Diophantine equations and ergodic theorems

Akos Magyar

Abstract

Let (X, ) be a probability measure space and 77, ..., T, be a fam-
ily of commuting, measure preserving invertible transformations on
X. Let Q(mq,...,my) be a homogeneous, positive polynomial with
integer coefficients, and consider the averages:

1 mi Mn
AAf(x)ZTQ()\)Q(%:/\f(YH yoees I )

where rg(\) denotes the number of integer solutions m = (mq, ..., m,)
of the diophantine equation Q(m) = A.

We prove that under a certain non-degeneracy condition on the
polynomial Q(m) and an ergodic condition on the family of transfor-
mations T = (T1,...,T,) the pontwise ergodic theorem holds, that
is:
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for p a.e. x € X. This means that the solutions sets of the diophantine
equation Q(m) = X become uniformly distributed when mapped to the
space X via the transformations T71,...,T,.

The proof uses a variant of the Hardy-Littlewood method of expo-
nential sums developed by Birch and Davenport and techniques from
harmonic analysis. A key point is the corresponding maximal theorem,
which is a discrete analogue of a maximal theorem on R™ corresponding
to the level surfaces of the polynomial Q(x).



0. Introduction

A fundamental problem in number theory is to determine asymptoti-
cally the number of integer solutions m = (m1,...,m;) of a diophantine
equation Q(my,...,m,) = A as A — oo through the integers, and Q(m) is
a positive polynomial with integer coefficients. A general result of this type
follows from a variant of the Hardy-Littlewood method of exponential sums
developed by Birch [2] and Davenport [4], which is as follows.

Let Q(my,...,my,) be a positive homogeneous polynomial of degree d
with integral coefficients, and suppose that it satisfies the non-degeneracy
condition

(0.1) n —dim Vg > (d —1)2¢

Here Vo = {z € C" : 01Q(2) = ...0,Q(2z) = 0} is the complex singu-
lar variety of the polynomial ). For simplicity we’ll refer to polynomials
satisfying all the above conditions as non-degenerate forms.

Then the following asymptotic formula holds for the number of integer
solutions rg(A) = [{m € Z™ : Q(m) = A}|

(0.2) rq(\) = cQAa ™'Y K(g,0,)) + Os(Ai~'7%)
=1

q
for some € > 0. The expression K(\) = 1 K(q,0, \) is called the singular
series, the terms are special cases of (I = ) the exponential sums

ca(Q(s)—N)+s-l
q

(0.3) K(q,l,\) =q" Z Z e

(a,q)=1s€Z"/qZ

that is a goes through the reduced residue classes (mod ¢) and s; goes
through all residue classes (mod ¢) for each j. We remark that K(q,0,\) is
a Kloostermann sum if Q(m) is a quadratic form.

The asymptotic formula (0.2) can be valid just under a condition of
type (0.1). Indeed consider the polynomial Q(m) = (m?} + ... + m2)%/?
(d > 2 even). Then rg(\) = 0 unless A = u%2, u € N, and in that case
ro(A\) = p/2 =1 = A"/4=2/d_ Hence formula (0.2) is never Valid The reason
is that the complex singular variety: Vo = {z € C* : 2?4+ ...+ 22 =0}
has dimension n — 1.

It is meaningful only if the singular series is nonzero. It can be shown,
that if () is a non-degenerate form, then there exists an arithmetic progres-
sion I' € N and a constant 0 < Ag such that

(0.4) Ag < K(X), forevery AeT



we’ll refer to such sets I' as sets of reqular values of the polynomial Q. In-
equality (0.4) is true for all large A, just under additional assumptions mod-
ulo primes. Indeed consider the polynomial Q(m) = m¢{ + pQ1(ma, ...m,).
For A = pA; + s s being a quadratic non-residue, the equation Q(m) = A
has no solution, since d is even. Such conditions will be discussed later.

A crucial observation of the paper is, that a similar approximation for-
mula to (0.2) holds for the Fourier transform of the solution set:

(&) = Yoo et el
mezZn,Q(m)=X\

Here II" = R"™/Z"™ is the flat torus.

Lemma 1 Let Q(m) be a non-degenerate form, then there exists 6 > 0, s.t.

(05) G006 = oMV S Kl ) Y (g€ — DN (€ — 5/0))) +

q=1 leZn

+E0(E) , and sup|Ex(E)| < csha T
3

Here 1(€) is a smooth cut-off, ¥(§) =1 for sup;[§;] < 1/8 and ¢(§) =
for sup; |&;| > 1/4 . Moreover

06)  doo(6)= [ ¢ dog ()
{zeR": Q(x)=1}

here dog(z) = o' (()‘), where dSq(x) denotes the Euclidean surface area

measure of the level surface Q(z) = 1, and |Q'(x)| is the magnitude of the
gradient of the form Q.

The approximation formula (0.5) means, that the Fourier transform of
the indicator function of the solution set @Q(m) = A is asymptotically a sum
over all rational points, of pieces of the Fourier transform of a surface mea-
sure of Q(x) = A, multiplied by arithmetic factors and shifted by rationals.
This formula in the special case Q(m) =3, mf was proved earlier in [6].

Our main purpose is to study the distribution of the solution sets

{meZ" : Q(m)=\}.

Theorem 1 Let Q(m) be a non-degenerate polynomial and A is correspond-
ing set of regular values. Then for a test function ¢(x) € S(R™) one has
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That is when the solution sets Q(m) = A are projected to the unit surface
Q(z) = 1 via the dilations m — A~/m, they weakly converge to the surface
measure Tg?ff This is well-known in case Q(x) is a quadratic form.

The main results of the paper concerns the uniform distribution of the
images of the solution sets, when mapped to a measure space via an ergodic
family of transformations.

Let (X, ) be a probability measure space, and T' = (T1,...,T,) be a
family of commuting, measure preserving and invertible transformations.
Suppose for every positive integer ¢ the family 77 = (T}, ..., T9) is ergodic.
We recall this means, that for every f € L?(X, u)

Tif=.. .Tif =f

implies f = constant. We'll refer to a family of transformations satisfying
all the above conditions as a strongly ergodic family.

Theorem 2 Let Q(m) be a non-degenerate form, I' be a corresponding set
of reqular values and T = (T4, ..., T,) a strongly ergodic family of transfor-
mations of a measure space (X, ).

For f € L?>(X, i) consider the averages

Arf(z) = > ST T )

TQ()\) Q(mi,..mp)=X\

Then one has

0.7 li Axf — d =0
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This is an L? ergodic theorem, it follows from a non-trivial estimate on
the exponential sums 6 \(§) at irrational points & ¢ Q™. More precisely
one needs the following

Lemma 2 Let Q(m) be a non-degenerate form, I' be a corresponding set of
reqular values. Then for & ¢ Q™ one has

(0.8) 6o A(§)] =0

li —
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To see the correspondence, suppose that f € L?(x,p), f # constant is
a joint eigenfunction of the shifts: Tjf = ™% f (T, f(x) = f(Tjx)). Then

Arf = TQlﬁa-Q’ A(&)f , and the strong ergodicity of the family 7" implies

that £ ¢ Q™.

