POLYNOMIAL CONFIGURATIONS IN DIFFERENCE SETS

NEIL LYALL AKOS MAGYAR

ABSTRACT. Suppose A is a subset of the integers of positive upper density. We prove a quantitative
result on the existence of linearly independent polynomial configurations in the difference set of A.
This result is achieved by first establishing a higher dimensional analogue of a theorem of Sarkozy
and then applying a simple lifting argument.

1. INTRODUCTION

1.1. Background. A striking and elegant result in density Ramsey theory states that in any
subset of the integers of positive upper density there necessarily exists two distinct elements whose
difference is a perfect square.

This result was originally conjectured by L. Lovédsz and eventually verified independently by
Furstenberg [3], using techniques from ergodic theory, and Sarkozy [12], using an approach similar in
spirit to Roth’s Fourier analytic (circle method inspired) proof of Szemerédi’s theorem for arithmetic
progressions of length three.

Sarkozy actually obtained the following stronger quantitative result.

Theorem A (Sarkozy [12]). If A C [1,N] and d*> ¢ A — A for any d # 0, then there exists an
absolute constant C > 0 such that

|1A| <C (loglog N)? 1/3
N — log N ’

Notation: In the theorem above and in the sequel we will use N (and later also M) to denote
an arbitrary positive integer, [1, N| to denote {1,..., N} as is customary, and A £ A to denote the
usual difference and sum sets of A, namely A+ A={a+ad |a,a € A}.

The current best known quantitative bound of (log N)~cloglogloglog N' i Theorem A is due to

Pintz, Steiger and Szemerédi [9]. These methods were later extended by Balog, Pelikan, Pintz and
Szemerédi [1] to obtain the same bounds, with the implicit constant now depending on k, for sets
with no k-th power differences. Unfortunately these impressive bounds are currently only known
for monomial differences.

We note that it is conjectured that for any e > 0 and N > Ny(e) sufficiently large there exists a
set A C [1, N] with |A| > N'~¢ that contains no square differences, see for example [5]. Ruzsa [10]
has demonstrated that this is at least true for ¢ = 0.267.

Bergelson and Leibman (extending on the ideas of Furstenberg) established a far reaching qual-
itative generalization of Sarkozy’s theorem, the so-called Polynomial Szemerédi Theorem.

Theorem B (Bergelson-Leibman [2]). If A is a subset of the integers of positive upper density and
Pi(d), ..., Py(d) are polynomials in Z[d] with P;(0) = 0 for i = 1,...,£, then there exists m € Z
and d # 0 such that

{Pu(d),..., Pd)} C A—m.
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We note that no quantitative version of this result is known beyond the linear case of Szemerédi’s
theorem and the special case of Sarkozy’s theorem (the case £ = 2 above).

The purpose of this paper is to establish a quantitative result on the existence of certain poly-
nomial configurations in the difference set of a subset of the integers of positive upper density.

1.2. Statement of Main Results. We fix a family of linearly independent polynomials
Pi(d), ..., P(d)
in Z[d] with P;(0) =0 for i = 1,...,¢ and set k = max; deg P;.
Theorem 1. If A C [1,N] and {Pi(d),...,Pi(d)} £ A— A for any d # 0, then we necessarily have

@<C (loglog N)? 1/6(k=1)
N — log N

for some absolute constant C = C(Pi, ..., Py).

In the special case of a single polynomial (¢ = 1), this result has also recently been obtained by
Lucier [7] and constitutes the best bounds that are currently known for arbitrary polynomials with
integer coeflicients and zero constant term.

We remark that by symmetrizing A one can immediately deduce, from Theorem 1, the following
result on the existence of the same polynomial configurations in a shift of the sumset of A.
Corollary 2. If A C [1,N] and {Pi(d),...,Pi(d)} € A+ A—2m for any d # 0 and m € [1, N],
then we necessarily have

1Al _ <(10g logN)2>1/2£(kl)
N — log N
for some absolute constant C' = C'(Py, ..., Pp).

Proof. Let 6 = |A|/N. We apply Theorem 1 (which of course holds with [1, N] replaced with any
interval of N consequative integers since we are considering differences) to the symmetric set

A=(A-m)n(m— A)

with m € [1,N] chosen so that |[A] > (62/2)N. That this symmetrization is possible follows
immediately from the observation that

S A =m)n(m—A) =Y 1a(m+n)la(m—n) > |A]/2. O

m,n

The strategy we will employ to prove Theorem 1 is to lift the problem to Z* in such a way that
we may then apply the following higher dimensional analogue of Sarkézy’s theorem.

