On the distribution of solutions to diophantine
equations

Akos Magyar

Abstract Let P be a positive homogeneous polynomial of degree d, with integer
coefficients, and for natural numbers A consider the solution sets

Zpp ={meZ": P(m)=A}.

We’ll study the asymptotic distribution of the images of these sets when projected
onto the unit level surface { P = 1} via the dilations, and also when mapped to the flat
torus T”. Assuming the number of variables 7 is large enough with respect to the de-
gree d we will obtain quantitative estimates on the rate of equi-distribution in terms
of upper bounds on the associated discrepancy. Our main tool will be the Hardy-
Littlewood method of exponential sums, which will be utilized to obtain asymptotic
expansions of the Fourier transform of the solution sets

wpy, (&) = Z mims

meZ*, P(m)=A

relating these exponential sums to Fourier transforms of surface carried measures.
This will allow us to compare the discrete and continuous case and will be crucial
in our estimates on the discrepancy.

1 Introduction

A fundamental problem in number theory is to find integer solutions of diophantine
equations, that is equations of the form

P(ml,...,m,,) =2
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where P is a polynomial with integer coefficients. The approaches fall into two
broad categories, algebraic and analytic, the latter being especially useful when the
number of variables is large with respect to the degree of the polynomial.

If the polynomial P is also positive and homogeneous of (even) degree d, then
for each natural number A, there is a finite solution set

Zpy ={meZ": P(m)=A}. (1)

One may view these sets as the set of lattice points on the level surfaces {P =1} and
by homogeneity they can be projected onto the unit level surface Sp := {P = 1} via
the dilations m — A ~'/4m. We will study the rate of equi-distribution of the images
of the solution sets Z;D‘ 4 on the unit level surface Sp as A — oo, Of course one needs
some more conditions on the the polynomial P in order to have solutions at all of
the diophantine equation P(m) = A. For example if P(m) = m§ + (m3 + ...+ m2)*
then even for large n there are only a sparse set of A’s (namely which can be written
as a sum of an 8-th and a 4-th power) for which there are solutions, and even for
those values of A one cannot have equi-distribution as the first coordinate m; can
take very few values. A natural condition on the polynomial P, introduced by Birch
[3], is that P being non-singular in the sense that

VP(z) = (01P(2),...,0nP(z)) #0, forall zeC" z#0.

Also, there are local or congruence obstructions. For example, the polynomial
P(m) =m? + p(m§ +...+md) is non-singular, but the equation P(m) = A can only
have an integer solution if A is congruent to a d-th power modulo p. Nevertheless,
as it is implicit in the work of Birch [3], that if P is non-singular and if the number
of variables n is large enough with respect to the degree d, then there is an infinite
arithmetic progression A depending on P, which can be explicitly determined, such
that for each A € A the equation P(m) = A has the expected number of solutions
~ A"/=1_in fact the number of solutions can be asymptotically determined. We
will refer to such a set A as a set of regular values of the polynomial P.

As mentioned earlier, one of the problems we will be interested in is the asymp-
totic distribution of the images of the solution sets Z,, = {A"Ydm; P(m) = A}
as A — o (A € A), on the unit level surface Sp. First, one can show that there is a
natural measure op on the surface Sp, such that the sets Z;{ ;, become weakly equi-
distributed with respect to the measure dop. That is for any smooth function ¢ one
has that

1
— Y o) — / 0(x)dop(x), as A —soe, €A,
N xeZ Sp
PA
where N, is the number of solutions of the equation P(m) = A. To get quantitative
information on the rate of equi-distribution, we define below the discrepancy of a
finite set Z C Sp with respect to caps. For a unit vector & € R” and positive number
a, define the cap
Coe i ={x€Sp: x-&>a},



Diophantine equations 3

where x- & is the dot product of the vectors x and &. Note that C, ¢ 1s the intersection
of the surface Sp with the half-space defined by x- & > a, and we will refer to & as
the direction of the cap. The associated discrepancy of a finite set Z C Sp, consisting
of N points, with respect to caps of a given direction & is given by

D(Z7§):Sllp HZﬂCa’H*NO'P(Ca?é)L 2

a>0

where |A| denotes the size of a set A.

It turns out that for the solution sets ZJ, P the discrepancy depends heavily on the

direction of the cap. To see this consider the polynomial P(m) = ml +omis

that when one is interested in the distribution of lattice points on spheres, projected
back to the unit sphere. It is well-known that for n > 5, the size of the solution sets
are Ny ~ A2V IfE = (0,...,0,1) then for certain values of a, the boundary of the

. n-3 . .
cap contain as much as &~ A 2 points from the set Z1/D 5~ Indeed, after scaling back

with a factor of 1'/2, the boundary of the cap is given by the equation:

m% +... —|—m,217l = u for some u depending on A and a. Thus the discrepancy cannot
_ 1
be smaller than 1"2° ~ N )IL "2, As opposed, we will show that if the direction of the

cap points away from rational points as much as possible, then one can obtain much
better bounds on the discrepancy. To be more precise, let us call a point & € R"~!
diophantine, if for every € > 0 there exists a constant C¢ > 0 such that for all g € N

lgt|| = min |go—m| > Cgcfﬁ*e. 3)
meZn—!

Correspondingly a point & € §"~! is called diophantine, if for every 1 < i < n for
which & # 0, the point &/ € R""! is diophantine, where the coordinates of &' are
obtained by dividing each coordinate of £ by & and deleting the i—th coordinate.
It is easy to see that the complement of diophantine points has measure 0 in R*~!
and hence in §"~! as well. We will show, see also [12], in dimensions 1 > 4, that the
discrepancy is bounded by above by

1 1
D(Zps:8) <Ceel; 7 @

for all € > 0, when & is diophantine. This is especially significant in large dimen-
sions as it is known from the works of Beck and Schmidt [2], [14], see also [10], that
for any set of N points on the unit sphere §"=1 the L? average of the discrepancy

with respect to spherical caps is at least N 3= 2<" ). For general non-singular, positive

and homogeneous polynomials P, the same observation shows that for rational di-

1

T n—d

rections (p.e. when &€ = (0,...,0,1)), the discrepancy is at least N , while we’ll

show that in diophantine directions it is bounded by N, 1 with Ya= m, in

large enough dimensions.
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We will also study the equi-distribution of the solutions when mapped to the flat
torus T" =R"/Z". Let o = (Qy,...,0,) € R" and consider the map Ty, : Z" — T",
defined by Ty (m) = (myoy,...,m,0,) (mod 1). Then the images of the solution
sets take the form

'Q?L,a = {(mlal,...,mna,,); P(ml,...,mn) = A} - T".

It is clear that if one of the coordinates of the point « is rational then the correspond-
ing coordinate of the points in the image set can take only finitely many different
values and the sets £, , cannot become equi-distributed as A — . It turns out
that this is the only obstruction for non-singular polynomials P in sufficiently many
variables. Indeed we will see that if o € (R\Q)", then for any ¢ € C*(T") we have
that

N;l Z ¢(m1(x1,...,mnan)% Tnd)(x)dx, )
P(m)=A

as A — oo through regular values of the polynomial P. To obtain quantitative bounds
on the rate of equi-distribution, we will assume that each coordinate of the point &
is diophantine, that is ||qoy|| > Ceqg~'~¢, for all € > 0 and for all ¢ € N with an
appropriate constant C > 0. Identify the torus with the set [—%, %)” and let K C
(—%, %)” be a compact, convex set with nonempty interior. The discrepancy of the
image set £, , with respect to the convex body K is defined by

D(K,a,A) = Z xx(miog,...,m,0,) — Ny vol,(K),
P(m)=2

where Yk is the indicator function of the set K. We will show that for diophantine
points ¢ one has the upper bound

ID(K,ot,A)| < CpAd~' ", (6)

for some constant y; > 0 depending only on the degree d.

Let us remark that the above is a special case of a more general phenomenon;
namely if (X, i) is a probability measure space, and if T = (T1,...,T,) is a commut-
ing, fully ergodic family of measure-preserving transformations, then the images of
the solution sets

Qi ={T" ... T" (x); P(my,...,m;) = A} CX,

become equi-distributed as A — o, (A € A), for almost every x € X [11]. To prove
such results one needs estimate certain maximal operators associated to averages
over the solution sets P(m) = A, however, as in this generality one cannot hope for
quantitative bounds on the rate of equi-distribution, we will not discuss such results
below.

Crucial to all these results is the structure of Fourier transform of the indicator
function of the set of lattice points on the level surface {P = A}. This is an expo-
nential sum of the form
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;@)=Y e (M
meZ", p(m)=A

Note that @ (0) = Ny, that is the number of solutions to the equation P(m) = 4, a
quantity which has been extensively studied in analytic number theory. Indeed for
the special case P(m) = m? + ... +m?2 asymptotic formulae for the number of so-
lutions were obtained by Hardy and Littlewood, by developing the so-called “circle
method” of exponential sums. Their methods were later further extended by Birch
and Davenport [3], [4], to treat higher degree non-diagonal forms; in fact they have
shown that

Ny =@, (0)=cpdi! Z (¢,0,2) +0(2a7179), ®)

for some & > 0. The expression K(4) = Y7 K(¢,0,4) is called the singular series,
and for regular values A € A it is bounded below by a fixed constant Ap > 0. It turns
out that one can derive similar asymptotic formulas for the exponential sums @; (&),
which are uniform in the phase variable £. Namely, we will show that

B(E) =2 Y s (E)+ E(E), ©)
gq=1

where
sup |&(&)| < cAli=hi=n),
g

Moreover

ma (&)=Y K(g,1,A) w(g& —1) 6p(A% (& —1/q)),

ez

where y is a smooth cut-off function supported near the origin, and &p is the Eu-
clidean Fourier transform of the surface measure op

or(&) = [ % dopl)

This will allow us to compare the discrete and the continuous case and to estimate
the rate of equi-distribution of the solution sets in terms of the discrepancy. To give
an indication how this might work, let }, be the indicator function of the interval
[a,b] (b being a fixed number depending on P), then by taking the inverse Fourier
transform y, = [ %.(t)e*™"dt, and by making a change of variables r — A~'/9z,
one may write

1 L < 10 ~
2 0Cuel = ¥ tuld im-&) = [ 207028) @y08) ds
P(m)=A

and also
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0r(Cuag) = [ talx-E)dor(x) = [ Zul0)Gr(E)dr.

