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Abstract

We prove a null space property for the uniqueness of the sparse solution vectors
recovered from a minimization in ¢, quasi-norm subject to multiple systems of linear
equations, where p € (0,1]. Furthermore, we show that the null space property is
equivalent to the null space property for the standard ¢, minimization subject to a
single linear system. This answers the questions raised in [Foucart and Gribonval’09,
[18]]. Finally we explain that when the restricted isometry cnstant dgs11 < 1, then
the £, minimization will find the s-sparse solution if p > 0 is small enough.

1 Introduction

Recently, one of the central problems in the compressed sensing for the sparse solution
recovery of under-determined linear systems has been extended to the sparse solution
vectors for multiple measurement vectors (MMV). That is, letting A be a sensing matrix

of size m x N with m < N and given multiple measurement vectors b®) k= 1,---,r, we
are looking for solution vectors x*) 1, --- | 7 such that

Ax® =b®  k=1,... 1 (1)
and the vectors x®) k = 1,---.  r are jointly sparse, i.e. have nonzero entries at the same

locations and have as few nonzero entries as possible. Such problems arise in source localiza-
tion (cf. [23]), neuromagnetic imaging (cf. [13]), and equalization of sparse communication
channels (cf. [14, 16]).
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A popular approach to find the sparse solution for multiple measurement vectors
(MMYV) is to solve the following optimization:

N 1/p

minimize <) ¢ RN {(2 (21,5, - ,xrjj)“g) - subject toAx® =b®) k=1,... T}
J:

k=1,

, T

e
q
where x¥) = (zp.1, -,z n) forallk =1,--- ,rand ||(z1,- -, 2,)|l, = <Z;:1 \xj\q> is

the standard ¢, norm for ¢ > 1 and p > 1. Clearly, it is a generalization of the standard ¢,
minimization approach for the sparse solution. That is, when r = 1, one finds the sparse
solution x solving the following minimization problem:

minimize  _ p{[|x[[1 : subject toAx = b}, (3)

1/p
where [|x||, = (Zjvzl |xj|p> is the standard £, norm for p > 1. Such a minimization

problem (3) has been studied for many years. See, e.g. [8] and [19] and references therein.
In the literature, there are also several studies for various combinations of p > 1 and ¢ > 1
in (2). See, e.g., references [14], [11], [23], [26]-]27].

In particular, the well-known null space property (cf. [15] and [20]) for the standard ¢;
minimization has been extended to this setting (2) for multiple measurement vectors. In
[3], the following result is proved.

Theorem 1.1 Let A be a real matriz of mx N and S C {1,2,--- | N} be a fized index set.
Denote by S¢ the complement set of S in {1,2,--- ,N}. Let || - || be any norm. Then all
x®) with support x*) in S for k =1,--- 7 can be uniquely recovered using the following

N
MINIMize. (k) ¢ pN {Z (214, 2| - subject toAx™ =b® k=1,.-. r} (4)
=1
k=1, "
if and only if all vectors (uV, ... u() € (N(A))"\{(0,0,---,0)} satisfy the following
> Mgy )l < Mg, u)lls (5)
jes jese
where N(A) stands for the null space of A.

In [18], Foucart and Gribonval studied the MMV setting when r = 2, ¢ = 2 and
p = 1. They gave another nice explanation of the problem of MMV. When r = 2, one
can view that the sparse solution x(!) and x®) are two components of a complex solution
y = x4+ ix® of Ay = ¢ with ¢ = b® + {b®. Then they recognize that the null
space property for Ay = c for the solution as complex vector is the same as the null space
property for Ax = b for solution as real vector. That is, they proved the following
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Theorem 1.2 Let A be a matriz of size m x N and S C {1,--- N} be the support of
the sparse vector'y. The complex null space property: for any u € N(A),w € N(A) with

(u,w) #0,
D <Y Juitud, (6)
jes jese

where u = (uy,ug, -+ ,uy)’ and w = (wy,wy, -+ ,wy)’ is equivalent to the following

standard null space property: for any u in the null space N(A) with u # 0,
> luil <> gl (7)
j€S jese

Furthermore, the researchers in [18] raised two questions. One is to extend their result
from r = 2 to any r > 3 and the other one is what happen when ¢ = 2 and p < 1. These
motivate us to study the joint sparse solution recovery.

