. Thus, for all f € H, P,f = Zfﬂ(f, vj)v; and (3.11) yields

(Pel'Prg, Pef) = (A, Pif),
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or
k k

D X, )i f) =D (o) (A, )

j=1 j=1
for all f € H. It follows that (v;,¢9) = —(A,v;) for j = 1,..., k. Hence, we have the

approximation of g in Hy: )
Z )\i A, vj)v
So far, we have only done a theoretlcal analysis. Now, we move on to an empirical estimate
of ¢g. For random samples X;,7 =1,...,nin H and Y; is another random variable dependent

on X;, I', be the empirical estimator of I' is given by,

1 n
o =— Xi, 1) X;

where x is a vector in an appropriate finite dimensional space and A, is the empirical

estimator of A:

1
1=
Then the finite dimensional operator I',, is a compact operator mapping H to H and hence,

I, can be expanded in terms of its eigenfunctions 0;, j = 1,2,.... That is,
o0
Z)\ ’UJ, ]
Similar to our theoretical discussion, we have
Apx = (gn, pz)

for some g, € H. Assume that the first k, largest eigenvalues 5\]-, j=1,---, k, are nonzero.

Then the principal component regression estimator of g is
kn

A An 0 ~
gPCR:Z A( J)'Uj

j=1 )‘j

which is an approximation of the empirical estimator of g.
In general, gpcr € Hy is a rough function. We smooth gpogr by approximating it with

bivariate splines. Let S7(A) be the spline space of polynomials degree d and smoothness r
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over triangulation A with d > 3r+2. Then we take gspcr to be the solution of the following

continuous least squares minimization:

min /D Gron(s) — f(s)[2ds.

fesg(s)

In practice, the random surfaces X;’s are not observed continuously. The only information
given is the values of X; at design points s, € D,k =1,...,N. That is, for the ith surface
we only have {z; 4,k = 1,..., N} to describe X; where z;; is a random value at the design
point s € D. We also have Y; a random variable dependent on X;. Since we only have
a discrete version of the X; we approximate it by Z by using the penalized least squares
method (2.63). We use the space bivariate splines with optimal approximation order, the
space S5(A), smoothness r and degree d > 3r + 2 defined over the triangulation A of D.

Let f‘\; be an approximation of the empirical estimator I',, of I":

n

L) = - > (%0l X, (3.12)

and Avn be an approximation of the empirical estimator A, of A:

n

— 1 —
()= L) (3.13)
for spline approximation of random samples X;,i =1,...,n.

We see that I, is a bounded operator on S;(A) and hence can be expressed as follows:
Dofa) = 3 X6 203 (3.14)
j=1

where )\; is an eigenvalue and its associated v; eigenvector of I', and m is the dimension of

the spline space S75(A). Then

—~

</Avmx> = <gnaan> (3.15)

for some g, € H. We take the first £, largest eigenvalues )Tj, j=1,---,k, that are nonzero

and define the principal component regression estimator of g, as

kn

gPCR = g )T( ]>Uj~ (3.16)
J

J=1
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The above is an approximation of the empirical estimator of ¢g. Finally we can use the
penalized least squares fit to compute a smooth version of gpcg and denote it by gspor. We

also note that instead of using Hj, one could use other finite dimensional function spaces.



CHAPTER 4

BRUTE FORCE APPROACH TO FUNCTIONAL LINEAR MODELS

In this chapter,we discuss the brute force method. The results in this chapter are from [Guillas
and Lai’08, (17)] and offer an alternative approach to the autoregressive method. We include
these results here to make it convenient for the reader and as a preparation for Chapter 5.
The brute force method exploits the optimal approximation property of splines, Theorem
2.1.14. The general idea of this approach starts by trying to approximate a bounded and
continuous functional f. By the Riesz representation theorem, the functional can be written
as f(X) = (g, X) for some function g € H. That is, we want to solve the same minimization

problem as in Chapter 3:

a:arggligéf[(f(X)—e—(ﬁ,X))ﬂ. (4.1)
€

However it is impossible to solve the above minimization problem because we have an infinite
dimensional Hilbert space H. Hence we find an approximation to the solution by choosing a
finite dimensional spline space S5(A) of smoothness r and degree d > 3r + 2 which is dense
in H as |A| — 0. This reduces the original problem (4.1) to the spline estimate

So=arg min £ [(f(X) —e—(8,X))]. (4.2)

From the spline estimate we develop an empirical estimate for a given set of observed surfaces

{X1,..., X}

n

_— 1

Sam=arg min — > (f(X;) =& — (8,X;))". (4.3)

Besy(8) n =
All of the theory up to this point is for given complete random surfaces but in practice we

are not able to observe the entire random surface. Instead, we observe a random surface X

40
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over design points si, k= 1,..., N over D. We create a surface to represent X from the given
data by using splines. We create a spline Sx by finding the penalized least square fit of X.
To do this we assume that s,, kK =1,..., N are evenly distributed over A of D with respect
to S7(A). Then we repeat the above theory using our approximated random surfaces. We

start with the original problem (4.1) using Sy instead of X:

ap = arggéill{lg [(f(X) —€— (6,SX>)2} ) (4.4)
Again we have the same issue, that the Hilbert space H is infinite and we cannot find the

minimum but we can find an approximate solution in the finite spline space Sj(A). Hence

we obtain a spline estimate based on the approximated random surfaces:

Sap = argﬁenslg&)f [(f(X) —e—(B,5x))7] . (4.5)

From this spline estimate we finally reach something we can compute from real data, the

empirical estimate based the approximated random surfaces:

Som —arg_min_ S (F(X) — 6 — (4, Sx,)2 (4.6)

BeSE(2) N =
The first theorem in this section states when there exists a unique solution to the original

minimization problem over S;(A),(4.2).

Theorem 4.0.2. Suppose that only the zero spline in S5(A) is orthogonal to the collection
X ={X(s), s € D} C H. Then the minimization problem (4.2) has a unique solution in
Sh(A).

Proof. We want to rewrite the minimization problem in terms of a linear system. Let
{¢1, - ,Pm} be a basis for Sj(A). First we note that if § € Sj(A) we can write § =
> e;¢; and then

=1

(8, X) = <Z Cj¢jaX> = ch<¢j,X).

Hence we can write the difference in the minimization problem as the following function of

the coefficient vector:
m

Fle) =€ [(f(X) - ch<¢j,X>)2] : (4.7)

Jj=1
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Differentiation yields

OF [ " "
3 = 28 ( =) ¢l X )Z(pj, ]

Then g_;t = 0 implies

[ i (5, X ] [iq 5, X i (65, X ] . (4.8)

Ac = b, (4.9)

where A is an m x m matrix with entries £((¢;, X)(¢;, X)) fori,j =1,...,m and the vector
b is of length m with entries E((f(X) + €)(¢;, X)) = E(f(X)(¢;, X)) for j =1,...,m and
the coefficient vector of S, is the vector ¢ = (cy, ..., ¢,,)" which satisfies (4.9). Here we note
that the matrix A is the same A matrix in the previous chapter, the representation of the
covariance function of X expanded with respect to the spline basis ¢;,7 =1,...,m.

To have a unique solution to (4.2) we need to solve the linear system (4.9). We know
that A is invertible if it is full rank and the only solution to ¢/ Ac = 0 is ¢ = 0. That is for
any vector ¢ we have

dAc = ZZQS (i, X) (05, X))c; (4.10)

7=1

. J(<§W,X> (30001 -
{

m 2
> s, X>> =0, (4.12)
=1

7

= &
for all X € X. The above requires

<Z Ci¢i,X> = ZCK@',X) =0 (4'13)

which implies that ¢ = 0. Therefore if we assume that the zero spline function in Sj(A) is

the only one orthogonal to all X € X then A is invertible and (4.2) has a solution. O
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Now that we know when there exists a unique S,, we want to know how well S, approx-

imates « in terms of, |A|, the size of triangulation.

Theorem 4.0.3. Suppose that E(|| X||?) < oo and suppose a € C*(D) forr <v < d+ 1.

Then the solution S, from the minimization problem (4.2) approxzimates « in the sense:
E(((a = Sa, X))?) < CIAPE(IX]?), (4.14)
where |A| is the mazimal length of the edges of /.