Substituting the asymptotic formula (9) into this expression one may study the con-
tribution of each term separately

[P
Iq.z(é):/an(t/ld)mm(zg)d;_
R
A crucial point is that if || < ¢~! then w(qt€ —1) = 0 unless [ = 0, moreover
w(qt§) =1, hence
< ol
my 2 (t§) = K(q,0,1) &p(AdtE).

Writing .
ORI R O A

one has, after a change of variables ¢ := A4 1/d t, that

L@ =K@OA) [ ) F0or(E)dr

This tells us, by formula (8), that
cpAd MY I 5 () = Ny 0p(Crre)- (10)
g=1

To get upper bounds for the discrepancy one needs to estimate the contribution for
the rest of terms. This can done by exploiting the decay of the Fourier transform of
the measure op and the cancelation in the exponential sums K(q,/, ).

The organization of the rest of this chapter is as follows. In the next section we
will derive the asymptotic expansion (9) for the polynomial P(m) = m3 +...+m3,
and prove upper bounds on the discrepancy of lattice points on spheres. Next, we
will extend our approach to general non-singular forms, using the Birch-Davenport
method of exponential sums. Finally, in the last section we will study the equi-
distribution of the images of the solution sets {P(m) = A} modulo 1, when mapped
to the flat torus T” via the map Ty,

As for our notations, we will think of the polynomial P hence the parameters n,
d being fixed, and write f = O(g) or alternatively f < g if |f(m)| < Cg(m) for all
m € N with a constant C > 0 depending only on the polynomial P or the parameters
n, d. We will also write, f > gifg<< f and f~ g ifboth f < gand f> g.If
the implicit constant in our estimates depend on additional parameters €, 8, ... then
we may write f = Og 5 (g) or f <5, g The Fourier transform of a function f
defined on Z" will be denoted by £, as opposed, somewhat unconventionally, we will
denote the Euclidean Fourier transform of a function ¢ defined on R” by ¢. This is to
avoid confusion as we will often move between the discrete and continuous settings.
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2 The discrepancy of lattice points on spheres.

The uniformity of the distribution of lattice points on spheres has been extensively
studied and proved in dimension at least 4, see [6], and later in dimension 3 [5] using
difficult estimates for the Fourier coefficients of modular forms. These methods,
however, do not take into consideration the direction of the caps, and hence the
bounds obtained are subject to the limitations described in the introduction, arising
from caps whose direction has rational coordinates.

We will assume that the direction & of the caps is diophantine in the sense that
&l = &£ /& satisfies condition (3) for each 1 <i < n such that & # 0. In this case,
when Z = {1~"/2m; |m|®> = A}, we will obtain the following upper bound on the
discrepancy, defined in (2).

Theorem 1. Let n > 4 and let & € S be a diophantine point. Then for every € > 0,
one has

IDa(E, 1) < Cr AT (11)

We note that for n > 4, and if n = 4 assuming that 4 does not divide A, one has
that N; > A3~!, thus (11) implies that
T+ €
IDA(E 1) < Ce ey 7
In dimension n = 4, the best previous estimate for the normalized discrepancy
D(E,A)/N; was given in [6] of the order of A~!/5"¢ while we get the improve-

ment A~1/47¢_In case n = 4 and A = 4% there are only 24 lattice points of length
A1/2_ estimates for the discrepancy become trivial in such degenerate cases.

2.1 The Fourier transform of lattice points on spheres.

Our first task will be to derive the asymptotic formula (9) for the special case when
P(m) = |m|*> = m? +...m2. As we have mentioned this can be viewed as an exten-
sion of the asymptotic formula for the number of representations of a positive inte-
ger A as sum of n squares, and as such our main tool will be the Hardy-Littlewood
method of exponential sums. Because of the quadratic nature of the problem, there
are special tools available this case, most notably the transformation properties of
certain theta functions. Also, we will use the so-called Kloostermann refinement,
mainly to include the case n = 4. For a fixed A € Nand £ € T", set § = A~! and

write ,
E_ZE&\)}L(é): Z e—271:5\m\ 62mm~§: Z w(m), (12)

|m|?=A |m?=A

. . 2 i .
where the weight function w(x) = e~ 28Il g2mim:S s hounded and absolute summable.
. i 2 . . .
Using the fact that fol 2" =2 gor = 1 if |m|? = A and is equal to O otherwise,
one may write
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3:() =" [ S(.8)e " da,

where

S(O@g) _ Z eZn’i\m|2(x w(m) — Z eZﬂ?i((aJriﬁ)\mlerm-é) (13)

meZ meZ

is a theta function. It is well-known, at least when & = 0, that it is concentrated near
rational points a/q with small denominator. To exploit this, one dissects the interval
[0,1] into small neighborhoods of the set of rational points Zy = {a/q; (a,q) =
1, ¢ < N} for some specific choice of the parameter N. It is easy to see, using
Dirichlet’s principle, that one can choose intervals around the rational points a/g of
length |1, /,| = 1/Nq. This suggests that

1
-~ ~ —mire [ Na a —2midT
e ~cY Y e q/ls<q+f,g>e .

g<N (a,q)=1 T Ng

The idea behind the Kloosterman refinement is to make a specific choice of this
partition (the so-called Farey dissection) and to estimate carefully the errors arising
from the fact that the length of the intervals corresponding to a fixed denominator
are not quite the same. We will use the following general result

Theorem A (Heath-Brown [7]) Let P : Z"' — Z be a polynomial with integral
coefficients, let A, N be natural numbers and let w € L' (Z"). Then one has

1
Y wm)=Y / TGy (g, T)dT +Er(A) (14)
P(m)=A g<N“~ N
where
EiA)<CN2Y Y (1) max[Su(q, )] (15)
q<N |u|<q/2 N

Here C > 0 is an absolute constant and

Sug )= Y ST S(alg+1), S(@)= Y FHPMum),  (16)
(a,q)=1 meZ"

where aa=1 (mod gq).

This is proved in [7] for the case A = 0 and for a non-negative weight function
w, however the proof extends without any changes to all A € N and w € L' (Z"). Let
us postpone the proof of the above result to the end of this section, and see how it
translates to our situation.

By (13) we have that

S(a/g+1)= ¥ ™ 2mmE s (m),

meZ"
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with A 5(x) = AT+ Writing m := gm, + s, where my € Z", s € (Z/qZ)",
and applying Poisson summation, we have

Y 2l Y A EIE s (gmy +s)
s€(Z/qZL)" my L

Z ezmg\s\z Z / 27 (gx+s)-6 hes(qx+s) o 2mixl g
s€(Z/qZ) lezr’/R"

—n 27ri70"?‘2+['s omiy-(E—1)
Yar ) /R”hf,s(y)e @) dy

lezr s€(Z/qZ)"

= Y Gla,q,0) hes(1/q=8). 17)

ez

S(a/q+1)

Here G(a,q,1) is a normalized Gaussian sum:

.u\s\z—s-l
Gla,qg.l)=q" Y &7 7 . (18)
s€(Z/qZ)"

The function /. 5(x) is of the form e ™R with z = 2(6 —i7), hence, after a change

of variables x := z!/ 2y, its Fourier transform can be evaluated explicitly,
~ . xleg=i?
hes(l/q—8) = (2(8 —it)) 2 e 2wG-in. (19)

Let us first estimate the error terms S,(g,7) in formula (15). Note that on the

range when || ~ 1/gN ~ 1/gA'/?, one has Re q2(61—ir) = q2(525+12) >c, for
some absolute constant ¢ > 0. Thus
hes(E—1/q)| < Cqb AE eclat=11, (20)
7,8

Also, by (17) 3
Sulg,7) =Y K(q,0,A3u) he 5(§ —1/q),

ez

where

K(q,l,Au) = Z ezm‘m;al Gl(a,l,q), (21)
(a,9)=1

These exponential sums have been extensively studied in number theory, various es-
timates are known in the literature, going back to the original work of Kloosterman.
We will use the following estimate, which we will take for granted for now, however
for the sake of completeness will include a proof later.
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Theorem B Let K(q,1, A;u) be the exponential sum defined in (21). Then one has
for every € > 0,

K(q,1,A0)| < Creq'T € (A,q1) 2 25, 22)

where g = q12" with q| odd, and (A,qy) denotes the greatest common divisor of A
and q.

We remark that using only standard estimates for Gaussian sums would yield to
a weaker bound of O(g~"/>*1), thus the extra cancelation in the sum over (a,q) = 1
is crucial. By this and estimate (20) we have

1 _r

max $,(q,7) < Ceq?*e(A,q1)725. (23)

1 1
The factors (A,¢1)222 are at most A€ on average for ¢ < A2, hence they do not
play any role in our estimates. Indeed, it is easy to see that

Lemma 1. Let § € R. Then for every € > 0, one has

Y P (hq)tai < cpeatrre

1
q<A?

Proof. Let1 <pu < A2 First, we show that

Y (A,q1)2 2% <CeAp
qsu

To see this, write d = (A,q;) and g; = dt. Then d divides A and d2"t < u, hence
the left side is majorized by

By partial summation, we have

B+1

CAF(AE+ Y upbty<coatie

u<a?
O

Going back to the error term E| (A1) defined in (15), we have by estimate (23) and

Lemma 1 .,
[E1(A)| < Cred s T, (24)

for all € > 0.
The main term in (14) takes the form
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LGS Wi N g, g epae
g<N*

1

Y Y K120 [T e @ -1y @5)

g<NIeZ" ol

We will do now a number of transformations, to obtain the asymptotic formula (9),
described in the introduction. First we insert the functions y(g& — ), the restrict
the summation in / to at most one non-zero term. Then we extend the integral to
the whole real real line and identify it with the Fourier transform of the normalized
measure on the unit sphere.