The study of the ¢; minimization in (3) was generalized to the following ¢, setting:

min {x]}5, Ax = b} ®

for a fixed number p € (0,1] (see for instance, [20], [9] and [19]), in which |x|, =

1/p
<Zj\/:1 |z, ]p> is the standard ¢, quasi-norm when p € (0, 1). Therefore, we may consider

a joint recovery from multiple measurement vectors via

N
p
minimizez <\/:1:%j + -+ :Ufj) . subject to AxM) =bW ... Ax") =b")  (9)
j=1
for a given 0 < p < 1, where x*) = (g1, -, oen)T €RY forall k=1,--- 7, and this is

p
actually (2) for when ¢ = 2. Note that when p — 0., we have <\/x%] + a:fj) — 1

if any of z1,- -+, 2,; is nonzero and hence,

N P
Z<\/x%]++x$]> — 8

=1

which is the joint sparsity of the solution vectors x*), k = 1,--- ,r. Thus, the minimization
in (9) makes sense. In fact, the minimization (9) has one advantage over the minimization
in (2) when p = ¢ = 1. That is, a few measurements are needed for exact recovery by using
the ¢, minimization with p < 1 than the standard ¢; convex minmization. Indeed, in [9],
Chartrand demonstrated this fact by numerical examples with Gaussian random matrices
and in [10], Chartrand and Staneva showed in theory that the ¢, minimization (8) can
recover the exact sparse solution by using a less number of measurements when p — 0,
than the standard convex ¢; minimization. In Section 3 we will give a weaker condition



on the sensing matrix for the exact recovery by using the minimization (9) when r > 2.

However, when p < 1, the ¢, minimization is a nonconvex minimization. Its computation

is not as well understood as that of the ¢; minimization. Indeed, the ¢; minimization

is convex and is equivalent to the standard linear programming problem which has two

matured computational approaches: the interior point method and the simplex method.
In this paper we mainly prove the following

Theorem 1.3 Let A be a real matriz of sizemx N and S C {1,2,--- , N} be a fized index
set. Fixp € (0,1] and r > 1. Then the following conditions are equivalent:

(a) All x*) with support in S for k=1,--- ,r can be uniquely recovered using (9) ;
(b) For all vectors (u),--- u™) € (N(A))"\{(0,0,---,0)}

Z (\/uij‘f""‘l—u%j)p < Z (\/u%,j_}‘"""u,%’j)p; (10)

jes jese

(c) For all vector z € N(A) with z # 0,

D Izl <D 15, (11)

jeS jese
where z = (2, -+ ,zy)T € RV,

That is, it is enough to check (11) for all z € N(A) in order to see the uniqueness of
the joint sparse solution vectors. This significantly reduces the complexity of verification
of (10). Also, our results extend the results in Theorem 1.1 from the norm in it to the
quasi-norm. These results completely answer the questions raised in [18].

The paper is organized as follows. In addition to the Introduction above, we shall prove
the main results in the next section. Finally, we end the paper with some remarks in §3,
where we explain that the proof in [18] can not be extended to prove the second part of
the main results in Theorem 1.3.

2 The Proof of Theorem 1.3

We divide the proof of Theorem 1.3 into two parts. The first part is to show that (10) is
an if and only if condition for the uniqueness of the joint sparse solution vectors, i.e. (a)
and (b) are equivalent. The proof is a straightforward generalization of the arguments in
[21]. We spell out the detail as follows.

Let x*) k = 1,---7 be the joint sparse solution vectors of the minimization (9) with the
assumption that the support of each x*) are contained in S. For any vectors u”,--.  u®
in N(A) with an assumption that they are not simultaneously zero, we easily have, for
0<p<l,

> M@y me ) <Y M uag, - w )+ M@y +ung, @y + w5 (12)

jes jes JjeS



since 0 < p < 1. By the property (10), we have

Z (@1, @) I3 < Z [(uig, - sung) [l + Z (@1 4+ wrg, s 2y + w3 (13)

j€s jese jes
But the support of the vectors x*) k =1,--- 7 is contained in S. Hence,

N
S M@y sz )l =D e,y
j=1 jes

< Z [(urg, e sung) ||z + Z (@1 4+ wrg, s oy + w3
jese jes

= > W@y +urg g )5+ ) @y w2+ ung)|l5.
jese jes

So x(® k= 1,---r are the unique solution to the minimization problem (9).