The main result of the paper is the corresponding pointwise ergodic



Theorem 3 Let Q(m) be a non-degenerate form, T' be a corresponding set
of regular values and T'= (T1,...,Ty) a strongly ergodic family of transfor-
mations of a measure space (X,p). Let f € L*(X,p), Then for u-almost
every x € X one has

(0.9) lim A)\f<$)=/de,u

A€l A—o0
Theorem 3. means, that the images of the solution sets
(0.10) Uy={meZ" : Q(m)=\}
under the transformations 7' = (T1,...,T,) :
(0.11) Qo ={(T7"T" - T x) « me Uy}

become uniformly distributed on X w.r.t. p for a.e. x € X. Let us mention
a special case

Corollary 1 Let ai,...,a, be a set of irrational numbers (o ¢ Q Vj).
If Q(m) is a non-degenerate form, and T is a corresponding set of regqular
values, then the sets

(0.12) Mo ={(mioq,... mpay) € II" © Q(my,...,my) = A}
become uniformly distributed on the torus II"™ w.r.t. the Lebesgue measure.

Indeed, if X =1I" and Tj(z1,...,2j5,...2n) — (21,...,25 + ¢, ... 2p)
and o ¢ Q, then the family T' = (T1,...,T),) is strongly ergodic.

The proof of the pointwise ergodic theorem is based on the L? bound-
edness of a corresponding maximal function

Theorem 4 Let Q(m) be a non-degenerate form, I' be a corresponding set
of regular values. For ¢ € 1*(Z™) we define the mazimal function

* =su 1 m —
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Then one has

(0.14) IN*9lli2(zn) < Cll@lli2(zn)



Theorem 4. is a discrete analogue of a maximal theorem on R”, corre-
sponding to the level surfaces of the form Q(x).

Theorem 5 Let Q(x) be a non-degenerate form and f € L*(R™). Then for
the mazimal function

_n dSQ )\(y)
0.15 M*f(z) =sup \"at! flo —y) —=—2=
(0.15) (=) A0 | Qy)=x ( ) Q' (y)] |
one has
(0.16) [ M fll L2y < CllfllL2wm)

For the polynomial Q(x) = 77, x? this is the spherical maximal theo-
rem of E.M.Stein [10]. In general, we haven’t found this result stated in the
literature, nor does it seem to follow easily from the known generalizations
of the spherical maximal theorem, see [8], [9]. In fact the proof will use
estimates for exponential sums.

Theorem 4. was proved earlier by Magyar, Stein and Wainger [6], in the
special case Q(m) = 3774 mjz-, moreover there the I[P — [P boundedness of
the discrete maximal operator was shown, for the sharp range of exponents
p > 5. The non-degeneracy condition (0.1) is also, sharp in the sense, that
for the form Q(m) = m? +m3 +m?2 +m? (where codim Vg = 4 = (d—1)29),
Theorem 4. is not true, taking averages on any arithmetic progression I, see
section 5. below. Hence the present work is the continuation of that paper
to some extent.

Also we were motivated by Bourgain’s proof of an ergodic theorem, see
[3] corresponding to arithmetic subsets of the natural numbers (such as the
set of squares), where the Hardy-Littelwood method was used to reduce
discrete maximal operators to the corresponding continuous ones.

However in the present case, the averages are over disjoint sets, the
strong ergodicity condition is also necessary, and is actually a condition on
the joint spectrum of the transformations (77,...,7},). Thus we will need
the Spectral Theorem even in case of the point-wise convergence, i.e. in the
proof of Theorem 3.

1. Exponential sums and oscillatory integrals

We recall some results of Birch [2] on exponential sums, and prove the
estimates and properties of oscillatory integrals, needed later. In particular
we give a proof of Theorem 5.



Let Q(m) be a non-degenerate form of degree d, that is a positive homo-
geneous polynomial with integer coefficients, satisfying the non-degeneracy
condition (0.1). Let P > 1,0 < 6 <1 be fixed.

Definition 1 For 1 < ¢ < PU4"Y 1 < a < q, (a,q) = 1 we define the
major arcs

(1.1) Lag(0) = {a:2la —a/q| < ¢ tpd+d-Doy

L(0) = U Laq(0)

q<P=10 (a,q)=1
If a ¢ L(0) then a belongs to the minor arcs.

The following properties of the major arcs are immediate from the defi-
nition, see [2, Sec.4] for the proof.

Proposition 1 If
(i) (91 < 92 then L(@l) C L(HQ)

(i) 6 < W‘l_l) then the intervals Lo 4(0) are disjoint for different values

of a and q.
(iii) 0 < gy then |L(9)] < P4+3=10,

Let @Q1(m) be a polynomial of degree d, such that its d-degree homoge-

neous part Q(m) is a non-degenerate form.

Throughout the paper we’ll use the notation k = Cocgﬁ IVQ, and it is

understood that "5 > 2 which follows from condition (0.1). For a real o,
and smooth cut-off function ¢(x), consider the exponential sum

(1.2) Sa)= Y TN g(m/P)

mezZn

This is a Weyl type sum, the trivial estimate is S(«) < P™. The following
estimates due to Birch [2, Sec.4] are of basic importance

Lemma 3 Suppose o ¢ L(0), then for any € > 0, one has

(1.3.1) |S(a)| < C P rOFe



If 6 < % and % —2<0< led then one has for the average over
the minor arcs

(1.3.2) / 15(a)| da < C5 P40
agL(0)

The constants Ce, and Cs depend just on the homogeneous part Q(m),
on the cut-off ¢, on € and §.

Remark. Estimate (1.3.1) is proved in [4, Lemma 4.3] when the cut-off
¢ is replaced by the characteristic function x of a cube of side length ~ 1.
Choose x s.t. x¢ = ¢ and by Plancherel

Z e2miaQ1(m) ¢(m/P)x(m/P) =

meZzn"

= | (3 e tmmmE(m/ P)) (P"O(PE)) de

mezZn

Here II"™ is the flat torus and can be identified with [—1/2,1/2]". Esti-
mate (1.3) holds for the first term of the integral uniformly in ¢ and it is
casy to see that || P ¢(P¢)||; < Co-

To see (1.3.2), one uses (1.3.1) for most most o ¢ L(6'), with § < ¢,
when it is not valid is a set of small measure by (1.1), giving an improvement
in average, see [2, Lemma 4.4]. O

Corollary 2 Let Q(m) be a non-degenerate form, and 1 < a < q be natural
numbers s.t. (a,q) = 1. Consider the Weyl sum

(14 Sg= Y e
meZ™,mj; (mod q)
One has
(1.5) 1S4, q) < cqeq™ T
Proof. Choose a = a/q, P = q and notice o ¢ L(6) for § < 1. Indeed
for 1 < ¢V < ¢ la/q—a1/q| > (qq1)~t > ql_lq*dJ“(d*l)e. The estimate

follows from (1.3). O

Corollary 3 If |a] < P724/3 then |S(a)| < CQ7€P"+E(Pd\a|)_T51



Proof. Choose 6 s.t. | = P~4+(@=19 that is (Pd|04])ﬁ = PY The
major arcs Lg () are disjoint since (d—1)8 < d/3, moreover « is an endpoint
of the interval Lo (#) hence o ¢ L, 4(0 — €) for every e > 0. By (1.3)

[S(e)] < Co.eP" " = Cg. P™*(Plal) 1 D

The above corollaries can be found in [2, Sec.4-5], however they quickly
follow from Lemma 3., hence we’ve included their proofs.