First, let y(&) be a smooth cut-off function which is constant 1 on [—1, £]" and
is equal to O for & ¢ [—1 T ﬂ Then by (19), one estimates

c8

Y (1=y(g —1)|hes(E —1/q)] < Ca(T*+87) 74 P8 < 24 g,
ez

where the last inequality follows from the fact that e ™" < ud choosing

= %. Thus, by (15), the total error accumulated by inserting the cut-off

functions in (25) is bounded by

Ex(A)| < CeAt™2 Y g 28 (2,9)7 < CeA" T, (26)

<

and the main term takes the form

1

Mo(2)i= ¥ Y Kl a0 w(ag—0) [ e hos(E~1fg) @D

q<NlIeZ" N
At this point, the integration can be extended to the whole real line, exploiting the
fact that now there is at most one nonzero term in the /-sum. For || > oy = 6 one

has |§;5(8 —1/q)] < T~ 3, thus the total error obtained in (27) by extendmg the
integration is

Es(A)| < Ce Y q-%+8(x,q)%/ Crharccatt )

q<N 71> an

Finally, we identify the integrals, and show that

Lemma 2.
B(§) = [ et s(E)dT = 211611 ), 29)
A ,

where o is one-half of the surface area measure on the unit sphere in R”".

Proof. By using (19) and making a change of variables: 1 = A7 to take out the
dependence on A, one has that
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5.(8) :ez’%%”/ e 2 (2(1 —ir))"2e 2071 dr.
R
Letn := 11/25, then out task is to show that

J(n) ::82”/ 2 (Q(1 — if))"Be 200 df = &(n).
R

. 2, . .
We now insert an extra convergence factor e ™' into the integral defining J(7).

Denoting the resulting integral by J? we have J¥ — J as 1 — 0; moreover for any
test function ¢ in the Schwartz space

[ omamyan = tim [ ()7 (m)an.
R 7=0JRd
Also,
[ omaraman = [ gr0dx (30
R4 R4
- _ alnl?
Note, that by (19) we have that /, 1 () = (2(1 —it)) /e 30 , thus
J(x) = ezn/ o2t g2 (1it) 7 gy g (1) 7T

R

Inserting this into (30), and letting Yy — 0, we obtain

[ omitman = [ owdo).
R R"
and thus J(n) = 6(n), as we wanted to prove. Note that

- —2mit dt = 7["/2
5(0)=J(0) = [ i) T2

This identifies ¢ as one-half of the surface area measure of the unit sphere. 0O

Substituting the above formula (29) into the expression (27), the main term fi-
nally takes the form

M3(A):= A" Y Y K(g,1,4:0) w(gs —1)G(AH(E—1/q). (1)
q<NIeZ"

Note, that all error terms (15), (24), (26), and (28), we obtained in the process of
transforming the main term into the above expression is of magnitude 03(1%1“ ).
Summarizing we have proved

Theorem 2. Let n > 4. Then one has

@ (&) =271 Y my (&) +E(6),

1
q<A2
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where -
() <Ced T 7F (32)

holds uniformly in & for every € > 0. Moreover

mea (&)=Y K(g,1,A) w(q& —1) 622 (& —1/q)) (33)

ez

where
—A)+sl

; alls®
KiglA)=¢" Y Y &%
(a,q)=1s€(Z/qZ)"

Here & denotes the Fourier transform of the surface-area measure & on "=, and y

is a smooth cut-off function supported on [—%, %]” which is constant 1 on [—%, é]”.

2.2 Some properties of diophantine points.

We will derive here a few elementary properties of diophantine points, needed later
in our estimates on the discrepancy. Crucial among them is the factif & € §" !is a
diophantine point, then ||[f€]| > T~¢ on average for 1 <t < T, where ||| denotes
the distance of a point £ € R” to the nearest lattice point. To start,let us call a point
o € R" of type ¢ if it satisfies condition (3) with a given € > 0.

Lemma 3. For every € > 0 the set of points & € [0,1]"~! of type € has measure 1.

Proof. If a point @ € R"™! is not of type € then there are infinitely many positive
. _1 . .
integers g such that: ||g€|| < g~ 7T ¢. This means that there exists an m € Z" such

that: |€ —m/q| < g "1 €. However the sum of the volumes of all such neighbor-
hoods around the points m/q € [0,1]"! is bounded by

Z qnfqunfe < Cs;
n=1

thus the set of points which belong to infinitely many of such neighborhoods has
measure 0. O

This shows that the set of points & € R"~! which are not diophantine has measure
0. Indeed « is diophantine if it is of type & = (1/2)F for all k € N. Next we show
that ||got|| ~ 1 on average.

Lemma 4. Let o € [0,1]""! be diophantine, Q > 1 and 1 < k < n— 1. Then for
every € > 0, we have

Y llga| * <. Q' (34)
q<Q
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Proof. Let € > 0. Consider the set of points {ga} € [-1/2,1/2]"~!, for 1 <g< Q.
If g1 # ¢ then

__1 e
Ha1a} —{qa}| = (g1 —q2)al| = CcQ 17,
thus the number of points in a dyadic annulus 27/ < ||ga| < 27/*! is bounded by
2~ (n=1J 91+€ and the sum in (34) is convergent for | <k <n—1. O

Lemma 5. Let € € s"=1 pe diophantine, and assume that
max;|&j| = |E,|. Let t > 1, oo = (ou,...0,—1), aj =&;/&, and g = [t&,]. Then one
has

€N =~ llqal
n
Proof. Note that
1€ =180 = [1&a) o £ 16, ]| o)
hence
qotj —mj| < [t8; —mj| +[[t&, -

Thus taking m; = [t&;], we have

lgoe|| < [#&;]] + [#&all-
Summing for 1 < j <n—1 proves the lemma. O

Lemma 6. Suppose & € S"~! is diophantine, and lett > 1 and T > 1. Then for every
€ >0, one has
1
6] = Cer 1" (35)

Moreover, for | <k <n—1

T
/1 €| < co TV (36)

Proof. By permuting the coordinates of &, one can assume that max;|&;| = |&,|.
Inequality (35) follows immediately from Lemma 5 and the definition of a diophan-
tine point. Similarly (35) is reduced to (34) by observing that for a fixed g, the set
of #’s for which g = [r£,] is an interval of length at most 1/, <+/n. O

2.3 Upper bounds on discrepancy.

We have developed all the necessary tools to prove Theorem 11, our main result in
this section. The argument will follow the broad outline given at the end of the intro-
duction, in addition we will use the standard stationary phase estimate on the Fourier
transform of the surface area measure on the unit sphere $"~!, see for example [15]

G(8) < (1+]E) "7 (37)
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Now, for given a > 0 let x, denote the indicator function of the interval [a, 1 + a].
The discrepancy may be written as

DiEM = ¥ @ tmE)-N [ aule§do. (9

|m|2=2

The function y, can be replaced with a smooth function ¢, s by making a small
error in the discrepancy. Indeed, let 0 < ¢(¢) < 1 be smooth function supported in
[—1,1]", such that [ ¢ = 1. For a given & > 0 let ¢ai5 = Xuts * 95, where @5(1) =
57 '¢(t5") and define the smoothed discrepancy as

DidipE )= X 050 mE) N [ 05(-E)dow). (39

[m|>=A
Lemma 7. One has
Dy(&, )] < max (IDu(9,’5,8,4)|. [Du(@, 5.6, 4)]) + O(6N3).  (40)

Proof. Note that ¢, (1) < xa(t) < ¢);75 (t) thus
Y 05A7m 8 < Y xAim &)< Y of(Aim )
|m[2=A |m2=A |m|2=A

and

N Jo 9. 5(x-&)do(x) > Ny /S'H Ya(x-E)do(x) > N, /SH 9, 5(x-E)do(x)

Subtracting the above inequalities, (40) follows from the fact that

/SH( s~ P5) (x-E)do(x) < &
O

In what follows, we take 6 = A" and write ¢, 5 for ¢ai6, as our estimates work
the same way for both choices of the sign. By taking the inverse Fourier transform
of ¢, 5(t) one has

Y 60w 8) = [ 248,502%) ,08)as @n
=2 R

also

| Bus (0 §)do() = [ Gus(t) 508 @)
NG R

We substitute the asymptotic formula (9) into (41) and study the contribution of
each term separately. Accordingly, let
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1. 1
Lai= [ 28,5024 my2 (08, @)

and

By = [ 23452} & 08 dr. (44)
To estimate the error term in (44) note that
/R,x%msuﬁ(m%)mz < C/R(l +e) 1+ 8)) " < Clog A
Thus by (32) one has for every € > 0
E;| < CeA"T He. (45)

Next, decompose the integral in (43) as

I, = +/ =1, 4+, 46
P Jacassg Jiziysg @k g (0

Here an important observation is that if |f| < 1/8¢ then w(qr€ —1) =0 unless [ = 0,
moreover Y(1g§) = 1 since |rg&;| < 1/8¢ for each j. Hence

Mg (1) = K(q,0,1) (22 1&).

Thus by (43) and a change of variables: ¢ := rA1/2

Ba=K@ld) [ dus)80E)dr @7

lt]<22 /8¢
Lemma 8. One has for every € >0
n_ n—1
1A Y LN [ s E)dol) <CeaE @)
qgl%
Proof. Using (37), one has

n—1

[y 18608 dr < Cen™" e T (49)
[f|>A2/8q

Thus by (42) and (47)

_n—

n—1 n—1
13, =K@OA) [ gus(x-§)do(x)] < CeA™ "7 ¢"7 [K(q.0,2)
Substituting & = 0 in (33) one has

Ny =3280 Y K(g,0,4)] < CeA"T (50)

1
q<A?
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Using (22) and (50), the left side of (48) is estimated by

Co [ AT 4257 ¥ g (ai2t | <cA'T 6D
qgk%
O

To estimate the remaining error terms one needs to exploit the diophantine prop-
erties of the direction &.