Proof. Let {¢1,---,¢n} be a basis for Sj(A) and take {¢;,7 = m+1,m+2,---} to be
a basis of the orthogonal complement space of Sj(A) in H. Then write v = 3, ¢;¢;. The

minimization in (3.2) yields

E((a, X)(0;, X)) = E(f(X)(;, X)) (4.15)
for all 7 = 1,2, ... while the minimization in (4.2) gives
E({Sa, X){¢5, X)) = E(f(X)(¢;, X)) (4.16)

for j =1,2,...,m. Now by subtracting (4.15) and (4.16) we obtain
E({a = Sa, X)(¢;, X)) =0 (4.17)

for j = 1,2,...,m. Let Q, = Z;’;l a;¢; be the quasi-interpolatory spline in S;(A) which

achieves the optimal order of approximation of « from S7(A). Then by (4.17) and the Cauchy
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Schwartz inequality we have:

E(({a—Sa, X))?) = E({a—Sa, X)(a - Sa, X))
= E((a—Sa, X)(a— 5+ Qu — Qa, X))

= &(({a = Sa, X)) (@ = Qa, X) + (Qa — Sa, X))

IN

(E(({a = Sa, X))2)V2E(({a = Qu, X))P)V2.
Squaring both sides an applying Theorem 2.1.14 yields the result:

E(({a = 8, X))%) < E(((a = Qa, X))?) < [la — QalE(IX]). (4.18)
0

Now, we consider the empirical estimate of S, for given a sample of independent and
identically distributed (i.i.d) random surfaces X;, i = 1,...,n. The empirical estimate 5/'a\n €

Sh(A) is the solution of

n
—

Sapn = arg min = D (X)) + e — (8, X)) (4.19)

BeSH () N =

The following is theorem for the existence and uniqueness of the empirical estimate.

Theorem 4.0.4. Suppose that only the zero spline function in the spline space Si(A) is
perpendicular to the subspace span{Xy,---,X,} except on an event whose probability p,
goes to zero as n — +o0o. Then, with probability 1 — p,, there exists a unique 5.; € Si(A)

minimizing (4.19).

Proof. Similar to the proof of Theorem 4.0.2, we will start be writing the minimization

problem in to a linear system. Let {¢1, -+, dn} be a basis for S5(A). The difference in the



45

minimization problem can be written as a function of the coefficient vector:

H@:%Z( Zg@,>. (4.20)

Jj=1

Differentiation yields

OF 1 ¢ —
o = A - Se) S x

=1 7j=1
= Q_Zf( )Z<¢J7 i>_zcj<¢m >Z<¢Ja )
=1 J=1 7j=1 7j=1
Then = 0 implies
1 n m 1 n m m
S FX) Y 40 Xi) = D0 eilon Xi) ) (05, X (4.21)
=1 7=1 =1 j5=1 7j=1
Now, we see the solution of the above minimization is given by 5,; = Z:il Cp,i®; With
coefficient vector c,, = (¢,4,7 = 1,...,m) satisfies the linear system
A,c, = by, (4.22)
where
~ 1 <&
A= 2> Xe><¢j:Xz>] (423)
(=1 1,7=1,....m

and

(=1

= [% > (X0 (65, Xo) + % > (o5 €eXe>] : (4.24)

.....

To see that (4.22) has a unique solution, we claim that if ﬁnc’ = 0, then ¢ = 0. It
follows that (¢/)TA,¢ = 0, that is S (000 ddiy Xo))? = 0. So, Y7 ch; is orthogonal
to Xy, 0 = 1,--- ,n. Now, by the assumption, ¢ = 0 except for an event whose probability

Pn goes to zero when n — +o00. O]

We want to show that /Aln converges to A, componentwise. Assume that the finite sequence

{{¢i, Xo)(9j, Xo), € =1,2,...,n} is 1.i.d. and the infinite the sequence ((¢;, X¢)(¢;, X¢)), € =
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1,2,... is integrable. Now, further assume that £(]|X;||?) < B < oo. Then by Cauchy-

Schwartz we have

E({i, Xa)(¢5, X0)) < E(llalllgsI1X11%) < B illll ;] < oo

The last inequality follows because all of the basis functions ¢; can be chosen such that
they are bounded in Ly(D) independently of the triangulation [Lai and Schumaker’07, (21)].

Hence by the Strong Law of Large Numbers we have

S 60 Xad s, Xe) — ({90, X) (65, X)) — 0
(=1

almost surely for all 7 and j. To obtain the theorem for a global rate of convergence we need

the following lemma [Golub and Van Loan’89, (18)].

Lemma 4.0.1. Let A be an invertible matriz and A be a perturbation of A satisfying
|A=Y||]A — A|| < 1. Suppose that x and Z are the ezact solutions of Az = b and AZ = b,
respectively. Then

le— &l w(4)

- |A-A]|
]l 1— k(A

1Al 2]

1A— A b 5H]

Here, k(A) denotes the condition number of matriz A.
We also need Hoeffding’s exponential inequality [Bosq'98, (4)].

Lemma 4.0.2 (Hoeffding). Let {& 1}, be n independent random variables. Suppose that

there exists a positive number M such that for each i, |§| < M < oo almost surely. Then

2
> 5) < 2exp <—2T;\(i[2> (4.25)

n

LS @-e@)

P (
n
(=1

for d > 0.

Theorem 4.0.5. Suppose that X;, £ = 1,--- ,n are independent and identically distributed

and Xy is bounded almost surely. Suppose that the €, are independent and bounded almost
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surely. Assume that f(X) is a bounded linear functional. Then ,Sfa\n converges to S, in

probability with convergence rate in

|Sa = Samll 2 ny?0? ny?6?
P|l———— > < 4 — 2 -
( S =0) = Amee\ Ty e ) T AP T iga(ayan

252
S
+2mexp ( 128/@(A)2M€2) . (4.26)

Proof. The we find the rate of convergence by applying Lemma 4.0.2, Hoeffding’s exponential
inequality. To implement Lemma 4.0.1, we use the maximum norm for the matrix A — ﬁn
and the vector b —gn. We start with A — En Define & = (¢, Xi)(¢;, X;) then the & are i.i.d

random variables bounded by
M = max max |(¢;, X¢) {5, X¢)| < maxmax a1l 1111 X1

That is, for each i, || < M < oo almost surely. We write

An — A= [ag)i<ijam = [% > (i Xe) (b5, Xo) — 5<<¢iuX><¢ij>)]

(=1

77777

and then by Lemma 4.0.2,

P (||laijhi<ij<mllec > 0) = P (1212;21 |ai;| > 5)
]:

ip ( . la;;| > 5)
< 33 Pllayl 2 6/m)

i=1 j=1

2
< 2m2exp< no ) (4.27)

IN

T om2M?

We estimate the entries of b — b, in a similar way, by letting b; = b; + b5 with

b= 3 F(X0) (65, X0} — EF(X) {5, X))

and
n

bJZ == 1 Z<¢j,€ng>.

(=1

N
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Then we can break up the probability by
P(|b;] = 8) < P(lo| = 6/2) + P(|b3| = 6/2).

We know that the functional f is bounded, and thus | f(X,)| < F||X,|| for some constant F.

By Lemma 4.0.2, we have

P (0] = 6/2) < 2exp (20
il =0/2) = SMZ)

where

My = max | f(Xe) (05, Xo)| < FIXellllos1] [ Xell

which is a finite quantity since ||X,|| is bounded almost surely. For b%, we recall that the
random noises ¢, are bounded almost surely and let & = (¢;, €,X,). Then we apply Lemma

4.0.2 to have

9 no?
P (|b?] > 6/2) < 2exp ~ 30

where

M. = max [(¢;, e¢Xe)| < max || ]eel| Xell

which is finite under the assumption that both || X,|| and |e/| are bounded almost surely.

Thus we have

~ " no? no?
P(||b—bn||0025> <3 P(b] = 6) < 2mexp ~qi) e (g ) (42
j=1 €

Now that we have bounds on ||A — A|| and ||b— b]|, use Lemma 2.1.4 to obtain

1Sa — Samll (HC—EnII >
P|l————— >0 | <P|———>70
( 51 el

_/a _ lle=@all , _ IA-Au] _ lo=bu] :
where v = o Let 8= = and 0 = o] then Lemma 4.0.1 yields

K(A)
TEis r(A)n

(n+0). (4.29)
We also note that for k(A)ny < 1, we have 1 — x(A)n > 1 — 1 which implies

< 2k(A). (4.30)
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Now,

o
=
AV
2
=
IN

(6 2 76, 5(An < 1/2) + P (5 > 76, 5(A)y > 1/2)
1+ 0) > 6, k(A < 1/2) L P (s(A) = 1/2)

IN

INA
|
NN
3
+
N>
v

K(A)
_p 77>4:(‘j4)2 fP(9>4:((j4))+P<n>2,Z£4)>
< 2P<’724:£4))+P 924&%)

for all 9 < 1. By (4.27) and (4.28) we have

IS0 = Saunll ( ) ) ( 0 )
Pl———>9 2P >—— | +P|O>—-
( 15 "= n(A) 15(A)
A=Al o 9 Ib—"ball _ 70
— 2P > +P >
( Al = 4s(4) bl = 4x(4)

2 2
§ J
" (w5) " ()

VAN

_ 2
= 2 2m exp —W +2mexp — 8Mb2
5 2
1o n (%(A))
mexp | ————
SM?
252 252
nyo ny-o
= 4m? - 2 S e —
" eXp< 32/<;(A)2m2]\/[2) * meXp( 128/<;(A)2]\/[b2)
+2 ny' o
exp| ——F-—— .
TP T198k(A)202

]

We also want to consider the case where ¢,’s are Gaussian noise. We will need the following

lemma.