Let Q(x) be a non-degenerate form of degree d, Kk = w‘;%lv@, L >0, and
n € RN".

Lemma 4 Consider the oscillatory integral
(16)  Io(Lo) = [ EmEREHEIG() da
One has for every € > 0
(L7 Ig(L,n) < Coe(l+L) o1t
where the constant C. is independent of L and 7.

Proof. The estimate is obvious for L < 1. Let L > 1, the gradient of
the phase: |LQ'(z) +n| > L if |n| > CL on the support of ¢(x) for large
enough constant C' > 0, and (1.7) follows by partial integration.

Suppose |n| < CL and introduce the parameters P,0,a s.t. a = P79L,

L =P and P > L%. Changing variables y = Px one has
-n T d—1y.
Io(L,n) =P /62 QUIHFT v gy / P) dy

We compare the integral to a corresponding exponential sum

P_"S(a) — pn Z e2mic (Q(m)+Pd*1m-n)¢(m/P)

mezn
If y =m + z where m € Z™ and z € [0,1]", then

|e2mie (QU)+P " ym) _ g2mia (Q(m)+ P ~Imen)| <

< Clal(|Q(m + 2) — Q(m)| + P4~ n|) < cp~1Ha=1f

since |a| = P~4H(d=10 and || < =10,



Thus |Ig(L,n) — P™"S(a)| < CoP~1+2d-10 < C’QP_%. Corollary 3.
implies that

IP~"S(a))| < Ce(Pla)~ 1T C L™ a1

and (1.7) follows using P 5 < L7711, O

Remarks.

i) It is proved in [2, Sec.4] in case n = 0, we used a modification of the
argument given there.

ii) The proof is based on estimate (1.3), which uses the fact that the
polynomial Q(z) has integer coefficients. Does (1.7) remain true assuming
the coeflicients are real 7

iii) In case Vg = {0}, and 1 = 0 the integral decays as (1-+ L)~ d. What
is the true decay which holds uniformly in 7, in this case ?

The level surfaces of a non-degenerate form Sg » = {z € R" : Q(x) = A}
are compact smooth hypersurfaces (for A > 0). Indeed Q(x) = A implies
that |z| ~ /4, moreover Q’(z) # 0 for every z # 0.

There is a unique n — 1-form dog(x) on R — 0 for which

(1.8) dQ Ndog =dzi A ... Ndzy,

called the Gelfand-Leray form, see [1, Sec.7.1]. To see this, suppose that
01Q(z) # 0 on some open set U. By a change of coordinates: y; =
01Q(x),y; = x; for j > 2, equation (1.8) takes the form

(1.9) dyr AN dog(y) = O H(y) dyr A ... A dyn

where x1 = H(y),z; = y; is the inverse map. Thus the form: dog(y) =
O H (y)dya N\ ... \dy, satisfies equation (1.8).

We define the measure dog \ as the restriction of the n — 1 form dog
to the level surface Sg . This measure is absolutely continuous w.r.t. the
Euclidean surface are measure dSg x, more precisely one has

Proposition 2 .

(1.10) dog(z) = dSga()

Q' ()]

10



Proof. Choose local coordinates y as before, in coordinates y level
surface and surface area measure takes the form:

Sox={z1=H\y2,...,yn) : j =y}

and

dSo(y 1+282 (N y)) 1/2dy2/\ A dyn
Using the identity F(H(y), Y2y .-+, Yn) = y1 one has

"F(x)hH(y)=1, (‘31F(:n)8jH(y) + ajF(SL') =0

This implies that 01H(y) = (1 + 327 8]2H(y))1/2 - |F'(z)|~!. Then (1.10)
follows by taking y; = A. O

A key observation of the paper is that the measure dog , considered as
a distribution on R”, has a simple oscillatory integral representation

Lemma 5 Let Q(x) be a non-degenerate form and X\ > 0. Then in the
sense of distributions

(1.11) doga(z) = / Q@) =N gy
r

This means that for any smooth cut-off function x(t) and test function ¢(x)
one has

(L12)  lim / / 2mi(Q) Ny (e) () dardt = / (z)dog A (z)

Proof. Let U be an open set on which 91Q) # 0, and by a partition of
unity we can suppose, that supp ¢ C U. Changing variables y; = Q(z),y; =
x; the left side of (1.12) becomes

limg [ [ Nt (et)ly) oy H ()| dydt = [ SO )IOH (o) ldy

e—0

where ¢ = (y2,...Yn)-
The last equality can be seen by integrating in ¢ and in y; first, and using
the Fourier inversion formula:

lim / / MW =Nty (et)g(y1) dyrdt = g(N\)

e—0

On the other hand S NU = {x1 = H\,¥2,...yn) : ©; = y;} and
dog(y) = |01H(\,y')| dy’ in parameters y'. O.

11



Lemma 6 Let Q(z) be a non-degenerate form of degree d, k = COZ@TYQ

Then one has for the Fourier transform of the measure dog 1 = dog

(L13)  |doQ(€)] < Co.(1+ [T
Proof. Suppose [£| > 1. Using the fact that ¢dog = dog if ¢ =1 on a
neighborhood of 0 and formula (1.12), we have
(L14)  do(e) = / e~ 2TTE (1) dy —

_ %in(l)//€—2m’a:-§€27ri(Q(:r:)—1)t¢<l,)X((St) dxdt

We decompose the range of integration into two parts

50O fiocade  theoahe T

Since for fixed [¢t| < C|¢] the gradient of the phase: [tQ'(z) — &| > |£]|/2
if C' > 0 is small enough, integration by parts gives |Io| < Cx (1 + [¢])~N*!
for every N > 0.

For |t| > C|¢| Lemma 3. implies

| / 2R =) g(3) dx| < Ce| [t 7777 hence

Il S Ce/ |t|_%+6 dt S Ce|£|—%+l+e
t|=CE]

O

First we prove a dyadic version of Theorem 5., together with a refinement
which will be needed in the proof of Theorem 3.

Lemma 7 Let A > 0 be fized, w(&) be a smooth function with supported on
the set {A~21 < |l¢]] < 1}, where |[¢]| = maz;]¢;|.
Let My and M,y be the multipliers acting on L*(R™) defined by

Myf(€) = do(AV9€)  and My f(€) = w(€)da(A e

Then one has for the maximal operators

(1.15) | sup [Miflllzz < C|fllze
A<SA<2A
_ 1
(1.16) | sup [Myaf[llre < CAT2d|[f]| L2
A<A<2A

12



Note that My f = A" at (f x doy).

Proof. Using the integral representation (1.11) one has
de(\Y4g) = A1 [dGy (€) =
e /% / 2THQE@) =M€ (1IN T) dp it
This means
My f = A~ 51 /6_2m>\tHA,tf gt
where Hy ; is the multiplier corresponding to
haal§) = [ @ ol A de

Then taking the absolute values, and using Minkowski’s integral inequal-
ity

(116) | sup [Mflllpe < CA=H [ [[Huf o d
A<A<2A

Using again the estimates (see Lemma 6.)
|hae(€)] < O min{(1+ AN, (1 + At}

, (where we used that —%5 +¢ < —2), (1.14) follows from (1.16) because
Af(L+At)2dt<C.