Lemma 9. Let & € S"! diophantine. Then for every € > 0, we have

Y 1,0 < C.g,sl’"“j“ (52)

1
q<A2

Proof. First, note that y(g€ — 1) = 0 unless [ = [g&], that is the closest lattice point
to the point g€ € R". Using the notation {g€ } = g€ — [¢€] one may write

mg . (18) = K(q,[qt&],A) w({q1}) & <7qu {arS }>

By making a change of variables ¢ := gt, it follows from estimates (22) and (37) that

n—

1 n—3 1 r
2,1 <Ce(A2/q)" 7 g 7 T8 (A,q1)722 0y, (53)

where

~ 1 n—1
Bo= [ 18us2} /) 1]~ dr.
lr|>1/8

and ||¢€|| denotes the distance of the point 7& to the nearest lattice point. For g < A'/2
one has 1 1

90522 /q)) <C(A2/q) el (1+8e)~" (54)
To estimate the integral J, we use (54), and integrate over dyadic intervals 2/ <

|t| < 2/t1 (j > —3). For a fixed j we have

DJ+1

/4 N1+ 80 e dr < G2 (14 827)) (55)

J2J

Summing over j this gives: J; < Ce (l%/q)_llg. Substituting into (53) one esti-

mates ]

2,] < CeA™"T 4 (A,q1)2 25 (56)
Summing over g < A 1/ 2 and using Lemma 1, estimate (52) follows. 0O

Theorem 1 follows immediately from Lemmas 7-9, and estimate (45).
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2.4 The Kloosterman refinement.

For the sake of completeness we include below the proofs of Theorems A-B. The
present form of Theorem A was given by Heath-Brown [7] in his study of non-
singular cubic forms, the idea going back to Kloosterman. Theorem B follows from
the multiplicative properties of Kloosterman sums and Weil’s estimates [13].

To start let w be an absolutely summable weight function, P be an integral poly-
nomial, N a fixed positive integer, and write

1—1/N+1
= Y wim)= / S(a)dar, (57)

with S(@) = ¥uezn €™ Myw(m), P/(m) = P(m) — A. Breaking up the interval
[-1/N+1,1—1/N + 1] according to the Farey dissection of order N (see [9],

Ch.3.8), we have
=Y Y /S(a/q+ﬁ)dﬁ.

g=N (a,q)=1

Here for fixed a the inner integral is over the interval

g+4 g9 q+4" ¢

{a—i—a’ a a+ad’ a}
bl

where @' /q',a/q,a" /q" are consecutive Farey fractions. Since ga’ —q'a = —1 and
ga" — q"a = 1 the range of § is given by

—(g+q) "' <aB<(q+q") "

Since for consecutive Farey fractions, we have g+ ¢’,g+¢” > N, one may write I

as
1/gN
qgv /. o Lslala+B)dp. (58)

a

where the inner sum is restricted to 1 < a < g, (a,q) = 1, and

q’sﬁ—q (B<0), q”S#—q(ﬁ>0)~ (59)

The numbers ¢’,q" are completely specified by aas ¢ = —¢" =a~' (mod ¢) and

N—g<4q,q" <N, thus (58) eventually restricts the summation in a. The point is
that if |B| < ¢~ '(g+N)~', then (58) places no restriction on a, and otherwise a =
a~!' (mod ¢) must lie in one of two intervals J(g, 8) C (0,q). Then one estimates

Y Sa/g+p)= Y SE/qtp) Y - ¥ ST

acl(q.p) (5:9)=1 1ei(q.B) 4 lu/<q/2
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Z S q’ Z efzm

ut

T4 lul<q/2 1€J(q,B)
< Y (U |u))"[Su(g, B, (60)
lu|<q/2

where

Su@.B)= Y &7iS(5/q+P),

(s,9)=1

using the estimate

1 ) ] < (14 [u))™!
T 1ei(a.p)
Since
(@N) ' =g (g+N) T =N (g+N) T <N
and

g '(g+N)"" = (2gN) ",
the total contribution to (58) arising from the ranges |B| > ¢~ '(¢+N)~" is

<NZY Y (Lfu]) max _ [u(4:)] 1)

=N |u|<q/2 3<qN|B|<1

The remaining range for 3 gives

/a(¢+N)
Y[ suia.pyap.
4<N

—1/q(¢+N)

If one integrates for || < 1/¢N instead, the resulting error is again of the form of
(61). Thus summarizing the above estimates, we have

ala )
=Y [ g Brap o Y Y () max [s,a.8)).
4<N

—1/4(¢+N) a=<N u[<q/2 3<qN|B|<1

and Theorem A follows.

From the standard estimate for the Gaussian sums G(a,[,q) < g"/2, it is imme-
diate that

K(q,0,Au)| < g2 (62)

Also, G(a,l,q) is a product of one dimensional sums, thus for g odd, by completing
the square in the exponent, it may be written in the form (see also [13], Ch.4)

411\[\
Glala)=a"e; (1) e G(1,0,9),

where (%) denotes the Jacobi symbol, g, is a 4th root of unity, and & denotes the
multiplicative inverse of @ mod g. Substituting this into (21) we have
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-aA+a(u—|1?)
K(g,,Asu) = €' "G(1,0,9)" ¥ (g)"ez’“iq . (63)
(a7‘I):1

The sum in (63) is a Kloostermann sum or Salie sum depending on whether n is
even or odd. Weil’s estimates ([13], Ch.4) imply

IK(q,L,Asu)| < Ceq™ "7 H¥ (A,q)?. (64)

Estimate (22) follows by writing ¢ = ¢g1g2, with g; odd and g, = 2', applying (64)
to g1, (62) to g» = 2" and using the multiplicative property

K(q,1,A;u) = K(q1,1 g2, Asuda®) K(qa, g1, Asudi?), (65)

where g141 =1 (mod ¢7), and g2¢2> = 1 (mod q). Property (65) is well-known, and
is an easy computation using the Chinese Remainder Theorem. This finishes the
proof of Theorem B.

3 The discrepancy of lattice points on hypersurfaces.

We will study now the uniformity of distribution of lattice points on a homogeneous,
non-singular, hupersurface. We will show that if the dimension of the underlying
Euclidean space is large enough with respect to the degree of the hypersurface, then
there are non-trivial upper bounds on the discrepancy with respect to caps.

The analysis will be similar to what we have carried out for spheres, however in
this generality we will use the Birch-Davenport method of exponential sums, which
will allow us to develop uniform asymptotic formulae for the Fourier transform of
the set of lattice points on the hypersurface.

To formulate our main result in this section, let P(m) be a positive, homoge-
neous polynomial of degree d with integer coefficients, and for A € N, define the
hypersurface

Sy ={xeR" P(x)=2}

We will write S for S;, the unit level surface. Recall that the polynomial is called
non-singular if for all z € C"/{0}

VP(z) = (01(2),...,0n(z)) #0 (66)

Our main result in this section is the following upper bound of the set of solutions
Z;{ 1= {A~V4m; P(m) = A} with respect to the family of caps C,,¢ corresponding
to a given diophantine direction &, defined in (2).

Theorem 3. Let n > d(d — 1)2%%1, and let P(m) be a positive, homogeneous non-
singular polynomial of degree d with integer coefficients. IfE € S"~ is diophantine,
then we have

|Dp(&,2)] < Cg e ALa D), (67)
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with y; = W

To see why this upper bound is non-trivial, note that as P is positive, we have
that P(x) ~ |x|%, thus on average for L < A < 2L, the surface S, contains ~ A"/~
lattice points. Indeed there are ~ L"/¢ lattice points m in the region L < P(m) < 2L,
and they lie on L hypersurfaces. As we have mentioned, because of congruence
obstructions, one cannot have that |Z" NS, | ~ A"/¢~! for all large A, but it can be
shown that this holds all A € A, for an infinite arithmetic progression A C N. Such
a set A will be called a set of regular values. Thus one has

Corollary 1. Let n > d(d — 1)291!, P(m) be a positive, homogeneous non-singular
polynomial of degree d with integer coefficients, and let A be a set of regular values
for P. If & € S" is diophantine, then we have

IDp(E,A)| < Ce N, T, (68)

foreach A € A, with y; =
on the surface S,

m, where N, denotes the number of lattice points

3.1 The Fourier transform of the set of lattice points on
hypersurfaces.

We will now generalize the asymptotic formula (9) describing the structure of the
Fourier transform of lattice points on spheres, using the Birch-Davenport version of
the Hardy-Littlewood method of exponential sums. This method was developed to
count solutions of (systems of) diophantine equations, when the number of variables
is large enough with respect to the degrees of the polynomials, and it is one of the
most far reaching application of analytic tools in the area of diophantine equations.
In spite of this there are very few accessible description of this method, so perhaps it
is of interest to discuss it in detail in the case of a single non-singular homogeneous
polynomial.

3.1.1 Minor arcs estimates.

To start, let ¢ be a smooth cut-off function which is constant 1 on the unit level
surface S = {P = 1}, and let N = A'/%. Then

1
27X (4 = / S(a,&)e 2" 4, (69)
1 0

&)=Y
m)=

P(

where _
S(a, &)=Y HPMImE) 6 (m/N) (70)

meZ"
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As is usual in the circle-method, we will now define a family of small intervals,
which we will call major arcs on which the exponential sum S(¢, &) is concentrated.
Let 0 < 8 <1 be a parameter, and for a given pair of natural numbers a, g such that
(a,q) = 1, define the corresponding major arc centered at a/q by

Log(0) ={a: 2la—a/q| < g 'N~4+@-10y

moreover let

LO)= U Lao).

q<N@=D0 (a,q)=1
If ¢ L(0), the we say « is in a minor arc. The following properties of the major
arcs are immediate from their definition.