Lemma 4.0.3. Suppose that ¢, is a Gaussian noise N(0,07) for £ =1,...,n. Then

n 252
P ( ! > 5) < 2exp (—%) . (4.31)

I
n4 2 010

Now, we have a theorem for Gaussian noise similar to Theorem 4.0.5.
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Theorem 4.0.6. Suppose that Xy, £ = 1,--- ,n are independent and identically distributed
random variables and || Xy|| are bounded almost surely. Suppose €, are independent and iden-
tically distributed Gaussian noise N(0,02) and f(X) is a bounded linear functional. Then

—

San converges to S, in probability with convergence rate

1S = Sanl ) n?9? n7%9?
Wa — Panll - < _ e
P ( S =0) = Amee\ Ty e ) T AP\ T ige(ayan

252
nyo
+2m exp (— 128%(14)202(72) . (4.32)

Proof. Using Lemma 4.0.3 when the ¢, are i.i.d Gaussian noises N (0, 0?), we have

(LS| 6) <20 (-5

=1
for 6 > 0 with the assumption that Y; are independent random variables which are bounded

by C, ||Yz]| < C. Now to obtain the result (4.32), repeat the proof of Theorem 4.0.5 with

~ - nd? nd?
P(Hb—anooZé)SZP(\bj\z(S)ngexp —oi ) F2ep (g ) - (439)
b

J=1

instead of (4.28). O

Now we consider the cases where we observe X over a set of design points sx, k =1,..., N
in D. We create a surface to represent X from the given data by constructing Sx, the
penalized least square fit of X. To do this we assume that s, are evenly distributed over A

of D with respect to S;(A). We look for the ap that solves the minimization problem (4.4):

ap = arggréigg [(f(X)+e—(B,5x))%].

First, we note that ap approximates a. We can see this by defining the strictly convex and

continuous function
F(B)=E[(f(X) +e—(8,X)?]

and an approximation to F', as |A| — 0:

Fp(B) = & [(f(X) +e— (B, Sx))?] -
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Since strictly convex functions have unique minimizers we have ap approximating a.

Indeed, if ap — 3 # «a, then

F(a) < F(B) = Fp(B) +m = Fp(ap) +m +m < Fp(a) +n1+n2 = F(ap) +m +n2 +n3

for arbitrary small n; + 12 + 3. We would get the contradiction F(«) < F(a).
Again we are trying to find a minimum in the infinite dimensional Hilbert space H
so we approximate solution in the finite spline space Sj(A). We approximate the solution

Sap € SH(A) of ag by solving (4.5)

Sap = a1g min £ [(F(X) +e—(8,5x))] -

Let {¢1,...,¢m} be a basis for Sj(A), then we S,, = 7", cs;¢; where the coefficient

vector ¢p = (cg1,...,Csm)’ satisfies the linear system
Apecp =bp

where Ap is the matrix A in the continuous case evaluated at Sy instead of X. That is,
Ap is an m x m matrix with entries £((¢;, Sx)(¢;, Sx)) for i, j = 1,...,m. Similarly, bp is
a vector of length m with entries E((f(X) + €)(¢;, Sx)) for j = 1,...,m. The matrix, Ap

converges to the matrix A as |A| — 0 by Theorem 2.1.14:
“SX - XHoo,D < O|A‘V|X|V,OO,D
for X € WY(D) with v > r > 0, and thus

E((di, Sx) (¢, Sx)) = E((di, X) (5, X))

as Sy — X.
The next theorem states how well S,, approximates ap in terms of |Al, the size of

triangulation.

Theorem 4.0.7. Suppose that E(||X||?) < oo and suppose o € C"(D) for r > 0. Then the

solution S, from the minimization problem (4.5) approzimates ag in the following sense:

E(((ap = Sap, Sx))?) < ClAP (4.34)
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for a constant C" dependent on E(||X||?), where |A| is the mazimal length of the edges of /.

Proof. Similar to the proof of Theorem 4.0.3, we let {¢1, ..., ¢, } denote a basis for S;(A)
and take {¢;,7 = m +1,m +2,...} to be a basis of the orthogonal complement space of

SH(A) in H as before. Then we can write

)
ap = E CD,j¢j-
i=1

Note that the minimization in (4.4) yields

g(<aD’ SX><¢j7 SX>) = g((f(X) + 6)<¢jv SX>)

for all j = 1,2,... while the minimization in (4.5) gives

5(<Sas7SX><¢jv SX>) = 5((f(X) + E)<¢jv SX>)

for all j =1,2,..., m. Subtraction yields,

E({ap — Sap, Sx){(¢j,Sx)) =0 (4.35)

for all j = 1,2,...,m. Let Q,, be the quasi-interpolatory spline in S(A) which achieves
the optimal order of approximation of ap from S’ (A). Then by (4.35) and and the Cauchy

Schwartz inequality we have

E(({ap = Sap: Sx))?) = E((ap = Sap, Sx){ap = Sap, Sx))
= g(<a/D - SQD’ SX><aD - SOcD + QaD - QOle SX))

= 5((<04D - SaD7 SX>)((06D - QaD, SX> <Qap - SaDa SX>))

= £ (((a — Sap, 5x)) <<04D = Qap, Sx) + <Z %’SX>>>

({(ap = Sap, Sx)) <<04D — Qap, Sx) + (4, — ¢;) (&5, SX>>>

= &

=1

.

= E((ap — Sap,Sx)(ap — Qup, Sx))

< (E(({ap = Sap, Sx))*)?E(({ap — Qap, Sx))*) 2.
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Yielding

E(({ap = Sap: Sx))*) < E(((ap = Qap: 9x))*) < llap — QapIPE([1Sx|1%).

The convergence of Sx to X implies that £(||Sx||?) is bounded by a constant dependent on
E(]|X|?). The approximation of the quasi-interpolant @, of ag in Theorem 2.1.14 yields
(4.34). O

The empirical estimate of S, based on discrete observations of random surfaces X;,i =

1,...,n. is given by solving the minimization problem:

— 1 <&

Sapn =arg min — Z(f(XZ) +6 — <57 SXi>>2'

BeSH () N =

Again, we can expand é:; in terms of the basis functions of S;(A) as 5;; = > it

where the coefficient vector ¢,, = (¢,,,7 = 1,...,m) satisfies the linear system

where
n

—_—~

1
A= |-

<¢i> SX@><¢J'7 SXZ>]

(=1

where Sy, is the penalized least squares fit of X, and

by = [% > (X085, Sx,) + % > (o €e5Xg>] :
/=1 j=1,...m

(=1

Now we argue that g;; converges to §a\n To do this, we implement Lemma 4.0.1, we use

the maximum norm for the matrix A\n — Zn and the vector Zn —Zn, We start with A\n — En:

—~

R i n 1 n
A=Ay = | 3000550 (65 Sx) - 5Z<¢i,xe><¢j,xe>]
L (=1 =1 i,j=1,...,m

~~~~~

_ %ZW Sx,)(#;, Sx,) — <¢¢,Xe><¢j,Xe>]

i,j=1,....m

= %Z@% Sx, — Xo){(¢5,5x, — X€>]
=1

L (= i.j=1,..m




54

Taking the norm yields,

. R m 1 n
HAn — A = m?XZ - > (61, Sx, — X)), Sx, — Xo)
j=1 " ¢=1
m 1 n
< max Y =Y [{, Sx, — Xo) {65, Sx, — Xu)|
Lot
< mzdeZImEaX (b3, Sx, — Xe) (95, Sx, — Xo)|
‘7:
< mmaxmeax ’<¢i75Xe - Xf><¢j7 SXZ - Xf)’

4,3
< mmacmax o 6,115, — Xl
Hence HZ,; — Aplloe = O(|A]*~2) since Sx, — Xi = O(|A]”) by Theorem 2.1.14. So if v is
sufficiently large then || A4, — z/él\nHoo — 0 as ||A| — 0.

Similarly, we estimate the entries of Bn —b,

3

f(Xe) (95, Sx,)

/=1

S|

o~ 1 <&
[bn = balloo = EZf(Xe)<¢j,Xe>—
/=1

oo

_ % 3" F(Xo){dy, Xe — Sx,)
/=1
max | f(Xe) {5, Xe = Sx,)|

max F|LXl[[|6;1]1Xe — Sx I

o0

IN

IN

Thus l;l — I;L also converges to 0. Now, we apply Lemma 4.0.1 as we did in the proof of

Theorem 4.26 to see that g’;/n converges to §a7n as |A| — 0.



CHAPTER 5

BRUTE FORCE EXTENSION

So far we have discussed functional linear models, a regression model where the explanatory
variable is a random function and the response is a real random variable. There are many
cases where we may want to predict values for locations where there are no measurements.
In this chapter, we consider the case when the explanatory and response variables are both

random surfaces. We define the model by convolution:
Y(s) = G(s,t) « X(t /G s, 1) X (5.1)

where D a polygonal domain in R? and G(s, ) is some function in H x H. We usually take H
to be L?(D). For this application, we assume we are given a function F' such that F' = G* X
for some function GG. The objective is to recover the function G.

For our research, we will need a tensor product version of Theorem 2.1.14. For conve-
nience, we use a special instance of the quasi-interpolatory operator to illustrate the main
ideas. That is, when

h 1 ifv=1ijk
0 otherwise
n (2.58), we have the following quasi-interpolatory operator

Qf =Y > f&m) Bl (5.2)

TeA i+j+k=d

We will need the following lemma for the proof of the analog of Theorem 2.1.14.

Lemma 5.0.4. Let F(s,t) be a function in H X H and define for a fived s € R?,

Z Z 5’]’“7 z]k(t) (53)

TeA i+j+k=d

95
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Then
[F(s,6) = RF(s,8)] < A1 F (s, asn. (5.4)

Proof. First note that by Theorem 2.1.14 we have

1Qf — FII < 1A flaga (5.5)

for a quasi-interpolatory spline defined in (2.52). We can utilize the inequality in (5.5) since
for a fixed s we are only comparing the difference in one variable. To see how well we are
approximating in ¢, we consider the following difference for a fixed s, and apply Theorem

2.1.14

|F'(s,t) — RF(s,1)] = =D > Fléks)Bhi(t)

TeN i+j+k=d
< ‘A|d+1’Ft(sa as-

With the above lemma, we are ready for the analog of Theorem 2.1.14.
Theorem 5.0.8. Let F(s,t) € H x H and let Qp(s,t) be the special case of quasi-
interpolatory spline defined for the tensor product of two splines:

Qe= D > > Fllw&mw)Biut)Blju(s). (5.6)

T i'+j'4k'=d T i+j+k=d
Then

[F(s.1) = Qr(s, )] < 204" max{|F(s, asr, [F (-, )]as}- (5.7)

Proof. Define the function RF as in (5.3). First, note that
|RF(s,t) — Qr(s,t)]

- Z Z F(&ijis ) wk Z Z Z Z F(&j, ZJ’k’>Bz’jk< )BZL()

TeN i+j+k=d T i'4+j'+k'=d T i+j+k=d

- Z Z Uk ( éhl]’“ Z Z F gljka ZJ/kI)BZ;;g( ))‘ (58)

TeN i+j+k=d T i'+j'+k'=

<|F Sz]lw Z Z éljkv Z]/k/)B’L:,;;f( )

T /45 4+k'=
= |A|d+1|F('a )|d+1,s-

(5.9)




57

In (5.8), we used the partition of unity property of splines and for (5.9) we applied Lemma

5.0.4. We apply Lemma 5.0.4 again to obtain:

IF(s,t) — Qr(s.t)] = |F(s,t) — RF(s,t) + RF(s,t) — Qp(s,1)]

|F(s,t) — RF(s,t)| + |RF(s,t) — Qp(s,t)]

IN

IN

|A|THE (s, aris + A THEC ) ar,s

IN

2| A max{|F (s, )asve [F( 8)]arns )
[l

Now, consider the model given in (5.1). The solution to the model, G, is given by solving

the following minimization problem:

G =arg min & (/SED (F(X)(s) — B(s, ) = X())? ds) . (5.10)

BEHXH
However, it is impossible solve the above minimization problem because we have an infinite
dimensional Hilbert space H. To find an approximation to the solution, we can choose a
spline space S;(A) for some integers r and d with r < d. By Theorem 2.1.14, it is dense in
H as |A] — 0 and S5(A) x SH(A) is dense in H x H by Theorem 5.5. Hence we look for an

approximation to G, in the finite dimensional space S € Sj(A) x S5(A), such that

Sa =arg min (A)g (/SED (F(X)(s) = B(s,) * X()? ds) . (5.11)

BeEST(A)X ST
Theorem 5.0.9. Suppose that only the zero spline in S5(A) is orthogonal to the collection
X C H. Then solution to (5.11) has a unique solution in S5(A) x S(A).

Proof. We start by simplifying Sq * X:

Sg*X = /X(t)SG(S7t)dt

- [ x 0D cstlo)o0

- Z Cij¢i(s /X ()5 (t)
= Zcuezz( )(X, ;).

17]
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We want to find the coefficient vector the minimizes the difference in (5.11). For simplicity,

we write the difference as a function of the coefficient vector:

Flei;) =€ ( /D (F(X)(s) — Zci,j@(s)@(, ¢j>> ds) . (5.12)

Hence by differentiation we have

aac—i = 2& </D (F(X)(S) — Zci,jqbi(s)(X, gbj)) (dr(s)(X, ¢k>)ds>

= 2& (/D (F(X)(3)¢l(3)<Xa Pr) — Zci,j¢i(5)<X7 ¢;5)i(s)(X, ¢k>> d8> -

1]

Then 880_11 = (0 implies

£ (/D (F(XJ)(8)¢1(S)(XJ,¢k>)d3) =& (/D (; Ci,j(bi(S)(XJa¢j>¢l(5><XJ>¢k>) ds)
(5.13)

for all 0 < [,k < m. We rewrite this as a linear system Ac = b where ¢ is the vector of

coefficients, A is an m? x m? matrix with entries

e ([ oiaiex.o i)

and b is a vector of the form

e ([ FO@a o ds).

To solve the linear system, we need to find the conditions for which A is invertible. We know
that A is invertible, if it is of full rank and the only solution to v¥ Av = 0 is v = 0. Let v be

an arbitrary vector then we have

vTAy = € /D(szi,j (@'(S)(X,¢j>¢l(3)<X7¢k>)Ul,k> d3>

Lk iy

-/ (ng(sxx,¢k>w,k2w,j¢i<s><x,¢j>) ds)

= & /D<ZU1’]¢1(S)<X,¢]>> dS) =0.

1’7‘7




99

To have vT Av = 0 then for all s € D we have

ZUZ'J‘QSZ‘(S) <X7 ¢j> == Z (Z Uij<X7 ¢J>) ¢z(8) = 0. (514)

ij i j
The {¢;} form a basis for the spline space S5(A) x S5(A) hence the only solution (5.14) is
for all the coefficients to be zero, that is
> ui(X.6;) =0 (5.15)
J
for all X € X. By our assumption that only the zero spline is orthogonal to X therefore

(X, ¢;) # 0 which implies that the only way vAv” =0 is for v = 0. O

Now that we know when there exists a unique solution to (5.11), we want to know how

well S¢ approximates G in terms of |A|.

Theorem 5.0.10. Suppose that £(||X||?) < oo and G € C4(D). Then the solution Sg from

the minimization problem (5.11) approximates G in the following sense

£ (/((G — Sa) *X)%zs) < (214" max{|G(s, ) at1, |G(.,t)|d+1})25 (1X1%) . (5.16)

Proof. Since we choose S(A) x S5(A) to be dense in H x H as |A| — 0 based on Theorem
5.0.11, we look for an approximation Sg of G that satisfies (5.11). We need to show that Sg
approximates G. Let {¢1, ..., ¢} be a basis for Sj(A), and {¢;, j =m+1,m+2,...} be a
basis of the orthogonal complement space of S;(A) in H. Then for any function G € H x H

we can express G by

mxXm

G = D ctieils)+ Y D didi(t)g;(s) (5.17)

ij=1 i=1 j>m+1

+ 30 Y dysisi(s) + Y Y didit)es(s).

i>m+1 j=1 i>m+1j>m+1
To simplify (5.17), let {®;(s,t), i = 1,...,m?} be the basis elements for S5(A) x S5(A)

and let {@;(s,t), i =m?*+1,m?+2,...} be a basis of the orthogonal complement space of
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SH(A) x SH(A) in H x H then we expand G in terms of the basis elements {¢;(s,t), i =

1,2,...}. By minimizing (5.10) we have
(/ FOX)()(X * il t))ds) .y (/ D(X*(;(s,t))(xw,-(s,t))ds> (5.18)
se
for all 4. Similarly when we minimize (5.11) we obtain
(/ FOXO(3)(X % ai(s t))ds) _¢ (/ D(X*Sg(s,t))(X*@i(s,t))ds) (5.19)
s€
for i = 1,...,m?. Subtraction of (5.19) from (5.18) yields:
0— E/X K (G5 8) — Se(, ) (X # pi(s,1))ds (5.20)

fori = 1,...,m% Let Qg = Z;njl a;jp;i(s,t) be the quasi-interpolatory spline in Sj(A) x

S7(A) which achieves the optimal order of approximation of G from S} (A) x S5(A). Then

< \/5 (/((G _ *X)st) ¢ (/((G Q)+ X)?ds).

Squaring both sides yields,

e(f <<G—SG>*X>2ds)2 < e( fue-sepexras)e ([ o xras)
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and thus we have

e([uG-soxras) < e [16-q0xr)

= £(I(G - Qa) = X|)
< £(I(G - Qa)I” IX|P)
=[G = Qe IXI* Px)ax
= G- Qal* [ IXI* P(x)dx
= (G -Qa)”E(IXI)

where P(X) is the probability density function for the random surfaces in X'. Therefore by

Theorem 5.0.8 we have

£ (/((G — S¢) X)?ds)

IN

1(G — Qa)II” € (I1X]1%)
< (21 max{|G(s, Mar, GG Ol ) E (IX]P) .

O

Now we consider the empirical estimate of Sg. Let X,, ¢ = 1,...,n a sample of be
random surfaces in X' such that only the zero spline function in the space S5(A) x SH(A) is

orthogonal to the subspace spanned by {Xj, ..., X, }. Then the empirical estimate of Sg is

n

San =arg min —
BESH(D)XSH(A) N =

( / (OGO = B(s,) = X0 ds) e

Theorem 5.0.11. Suppose that only the zero spline function in the spline space Sh(A) is