For the converse, assume that there are vectors u",--- u®™ in N(A) which do not
satisfy (10). Let us say u®,---  u are in N(A) which are not all zero vectors satisfying
2 2\’ 2 2\’
Z(\/“l,j+“'+“r,j> 22(\/“17j+"’+“r,j) : (14)
jes jese

We can choose x®) € RY such that the entries of x*) restricted on S are equal to those of
u® and the remaining entries are zeros. Then for multiple measurement vectors b(®) :=

Ax®) =1,
Ax® — Ax®) — Au®) = A4 (X(k) _ u(k))

and

N
S M@ wag, e )y = D@ w2, ze)llb
j=1 jes
= ) Nurguz, - )b
jeS
> > (g uzg, - g3
jeSse
= > @y =g, may — g, Ty — )3

jes

which contradicts with the uniqueness of the recovery of the new measurement vectors
Ax®) k =1,--- ,r. This finishes the proof for the equivalence between (a) and (b).
To prove the second part of the main theorem, let us first show the following



Lemma 2.1 Let S C {1,2,---, N} be an index set with |S| =s. Given 0 <p <1 and a
matriz B € R¥YN with columns ci,cy,--- ,cy € R?, if

1z, 9)Bsll, < lI(z,4)Bsel, (15)

for all (xz,y) € R*\ {(0,0)}, then

> lewlls < > llels (16)

keS kese

Proof. For convenience, let B =: (b; j)axn. Without loss of generality we can assume
S:={1,2,---,s}. We show (16) holds for s =1 first.
If s =1, by the assumption of Lemma 2.1,

N
= Z |b1j2 4 b2 5yl (17)

=2

0117 + ba1yl” = [[(z,y)Bs|l, < [|(x,y)Bse

ba.1

for all (z,y) € R*\{(0,0)}. Choosing z = b2 43,

the Cauchy-Schwartz inequality, we have

and y = n (17) and applying

b7 1 +b3 ;

p

N
(Vo +8.)" < 2| g (bt basta)
=2 [1/07, + 3,
N p
< Z (\/ b3, + bg,j) '

Jj=2

Thus the claim (16) for s = 1 follows.
For the case when s > 2, we have

s N
Z 0157 + ba jy|” < Z 10157 + bajyl” (18)
=1 j=st1
for all (z,y) € R?\ {(0,0)} by the assumption.
Let v := ( b1, b2, €Stforj=1,2,---, N, where S! stands for the unit

2 2 ) 2 2
NCEECRARVE RS

circle. Then (18) becomes

S (it 4 8) P < 3 (it +3) P (19)
= j=s+1



for all unit vector £ € S*. Taking the integral of (19) over S', we have

> (Vi s /'%’|“%< ZI( /I%,Vﬂf (20

J=1

Note that fsl - &)|P d¢ is a rotation invariant function from the perspective of integral
geometry (cf. [1], [2] and [22]). That is, [, [(v;,&)|"d€ is constant independent of j. In
fact we have

Lemma 2.2 Fixr > 2. For any p > 0,

/|@£Wﬂ£=0
S’V‘fl

for allv € ST1, where C > 0 is a constant dependent only on p.

Proof. Let U be an orthogonal transformation of R”. Then for any v € S"~!, the sphere
of the unit ball in R", we have

(U (v),&) = (v, U (€)) (21)
for all £ € S™1. It follows from Riesz representation theorem that
T ={U@W):Ue0(r)}, (22)

where O (1) denotes the set of all r x r orthogonal matrices. By change of variables and
using the fact that |det (U‘l)] =1, we get

i OFde = [ (0, U?
= Joou [0, U (
= fgf (v, §)[P d¢

for all U € O(r). Thus we see that [, , [(v,£)["dé = C for some C' > 0 and for all
veST m
Therefore we apply Lemma 2.2 to (20) to get

i(x/b?,j+b§,j>p< ﬁ: (\/biﬁbij)p. (24)
. e

J=1 J=s+

(NI dg
NI" AU (€) (23)

With ¢; = [by;,be,;]" for j =1,--- , N, we complete the proof of Lemma 2.1. =
We are now ready to prove the second part of Theorem 1.3 in case r = 2 and p € (0, 1).
That is, we need to show that the real null space property: for any z € N(A) with z # 0,

Izl < llzsell, (25)
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is equivalent to the complex null space property: for any (v,w) in (N(4))*\{(0,0)},

;(w/v?+w]2.)p< §<@/0?+w?)p, (26)

for all 0 < p < 1. Note that when p = 1, this was proved in [18].