Proposition 1. If
(i) 6 < 6y then 6, gL(eg).

(ii) 6 < 2(d‘171) then the intervals L, 4(0) are disjoint for different values of
aand q.

(i3) |L()| < N~d+d-1)8,
We will now derive standard Weyl-type estimates, following [3], for the expo-

nential sum S(e, &), when o is in a minor arc. It will be useful to introduce the
notations

DyP(m) = P(m) —P(m+h),  Ay¢(m) = ¢(m)¢(m+h),
and inductively

Dy hkP)v Ahl,...,hk‘f’ = Ahl (AhZ....ﬁhk‘P)-

Note, that the above expressions are independent of the order of the vectors h!,. .., h*.
We will also use repeatedly the expression

|Z¢(m>|2=ZhAh¢<m>.

Writing @y (m) = ¢ (m/N), and taking averages, we have

‘NﬁnS(OC,é)F — N72n Z ezmaDhl P(m)fh-éAhl(bN(m)

hlm

< N—nZ ‘N—nZEZEiaDhlP(m)Ahl (PN(m)‘
hl m

Note that the summation is restricted to |h'| < N and |m| < N. Applying the
Cauchy-Schwartz inequality d — 2 times, one has
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pa-19n ()|

(71
Note that the implicit constant in (71) depends only on the dimension n and the
degree d, and the summation again is restricted to |#’| < N and |m| < N. The point
is that after taking d — 1 "derivatives”, the polynomial D;1 ;41 P becomes linear,
i.e. it is of the form

|N—nS(a,§)|2d’l < N—n(d—l) Z N‘"|Zezmwh‘w-vh""P(m)Ahl
hl....,hd’I m

n
ot P(m) =Y m;@;(h',... h?"), (72)
j=1

where the coefficients &; : Z"4-1) _ 7, are multi-linear forms. In fact writing the
homogeneous polynomial P as

Pim)= Y aj..jymj...mj,
1<)t da
such that the coefficients a;, . ;, are independent of the order of the indices
J1y-++5Jd—1, it is not hard to see that
1 d—1 1 d—1
@;(h',....h"y=d" Y aj g kRS (73)

. ‘ 1 Jd—1
J1sJd—1

For simplicity let us introduce the notations h:= (h',... h9~1), Wy ,(x) := A d-1On (x),
and @(h) := (P (h),...,D,(h). Now, by (72) the inner sum in (71) is the Fourier
transform the function Wy at & = o®(h). To estimate it, note that

(;)k‘I’N,h(X)

where the implicit constant depends only on n,d and k, and is supported on |x| < N.
Thus integrating by parts k-times we have that

< N7*  forall keN,

[Py a(8) < N" (1+N|E])7F,

where 'f’N.ﬂ denotes the Fourier transform of Wy ,(x) considered as function on R".
Thus by Poisson summation

Bva(@) < Y [Bval& DI <N (1+N|&E])*
lezn

Here we used the notation ||§|| = max; |||, forapoint & = (&1,...,&,), where |||
denotes the distance of the j-th coordinate &; from the nearest integer. Plugging this,
into inequality (71) we have

NS0, E)PT <« N Y (14N adB)]) 7, (T4
hezn(d—l)7 |Il‘<<N
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for all £ € N. We will fix now k = n+ 1, and use the multi-linearity of the forms
f;lbj(h1 .,h?=1), to estimate the right side of inequality (74) by the number of
(n',.. hd NZ"4=1) " |hi| < N such that ||a®(h)|| < N~'. More generally, for
given parameters 7, 1], let us introduce the quantities

Z(N* N o) =[{heZ"V; |h| <N, |a®;(h)| <N, 1<j<n}. (75)

Lemma 10. -
(N"IS(e, ) <« N DN N, ). (76)

Proof. Consider the points {a®(h)} € [—4,4]", where { } denotes the frac-

tional part, and divide the cube [*%’i}n into N cubes By of size % Now if

By = [~ 5k, 5% |", then for each fixed &' = (h',...,h?"?), the cube By will con-
tain at least as many points of the form {a®(#',h%~")}, as any of the other
cubes By. Indeed, this follows immediately from the linearity of the forms ®; in
the variable h9~!. Since the center of the cubes B, are N~ = (..., %) with
—N/2<s;< N/2 the right side of (74) is bounded by

N () 2NN @) < NV N @),

N N
— 5 SS158n<7F
O

Next, we will use that fact that the quantities Z(N*,N~ ", &) can be compared
to each other for different values of the parameters 7,17, in fact we will need the
following

Lemma 11. Ler 0< 0 < d—ll Then we have
NN (NN a) < N0 (N0 N0 o). (77)

This is based on the following result

Lemma 12. (Davenport [4]) Let Ly (u),...,L,(u) be n real linear forms in n vari-
ables uy, ..., u,, say
M) = Z)ij Uk,
k

which are symmetric in the sense that Aj = Aj. Let 1 < K; < K; and for 0 <r <1
let U(r) denote the number of integer solutions of the system

lug| < rKy,  |ILj(u)| < rK; " (78)
Then for all 0 < r < 1 we have
U(l) < r"U(r). (79)

This is Lemma 3.3 in [4] and is an application of the geometry of numbers.
Let us remark here only that the solutions of (78) can be viewed as lattice points
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(u,v) € Z*" which are inside the convex symmetric body rB, where
B={(u,v) €R™; |u| <Ky, [vj—Lj(u)| < K5 ', 1 <k, j<n}.
Proof of Lemma 11. We will apply Lemma 12 in each variable A',... h%"!. Fix
W= (... .h% !, writt u=h' and L;(u) = o ®;(u,hk). From (73) it is clear that

the linear forms L ;(u) are symmetric, thus we can apply Lemma 12, with K| = K =
N, r; =N r, =1 for each . Summing over 4’ gives

RZ(N.N'a) < N'U-O | {pe 2V, || < N, K| <N, |a®@(h)|| < N2}

Next, set u = A2, fix the remaining variables and apply Lemma 69 with K; =N, K, =
N?79 and r = N9!. Continuing this procedure for all the variables h',... ,h%"!
eventually, we have

%’(N,N*Ia) < Nn(dfl)(lf(S)% (NB’NfdJr(dfl)G7 Ot),
which is the same as (77). O

Note that if there is a point i € Z"@~1) |b| < N such that ||a®;(h)| <
N=4+d=1)8 and &;(h) # 0, then setting g = \<I> (h)|, we have that

< lN—d+(d—1)e
q

a_f

‘ a
q

for some a € Z" such that (a,q) = 1. Thus & € L(0) by the definition of major arcs,
hence if « is in a minor arc, we have

# (N9 N~4T4=19 o) — |[{h e 2"~V |n| < N, (k) = ... = P,(h) =0}. (80)
which is the number of lattice points i € Z"@~1) of size |h| < N® on the variety
Se:={ze C"V; @y(z) =... = B,(z) = 0}.
By (73) it is easy to see that @;(h,...,h) = (d —1)!(d/d;)P(h), thus if we set
A:={(h,....h); he C"} Cc C"Y,

then
SeNA ={heC P(h)=...=d,P(h) =0} = {0},

by our assumption that the polynomial P is non-singular. Then by basic facts from
algebraic geometry it follows that

D:=dimSy <n(d—1)—

The dimension of the algebraic set S¢ is defined algebraically, however it is well-
known, see [8], Ch.7, that if it has dimension is D then every bounded part of it can
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be covered by O(p~P) balls of diameter p for any 0 < p < 1. Combining this with
the fact that S¢ is homogeneous, we have

{he 2"V NSe; |h| < N} < |{i € (N"OZ)"“"VnSe; |H| < 1} < NPO.
(81)
Then by (76), (77) and (81), we have the following estimate on the minor arcs

Lemma 13. Let 0 < 0 < 1. If o ¢ L(0), then we have uniformly in &

IS(at, &)| < N 02

(82)

We will also need a variant of the above estimate when the cut-off function ¢
is replaced by the indicator function y of a cube of side length ~ 1 centered near
the origin. The estimate below is proved in [3], however it easily follows from (82).
Indeed, choose a cut off function ¢ such that y¢ = x, and let Py (m) = P(m)+m-&.
Then by Plancherel’s identity

Z e2maP1(m)¢(m/N)x(m/N) _ (83)
meZ"
= . ( Z ezmom(m)m.éd)(N/P)) (N"2(NE))dE < N"iizdnfl (log N".
meZ

Here T" is the flat torus, and the above estimate follows using (82) for the first term
of the integral uniformly in &, and the fact that [N"Z(N&)||,i(pr) < (log N)".