perpendicular to the subspace span{Xi,---,X,} except on an event whose probability p,
goes to zero as n — +o0o. Then, with probability 1 — p,, there exists a unique §;L e Si(A)

minimizing (5.21).

Proof. Again, we can write

Som* X = Z Cijbi(s)(X, ¢;).
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We want to find the coefficient vector the minimizes the difference in (5.21). For simplicity,

we write the difference as a function of the coefficient vector:

= %Z/ED (F(XL’)(S) - Zéi,j¢i(5)<Xf7¢j>> ds. (5.22)

Hence by differentiation we have
(F(Xz)(SD =Y Gtils)(Xe, cbj)) (¢1(s)(Xe, dk)) ds

oOF 1
oéy B 2% Z/ —
= 2% ; /SED (F(Xe)(8)¢z(s) <Xe, st) - Z éi,jqbi(s) <)(g7 ¢j>gbl(s) <)(€7 ¢k>) ds

Y]

Then 886_?; = (0 implies

- Z/ F(X0)(5)ou(s)(Xe, dx)) ds = Z/ (Z & 0i(5)(Xe, b5 n(s) (X, ¢k>> ds
(5.23)
for all 0 < [, k < m. We rewrite the above as a linear system Ac = b where c is the vector of

coefficients, A is an m? x m? matrix with entries

%Z/ (9i(8)(Xes @) Pu(8)(Xe, ) ds
=1 seD

and b is a vector of the form

—Z / Bu(s) (X0, 61)) ds

To solve the linear system, we need to find the conditions for which A is invertible. We know
that A is invertible if it is of full rank and the only solution to v7 Av = 0 is v = 0. Let v be
an arbitrary vector then we have

ol Av = %Z /SED D2 i <¢@-<s><xe,¢j>¢l<s><xz,¢k>>vz,k) ds

Lk 17

= %2/ Z¢l(5><X£7¢m>vl,mzvi,j¢i<8)<Xg,¢j>> ds
=1 75€P \ I,m ij
n 2

- Zvi,jcbi(sxxe,ezm) ds = 0.
/=1 sE€

1,J
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To have vT Av = 0 then for all s € D we have

D vigi(s) (X 65) = > (Z vz-j<Xe,¢j>> 6i(s) = 0. (5.24)

The {¢;} form a basis for the spline space S5(A) x S5(A) hence the only solution (5.24) is

for all the coefficients to be zero, that is
> i Xe, d5) =0 (5.25)
J

for all /. By our assumption that only the zero spline is orthogonal to X except for an even
whose probability p, goes to zero as n — 4o00. Therefore (Xy, ¢;) # 0 which implies that

the only way vAv? = 0 is for v = 0. O]

Now, we consider the case when we approximate linear functions based on discrete obser-
vations. For applications, we will only know X over some given points in the domain D.
That is, we will have observations of X over designated points s;, k = 1,..., N in D. Let
Sx be the penalized least squares fit of X over the designated points sp. We consider Gp

that solves the following minimization problem:

Gp = arg min £ (Z (F(X)(s) — B(sk, ) * SX(-))2> . (5.26)

€eHxH
k=1
Heuristically we can see that G'p converges to G as the observation locations become dense

in D and as |A| — 0. We also look for an approximation Sg, € Sj(A) x S5 (A) of Gp such

that
N
Sep = i £ F(X)(sk) — ) Sx ()] - 5.27
Gp =arg (;( (X)(s) = Blsw, )+ 5x(+)) ) (5.27)
Now, we can write Sg, as Sg, = Z;njl cppi(s,t) where {¢;(s,t), i =1,...,m?} is a basis

for ST(A) x S5(A). Then the coefficient vector ¢p satisfies the following relation:
A DCpD = b D
where where Ap is an m? x m? matrix with entries

& <Z (9i(sk){Sx: ¢5)Pu(sk)(Sxs Pm)) ds)

k=1
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and bp is a vector of the form

(Z $)(Sx, b)) d ) :

1

We want to show that Ap — A that is
N
£ (Z (8:(5){Sx, 65)61(5) (S, b)) ds> S IRCC OIS
k=1 se
We know that Sx — X as |A| — 0 by Theorem 2.1.14.

In the following theorem we show that S¢, is a good approximation for G'p.

Theorem 5.0.12. Suppose that £(||Sx||?) < oo and Gp € C*Y(D). Then the solution Sg,,
from the minimization problem (5.27) approximates Gp in the following sense
al 2
2 (Z((GD — Sap) * Sx)2d5> < C (2|41 max{|G(s, )]a+1, |G(, 1) a1}) (5.28)
k=1

where C' is a constant dependent on E(|| X ||?).

Proof. By Theorem 5.0.11, we choose S;(A) x S5(A) to be dense in H x H as |A| — 0 and
look for an approximation S, of Gp that satisfies (5.27). To show that S, approximates
Gp we simplify (5.17) by letting {p;(s,t), i = 1,...,m?} be the basis elements for S7(A) x
Sh(A) and let {p;(s,t), i = m?* +1,m? +2,...} be a basis of the orthogonal complement
space of Sj(A) x S5(A) in H x H. By minimizing (5.26) we have

(Z F(X)(sk)(Sx * wi(sk, ))) =& (Z(S’X x Gp(sg,t))(Sx * gpi(sk,t))> (5.29)

k=1

for all 4. Similarly when we minimize (5.27) we obtain

(Z F(X)(s1)(Sx %(Skat))> =& (Z(SX * Sap (sk, 1)) (9x * %‘(Smt))) (5.30)

k=1

for i =1,...,m? Subtraction of (5.30) from (5.29) yields:

0=¢ (Z(SX 5 (Gp(s.t) — Sy (51, 1)) (Sx * @15, t))) (5.31)

k=1
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fori =1,...,m% Let Qg, = Z;”jl a;jp;(s,t) be the quasi-interpolatory spline in Sj(A) x

S%(A) which achieves the optimal order of approximation of Gp from S;(A) x S(A). Then

£ (i((GD<Sk7 t) — Sap(sk:1)) * SX)2>

k=1

=& i((GD —Sa,) *Sx)(Gp — Sa,,) * SX))

I
o™
M-

((Gp = Sap) * Sx)((Gp — Qap + Qap — Sap) * Sx)>
k

=& Y((Gp — Sa,) * 5x)((Gp — Qay) * 5X)> By (531)

k=1

1

S

3

<& J ((Gp = Sap) * SX)QJ > (G —Qayp) = SX)Q)

_"

Squaring both sides yields,

3

(Gp — Sap) Sx>2> £ (Z((GD — Qo) SX>2>.

k=1

bl

=1

£ (Z((GD(% t) — Sap(sk.1)) * SX)Q)

((Gp — Qap) * SX)2> -

Hence we have

& (Z((GD(Skvt) — Sap(sk,t)) * SX)2> < €& (Z((GD - Qap) * SX)2>
Gp — Qap) * SXHQ)
< €(Gp = Qap) " 15xI1%)

= [I(Gp = Qap)IIP € (I1SxI) -

- &

Therefore by Theorem 5.0.8 we have

k=1

£ (Z((GD — Sa,) * SX)2dS> < (G = Qa,)II" € (I1SxI)

< (21 max{|G(s, a1, |G Olas ) ENSx]?).
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Since Sx converges to X implies that £(||Sx]||?) is bounded by a constant dependent on

E(||X]|?), this yields the result

k=1

£ (Z((GD ~ ) * sx>2ds) < € (A1 max{|G (s, Narn, |G- Dlar})’
]

Now we consider the empirical estimate of Sg,. Let X,, ¢ = 1,...,n a sample of be
random surfaces in & such that only the zero spline function in the space S;(A) x S5(A) is

orthogonal to the subspace spanned by {X 15+, Xpn}. Then the empirical estimate of S¢, is

Sapm =arg  min o Z Z — B(sp,-) * Sx, (). (5.32)

BEST(A)X S5 ( —
Theorem 5.0.13. Suppose that only the zero spline in S§j(A\) is orthogonal to the collection

of approzimations of X € H. Then solution to (5.32) has a unique solution in S;(A)x S5(A).

Proof. We start by writing Sg,, » x X =, ¢ ;0i(s)(X, ¢;). We want to find the coefficient
vector the minimizes the difference in (5.32). As we have done before, we write the difference
as a function of the coeflicient vector:

F(cis) Z Z ( )(sk) — Zc@-,j@(skxsxe,@) . (5.33)

Zlkl

Hence by differentiation we have
OF 1 -
des 2— >N <F<X£)<5k) = cijdilse)(Sx,, <Z5j>) (¢u(s1){(Sx,, Dr))
’ l,]

Z <F<X£)(sk)¢l(sk’) XE7¢t ZCZJ¢1 Sk SXga¢]>¢l(Sk)<SXea¢t>) .

Then aac—‘r = 0 implies

n

n N N
Z (Xe)(sk)P1(s6)(Sx,s Pr) :l chm¢z 5e)(Sx,, 05)Di1(5K)(Sx,, ¢e) (5.34)

n
1 k=1 (=1 k=1 4

for all 0 < [,t < n.We can rewrite this as a linear system Aé = b where ¢ is the vector of
coefficients, A is an m? x m? matrix with entries

% Z Z ¢i(3k)<SXg7 ¢j>¢l(5k) <SX1€7 qbt)

(=1 k=1
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and b is a vector of the form

n

D F(X0)(sk)i(s1) (S, 01)-

(=1 k=1

SRS

To solve the linear system above we need to find the conditions for which A is invertible. We
know that A is invertible if it is of full rank and the only solution to v7Av = 0 is v = 0. Let
v be an arbitrary vector then we have
1 n
SR 3)3) ) SN D STTICRRSVRIENE)
(=1 k Lt iy k

- % Z Z Z G1(sk){Sx,, be)vr e Z v; j0i(56)(Sx,, 0;)
=1 k Im i,j

= %ZZ (Z Ui,jébi(sk)(sxza@)) = 0.

To have vT Av = 0 then for all s, € D we have
> vibils)(Sx, b)) = Y (Z vij {Sx,, ¢j>> i(sk) = 0. (5.35)
i,9 i J

The {¢;} form a basis for the spline space S5(A) hence the only solution (5.35) is for all the

coefficients to be zero, that is

> i (Sx,. b5) =0, (5.36)
J
for ¢ =1,2,...,n. By our assumption that only the zero spline is orthogonal to X therefore
<SX£7 (bJ) 7£ 0

which implies that the only way vAvT = 0 is for v = 0. O



CHAPTER 6

NUMERICAL EXPERIMENTS

In this chapter, we use the autoregressive and brute force methods to forecast the ground-
level ozone concentrations at three locations: Atlanta, Boston and Cincinnati. We assume
that the level of ozone for a given time of day in one specific city is a linear functional of the
previous days’ ozone concentrations measured over the geographical region containing the
city of interest. For example, we would assume that today’s ozone concentration in Atlanta
at 9:00 a.m. is a linear functional of all the ozone values in the southeast up to 9:00 a.m.
yesterday. Thus we can implement our two methods to make our forecasts. We let f(X) be
the hourly ozone concentration at a particular city of interest and X is the ozone concentra-
tion distribution over a geographical region containing the city of interest at the same hour
of the previous day. Our domain is the continental United States and our design points are
the Environment Protection Agency (EPA) stations where the ozone values are collected.
For our numerical experiments, we have scaled the domain into [0, 1] x [0, 1], see Figure 6.1.
We have almost 1000 EPA stations in our data set. For each station, we are given hourly
ozone concentration values for three months in 2005. Some data values are missing but not