To prove (1.15) we have to replace ha +(§) by w(§)ha +(£). Then one can
give better uniform estimates in £, indeed for At < Az it follows

w(E)hau(E)] < C(1+AJEN)™ < (14 A2)™  hence

A fswlo@ni@la<on [ aFar
£ At<A2d

CA C(At)2dt < CA 2
At>A2d

This proves (1.15). O

13



Proof of Theorem 5. If Q(z) is a non-degenerate form of degree d,
then the maximal function: M f(x) = supyso A4 Ay f(x)|, where

Ayf(z) = /Q o JE )y

is majorized by the standard Hardy-Littlewood maximal function, hence is
bounded from L2(R") to itself.
Formula (1.8) means, that for a test function g(y)

A
/ 9(y)dy = / / 9(y) doq,s(y)ds
Qy)<A 0 JQy)=s

hence

Ayf(z) =171 /OAAf(x)ds

Then the theorem follows by the standard argument of the spherical maximal
theorem, see [10]. O

2. The approximation formula

First we rewrite formula (0.5) in the form

21) Ga©)=cqd S mYUE) +E\E)

3=1 (a,q)=1
where
(22)  mUE) =Y e NNG(a/q, 1) (g€ — i€ — 1/q)
lezZn
ca(Q(s)—=N)+s-l
and Gla/g,l)=q¢ " > e T
SEZn /qZn

Here we used the fact, that dog (1) = A% ~1dég(A\'/?n), which follows by
scaling, since |Q'(x)| is homogeneous of degree d — 1.

Note that in the right side of (2.1) there is at most one nonzero term,
since the cut-off factor (g€ — [), and then (1.4) implies

(23)  |my/U(O)] < CaMiTtg At < canldlgTee

by (0.1) if € is small enough, hence the sum in (2.1) is absolutely convergent.

Let N, and M) denote the convolution operators on Z" corresponding
to the multipliers 6 A(§) and mA(§) = X)X (aq)=1 mi/q(f) . The main
approximation property we need is the following

14



Lemma 8 Let A >0, 6 > 0 be amall, fized and f € 1*(Z™) then

(2.4) | sup [(Nx— M) f[ 2 < CsAa 7 £
A<A<2A
Lemma 5. in the special case Q(m) = >_; m? is proved in [6, Prop. 4.1],
and the same argument works in the present case, after the preparations
made in Section 1.

Also Lemma 1. follows immediately from Lemma 5., since for fixed A
(A < X< 27)

I(Nx = M) f iz < CAT' 0| fllz Vf € 12(27)

is equivalent to

up 5o (E) —ma(§)] < CAa170

which is the content of (0.5).

Let P = AV and let ¢(x) be smooth cut-off function on R” s.t. ¢(x) =
1 for Q(z) < 2. Then

. 1 ‘
Goa) = > e2mm-§¢(m/P)/0 270i(Q(m) =) g,

mezn
1 )
— / S(a,ﬁ)e_%”’\o‘ dov
0

where S(a,£) =, e2m(@QUm)+m8) 41 / P,
Let 6 and 0 be chosen as in Lemma 3. and integrate separately on the
major and minor arcs:

(25) doa© = [

S(a, £)e ™A do + / S(a, £)e ™A doy
a€cL(0)

ag L(0)
= ax(§) + Ex(¢)

The following proposition is a prototype of the error estimates in this
section

—

Proposition 3 Let &} be the multiplier corresponding to €3 (€) that is: Elf=
Ei(f)f(f) Then one has

(2.6) I sup [EXfllie < Coahd™" | fll2
A<A<2A

15



Proof. Let S, be defined by Sof = S(av, €)£(€), then

sup [EMI< [ [Suflda
ad L(0)

A<A<2A

Taking the [? norm one gets (2.6) from the minor arc estimate (1.3.2)

| ISa(@ ol < Coan/toi o
ad L(0)

Suppose a € L 4(0) for some (a,q) =1, ¢ < PE=10 and write o =
a/q+ B3, |8 < P~H@=10 1m — gmy + 5. We have

S(O&,{) = Z 627”'%(5) Z 62”i(5Q(qm1+S)+(qm1+s)~§)¢(w)

s€Zn |qZn mieZn P

Let H(z,3) = e2™8QM) ¢ (m/P), applying Poisson summation for the
inner sum

ZH(qml + 8)62m’(qm1+s)-£ — qinz 7'('173_17{( . l/q,,@)

mi l

Integrating in 8 and summing in a, ¢, one has

27 w©= 3 3 &

g<P=10 (a,q)=1

where

28) €)= 3 Gla,l,q)In(E —1/q)
leZm

and

29 Ae=ta = /ﬁ|<Pd+(d1)9 1{[(5 —1/q, ﬂ)e_%i)\ﬁ g

We shall approximate the multipliers a /\/ 1(¢) by multipliers b‘f\/ 1(¢) where
the cut-off function (g€ — l)have been inserted in (2.8), that is let

(210) 598 = 3 Gla, L q)wlge — DIA(E — 1/q)
ISVAL
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Next we extend the integration in 4 in (2.9) and define

@211) & = Y Glal,q)d(g€ — DINE —1/q)

lezZn

with
(2.12) —1/q) = /H —1/q,B)e 2" 43

Note that the integral in (2.12) is absolute convergent. Indeed by (1.7)
and (0.1)

(2.13) [ (n, B)| < Cq.P"(1+ PYB|)~ a1+

A crucial point is to identify the the integrals I(n):

(2.14) /n/ ~2mi(Q()=NB i (5 P d iy =

= o doga(z)e*™ ™ ¢(x/P) dn = dégA(n)

by (1.11). This means that ¢}/4(¢) = m?/4(¢).
/ Let A‘j\/q , B/i/q , M;/q denote the multipliers, corresponding to ai/q(g),
b/7(&), and my/(s).

Proposition 4 .

(2.15) > Z sup (AT = BYN) fl |2 < CsA T e

q<Pd=1)0 (a,q)= A<>\<2A

(2.16) 2 Z sup [(BY" = MY/ f| [l < CsATT 0 £

q<Pd—10 (a,q)=1 A<>\<2A

@i > 3> sw | MY f] 2 < CsAT ™ £
< A<

g>P(d=1)0 (a,q)=1

Proof. Note that each of the operators Ai/q, Bi/q, M:\I/q are of the form
T = [ Uyt dp
I
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where Ug is some convolution operator acting on functions on Z": ljﬁ\f =

A~

13(€) f(€), and I is some interval. Then one has the point-wise estimate

sup [Ty f| < /1 Usf|dB

A<A<2A
and taking the {2 norm

| sup
A<A<2A

Tl < [ 1sup (ua(€)) s - 1]

For the operator Ai/ 7 _ Bi/ 7 we have

us(€) = 3" Gla,l,q)(1 — (g€ — V))H(E —1/q,8) = u(€) f(€)

lezZn

and I = {’ﬁ‘ < p—d+(d—1)0
Let n =& —1/q and estimate H(n, 3) by partial integration:

\H(n, )| = Pn|/(627riPdﬂQ(ac)gb(x))eQm‘Pa:.n dz| <

O PPN [ (/)Y (7P g 0)) dr <

< OnP" [Py~ (1 + PYB)Y

Using the facts that |Pn| = P/q|(¢¢ — )| > P01 4+ |(¢¢ = 1)|)
on the support of 1 — ¢(¢¢ — 1) (for small ¢ > 0), (d — 1)8 < 1/3 and
|G(a,1,q)| <1, one has for |3] < P~¢+(d-1)¢

| sup pg(€)] < Cy PP~ NUZ2ED0 N (1 4 |g¢ — 1)~ < Oy PN/
3 leZn

Then choosing N large enough, (2.15) follows since the total length of inte-
gration for different values of a @ and ¢ is at most 1.