Theorem 3. If B C [1, N]¥ and (d,d?,...,d") ¢ B — B for any d # 0 then we necessarily have
|B| (loglog N)\ /=)
Pl oo (2828
Nk — log N

for some absolute constant C = C(k).

Since Theorem 3 in concerned with the intersection of a difference set with the monomial curve
(d,d?,...,d*) we speculate that the methodology of Balog et al. [1] may be applied in this higher
dimensional situation to obtain far superior bounds in Theorem 3 and hence also in Theorem 1.
We plan to investigate this in a future paper.
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Further notational convention: Throughout this paper the letters ¢ and C will denote absolute
constants that will generally satisfy 0 < ¢ < 1 < C, whose values may change from line to line
and even from step to step, and will unless otherwise specified depend only on the dimension k.

2. REDUCTION TO THE KEY DICHOTOMY PROPOSITION

We first present the lifting argument that allows us to deduce Theorem 1 from Theorem 3.

2.1. Proof that Theorem 3 implies Theorem 1. Let P : Z¥ — Z¢ denote the mapping given
by
k

Pl(b) = Z Cijbja

j=1
where P;(d) = ciyd + --- 4 cipd® and let A = A x A x---x AC[l,N]".

The full rank assumption on the matrix {c;;} ensures that there exists a m € Z* and an absolute
constant ¢, depending only the coefficients of the matrix {¢;;}, such that

|P(Z*) N (A" —m)| > 6N,

where 0 = |A|/N. Thus, if we choose N’ to be a large enough multiple of N (again depending only
the coefficients of the matrix {c¢;;}) and let

B= {b € [-N',NT* . P(b) € A® — m},
it follows that
|B| > ¢6°N*.
The result now follows from Theorem 3 since if there were to exist a d # 0 such that
(d,d*...,d*) e B—B
this would immediately implies that
(PL(d), ..., Py(d) € A* — A°,

since P(B) C A —m. O

Matters therefore reduce to proving Theorem 3.

2.2. Dichotomy between randomness and arithmetic structure. Our approach will be to
establish a dichotomy between randomness and structure of the following form.

Let us fix the notation Qp = [1, M] x --- x [1, M¥] and e = (10k)~L.

Proposition 4. Let B C Qy and 0 < 6 < |B|/|Qu|. If M > 6~ * 25— with o = ¢, /log 6,
then either B behaves as though it were a random set in the sense that

M
€
1 ’Bm@? ¢f,“@kﬂ>753m[
1) > o )| = a8l
or B has arithmetic structure in the sense that there exists a grid A C Qur of the form

(2) A:{m+(€1q,...,€qu)](fl,...jﬂk)GQL}

with L > 8526 M such that
IBAA| > 6(1 +0)[Al.
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As opposed to the standard L* increment strategy of Roth, we will obtain the dichotomy in
Proposition 4 by exploiting the concentration of the L? mass of the Fourier transform. The proof
of Proposition 4 will be presented in Sections 3 and 4. Similar arguments of this type can be found
in Heath-Brown [6] and Szemerédi [15], see also Ruzsa and Sanders [11].

2.3. Proof that Proposition 4 implies Theorem 3. Let § = |B|/N*. It is easy to see, by
partitioning [1, N]* into boxes of size M x M? x --- x M¥ with M essentially equal to N'/¥_ that
we may, with no loss in generality, assume that B C Qs with |B| > 0|Q |-

If (d,d?,...,d*) ¢ B — B for any d # 0 (as is the assumption in Theorem 3), then Proposition
4 allows us to perform an iteration. At the nth step of this iteration we will have a set B, C Qr,
of size 0y|Qnr, |, this set will be an appropriately rescaled version of a subset of B itself and hence

will also contain no non-trivial differences of the form (d,d?,...,d").
Let By = B, My = M and dy = §. Proposition 4 ensures that either
(3) M, < C§; D 10g 5!

or else the iteration proceeds allowing us to choose M, 1, §,+1 and B,41 such that
My > 82V, /log 677!
and

Ont1 > On + coF /log ;L.