Assume that we have (25). For any pair (v,w) of vectors in (N(A))?\(0,0), we let
B = [v,w]T be a matrix in R2*". Without loss of generality, we may assume that v
and w are linearly independent. For any real numbers x,y, z = zv + yw is in N(A), the
null space property (25) implies (15) for all z,y with (z,y) # (0,0). The conclusion of
Lemma 2.1 implies the null space property (26) for r = 2.

It is obvious one can get (25) from (26) by choosing zero vector for the complex part
of a nonzero vector in N(A). See [3] for the case when p = 1. These complete the proof
for r = 2. We now extend our arguments to the setting r > 2.

We first generalize the proof of Lemma 2.1 to have a general comparison theorem for
any matrix B € R™ for r > 3. Specifically, we have

Theorem 2.1 (Comparison Theorem) Let S C {1,2,--- N} be an index set with

exhl>) >

[(z1; o, -5 @) Bsll, < [[(21; 2o, -+, @) Bsel], (27)

for all (xy,--- ,x,) € R"\{(0,---,0)}, then

S (Vi) < X (ot i) 29)

= jese

Proof. Let us rewrite (27) as follows.

D lbrgar by P < Y b+ byl (29)
jes jese
for all (xq, z2, -+, x,) € R"\ {(0, 0, ---, 0)}. Normalizing (b ;, --- , b.;), we let v; :=

1

NG (b1, -+, by;). Then we have
S (s 02) 1o < 30 (i 8 T ar (0)

Jjes jeSse

for all vector & = (xq1, 29, ,2,) € R"\ {(0, 0, ---, 0)}.
Taking the integral of (30) over the unit (r — 1)-sphere S"~!, we have

Sies (Vs + 4 02,) o I, €)1 e
< Siese (Vs 4 8,) o It O de.

8
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By using Lemma 2.2, [, [(-,£)[" d¢ is a positive constant. Therefore, (28) follows.
Thus we have proved the general comparison theorem for any matrix B € R™¥ for r > 3.
n

The remaining arguments are similar to the case » = 2. Assume that we have (25)

r > 3. For any (u®™, u®, ... u®) of vectors in (N(A))"\{(0, 0, ---,0)}, we let B =

u®, .. uM]” be a matrix in R™". For any (z1, z3, ---, 2,) € R"\ {(0,0, ---, 0)},
z = (v1, T9, -+, x,) Bis in N(A) \ {0}, the null space property (25) implies (27) for all
(1, X9, --+, ) € R"\ {(0, 0, ---, 0)}. The conclusion (28) of Theorem 2.1 implies the

null space property (26) for » > 3. The above discussions show that (c) implies (b) in
Theorem 1.3 for r > 3.

On the other hand, we know that it is trivial to get (c¢) from (b), because we can just
choose (u”, u®, ... u) = (u,0---,0) € (N(A))"\{(0,0,---,0)}. Hence (b) and
(c) are equivalent, and thus we have completed the proof of the main theorem.

3 A Condition for the Exact Recovery using (9)

We now present a sufficient condition to recover the exact sparse solution by using the ¢,
minimization (9). Let us start with r = 1, the setting of single measurement vectors by
reviewing some related literature. Let oy and s be the best constants such that

as|lx|la < [|Ax|2 < Bsllx|l2, Vx € RY with Ix|lo < s.