Corollary 2. Let 1 < a < g be natural numbers s.t. (a,q) = 1. The for the exponen-
tial sum

- aP(m)—1l-s
Gla,q)=q" Y, " ,
s€(Z/qZ)"
one has .
|G(a,q,1) < g > (logq)". (84)

Proof. Set N =q, o« =a/q, E =1/q, 8 =1/2(d — 1) and notice that o ¢ L(9).
Indeed, for ¢; < ¢!?~1¢ we have

a aj

q9 9

> B > 1 aiw-1e
T q19 T q1

Then (84) follows from (83), choosing J to be the indicator function of [0,1)", and
identifying (Z/gZ)" with [0,¢)"NZ". O

Corollary 3. If || < P~%/? then one has

n

S(at,&)| < N" (N ax]) @127

Proof. Choose 6 such that |a| = N~4+(@=1D that is (Nd\a\)dill = N?. The major
arcs L, 4(0) are disjoint since (d — 1) < d/2, moreover ¢ is an endpoint of the
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interval Lo 1 (0) hence & ¢ L, ,(6). By (82) this gives

1S(0t, )] < N2 00—y (e ey 2@

3.1.2 Approximations on the major arcs.

We will now derive an asymptotic expansion for the Fourier transform of the lat-
tice points on the hypersurface S; = {P = A} along the lines as in Section 2.
Throughout this section we will assume that n is sufficiently large, in particular

that n > ng :=d(d — 1)29%1, set y; == m, and for simplicity of notation

introduce the quantity D := (d — 1)2¢71.
Going back to the integral defined in (69), for a given 0, write

~

@)= [ Seddat [ S(@g)da= A +ELE). 69

It follows from our assumptions on 7, that there is a 0 < ﬁ such that

ng2- (@1 > d+nyy

thus (71) implies that S(A,&) < N"~¢~"% for A ¢ L(8). Thus we have the estimate,
uniformly in &
B3 (§)] < N, (86)
1

We will fixa 6 < 3@-1) S° that (86) holds, and will do a number of transformations
on the main term A (&) which are similar the ones we have used in the special case
of the spheres. For a given a € L, ,(8) for some (a,q) = 1, ¢ < N~"D?  write
o =a/q+ B, with |B] < N~4t@=18 and m = gm + s withm; € Z", s € (Z/qZ)".
Applying Poisson summation as in (17), we have

S(a/q+B,S)

Z ezﬂigp(m)ez’rim“):Hﬁ7N(m)
mezn

Z G(aqul)ﬁﬁ,N(l/q_g)? (87)
s€(Z/qZ)"

where Hp y is the Fourier transform of the function Hp y(x) = 2" ¢ (m/N),
and G(a,q,l) is the exponential sum defined in (84). Thus we have

A=Y Y Y Galq h(E-1/g), (88)

qu(d—l)e (a7q)=1 leZzn

where
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nE-t/a)= | H/g=E.B)e ™ dp

|ﬁ|§N—d+(d—1

We shall approximate the functions A, (§) with functions B, (§) where the cut-off
function y(g& —I) have been inserted in (88), that is let

By (&)=Y Y Gla,l,q)w(qé—1)I (5 —1/q)

a,qleZ”

Next, we extend the integration in § and define

My (&)=Y ) Gla.l,q)w(g€ ~1N(E~1/q)

a,qlel”

with
BE—1fa)= | AE=1/q.B)e > ap. 59
A crucial point is to identify the the integrals I; (1), in fact we will show that
L(n) = 6,(n).
First we estimate the errors obtained
1

Lemma 14. [f 0 < 6 < 2@-T1) then one has uniformly in &

A2 (§) —Ba(8)] < N"4
Proof. If we set

up(&) =Y Gla,q,1) (1 —w(g& —1))Hy 5(E —1/q),

l

then it is enough to show that | (£)| < N"~¢~"% uniformly for |B| < N—¢+(d=16
and £ € T". Let n = & —1/q, and estimate I-NIN’[): (1) by partial integration:

ﬁN,B(n) < N

/ 2TINBP() 0 (x) 2TNxN dx‘

< N"|Nn| %

/Rn (d/dn)¥ (eZniN‘lﬁP(x)(P(x) Q2TiNxN dx’
< N"INn |~ (1N B,
Now, on the support of 1 — y(g& —1I) we have that
N|n| =NIE —1/q] > N'"79,

hence for |B| < N~4+(@=18 and § < 1/2(d — 1), choosing 0 < T < %— (d—1)0 we
have



Diophantine equations 29

g ()| < N"(N/q) ™™ Y (14 g€ —1])™ < N7 KI-(0=08),
lezn

The Lemma follows by choosing K sufficiently large. O

In order to estimate the error obtained by extending the integration in 3, we will
need the following

Lemma 15. For given 1, L > 0 let
[(L, n) _ /eZniL(P(x)+x-n)¢(x) dx.

Then one has .
I(L,n) < (1+L)" D, (90)

with D = (d —1)2¢71,

Proof. The estimate is obvious for L < 1,solet L > 1. If |n| > C with a large enough
constant C, then the gradient of the phase L|P'(x)+ 1| > L/2 on the support of ¢
and (90) follows by partial integration.

Suppose |n| < C and introduce the parameters 6, N, o such that L = N(¢~19

a = N7¢L, if 6 is chosen sufficiently small, then we have N > L7, Changing vari-
ables y = Nx yields

1L =N [ RPN g () gy
We compare the integral to a corresponding exponential sum

NﬁnS(OC,T]) —N" Z eZn’iOt(P(m)JrNd—lm.n) ¢(m/N)

meZ
If y=m+z where m € Z" and z € [0,1]", then it is easy to see that
|627rioc(P(y)+Nd’1y-n) 76277:i(x(P(m)+Nd’lm~n)| < N—1+(d—1)0,
since |ot| = N~4+(@=1® and |n| < C. Thus
(L) —N""S(a)| < N0 « N=3 < [~
Also, by Corollary 3
INT"S(et,m)| < [NYa|"D = LD

and (90) follows. O

We remark that a better uniform estimate can be obtained by using real variable
methods, exploiting the fact that P(x) ~ |x|¢. However we have chosen to estimate
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integral using exponential sums as this method works also for indefinite forms P.
Now, it is easy to prove

Lemma 16. We have, uniformly in &
|BA(8) — M, (&)| < N*—4"

Proof. One has by (90)

/‘5\>N*d+(d—l)9 [H(E—1/q)|dB < N"" D < N4,

The factors y(g& — 1) restrict the sum in / to at most one non-zero term, Moreover
by (84) we have |G(a,q,1)| < g~ D+¢ <« g3, say. Thus

|B7L (5) - M)L (5) < ( Z Z q73)N"7d*"7d < andfn‘yd )
g<NW@-18 (a,q)=1

O

Summarizing, we have the asymptotic formula

) (§) =M (§) +Ep(§),

where

M&)= Y Y Y Glagly@-Nn(E-1/q),

qSN(d71)9 (g’q):] leZn

and
|Ex(€)] < N"4a,

uniformly in & € T".

3.1.3 The singular integral.

We will now identify the integrals I (1) with the Fourier transform of a certain
natural measure supported on the surface S;, = {P = A}. Note that by assumption
that the polynomial P is non-singular and positive, S is a smooth, compact hyper-
surface in R".

There is a unique n — 1-form dop(x) on R"\{0} such that

dPANdop =dxi A...\Ndxy, ©n

called the Gelfand-Leray form (see [1], Sec.7.1). To see this, suppose that say
d1P(x) # 0 on some open set U. By a change of coordinates: y; = P(x),y; = x;
for 2 < j < n, equation (91) takes the form
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dyy Ndop(y) = 01H(y) dyi A ... ANdyy

where x; = H(y),x; =y is the inverse map. Thus the form
dop(y) = d1H(y)dys A ... Ady, satisfies (91).

We define the measure o) as the restriction of the n — 1 form dop to the level
surface S,. This measure is absolutely continuous with respect to the Euclidean
surface area measure dSp, , more precisely one has

Proposition 2.

doy (x) = m , 92)

where dS; denotes the Euclidean surface area measure on the level surface

(P=2).

Proof. Choose local coordinates y as before; in coordinates y level surface S, and
surface area measure dS, takes the form

Sy ={x1=H(A,y2,....3n), xj=yj; 2< j<n},

and
S, (v) = (1+ Y 9?H(A,y)" /2 dyy A... Adyy.
=2

j=

Using the identity P(H(y),y2,...,¥s) = y1, one has
A P(x)dH(y) =1, 01P(x)d;H(y)+9d;P(x) =0,

This implies that

AH() = (1+ Y, BPH () 1P ()],
=2

and (92) follows by taking y; = A. O

A crucial observation is that the measure do,, considered as a distribution on
R”, has a simple oscillatory integral representation.

Lemma 17. Let P(x) be a non-singular, homogeneous polynomial, and let A be a
real number. Then in the sense of distributions

o, (x) = / ATIP=A) gy (93)
R
This means that for any smooth cut-off function X (t) and test function ¢ (x) one has

lim / / ATPE=A) 5 (e1) ¢ (x) dxdt = / 0 (x)doy (x). (94)

e—0
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Proof. Let U be an open set on which d; P # 0, and by a partition of unity we can
assume that supp¢ C U. Changing variables y; = P(x),y; = x; the left side of
(94) becomes

e—0

lim// 27020y (e1) ()9 H (y) | dydi = /¢ (A HAY)dy,

where y = (y2,...yn)-
The last equality can be seen by integrating in ¢ and in y; first, and using the
Fourier inversion formula:

lim / / 2MOTR) y (er)g (v ) dyrdt = g(A).

£—0
On the other hand S; NU = {x; = H(A,y2,...y1),X; =y}, and
o, (y) =|01H(A,y")|dy’ in parameters y = (y2,...,yn). O

Now it is easy to identity the integrals I; (1) defined in (89). Indeed by (94), we
have

M= o eI N0 P dfan
= [ o)™ (x/P)dn = &, ()

Also, by homogeneity, &;(n) = A"/¢~'5(A'/4n), where o is the Gelfand-
Leray measure restricted the unit level surface S = {P = 1}. Thus we have shown

Theorem 4. Let d > 2, n > d(d — 1)297!, and let P be a positive, homogeneous,
non-singular polynomial of degree d. Then we have

@,(8) =My (&) +Ex(8), (95)

where

MUE) =24 Y Y Y Glagl)wgE -1 EAT(E~1/q), (96)

g<NT-10 (aq)=1 7"

and
|E ()] < N"4- 97)

uniformly in & € T", where y; = m.
Let us remark that following the error estimates carefully, in fact it was shown
that
|E7L(€)‘ < Nll—d—%+2 _ Nn—d—m{i

with some constant ¥, > y; for n > d(d — 1)2¢%1. This will be utilized in our esti-
mates on the discrepancy, to swallow certain small factors of size N°.
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We will also need an estimate on the decay of the Fourier transform of the mea-
sure o, later in our upper bounds on the discrepancy.

Lemma 18. One has .,
6(8)] < (1+1]&])p*!