For the operator Bf\L/ 7 _ M;/ ? we have

ps(€) =" Gla,l,q)v (g€ — H(E —1/q, B) = u(€) f(€)

lezZn
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but we are integrating now on || > P~4(d=1¢ Note that (q& —1) # 0 for
at most one values of [, estimate (2.13) and (1.11) : |G(a,l,q)| < Cq~27.
Then

K
\Slgpuﬁ(é’)l < OnP™(1 4 PYg)) a1t

hence by changing variables 3; = P8 one has

a a n—d - _ _
| sup (B =M/ S| < CP™qTT [ [geqP1 6125 £ <
ASA<2A |81

Summing in a < g and in ¢ = 1 to oo proves (2.16).

For M:\l/q the multiplier pug(§) is the same, but now the range of integra-
tion is the whole real line. Thus

| sup 1M < e [ (1 PUBD 2B e <
A<A<2A BeER

< Ceq 2P || £ 2

Summing for a < ¢ and ¢ > P41 one gets the estimate PP~ (=10 <
pr=d=d O

Lemma 8. immediately follows from the above said, indeed for fixed A

(N =M< S 3 (A — My 1+

g<Pd=1)0 (a,q)=1

+ > MY+ gL

qu(d—l)e

We will need the following ”dyadic” discrete maximal theorem, (proved
in [4] in case Q(m) = 3_; m3)

Proposition 5 Let A > 0 be fized, then for the operator:

Nxf(m)= > flm—1)
Q=

one has

(2.18) I sup [Nxflllie < CATTY f]lp2
ASA<2A
where the constant C is independent of A.
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Proof. Note that Ny f(£) = Go(€)f(€) hence

Naf =D MYTf 4+ 3 (AY = My f o+ E4f
q?a q7a
By Proposition 4. it is enough to show

ST sup [MYf] e < Ol flle
e A<A<2A

In proving (2.17) we showed

| swp (M)l < Cqm TP flle = g ETAT £

The sum in a, q is convergent and the proposition is proved. 0.

3. The singular series

First we show the existence of a regular set of values I' corresponding to
a non-degenerate form Q.
Taking £ = 0 formula (0.5) means that

rQ(\) = coAi ™ 1ZK 7,0,A) + O(Ad7179)
q=1

By the well-known multiplicative property :
K(q1,0,A\)K(g2,0,A\) = K(q192,0,\) for ¢; and g2 being relative primes,
we have

YKo = [ S0 = ] K
q=1

p prime r=0 p prime

. Note that K(1,0,) = 1, then by estimate (1.5) it follows that K,(\) =
1+ O(p_ﬁ-i_“—g)li _

31 12< I IKMW<2

p>R prime

We recall that K, () is the density of solutions of the equation Q(m) = A
among the p-adic integers, see [2]. More precisely,

20



Proposition 6 Let rq(p™,\) = [{m € Z"/pNZ": Q(m) = X (mod p™)}|,
that is the number of solutions of the equation Q(m) = X (mod p™). Then
one has

N

(3.2) STK@,0,)) = p "N Vg (p, )
r=0

Proof. First

pN . b
_ 27 m)—N\) —x
’I"Q(pN,A): 2 : p N} :6 (Q(m) )pN
b=1

m (mod pN)

since the inner sum is equal to p” or 0 according to Q(m) = A (mod pV) or
not. Next one writes b = ap™ ", where (a,p) =1,a <p" andr =0,..., N,
and collects the terms corresponding to a fixed r which turn out to be
K(p",0,\). O

We remark that this implies: limy,—.p "N "Drg(pN, \) = K,(\).
To count the number of solutions (mod p¥), one uses the p-adic version
of Newton’s method, see [7].

Lemma 9 Let p be a prime, A and k,l be natural numbers s.t. 1 > 2k.
Suppose there is an mg € Z™ for which

(3.3) Q(mo) = X (mod pl)

moreover suppose, that p* is the highest power of p which divides all the
partial derivatives 0;Q(my).
Then for N > 1, one has p_N("_l)rQ(pN, A) > pln=1)

Proof. For N = [ this is obvious. Suppose it is true for N, and con-
sider all the solutions m; (mod p™*!) of the form m; = m + pN~*s where
s (mod p). Then

Qm+pVNEs) = X=Q(m) = A+ p" Q' (m)-s=0 (mod pN*?)

that is a+b-s = 0 (mod p) where ap” = Q(m) — X and bp* = Q'(m). Then
bj # 0 (mod p) for some j hence there are p"~! solutions of this form. All
obtained solutions are different mod (p™¥*!), and m; satisfy the hypothesis
of the lemma. O

We remark that in case of m = 1, k = 0 the above argument shows that
there are exactly pV=1(=1) solutions m for which m = mq (mod p) and
a(m) = Amod p).
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Lemma 10 let Q(m) be a non-degenerate form, then there exists a set of
reqular values in the sense of (0.4).

Proof. Let Ao = Q(mg) # 0 for some fixed my # 0. Let p1,...,ps be
the set of primes less then R (R is defined in (3.1)). Let k be an integer s.t.
pg? does not divide dXg , for all j < J, where d is degree of QQ(m). By the
homogeneity relation Q'(mg) - m = d)g it follows that p;? does not divide
some partial derivative 9;Q(my). Fix [ s.t. { > 2k and define the arithmetic
progression

F={X+k H;I:l pé- : k> kg}. Then we claim that I is a set of regular
values. Indeed by Lemma 9. one has for A € '

Kp;(A) = lim p}"(N_l)TQ(pﬁy s A) ij_l(N_l)
This together with (3.1) ensures that the singular series K (\) remains
bounded from below, and the error term becomes negligible by choosing kg
large enough. 0O

Let us remark that along the same lines it can be shown, that all large
numbers are regular values of Q(m), if for each prime p < R and each residue
class s (mod p), there is a solution of the equations Q(m) = s (mod p) s.t.
Q'(m) # 0 (mod p). This is the case for example for Q(m) = 3=, mz-l.

Let us fix a set of regular values I', and a rational point k/p # 0 in
I | where k = (k1,...,kn) € Z". Define the measure space X to be the
set of residue classes (mod p), with each element having measure 1/p. Let
Tj(x) = x + k; (mod p), then the family of transformations T = (77 ...T},)
is commuting, measure preserving and ergodic. Indeed for some j, k; #
0 (mod p) and then Tj is ergodic. The function f(z) = €*™@/P is a joint
eigenfunction : T} f = e2™k;/P f hence

1
(3:5)  Axf = —50eAk/p)f
r(\)"¢
where A) f are the averages defined in (0.7). We’ll show below that the mean
ergodic theorem (0.7) is not valid in this setting, and hence the condition
strong ergodicity is necessary (note that 17 = ... = TP = Id).