Now as long as the iteration continues we must have 6, < 1, and so after O(6' ¥ log 6—1) iterations
condition (3) must be satisfied, giving

(5—(2k+1) log 5—1)—051*k10g5*1M < O~ (2k+1) log 51
From this it follows that
log M < C5~*=D(log )2

and consequently (after a short calculation that we leave to the reader) that
(loglog M)? L/(k=1)

log M '
This establishes Theorem 3. O

The rest of this article is devoted to the proof of Proposition 4.

6§C<

3. SETTING THE STAGE FOR THE PROOF OF PROPOSITION 4

Let M > C5~*+2g=1 and B C Qs with |B| > 6|Qas|. Our approach will be to assume that B
exhibits neither of the two properties described in Proposition 4 and then seek a contradiction.

3.1. A simple consequence of B being non-random. If we were to suppose that B is non-
random, in the sense that inequality (1) does not hold, then it would immediately follows that

() > Lsm)is(m)is(m —n) < 3 51BlS|
m,nezZk

where

S={(d,d?....d" :1<d<eM}.
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3.2. A simple consequences of B being non-structured. If we were to assume that B is
reqular, in the sense that B in fact satisfies the inequality

|IBNA| <6(1+0)|A]
for all arithmetic grids A C Qs of the form (2) with L > 6*T25 M, then the set
B'=BnN((eM,(1—e)M] x - x (M, (1 — ) M*])
must contain most of the elements of B. In particular we must have
(5) B'| = (3/4)|B]

since if this were not the case we would immediately obtain a grid A C Qs of the form (2) with
q=1and L > M such that

IBNA| > 8(1+1/4)|A].

3.3. The balance function. We define the balance function of B to be

fB = 1B’ _51QM’

and note that fp has mean value zero, that is Y fp(m) = 0. This property of the balance function
fp will be critically important in our later arguments.

It easy to verify that if B satisfies inequalities (4) and (5), then
1
(6) Y. fom)fp(n)ls(m—n) < —76|B|IS].
m,nczZk

One can see this by simply expanding the sum into a sum of four sums, one involving only the
function 1p on which we can apply (4), two involving the functions 1z and —d1g,, on which we
can apply (5), and one involving only the function —d1g,, which can be estimated trivially.

3.4. Fourier analysis on Z*. For f : Z¥ — C with finite support we define the Fourier transform
of f to be

Flo)= 32 flmyemime.

mezk

The finite support assumption on f ensures that ]?is a continuous function on the T* and that or-
thogonality immediately gives both the Fourier inversion formula and Plancherel’s identity, namely

fom) = [ Flejer e and [ Fefda= 3 £

It is then easy to verify that from inequality (6) we immediately obtain the estimate

7) [, Fa(@)PTs(e)lda = {d1BIS]

where we recognize

eM
(8) T;(Oé) — Z 672ﬂi(a1d+a2d2+"'+akdk)
d=1

Y

as a classical Weyl sum.



6 NEIL LYALL AKOS MAGYAR

3.5. Estimates for Weyl sums. Since ¢ = (10k)~! is fixed it is clear that whenever |o;| < M~
there can be no cancellation in the Weyl sum (8), in fact the same is also true when each «; is this
close to a rational with small denominator (in other words there is no cancellation over sums in
residue classes modulo ¢). We now state a precise formulation of the well known fact that this is
indeed the only obstruction to cancellation.

Let n > 0. We define

_ Y 1
q !~ nkMI

9) M, =M,(n) = {aET’“ : ‘aj (1 <j<k)for some a € [l,q]k}.

Lemma 5. Let n > 0 and M > n=C (with C sufficiently large depending on k).
(i) (Minor box estimate) If a ¢ My for any 1 < ¢ < n~*, then
[1s(e)| < CnlS].
(ii) (Major box estimate) If a« € M, for some 1 < g <n~k, then

Ts(a)] < Cq~'/¥|3].

The proof of this result is a straightforward (and presumably well known) consequence of the
standard estimates for Weyl sums, for the sake of completeness we include these arguments in an
appendix.

4. THE PROOF OF PROPOSITION 4

In the previous section we established that inequalities (4) and (5) would be immediate conse-
quences of B not exhibiting either of the two properties described in Proposition 4. We now present
the two lemmas from which we will obtain our desired contradiction.