Proof. Suppose |§| > 1, and choose a cut-off ¢ such that ¢ = 0. Then by (94),
we have

5(6) = [ 44 (x)do()

— lim / / o2 E ATHPE)V1 () (81) dedr

6—0

We decompose the range of integration into two parts

5()= /mzcm/w +/mgc\<:\ /R —hth

Note that if [t| < C|€|, with a sufficiently small constant ¢ > 0, then one has for the
gradient of the phase

|(tP(x) —x- )| = |P'(x) - &| = |€]/2,
thus integrating by parts K times yields
|B| < Cy (1+E]) K.

For |¢t| > C|&| we have by (90)
|/e2m(tP(x)fx~§)¢(x)dx| < Mf%’

hence
R I I e
[ >ClE|

with D= (d—1)2¢"1. O

3.1.4 The singular series.

In order to get nontrivial upper bounds on the discrepancy for the set of lattice points
on hypersurfaces, one needs to ensure that there are many lattice on the surface. We
will do this, by showing the existence of a regular set of values A corresponding to a
non-singular polynomial P. Most of what we discuss below is standard, for example
it is implicit in [3], so we only include the details for the sake of completeness.

Recall that we have a fixed 6 slightly smaller than ﬁ, so that the asymptotic

expansion (96) holds with an error term of size O(N"~¢~"%), where N = A1/ and
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Y= m . Taking & = 0 this means that

@,(0) =271 Y K(q,0,A) +O(N"4""a),

ISN(dfl)S

where

Kgod) = ¥ Glaal—q" Y, Y &0

(a,9)=1 (a,q)=1 s€(Z/qZ)"

To exploit the multiplicativity of the terms K(g,0,A) we need to extend the summa-
tion for all ¢ € N, and estimate the error obtained. This can be done by using (84)
which yields

|K(q,0,)] < (log g)"q b*",

thus for a sufficiently small € > 0

Y IK(g.0,4)] <e N-@-D0G-2-8) oy
g>Nd-1)é

if n > d(d —1)2%*!, by our choice of the parameters, D and 7;. Indeed, we have
that (n/D —2) > 2nYyy,, thus choosing 6 sufficiently close to (but smaller than)
1/2(d — 1), the above estimate holds. It is well-known, and easy to see from the Chi-
nese Remainder Theorem, that K(q;,0,A1)K(g2,0,A) = K(q1¢2,0,A) for ¢; and ¢
being relative primes, which implies that

Kg0A) = [T (LK .0.0)= [] Ko(A):

1 p prime r=0 p prime

s

q

Note that K (1,0,4) = 1 and by estimate (84) we have that K,(A) = 1+0(p 5*?) =
1+ 0(p~?) . Thus choosing R = Rp sufficiently large, we have that

12< JI K@) <2 (98)

p>R p prime

Let is recall that K,,(A) is the density of solutions of the equation P(m) = A among
the p-adic integers (see [3]). More precisely, if one defines

r(p*,A) = [{m e (Z/(p"Z)" : P(m) = (mod p")},

then one has

Proposition 3.

Proof. Note that
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o i(P(m)—2) %
= Y p Ry
m (mod pX) b=1

since the inner sum is equal to pX or 0 according to whether P(m) = A (mod pX)
or not. Next one writes b = apX ", where (a,p) =1,1<a< p" forr=0,1,...,K,
and collects the terms corresponding to a fixed r which turn out to be K(p",0,1).
O

Let us remark that this implies K,(1) = limg_.. p~"&=r(pK 1), which can
be interpreted as the density of the solutions among the p-adic integers.

To count the number of solutions modulo pX, one uses the p-adic version of
Newton’s method.

Lemma 19. Let p be a prime, A and let k,l be natural numbers such that 1 > 2k.
Suppose there is an mo € Z" for which

P(mg) = A (mod p'),

moreover suppose, that pk is the highest power of p which divides all the partial
derivatives d;P(my).
Then for K > 1, one has PiK(”fl)rp(pK,l) > pfl(nfl)'

Proof. For K = [ this is obvious. Suppose it is true for K, and consider all the solu-
tions my (mod p"*') of the form m; = m+ pX~*s where s (mod p). Then

P(m+pX*s) = A = P(m) — A+ pX*P'(m)-s =0 (mod p**"),

which yields a+b-s = 0 (mod p) where apX = P(m) — A and bp* = P'(m). Then
b; # 0 (mod p) for some j hence there are p"~ ! solutions of this form. All obtained
solutions are different mod (pX*!), and m; satisfies the hypothesis of the lemma.
O

We remark that in case of m = 1, k = 0 the above argument shows that there are
exactly p(K=1)("=1) solutions m for which m = mg (mod p) and P(m) = A (mod pX).
It is not hard to establish now the existence of a set of regular values for the polyno-
mial P.

Lemma 20. let P(m) be a homogeneous non-singular polynomial of degree d > 2,
then there exists an infinite arithmetic progression A and constants 0 < cp < Cp,
such that forall A € A

cp <K(A)<Cp

Proof. Let Ay = P(my) # 0 for some fixed mg # 0. Let py, ..., p; be the set of primes
less then R. Let k be an integer s.t. p’;. does not divide dAy , for all j < J, where d
is degree of P(m). By the homogeneity relation P'(mg) - m = dA it follows that
plj‘- does not divide some partial derivative d;P(my). Fix [ s.t. [ > 2k and define the
arithmetic progression



36 Akos Magyar

A ={+kI[Tj, p';: k> ko}. Then we claim that A is a set of regular values.

Indeed by Proposition 3 one has for A € A

KP_,'(A) = lim P;H(N_l)FQ(plijv) ZP;I(N_I).

N—roo

This together with (98) ensures that the singular series K(A ) remains bounded from
below, and the error term becomes negligible by choosing k = kp large enough. 0O

Let us remark that along the same lines it can be shown, that all large numbers
are regular values of P(m), if for each prime p < R and each residue class s (mod p),
there is a solution of the equations P(m) = s (mod p) such that P'(m) # 0 (mod p).
This is the case for example for P(m) =} ; m;l

3.2 Upper bounds for the discrepancy.

We will prove Theorem 3 by extending the arguments given in Section 2 to the case
of a general homogeneous non-singular hypersurface. Our main tool again will be
the asymptotic expansion (95)

Du(8) =Ai" Y mya(§)+Ea(§),

g<N(@-1)8

where

mga (&)=Y K(g,1,A) w(g& —1) 6(Aa(E —1/q)).

lezn

Note that 0 < @ < 5——— and N = A/ Moreover we will need the decay estimates
2(d-1) Y

6(8)] < (1+]&]) ! (99)

Kp(q.1,A)| <e g D1 (100)

Recall that the discrepancy of the set Z;,, = {A~Y4m; P(m) = A} with respect to
caps C,¢ = {x € Sp: |x-& > a} may be written as

DrEA)= T KA~ Ny [l €)do(),

P(m)=A

where N, is the number of solutions of the diophantine equation P(m) = A, and
Xa is the indicator function of an interval [a,b], b being a fixed constant such that
|x-&| < b forall x€Spand & € S,

We turn to the proof of Theorem 3. As before, it will be enough to estimate the
”smoothed” discrepancy
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Dr0s &)= ¥ 0uaATImE) =Ny [ 6u5(x-8)dol),

P(m)=2

for, say 6 = A™". Taking the inverse Fourier transform of the functions ¢, 5, we
have

Y s @ mg) = [ Adbysarh)@ea aon

P(m)=A

also

| Bus (- 8)dot) = [ §,50)60E)dr. (102)
NG R

Moreover, as in (43) and (44), set

ai= [ 48,500 m a6 dr,

and

8ii= [ 243,502 B (E) ar
First, we estimate the error term using (95)
Gl < N [ () (8! (103)
< Ad~'"d (log ) < Ala—D0-7), (104)
Next, we decompose the integral I, 3 as in (46), and observe that for |¢| < 1/8¢
mga (18) = K(g,0,2) 6(A1418).

Lemma 21. We have

AT Y 1N [ guslx§do() < A0 10s)
P

g<N@-1)8

Proof. By the above observation and a change of variables r = A1'/9¢, we have

Y o= ¥ Ko [ 650608

g<Nd-1)8 g<N@-10 |t|<N/8q

We extend the integration to the whole real line to exploit (102), the error obtained
is bounded by

[ laslisee)ar< [ (el Bar < NoBIgh.
lll=N/8q [t =N /84

Thus
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MY e T K@0A) [ sl §do,

g<N@-18 g<N(@-18

< N0t Y grottEgn Tl « N (106)
g<N(d=1eo

using the facts that (d —1)6 < % and £ —2 > nyy, choosing & > 0 sufficiently
small. O

Lemma 22. One has
Y <N (107)
g<N@-1)0 ’

Proof. Since y(g€ —1) =0 unless [ = [g&], the nearest lattice point to the point g&,
we have that

_ (N
2 18) = Kla gl 2 wilare)) & (S ).
By making a change of variables ¢ := t¢, it follows from (99) and (100)
12,] < N"DH2g71He g,
where
D= 1805 (N /)| €|~ D* .
|e|>1/8

Note that for g < N(@-D8 < N1/2
- q ., _ B
100,5(tN/q)| < N |14 |8e)) "

By a dyadic decomposition of the range of integration, using (36), we have

5| <e % Y 260 (1482) ! < gN

j=-3
with € = nde. Choosing € > 0 sufficiently small, this implies

Y 2l <e Y @NTBTE « NBR N (108)
g<N(@-1#8 g<N1/2

O

Finally, we remark that Theorem 3 follows immediately from estimates (103)-
107). O
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3.3 The distribution of the solutions modulo 1.

We will study the distribution of the images of the solutions of a diophantine equa-
tion P(m) = A on the flat torus T" = R"/Z", via the map Ty : (my,...,my) —
(moy,...,my0y) (mod 1), where o = (,...,0) € R" is a given point. We will
assume, as before, that P is a positive, homogeneous, non-singular polynomial of
degree d, and n > ny is large enough with respect to the degree. Note that if one of
the coordinates o is rational, say equal to a/g, then m;0; can take at most g different
values modulo 1, so the images of the solution sets

Q) o = A{(may,...,myap,): P(my,...,m;) =A} CT" (109)
cannot become equi-distributed on the torus as A — oo, even if one restricts to regular

values only. In the opposite case, we have

Theorem 5. Let ot = (0, .. ., @) be point such that @; is irrational for all 1 <i<n,
and ¢ be a smooth function on T". If A is a set of regular values of the form P, then
one has

lim  N;' Q... ,mp0) = dx, 110
)L—>o£n}1uEA P(r§:/1¢(ml Ly Mn) an)(x) * (1o

where N, is the number of solutions of the equation P(m) = A.