Lemma 11 Let T be a set of reqular values. Let p be a large enough prime:
p>d,p>R,p> A\ (where \y is the smallest element of T'), and k € Z™.
Then for A € I', A = Ao (mod p) one has

1 1
(3.6) WUQ,A(]?/Z?):

ok _5
E e 077
TQ(p’ ) mezZr /pZn
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Taking the Lemma granted for a moment, note that the expression:

S, = Z 2k £0

meZn pZn

for at least one k # 0, since otherwise the equation Q(m) = A = Ao (mod p)
would have p" or no solution, both cases are impossible (p being large
enough). This follows from Plancherel’s formula: 3", [Sk|*> = p"|rq(p, o))
on the group Z"/pZ™. Thus (0.7) is not true, assuming only that the family
of transformations is ergodic.

Proof. For a regular value rg()\) = co K (A)AY2~1+ O (A4 =179 where
|K'(A)] > 1, hence by (0.5), it is enough to show

(3.7) g K Z > K(q,1, Mgk /p — DdooA\(k/p - 1/q)) =
q lieZn

1 jmek
_ Z eQm pk +O(>\—5)

e (p’ )\) meZn /pZ»

For ¢ not divisible by p, l| > pq , hence each term in the sum is

bounded by qidfilJre)\_’*/(d_l)Jrl‘FE by (1.5) and (1.13). There is at most
one nonzero term in the [ sum for fixed ¢, and thus the total sum for ¢ not
divisible by p is of O(A7?).

For ¢ = bp , in (3.7) only those terms for which k/p = l/q are nonzero,
hence the sum becomes

| kE _
p

1 oo
m bX::IK(bp, bk, \)

We write ¢ = ¢p” where (¢,p) = 1 and use the multiplicative property
K(ep™, ckp”, \) = K(c,0, \)K(p" T, kp", \)

It is a straightforward computation using the chinese remainder theorem.
At this point it is enough to show

68 gl X KO K@ k) =
(

c7p):1 r=1

. Z €2m’”"7’€
A
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Again by multiplicativity

39 Y. K(c,0,))- ZKp 0,)) Z (¢,0,\)
(e:p)=1 q=1
For the other factor in (3.8) one has
(310) KLk A =p D 3 T
r=1 m (mod p)

Similarly as in (3.2)

N
sm-k

3 p_sz:e%m( (m)=) % 2mitsit

m (mod pN) b=1

and writes b = ap™ ", where (a,p) =1, a < p" and r = 0,...,N. Each
term corresponding to a fixed r is K (p”, kp"~!, \) for r > 1, while the term
corresponding to r = 0 is zero.

Next, let mg be a solution of Q(m) = A (mod p). Then by homogeneity
Q'(mg) - mog = d\ = d\g # 0 it follows by the remark after Lemma 9.
that the number of solutions: m (mod p™) for which m = mg (mod p) and
Q(m) = X (mod p") is exactly p(= D=1 Thus

pN , .
Z p—N Z 627”(Q(m)_)\)pij\1627”1971\;c _ p—(n—l) Z 2mm7k
m (mod pN) b=1 m (modp)

and this proves (3.10).
By the same argument

(311)  Kp(N) =p~ " Vrq(p,\)
and (3.8) follows immediately from (3.9), (3.10) and (3.11). O

4. The L? ergodic theorem
In this section, we prove Theorems 1-2. and Lemma 2. First we give the

Proof of Theorem 1. Let ¢y(z) = ¢(z/A/?), the one has

> aam) = [ aoa(©dne)d

Q(m)=X
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where

Odé= Y da(m)e ™M = 3" §r(E+m)

mezZn mezn

by Poisson summation (here ¢y (¢) denotes the Fourier transform on R".
Since the exponential sum 6¢ (§) is a smooth periodic function on R™ it
follows

@D X am) = [ 50a€)on(© ds
Qm)=A e
Write g A (€) = ma(§) + Ex(§) and estimate the contribution of the error

term

(@2) [ 8ROl de < Coa TGy < Co/i 1o

We used the error estimate in (0.5) and the fact that \|<]3,\H1 = H&Hl <C.
Recall that

= 33 K(a.LAlat ~ Ddigals — 1/a)

q=1 1

Next we estimate the contribution of the terms corresponding to [ # 0.
For ¢ > A3d we use

43) > Y K(g, 1, \)w(gE — Ddaga(E —1/q)| <

g>r2a 170

1
g=A2d

and after integrating we get the same estimate as in (4.2) (%7 > 2). For

qg< A% we give the estimate

@) X Y [ K@ LN~ Ddoga(E — 1) 6] dE < exx

q<>\1/Qd 1#0
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for any N > 0 integer. For fixed [ # 0, on the support of the cut-off factor
(g€ — 1), one has || —1/q|| < 1/(4q), which implies ||£|| > 1/(2q), and also
€]l > [17]]/(2q) (here [|n|| = sup; |n;| denotes the sup-norm on R"). Thus

(4.5)  [BA(O)] < ONAYA(L + AV g 2N <
NV 4 AV 2g) "N (1 4 el /2q) N

Integrating in £ over the region ||€ —1/q|| < 1/(4q), and then summing in [
and in g < A24 one obtains (4.4).

Estimates (4.3) and (4.4) imply together that the total contribution of
the terms corresponding to [ # 0 in (4.1), is O(AY/4 =179,

Finally, we note that

7 i/ K (4,0, A)(1 = $(g8))dox(§)dx(€)| d < CsAT~17°
q=1

by the same argument as used in proving (4.3) and (4.4). Indeed the range
of integration is |¢| > ¢/q where both for ¢ > A\/2¢ and for ¢ < A\'/?¢, one
has a gain, using the decay of the the factor K(q,0,\) for small, and the
decay of ¢y for large values of g.

Using (4.3), (4.4) and (4.7) one has

(18) [ 50r(©8€)d = K (V) [ F0a€)0r(©) ds + O(NI 1) =

=ro() [ o) dogly) + ONI~")

Indeed one replaces the singular series cgK(A) by A7/ lro(N) , use
Plancherel’s formula, and a change of variables z = A\!/%y.

This proves the Theorem, since rg(A) > CQ/\”/ d=1 for regular values \.
O

Proof of Lemma 2. One writes

(4.9) rlerer,A(f)r < A g ()] + O(A )

For ¢ fixed and £ ¢ Q" (i.e. when §; is irrational for some j)

(4.10) AT m A ()] = c@ Y 1K (q,1, \)e(g€ — D)oo (€ —1/q)| <
l
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< Coq~ 1o (A4} /)|

where {{} = min|¢ —[|. Indeed in the [ sum only term corresponding to
the closest lattice point to g€ is nonzero.

Note that {g{} # 0 for every g, since otherwise £ € Q™. Then by
(1.13) and (4.10) for ¢ < A/2? we have the estimate A™/4+1m, (&) <
Cq~ 1=\, while for ¢ > A2 one uses the bound ¢~'~¢. The lemma
follows by summing in ¢. O

In both the mean and pointwise ergodic theorem the Spectral theorem
will play an essential role. Also, strong ergodidity is a condition on joint
spectrum of the shifts T; (T} f(x) = f(Tjx)). To see that let (X, pu) be
a probability measure space, T' = (T3...T,) be a family of commuting,
measure preserving and invertible transformations. By the Spectral theorem
there exists a positive Borel measure vy on the torus II", s.t.