very many. The missing values do not affect our computation because the missing values are

filled when we approximate the surface. Below is a brief outline of the numerical experiments.

Step 1) For each hour of data, we create the approximation to X; by using the penal-
ized least squares method (2.63) with penalty A = 1072 over the spline space with degree
5 and smoothness 1, S3(A). We call this approximation Sy,. We also collect Y; the ozone

concentrations at the location of interest one day ahead of Xj.

68
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Figure 6.1: Locations of EPA stations and a Triangulation

Step 2) Then we use one of our two methods, either autoregressive or brute force, to

find for the spline function S, 24 that solves the following minimization problem

24N
1

min ——
sGSé 24N -

=1

(Y; — (s, 5x,))*

where N is the number of days used for learning. For example, if we want to predict Friday’s
ozone concentration in Atlanta by using Monday, Tuesday, Wednesday and Thursday’s ozone
concentrations, we would have N = 4.

Step 3) We make a prediction for a given day by evaluating the function S,o4n from
Step 2 at on the previous days ozone concentration distribution. This gives us the prediction

for that time the next day. For example, we use ozone distribution surfaces from Thursday
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as the input for our function S, 24y to make a prediction for Friday.

Bivariate spline theory says the smaller the triangulation size, the better the approxi-
mation of any function a € H, see Theorem 2.1.14. In the following numerical experiments,
we use a subset of the continental United States as our domain and three different sizes of

triangulations. For each day that we predict we show eight to fifteen days learning. That is,

the number of days refers to the number of previous days of data used to create S, 24n. SO

for eight days of learning, we have N = 8.

6.1 ATLANTA

In Figure 6.2 are the triangulations used for the Atlanta ozone forecasts.

6.1.1 THE BRUTE FORCE METHOD FOR PREDICTION AT ATLANTA

We first show our numerical experimental results using our brute force approach. In the
following graphs, we show the exact measurement(green line), predictions based on triangu-
lation 1 (the blue -), based on triangulation 2 (the red +), and based on triangulation 3 (the
black x) as in Figs 6.3 6.17.
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Figure 6.2: Three different sizes of triangulation of the southeast part of U.S.
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Figure 6.3: Brute force predictions (blue -, red +, and black x) and exact measurement(green
line) on Sept. 1, 2005 in Atlanta
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line) on Sept. 5, 2005 in Atlanta
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Figure 6.8: Brute force predictions (blue -, red +, and black x) and exact measurement(green
line) on Sept. 6, 2005 in Atlanta
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Figure 6.9: Brute force predictions (blue -, red +, and black x) and exact measurement(green
line) on Sept. 7, 2005 in Atlanta
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Figure 6.10: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 8, 2005 in Atlanta
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Figure 6.11: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 9, 2005 in Atlanta

8 Day 9 Day 10 Day 11 Day
e "N /TN N 0
e \ $00< —
£ /3 f’ggﬁx /éwﬁi et aias
[ % X / * ES fL( ~ * L *
)
+ “G: sﬁi [+
| - < T *
a‘t A $ “ ‘# <f+ - \jpf ha
S ¢ | leay N <r
MEF \ X F
\ V/ :7*

12 Day 13 Day 14 Day 15 Day
N ""\\ N /""\
Y SO x»o% AP
Ienars) ST s T
L* x [ = 3 / / X
/>< ““x < “‘b<
e [+ [+ I+
R | It | sk
S ok * & :: % b
B n T e F Pfd et
Ay A A e

Figure 6.12: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Atlanta



7

8 Day 9 Day 10 Day 11 Day
)00$<
<
ST R s il
:7 N o ; /{i f&%
| |
£ |/ L I . N I
= = || e | L)
< =, < 1< | e <+ || I\ /
et | o [ A %, || * w || /=
\ S Lxe J< \%‘\ [ % X | e |/ <
\ gl \\ @%ﬁ&x \ *% \ ¥ Sg{é +F:+><
W W WF A
12 Day 13 Day 14 Day 15 Day
=9 So<,
><>< =< ><j:++ > xx ><>< XX
=
ew i pypssscE %H_C___Jﬁ + *FRE{}
x x x
1 | | ~ | Il o 7
ki I\ /- I I\ /= X I /e I /=
e | + || / |
IR 2ol
N || s Tl
\ | \ 4 | + \Fosg | + \>§é§‘ | +
\ T S \ UL \ S NS Eayved
VA \‘VNEE%W ‘\/N‘ju il WL oF

Figure 6.13: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 11, 2005 in Atlanta
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Figure 6.14: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 12, 2005 in Atlanta
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Figure 6.15: Brute force predictions (blue -, red +, and black x) and exact measure-
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Figure 6.16: Brute force predictions (blue -, red +, and black
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Figure 6.17: Brute force predictions (blue -, red +, and black x) and exact measure-
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Figure 6.18: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 1, 2005 in Atlanta

6.1.2 THE AUTOREGRESSIVE APPROACH FOR PREDICTION AT ATLANTA

We now show our numerical experimental results using our autoregressive approach. In the
following graphs, we show the exact measurement(green line), predictions based on trian-
gulation 1 (the red +), based on triangulation 2 (the black x) and based on triangulation

3 (the blue -) as in Figs 6.18— 6.32. We only use the first two eigenvalues to compute the

predictions.
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Figure 6.19: Autoregressive predictions (blue
ment(green line) on Sept. 2, 2005 in Atlanta
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Figure 6.20: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 3, 2005 in Atlanta
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Figure 6.22: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 5, 2005 in Atlanta
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Figure 6.23: Autoregressive predictions (blue
ment(green line) on Sept. 6, 2005 in Atlanta
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Figure 6.24: Autoregressive predictions (blue
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Figure 6.25: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 8, 2005 in Atlanta
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Figure 6.26: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 9, 2005 in Atlanta
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Figure 6.27: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Atlanta
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Figure 6.28: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 11, 2005 in Atlanta
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Figure 6.29: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 12, 2005 in Atlanta
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Figure 6.30: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 13, 2005 in Atlanta
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Figure 6.31: Autoregressive predictions (blue -, red +, and black x) and exact measure-
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Figure 6.32: Autoregressive predictions (blue -, red 4, and black x) and exact measure-



6.2 BOSTON

In Figure 6.33 are the triangulations used for the Boston ozone forecasts.
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Figure 6.33: Three different sizes of triangulation of the northeast part of U.S.
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6.2.1 THE BRUTE FORCE METHOD FOR PREDICTION AT BOSTON

We first show our numerical experimental results using our brute force approach. In the
following graphs, we show the exact measurement(green line), predictions based on triangu-
lation 1 (the blue -), based on triangulation 2 (the red +), and based on triangulation 3 (the
black x) as in Figs 6.34- 6.48.
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Figure 6.34: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 1, 2005 in Boston
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Figure 6.35: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 2, 2005 in Boston
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Figure 6.36: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 3, 2005 in Boston
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Figure 6.37: Brute force predictions (blue
ment(green line) on Sept. 4, 2005 in Boston
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Figure 6.39: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 6, 2005 in Boston
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Figure 6.40: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 7, 2005 in Boston
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Figure 6.41: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 8, 2005 in Boston
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Figure 6.42: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 9, 2005 in Boston