In terms of the well-known restricted isometry constant 6, (cf. [7] and [6]), we have
a2 =1-6;and 32 = 1+ §,. Thus, a, > 0 is equivalent to §; < 1. It is easy to see
that oy > 0 is a necessary condition to ensure that the sparse solution of linear system
Ax = b can be found by solving a s x s sub-linear system. Note that a, is monotonically
decreasing as s increase. That is, if agsio > 0, we have a, > 0. In this case, we have

2
VYost+2 = 6?“ < 00 since fasio < ||All2. By Corollary 2.2 in [19], every s sparse solution

Q9542
is exactly recovered by using the ¢, minimization for p > 0 small enough. Furthermore, if

ags41 > 0, Corollary 2 of |9] showed that the solution of the ¢, minimization is the exact
solution for a p € (0,1). As a3,,; = 1 — da41, this implies that as long as da,41 < 1, the
¢, minimization method can find the s-sparse solution.

We now consider the case 7 > 2. Let X = [x!,---,x"] be a matrix of columns x¥) =
(zi1, %9, ,wn)" fori=1,--- 7. We use the Frobenius norm, i.e.,
N 1/2
[ X F = (Z(ﬂh,j)Q +ot (fcm‘)2> :
j=1
Also, let
N 1/p
/2
[ X2 = <Z ((215)° 4+ (2,5)%)" )
j=1

9



be the (2,p)-norm for matrix X when p < 1. Note that ||X]|2, is a quasi-norm for
0 <p< 1. We have

Theorem 3.1 For any measurement matriz A, if there is an integer s such that cggy1 > 0
or das11 < 1, then the minimizer of (9) is the joint s sparse solution satisfying (1) if p > 0
small enough.

Proof. Let X* = [x*!,--- x*"] be the minimizer of (9) and X = [x(),... x)] be the
joint s- sparse solution satisfying (1). Then each column of V' = X — X* is in the null
space of A. Writing V' = [(v;1,- - ,v;,),7 =1,---, N], we let

ujZ(Uj,1)2+--~+(vj,r)2, j=1,---,N

and u = (uy, us, - ,un)’. We divide the indices set {1,---, N} into SoU S; U Sy U -~ -
with Sy being the index set of nonzero entries of the s sparse solution X and for j > 1, .5
being the s+ 1 largest entries of the vector u over the index set (SoU---US;_1)¢, where S§
stands for the complement of Sy in {1,2,---, N} and similar for (SoU---US;_1)°. Note
that AV =0 and AVg,us, = —AV(s,us,)e- We have

Qsi1l|Vayllr < e[V, + Vi, llr < || AVseus, ||

. 1/2
_ (i) (i)
- <Z<AV(SOUSL1')°’ A‘/(Sousl»i)c>>

=1
, 1/2
< (Z 3 ||Av§;>||2||Avsk||2>
i=1 j,k>2
. 1/2
< Bt (2 3 ||v§;>||2||v§:>||2>
i=1 j,k>2
1/2
< ﬁsﬂ (Z HquHQHUSkH2> = 5s+1 Z ||quH2~
4,k>2 Jj>2

It is easy to see that [lug,|l2 < Vs + 1|lug|le < (s+1)Y27VP|lug, ||, for j > 2. Thus we
have
D s, lls < (s + 1)V2 P |lugg

Jj=2
Note that [|uge|l, = [|[Vsell2p- By a standard derivation (cf. [19]), we have |[Vsell2, <
Vs, ll2» and by Cauchy-Schwartz inequality, ||Vs, |2, < sY/P71/2||Vs,||r. Combining these
inequalities above yields

p-

1/p—1/2
V. < 5s+1 S /p=1/ %
” SOHF— Qog i1 s+ 1 H SOHF'
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When p is small enough the right-hand side of the above inequality can be strictly smaller
than ||Vs, || » which forces Vs, = 0. Then by ||Vse|l2p, < [|Vs,ll2,p, We have Ve = 0 and thus,
X*=X. =

That is, the minimizer of (9) is the joint sparse solution satisfying (1) under the as-
sumption dos11 < 1 on the sensing matrix A as long as p is small enough. That is, if
all submatrices with 2s + 1 columns of A is of full rank, we have ass,1; > 0 and hence,
09511 < 1. However, by the /1 minimization approach, one has to make s, very small, e.g.,
b2s < V2 — 1= 0.414(cf. [5]) and dy < 2/(3 + v/3) ~ 0.4531 (cf. [19]) in order to find the
s-sparse solution. More slightly better sufficient conditions on dy5 can be found in [17], [4],

and [23].
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