(@11 (P Tf ) = [ p(Odus(©)
for every polynomial P(z1,...,z,), where

p(&) =p(&,... . &) = p(e2m’£1’ o 7627”'{”)

and (,) denotes the inner product on L?(X, ). We recall two basic facts

i) For r € II", v¢(r) > 0 if and only if r is a joint eigenvalue of the shifts
T;, (i.e. there exists g € L%(X) s.t. Tjg = e?™"ig for each j.

ii) If the family 7' = (11, ...,T,) is ergodic, then

ve(0) = [(f; 1)I> = | [x fdul*.

Proposition 7 Suppose the family T = (11,...,T,) is ergodic. Then it is
strongly ergodic if and only if v¢(r) =0 for every r € Q™, r # 0.

Proof. Suppose v¢(l/q) > 0 for some [ # 0, then there exists g €
L*(X,p) st. Tjg = e?mili/dg /5. But then T]qg = g Vj but g # constant
since [ # 0.

On the other hand suppose that T;-]g = g, Vj for some g # constant.
Then the functions gs,. s, for s € Z"/qZ"™ defined by

i mes
9s1..8n, = Z e ™ Tlml .. .T;Ln"g
meZn /qZn
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are joint eigenfunctions of with eigenvalues s;/q. They cannot vanish for all
s # 0 (mod q), because then one would have Tjg = g Vj, as can be seen
easily by expressing Tjg in terms of the functions g, .s,. O

Proof of Theorem 2. We start by

A 2
1ANS = (£, D115 = A5 = [{F 1) = /m/{O} WW&)

The point is that v;(Q"/{0}) = 0 by the strong ergodicity condition,
moreover the integrand pointwise tends to zero on the irrationals by Lemma
2, and is majorized by 1. It follows from the Lebesgue dominant convergence
theorem, that the integral also tends to 0 as A — oo. This proves the
theorem. 0O

5. The discrete spherical maximal theorem

We prove Theorem 4. now. It plays a crucial role in the proof of the
pointwise ergodic theorem.

Let ¢ € [?Z", the averages we are interested in: Tl()\) >om=xP(m —1)
will be replaced by

(1) Nabm) = gy Y dlm—1)
Q=A

Indeed it is enough to prove the maximal theorem for the averages Ny, since
for regular values: rg(A) > coA™? 1. We write

(52) Nap=Mb+E0=Y. > M9+ E¢
¢=1 (a,q)=1

where M), Mff/ ? &\ denote the mulitpliers corresponding to the functions

A~ A+ m (€), mi/q(f), Ex(€). We denote by M,, M€, the correspond-
ing maximal operators.
By Lemma 8.,

62 Edle <Yl s jdlle < Cs Y2 Hdle < Collole

k=0 2k <\<2 k=0

The same shows, that

(5.3)  [[sup [Exg] Iz < C5A™° 8]l
A<\

Thus to prove Theorem 4. it is enough to show
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Lemma 12 Let ¢ > 1, and a s.t. (a,q) =1 be given. The one has

K

(5.2) Mz < Ceg™ T4
ﬁ—l) VQ >
2 and € > 0 can be taken arbitrary small. Hence in the right side of (5.3)
we can take the bound Cq27¢, but we’d like to emphasize the explicit
dependence on k.

Assuming the Lemma for a moment, by sub-additivity it follows:

It is understood that Q(m) is a non-degenerate form, hence k =

Ml <C D q-a7>[lélle < Cliolle

g=1

Together with estimate (5.2) this proves Theorem 4.
The proof of the lemma is based on a general result, proved in [6]

Lemma 13 Let ¢ > 1 be a fized integer and B be a finite dimensional
Banach space. Let m(§) be a bounded measurable function on R", taking
values in B, and supported in the cube [—Z—Iq, —2—1(1]”

Define the periodic extension by

mger(g) = Z m(€ - l/Q)
lezZn

Let T : L*(R") — L%(R™) (where L% (R™) is the space of square in-
tegrable functions taking values in the space B), be the multiplier operator
corresponding to the function my(§).

Similarly let T4« L*(Z™) — L%(Z™) be the multiplier operator corre-
sponding to the periodic function mf..(§).

Then one has

(5.4) Tl L2 zny 12,20y < CNTN L2 30m)— 12, 30m)

where the constant C' does not depend on the Banach space B, and is also
independent of q.

Proof of Lemma 12. Choose a smooth function ¢’ supported in

[—1/2,1/2]™ for which ¢ = ¢’1). Then mi/q(ﬁ) can be written as the product
of the functions

(5.5) mYUE) = > Gla,l,q)¢ (& —1/q)

lezZn
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and

(5.6) m§(&) = D »(E—1/q)do(& ~1/q)

lezn

For the first multiplier operator M/ it is bounded from {2 to itself with
norm: sup; [m®?(¢)| < Ceq Tt

The sequence of functions m$(§) defined by (5.6) can be considered as
a function mapping from " to the banach space Bj which is the [*° space
of functions of 1 < \ < A for some fixed A.

The multiplier corresponding to ¥ (¢€)da(€) is a bounded operator from
L2(R") to L% (R™) (B being the [* space of functions of A\ > 0), which is
the content of Theorem 5. Then one applies Lemma 13. to see that the
multiplier mf () is bounded from 2Z" to 1% 2" with norm independent of
A. This implies (5.2). O

6. The pointwise ergodic theorem

The proof of Theorem 3. consists of a number of reductions, the argu-
ment was motivated by that of Bourgain’s ergodic theorem corresponding to
arithmetic subsets of integers (see [3]). However in our case the averages are
taken over disjoint sets, a condition on the joint spectrum must be imposed,
and the Spectral theorem will play an essential role.

Let f € L*(X,pu), we can suppose [y fdu = 0, and then we have to
show that |A)f(x)| — 0 for p almost every z, as A — oo and A € I'. Then
again we can replace the factor rg(A) by A/d=1 in the averages.

i) We start with a standard reduction to shifts on Z". Let (X, u) be
a probability measure space, T' = (11,...,T,). For x € X and L > 0
and define: ¢, ,(m) = f(T™z) if |m|| < L and to be 0 otherwise. Here
m = (mi,...my) € Z", |m|| = sup; |m;| and Tz = T - ... - T x.
Notice that for fixed A < L

(6.1)  ALf(T'z) = sup |Arf(T'z)| =
A<A
= sup |Nx¢r(l) = |[NxoL(1)
A<A

for ||I]] < ¢(L—A) Thus taking the square, summing in [ (for ||I|| < ¢(L—A)),
and integrating over the space X one obtains

(62) (L= 2|43 a0 < [ IN36Lalle di
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using the fact that the transformations 7' are measure preserving. Also

(6.3) /X l6n.el% i = el 2200,

Then letting A — oo, it follows that the L?(X) — L?(X) norm of the
maximal operator A, is majorized by the {> — [? norm of the discrete
maximal operator N,. Then it is enough to prove the pointwise ergodic
theorem for a dense subset of L2(X), p.e. for L>=(X).

ii) Following [5], one reduces pointwise convergence to L? bounds for
"truncated” maximal operators. Suppose indirect, that

pf{x : limsup |[Ayf(x)] >0} >0
then the same is true with a small constant o > 0 inserted:
p{z : limsup |Axf(z)| > 2a} > 2«

and using the definition of the upper limit it is easy to see, that to each Ag
if Ag41 is chosen large enough then

i ALf(@) = supseren, [Arf (@) > o > a

which implies ||A¥f||2 > a3, ¥V k . Lets fix such a sequence )\; which is
quickly increasing: Ag41 > 4Ne*®. Then it is enough to prove