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Figure 6.43: Brute force predictions (blue -,

red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Boston
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Figure 6.44: Brute force predictions (blue

-, red +, and black x) and exact measure-
ment(green line) on Sept. 11, 2005 in Boston
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Figure 6.45: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 12, 2005 in Boston
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Figure 6.46: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 13, 2005 in Boston
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Figure 6.47: Brute force predictions (blue -, red +, and black

x) and exact measure-
ment(green line) on Sept. 14, 2005 in Boston
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Figure 6.48: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 15, 2005 in Boston
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Figure 6.49: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 1, 2005 in Boston

6.2.2 THE AUTOREGRESSIVE APPROACH FOR PREDICTION AT BOSTON

We now show our numerical experimental results using our autoregressive approach. In the
following graphs, we show the exact measurement(green line), predictions based on triangu-
lation 1 (the red +), based on triangulation 2 (the black x) and based on triangulation 3

(the blue -) as in Figs 6.49- 6.63. We only use the first seven eigenvalues to compute the

predictions.
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Figure 6.50: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 2, 2005 in Boston
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Figure 6.51: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 3, 2005 in Boston
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Figure 6.52: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 4, 2005 in Boston
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Figure 6.53: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 5, 2005 in Boston
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Figure 6.54: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 6, 2005 in Boston
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Figure 6.55: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 7, 2005 in Boston
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Figure 6.56: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 8, 2005 in Boston

8 Day 9 Day 10 Day 11 Day
XX»E; ><><>°§;‘ 2%
> > >
S L. ++43d-x > .-fo
" T . X ) . ﬁﬁﬁ o
4 x. L 3 ] T >+
53 +'\ e = \/ * . j \/
SN b\ F SN L
\ %&% | s | R m vxi
‘ o5 \ / 2 / < \
\/ \/ TR Ve
12 Day 13 Day 14 Day 15 Day
> >
= - -X > > > > > >
Xjﬁ-jfﬁjp > ﬁ:T:LAEP iﬁtgé% > ﬁjﬁtﬂ
=<t <t 153 S
\ + T \ NN \ + - \ + T
N\ F ™ \\/{ ~\ ¥ /A\/Q‘f
- o * 1%% [ e Hﬂ;ﬁ
5% b £ oS xx:
\/ 3233 N \/ <" LSS

Figure 6.57: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 9, 2005 in Boston
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Figure 6.58: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Boston
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Figure 6.59: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 11, 2005 in Boston
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Figure 6.60: Autoregressive predictions (blue -, red +, and black

x) and exact measure-
ment(green line) on Sept. 12, 2005 in Boston
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Figure 6.61: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 13, 2005 in Boston



104

8 Day

9 Day 10 Day 11 Day
STkl >
RO o™ > %
> > >-<.4+.>'< Xt = >.<
‘ >$¢*'*+ | >t ‘ x;+#++ < ++#++
\ \ —+ \ \ T
\ < i \ < \ >+ BE \ < BE
\ + T + \ + T \ + i
R = —Xx > S > L) =<
+ T + ] + % +
%x > *ng. < p > e x
N PSS . N
\ -/ \ {-M /™S \ ++‘:§$+ ™ \ W /N
\Va —~/ \ L \VA ) ] \Va ]
VL~ Vo - VA~ V/ -

12 Day 13 Day 14 Day 15 Day
%L >.<>.<>-<x. >_<>.<>'<x_ gV
> > > =
= > A > A > < >
‘\ < \ <ty \ < \ sy
b -+ \ S+ -+ \ S 3 \\ & —+]
\ + T + i \ - i \ -+ T
B < i = = x k= =
12 + -+ + 5 + 4+ +
Ut Nipo Ve TR R/
\ SRR/ L \ /™ /L \ /> PN \ /X /L
\/ / VA~ \ / V\ 7

Figure 6.62: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 14, 2005 in Boston
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Figure 6.63: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 15, 2005 in Boston



6.3 CINCINNATI
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In Figure 6.64 are the triangulations used for the Cincinnati ozone forecasts.
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Figure 6.64: Three different sizes of triangulation
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6.3.1 THE BRUTE FORCE METHOD FOR PREDICTION AT CINCINNATI

We first show our numerical experimental results using our brute force approach. In the
following graphs, we show the exact measurement(green line), predictions based on triangu-
lation 1 (the blue -), based on triangulation 2 (the red +), and based on triangulation 3 (the
black x) as in Figs 6.65—- 6.79.
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Figure 6.65: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 1, 2005 in Cincinnati
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Figure 6.66: Brute force predictions (blue -, red +, and black

ment(green line) on Sept. 2, 2005 in Cincinnati
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Figure 6.67: Brute force predictions (blue -, red +, and black

ment(green line) on Sept. 3, 2005 in Cincinnati
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Figure 6.68: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 4, 2005 in Cincinnati
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Figure 6.69: Brute force predictions (blue -, red +, and black

x) and exact measure-
ment(green line) on Sept. 5, 2005 in Cincinnati
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Figure 6.70: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 6, 2005 in Cincinnati

8 Day 9 Day 10 Day 11 Day
;&E, —+-
e OIS =<
1 & FETY Gl
e oo t, ye 1. 7o
- .. b K - o = ° /
< e ST .
AR -7 s Ry
x%o& pa=ts o x)g(\*_k+ A< oy A
| > T \ =< T < —=fc
> =/ >3 =</ N PA
NRX¥ NP % N
12 Day 13 Day 14 Day 15 Day
-,
e 5k
52 Pl o ST 22
I s 1 / x
< +. i o = - e
- / e /% & T =
}ng /#X ><+ *7#1‘ .- r’*X >\ 47’%;. . # <\ +ﬂ{p . #
AR A T ™ )\ / - Ax \ / - Ix
PSeesetils - W Spos e A oo H:t_;;
< o >;;<>< >*>< < 5 <

Figure 6.71: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 7, 2005 in Cincinnati
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Figure 6.72: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 8, 2005 in Cincinnati
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Figure 6.73: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 9, 2005 in Cincinnati
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Figure 6.74: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Cincinnati
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Figure 6.75: Brute force predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 11, 2005 in Cincinnati
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Figure 6.76: Brute force predictions (blue -, red +, and black x) and exact measure-
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Figure 6.77: Brute force predictions (blue -, red +, and black x) and exact measure-
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Figure 6.78: Brute force predictions (blue -,
ment(green line) on Sept. 14, 2005 in Cincinnati
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Figure 6.79: Brute force predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 15, 2005 in Cincinnati
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Figure 6.80: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 1, 2005 in Cincinnati

6.3.2 THE AUTOREGRESSIVE APPROACH FOR PREDICTION AT CINCINNATI

We now show our numerical experimental results using our autoregressive approach. In the
following graphs, we show the exact measurement(green line), predictions based on trian-
gulation 1 (the red +), based on triangulation 2 (the black x) and based on triangulation
3 (the blue -) as in Figs 6.80— 6.94. We only use the first two eigenvalues to compute the

predictions.
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Figure 6.81: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 2, 2005 in Cincinnati
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Figure 6.82: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 3, 2005 in Cincinnati
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Figure 6.83: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 4, 2005 in Cincinnati
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Figure 6.84: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 5, 2005 in Cincinnati
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Figure 6.85: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 6, 2005 in Cincinnati
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Figure 6.86: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 7, 2005 in Cincinnati