Proof. For simplicity, let us introduce the notation mo & = (my 0, ...,m,,). By
using the inverse Fourier transform ¢ (B) = Y,czn ¢ (1)e*™F !, we have

Z mo a Z ¢ Z eZm’(mlllle-&-...m,,l,,ocn)

P(m)=2 ez P(m):l
=Y o)y (loa) =Nyp(0)+ Ty (), (111)
leZr
where
)= Y o()@(loa). (112)
=70

Substituting the asymptotic expansion (95) into the above expression we have

Ta)= Y Ym(loa)g(l) + Y Ex(loa)g(l).

g<NW@-18 170 170
Using the fact that ¢ (1) < Cy(1+|I|)™™ for all M € N, estimate (97) implies

Y [Ep(loa)g(l)] < N"™ 4= |||, < N"—4—", (113)
10

where N = A'/¢ and y; > 0 is a constant depending on d. Also, by (100) one has

Img 2 (loa)| <e N'~ "q‘f)*l*“( ||qloa||> (114)
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Since a € (R/Q)" by our assumption and / # 0 we have that ||gl o a|| > 0, thus
myy(loa) =0 as A — oo

Let € > 0 be fixed, then by (114) one estimates crudely

m, 5 (loa) (1) < N4 “hHl « Nrdone o (115)
g1 q
G=NEIF0 g>NE

Also, for a fixed g < N®

Y Imga(loa)g(l)] < N"747F, (116)
|1|>NE

by using the decay estimate | (/)| < (1+ |I])2".
Since for regular values A € A the number of solutions is N) ~ Ad~l=pNr—d,
(110) follows from (114)-(116). O

Let x = (a,..., ) be a point such that each of its coordinates ¢; is diophantine
in the sense that |[lo;| > Ce|l|~17¢ for I € Z/{0}, for every & > 0. We will call
such points o diophantine, and we can extend this definition to points o € T" as o
diophantine if and only if o + m is such for any m € Z". Note that this condition on
« is different from the notion used in Sections 2-3, nevertheless (3) implies that the
set of diophantine points of the torus has measure 1. Also, it is immediate from the
definition that for any / = (Iy,...,1,) € Z", 1 # 0 we have that

loall > Celt| "¢ (117)

For diophantine points o we will derive quantitative estimates on the discrepancy
of the sets €2, , with respect to both smooth functions and compact, convex bod-
ies. To be more precise, for a smooth function ¢ € C*(T") define the associated
discrepancy as

D(¢p,a.A):= Y, (j)(moa)—N,l/Tnd)(x)dx. (118)

P(m)=A

Theorem 6. Ler oo € T" be a diophantine point, and let ¢ € C*(T"). Then for n >
ng =d(d —1)2¢%1, one has

ID(9, 0, 4)] < Ad~! 7, (119)
with a constant 1y > 0 depending only on the degree d.

Proof. We will argue as in the proof of Theorem 5, using condition (117) and the
decay estimates (99) and (100). To start, observe that by (111)-(112)

D¢, a,A)=Ty(a)< Y Y |mgallo(D)]+ ON"*").

g<N(@=10 [£0
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Since « is assumed to be diophantine we have for all € > 0

n N _%J’_l’\
D.oi) « N Y an“(1+q||qzoa||) o0 (20)

g<N(d=18 0

-p+l

<e N4y Y g bt PR (11~

€ 4 2re]|Tre :
g<N@-1)8 £0 q

Now the parameter 6 in the asymptotic formula (95) was chosen such that (d —
1)6 < 1/2, accordingly we will set € = (1 —2(d — 1)8)/4. This will ensure that

N
— > N¢
q2+eml+e - ’

for 1 < g <N@1D? and 0 < |I| < N¢, thus by (120)

Y XY imgaloa)|e()] < NATERDTY o yndmna,
g<NU@-1)0 0<|l|<N®

with, say 11y = (1 —2(d — 1)0)/8D. The rest of the sum is estimated crudely by

and Z Z q*%+l(1_~_|l|)72n < andfen.
g<N(@-1)8 [[|>N¢

This finishes the proof of Theorem 6. O

Finally, we will study the discrepancy of the image sets £ 5 with respect to

compact, convex bodies K C (—%, %)”, when the flat torus 7" is identified as a set

with [f%, %)" Let us remark that in this case one cannot hope for better upper

bounds than O(A i-1-7 ). Indeed, consider the discrepancy with respect to the fam-
ily of cubes K. = [—c,c]". The number of solutions of the equation P(m) = A is
~ A1 but (as P(m) ~ |m|?) each coordinate can take < A '/ values, thus the

. . . . n 1
number of solutions m = (my,...,m,) with m; being fixed is at least Aa~'~7, for
some value of m;. Fix such an m; and let c; =mja; (mod 1). This means that the

boundary of the cube K, contains at least A i1-a points of the set £, 3 so the dis-
crepancy changes by at least this much as ¢ passes through c; and thus one cannot
have a better uniform upper bound on it. We will prove a similar upper bound, of the
form O(Ad~17M4) with a constant 1, > 0 depending only on the degree d which as
uniform over a large family of convex bodies.

We will use the fact that if K C (—%, %)” is a closed convex set with non-empty
interior then there exist convex sets K and K5 such that for sufficiently small 6 > 0

B(Ki1,8) C K C B(Ky,8) C (—1,1)",

where B(K, §) is the set of points whose distance to the set K is at most 8. To make
our estimates uniform for a large family of convex bodies, define the quantity Og
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as the largest 6§ > 0 for which there exists a point x such that x+ Bgs C K and also

K+Bgs C [f%, %]”, where Bg is the closed ball of radius 8 centered at the origin.

Lemma 23. Letr K C (—%, %)" be a closed convex body, and let x be a point in the
interior of K. For given 0 < 8 < 0k/10, let Co =2/0k, A = 2{1 =1-Cyb, and
define the convex bodies Ki = x+ MK, K =x+ LK.
If ¢ > 0 be a smooth cut-off function supported in (—1,1)" such that [ ¢ =1, the
we have
Xk *0s < Xk < XK, * s, (121)
where Xk stands for the indicator function of a set K, and ¢g5(x) = 8 "¢ (x/5).

Proof. From the definition it is immediate that K; C K C K, C (—%7 %)” By trans-
lation invariance we may assume that xop = O and then it is enough to show that
B(K;,0) C K and B(K,0) C K;. Since K = x9 + A1 K> = 4| K, both claim can be
shown the same way. Indeed, assume indirect that there is y € K; and z ¢ K such that
|y —z| < 8. Then by the Hahn-Banach Theorem there is a unit vector v for which

v-y+é 2v-z>maxv-x21f1y-z,
xeK

since A, ly € K. Also, by our assumption Bs, C K, hence
yz>v-z—86>08k—0 > 6k/2.
This implies
M > (1—=2A1)y 2> Cod 8k /2,

which is a contradiction since A; < 1 and CyJg > 2. The same argument shows that
B(K,0) C K and (121) follows. O

For a closed, convex body K C (—%, %)" and a diophantine point «, define the
discrepancy

D(K,o,A) = Z xx(miay,...,myc,) —Nyvol,(K),
Pm=A

where Yk is the indicator function of K considered as a function on T”, and let
vol,(K) denote the volume of the body. We have the following uniform estimate on
the discrepancy.

Theorem 7. Let o € R" be diophantine and let & > 0. Then for a closed, convex

body K C (—%, )" such that Sk > & we have

ID(K,a,A)| < N"4~1a, (122)

where Mg > 0 is a constant depending only on d, and the implicit constant in (122)
depends only on the polynomial P, the point & and on &y and is independent of K.
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Proof. Let us use the notation ¢g 5 = Xk * ¢s5. By (121) we have for 6 < c&
(c > 0 being sufficiently small)

Z Ok, 5(moar) —Ny /T" 0k, s <D(K,a,A) < Z Ok, 5(moo) —Ny /Tn Ok, 5

P(m)=2 P(m)=2

and also

| (95— 6, < €6 vol (),
with a constant C < §, ' Thus

ID(K, @, 2)]| < max |D(6, 5, 0, 2)| + O(N"45). (123)

To estimate the discrepancy with respect to the smooth functions ¢, 5 we proceed
as before, with exception that now we have the estimates on their Fourier transform

195,.6(1)| = 9, (NO(B)] < (1+8]1)7*",
in particular ||<$Kl.75 |l <« 87" Thus

Y Ej(loa)dy 5| < N"—4ag, (124)
10

For the main terms, we have

N . N -5+l -
. “‘ZN |mq_’,1(loa) (I)Kla(l)‘ < N" dq AR <1+(]2+gl|1+8) (1+5|l|) 2n
<|l|<N®

< N'4=E5-D g=p g, (125)

for g < N@=1D? choosing € = (1 —2(d — 1)) /4 as before. Also
Y Imgalloa) g s(D)] < N'" g b+ Y (1+8)~>
|1 =Ne 1| =N¢

< N g B (14 8NE) "' NE" . (126)

Let § = N~ 4b then the right side of both (125) and (126) is O(N" 4~ dpg~b+1).
Summing for 1 <g <N (@=1)8 and using (123) we obtain the estimate

ID(K, 0, A)| < N'~4=1.

Finally note that the exponent 7, := ;5 depend only on the parameter 6 and D,
hence ultimately only on dimension d, while the implicit constants in our estimates
depend on the parameter &y and not on the body K. This finishes the proof of Theo-
rem7. O
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