1
(64) = > A5 <o’
k<K

for K > K(a). This means that the Cesaro averages converges in (6.4) tends
to 0 (the terms themselves may not converge to 0).
Now fix K and choose L > Ai11. The reasoning in i) leads to

1 1
65 dL=2)% S [4ifle < [ 1o 3 NGl d

k<K k<K

where N¥ is defined analogously to A¥. Thus it is enough to prove

1
(6.6) / (7o 2_ INEdLall?) dp < eno®L7| £13

X KkgK

for K > K(a) and L > L(K, «).
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By (6.3), inequality (6.6) would follow, if the same would be true point-
wise, that is 1/K Y < [[Nfor2||» — 0 for every z, however this seems to
be true just in average, and has to do with the fact that nearby averages
cannot be compared.

i3) We use the approximations to N introduced in Section 2., and the
transfer principle (5.4) to reduce the estimates to that of L? — L? norms
of the corresponding maximal operators acting on ™.

We often use the following notations; if v (§) are continuous functions on
II", then denote by I'y the corresponding multipliers and by I';, the maximal

. * L
Operator. qub—sup)\kg)\<)\k+l|r>\¢|.
Since

AT () = DA g a(€) + AT IFIE(€)
q=1

then by estimates (2.6) and (5.2)
(6.7)  I€llz—p < Csx°

and

(6.8) I Y Myl < Cqy©
q>qa

If we apply (6.7) and (6.8) to the function ¢r, , integrate the square over
X and average for k£ < K, the total contribution to the L? norm is less then:

(a5 + esK™) [ ol dn(@) < 0B

by choosing K and g, large enough w.r.t. o and € .
Thus enough to deal with the finitely many maximal operators attached
to the functions mi/q(f), for ¢ < g and a < ¢, (a,q) = 1. Then we can fix

a and ¢, and write

(6.9) AN = 3 Gla,l,q)w (g€ — 1)dE(AV/A(E — 1/q)) =
leZn

= > Glas,q) (g€ — £)dagN""(€ — 5/0)per

SEZ™/qZ™
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where Yper(§) = >21,ezn V(€ — 11) denotes the periodization of . Indeed
write [ = gl; + s and use the fact that G(a,l,q) = G(a,s,q). Again we can
fix s (there are at most ¢" < g7 choice for each q).

We remark that for ¢ € 12 and bs/q(m) = e 2mms/ 4 (m) i.e. és/q(f) =

&(€ + s/q), one has

]\4’:/(1,16(25 = Mg¢8/q

where M;‘/ ok is the maximal operator which corresponds to the function
(g€ —5)d (AN (€—5/q))per , while M;: corresponds to 1(q€)da(AY4(€))per-
Indeed one changes variables (£ —s/q) — £ in evaluating the multipliers (the
factors €2/P¥™s/4 vanish when taking absolute values).

We are in a position to apply the continuous spherical maximal theo-
rem, and further decompose the functions 1(g€)da(AY%(€)) to get decay
estimates. Let

1 = wy,0 + wk,1 + wk,2 be smooth partition of unity on [[{]| = sup; [£]; <
1/2 such that

wr0(€) = 0 unless €] > 102,

_1
wi,1(€) = 0 unless %)\]ﬁ_ngH <\ % and
1
Wk,2(f) = 0 unless A\, *¢ < I8

Accordingly we have the decomposition: M < M,;O + M, + M 5 and
estimate each term separately.

For fixed ), using the fact that |dG(A\Y9€) — cq| < AV9¢| ( cg = d&(0)),
one has

(6.10)  |wi,0(&)1(q€)dG(AN/9€) — cquio(€)w(gd)] < CAVINE

Thus by the standard square function estimate the {> — [? norm of the
maximal operator (taking the sup over A\ < A\ < Ag41) corresponding to
the functions in (6.9) is bounded by:

Saarn AN <A (d>2).

To estimate the maximal operator M, corresponding to the functions
Wi 1 (€)1 (q€)dF(ANY4(E))per , We first use the transfer principle to see that it
is bounded by the L?(R") — L?(R") norm of the maximal operator corre-
sponding to the functions wy 1(€)1(g€)da(A/4(€)). Notice that the maxi-
mal operator (the sup taken over all A > 0) corresponding to the functions
de(A\Y?(€)) is bounded from L? — L? by Theorem 5.
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Thus for ¢,/y = ¢1.4,5/q One has

(611) M6yl < Co [ lona(©PI0( +s/a)f dg

The point is that since the sequence )y is quickly increasing A\p; > 4\

each point can belong to at most 3 intervals I on which wy 1 supported.
Hence averaging over k < K the right side of (6.10), gives a contribution of
3/ K| ¢l

Finally, the family of functions wy o(€)1(g€)da(A\/4(€)) satisty the con-
ditions of Lemma 7. Then (1.16) and (5.4) imply the bound

_ L
(6.10)  [| My 2¢s/qlliz < CAy *[| ]2

Note that (6.9)-(6.11) mean, that the maximal function

UK S [Midyallp <C [ a©na(©PISE + s/ de+

k<K

FO(K ™) [ bssqllre
i4) It is enough to prove now for fixed r = s/q, that

611) L7 [ [ wna(©lo(e +s/a) dg du(a)) < [of* 113

if k > k(a) and L > L(k, o), where we wrote w(£) = |wg 1(€)|? for simplicity
of notation.
By applying Plancherel for the inner integral in (6.11), one obtains

L= /X Z ¢L,x(m)¢£,x(m/)@k(m — m’)e%i(m*m/)s/q dé dp(z) =

— " Z <Tm—m’f’ f>b:1k(m o m/)e27ri(m—m’)s/q —

[ml| <L, [[m/[|<L

—L [ S )OS/ () —
U il <Ll <L

=L [N ap()ar(l)e*™ D duy(0)
™ jezn
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by the spectral theorem, where ar, (1) = |{(m,m’); |m| < L, ||m/|| < L, m—
m’ = 1}|. Finally one gets

(6.12) /H(L*”dL *wy) (0 + s/q)dvy

where * denotes the convolution on II" (w.r.t. Lebesgue measure).
Note that

L
LinCALL(Q) _ Lfn’ Z 627rim0’2n < " min(

m=—L

1 n
Ly

This means that L™ "ay, is a d-sequence (i.e. weakly converges to a Dirac
delta) as L — oo. Indeed it is easy to see that: L™"ar * wy < cwy + € for
every € > 0 if L is large enough w.r.t. to A\; and e.

Finally if we substitute this estimate into (6.12), then using the fact that

wi(0) = 0 unless ||6| < )\,;1/%, one has

| T 0+ s/a) vy < edvg{0s 10+ s/all < A+

+edvp (") < (| fl1720x)

if k is large enough w.r.t. « and L is large enough w.r.t. k& and a.

Indeed dvy(II") = || f||2, (x)» and only here we use the condition strong
ergodicity, that is the condition that dv¢{s/q} = 0 for every rational point
s/q # 0 (note that by our assumption dvg{0} = [y fdu = 0 also), which
implies dv¢{6 : [|0 + s/q|| < A;l/zd} — 0 as k — oo.

This proves Theorem 4. 0O.
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