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ment(green line) on Sept. 8, 2005 in Cincinnati

Figure 6.87: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 9, 2005 in Cincinnati

Figure 6.88: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
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Figure 6.89: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 10, 2005 in Cincinnati
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Figure 6.90: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 11, 2005 in Cincinnati
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Figure 6.91: Autoregressive predictions (blue -, red +, and black x) and exact measure-
ment(green line) on Sept. 12, 2005 in Cincinnati

Figure 6.92: Autoregressive predictions (blue -, red 4, and black x) and exact measure-
ment(green line) on Sept. 13, 2005 in Cincinnati
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Figure 6.93: Autoregressive predictions (blue -, red +, and black x) and exact measure-

ment(green line) on Sept. 14, 2005 in Cincinnati
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Figure 6.94: Autoregressive predictions (blue -, red 4, and black x) and exact measure-

ment(green line) on Sept. 15, 2005 in Cincinnati



CHAPTER 7

CONCLUSION

7.1 SIMILARITIES AND DIFFERENCES BETWEEN THE TwWO APPROACHES

Theoretically, the autoregressive approach is quite different from the brute force method.
The autoregressive approach uses the covariance matrix and cross covariance of the data
and implements eigenvalue decompositions and orthogonal expansions to solve the problem.
While the brute force method uses the fact that the spline spaces become dense in L*(D) and
the assumption that the random surfaces, the X;, are linearly independent. We note that
this assumption on the random surfaces may not be realistic. However, the computational
algorithms for both approaches are very similar.

Recall for the brute force method, we compute the empirical estimator of S, based on
discrete observations of random surfaces X;,7 = 1,...,n. The empirical estimator S‘;/n €

Sh(A) with d > 3r 4 2, is the solution of the following

n

min l Z(f(Xz) +€ — (0, SXi>)2‘

BeSL(A) N

We take {¢1,..., ¢} to be a basis for S;(A) then the solution of the above minimization

is given by S::L = Y ", oy with coefficient vector ¢, = (¢,,,¢ = 1,...,m) satisfying

A,c, = b,, where

LS (60 5% (65, SX»] |
ij=1,...,m

n
(=1

A, =

where S, is the penalized least squares fit of X, and

/=1

57; = [% Z f(X€)<¢j> SX@> + % Z<¢j7 655}(@)]

)=1,....m

122



123

The second summation can be treated as zero as n — 400 as ¢, are sampled from a random
variable with mean zero and independent of X,.
For the autoregressive approach, we take the spline approximation of the covariance

operator fn:
n

Fu(r) = - > (Sx, )8, (7.1)

(=1

from (3.12). For any = = )", ¢;¢;, the operator I, maps  into SH(A) as

ZCZ Z SX/, SXZ

=1

Therefore the matrix associated with the covariance operator in this finite dimensional space

Sh(A) is

n

3 (8 00 (S, 65)

(=1 1<ij<m
which is the matrix :4\; above if the spline spaces are the same. Similarly, for spline approx-

imation /Avn of the empirical estimator A,, of A,

n

—~ mo1 —~
A = E — E . _
n(x) : Czn <XZ7¢Z>Yv27 (7 2)
=1 {=1
and the vector representation of Avn is

Z SX[) ¢z

1<i<n
which is the b, above. Hence if we use all eigenvalues and eigenvectors of the covariance
matrix ;4\; to invert the covariance operator in the autoregressive approach then the solution
is the same as the brute force approach. However, our numerical results show that the
autoregressive approach uses only a few principal eigenvalues and vectors to compute the
dgrca-

In particular, if one uses a continuous S2(A) for Hj, the covariance matrix will not be
the same as Z; nor is the cross covariance. In this situation, we may use the penalized least

squares fit to find a smoother version gspca in S5(A).
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7.2 SUMMARY OF NUMERICAL EXPERIMENTS

As the theory suggests, the brute force method works well for Atlanta and Cincinnati, espe-
cially over triangulation 3 when the size of the triangulation, |A| is reduced. The brute
force predictions are consistent for the various learning periods tested. The predictions are
not widely different based on the number of previous days used to create the prediction. In
each case the predictions are close to the exact measurements and the closeness to the exact
measurements occurs in almost all fifteen days we tested from September 1 to September
15. For the autoregressive approach, we use only the first two eigenvalues in the Atlanta and
Cincinnati predictions and get good results. The predictions generated by the two methods
are very similar. So similar that there is not enough distinction in the numerical experiments
to say which one is better.

When the size of triangulation is smaller, the predictions get better for both the brute
force and the autoregressive approaches. Although, due to the limitation of the data set,
we can not let the size of triangulation be too small or we would have too many triangles
without data.

From a practical standpoint, the brute force method is easier to implement. While the
autoregressive approach requires one to learn how many eigenvalues are needed to make a
good prediction. Several days of testing would be needed to learn how to best choose the
eigenvalues and even then it is debatable how many would be “best.” Indeed, there exist
several methods for choosing the number of eigenvalues. For example one method suggests
finding the “knee” in the plot of the eigenvalues. However, we have observed the decay of
the eigenvalues and could not find a “knee” if the values of all 819 eigenvalues are plotted
on a normal scale. If they are plotted in a logarithmic scale then there are several “knees.”
Determining how many eigenvalues to use for the best prediction is not an easy task and
requires further study. For our results we always use a set number of eigenvalues for a given
location (Atlanta 2, Cincinnati 2, Boston 7). We see that the autoregressive prediction does

not do a good job for September 14 and September 15 in Atlanta. However, if we use more
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eigenvalues, the prediction can improve. This leaves us to question when do we need more
eigenvalues and why.

In theory, the longer the learning period, the better the prediction should be. However,
the numerical results varied based on our experiments. We have experimented the predictions
based on twenty one to thirty six days. The predictions get better for a few days but most
days the predictions get worse. This may be due to fact that the longer learning period
includes the more variety of ozone concentration curve patterns.

There are several ways to extend the models in Chapters 3 and 4 in several ways. One
may want to predict the ozone values a few days out. That is, we want to predict the day
after tomorrow using all the ozone values up to today. To do this, we view the ozone values
on the day after tomorrow in one location as a linear functional of the ozone distribution
over the a region of the United States. We may also want to include another variable that
influences ozone concentrations such as temperature. To do this we would want to develop
a model that can consider a covariant. We may also have a reason to believe that the day of
the week we are predicting is important and hence we may want to give a weight the same
days of the week that are encompassed in the learning phase. To do this we could consider
weighting different time lags in the current models.

For future research, we can implement the brute force models in Chapters 4 and 5 to
predict the paths of hurricanes. For this application, we want to use a model where both
the explanatory and response variables are random surfaces. Using such a model allows us
to predict values for locations where there are no measurements. For hurricane tracking, we
could use barometric pressure data to create an input surface and then implement the model
in Chapter 5 acquire an output surface of barometric pressures. Or we could run the model
in Chapters 4 for several locations and fit a surface through the prediction results. The path
of the hurricane is tracked by identifying eye of hurricane, where the barometric pressure is
lowest. As new measurements become available, the models are quickly and easily updated

to consider the new information. If we can improve the prediction of hurricane movement
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within fifty miles of its exact position, we could save peoples’ lives, towns and money. The
improved predictions give people more time to plan efficient evacuations and secure their

homes and businesses for the storm surges and flooding that follow hurricane landfall.
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