In both lemmas below we set n = 0/8C, where C is the large constant in Lemma 5.

Lemma 6. Let n = §/8C. If B is neither random nor structured, in the sense outlined in Propo-
sition 4, then there exists 1 < ¢ < n~* such that

1 e —_ —
(10) (S\B]/M |fe(a)?da > 61 /log st

The second lemma is a precise quantitative formulation, in our setting, of the standard L? density
increment lemma.
Lemma 7. Let n = §/8C and o < n*=2/8n. If B is regular, in the sense that
IBNA| <6(1+0)|A]

for all arithmetic grids A C Qpr of the form (2) with gL > n?c M, then

1 N 2
(11) 5!B|/Mq Fa()?da < 120,

We therefore obtain a contradiction if o < ¢§*~1/logd~!, proving Proposition 4.
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4.1. Proof of Lemma 6. It follows from the minor box estimate of Lemma 5 and Plancherel’s
identity that

/ () 2[T5(a)| dor < O] S| BI.

minor boxes

Therefore, if n = §/8C, it follows from estimate (7) and the major box estimate of Lemma 5 that

n—k
Y / F5(a)?da > n)B).
q=1 My

A simple counting argument (which we leave to the reader) then allows us to conclude that there

exists a1l < g < n_k such that
A kB
| Fatepaa= L2

M, ~ logn~
as required. 0

4.2. Proof of Lemma 7. We fix ¢ and L so that ¢L = n?c M and define
Claim 1. If o € My, then |[15(a)| > |A|/2.

Proof of Claim 1. Since

k k k
oD dayl <> (Layn M~ =n7F Y (o) < 2n” " 2o,
=1

j=1 J=1
for all &« € My, where || - || denotes the distance to the nearest integer, it follows that
L . i k o
Ta(e)] > |A] — 2‘6271-2(61(1041-1-..‘—}-&(] ak) _ 1‘ > ]A|<1 _ 2WZLJHanj”> > |A]/2,
=1 j=1
for all @ € My, provided o < n*~2 /8. O

Plancherel’s identity (applied to the function fp % 15) and Claim 1 imply that

1 N 2 4 2
(12) SE /Mq Folo)Pdo < s z; i+ La(m)P.

The conclusion of Lemma 7 will therefore be an immediate consequence of the following.
Claim 2. As a consequence of the assumptions in Lemma 7 if follows that

> [f5+1a(m)|* < 30 3] B||A]%.

mezZk

Proof of Claim 2. We let
M={meZ'|lm—-ACQu}

E=Qu+A)\M

S fpr1am)P = Y [fpx1a(m)P + ) |fp * 1a(m)]*.

meZk meM me&

and write
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We note that since
[+ 1a(m) = [BN(m —A)[ = 6]Qar N (m — A
it follows from our regularity assumption on B that if m € M, then
—0|A] < fp * 1a(m) < doA],
while for m € £ we can only conclude that
/B * 1a(m)| < [A].
Now since fp has mean value zero the convolution

fzx1am) = 3 fo(n)1a(m —n)

also has mean value zero. Thus, using the fact that |g| = 294+ — g, where g4 = max{g,0} denotes
the positive-part function, and the trivial size estimate | M| < |Qps], we can deduce that

Z |f5 * La(m)|* <2 <7781161£>4 |fB * 1A(m)|> Z (fB * 1a)+(m)

meM meM
< 2(8|A[) (6o |A[)|M|

< 28%0|AP|Quml-
We leave it to the reader to verify that
€1< ((1+2020)" = (1= 20%0)* ) [Qua| < 8kn0|Qual;

and hence

S Ifi e a(m)? < APIE] < 5 S 17+ 1alm)P,

meé& meM
provided 8kn? < 6°.
This concludes the proof of Claim 2 and establishes Lemma 7. O

APPENDIX A. WEYL SUM ESTIMATES

A.1. Standard major and minor arc estimates. Let P(a,d) = ajd + - - - + agdF.

Lemma 8 (Weyl inequality). If |ay — ax/q| < ¢=2 and (a,q) = 1, then

N 11 12t
Z e27riP(o¢,d) < Ck,ENH_E ( 4+ — + q) .
d=1

g N Nk

This result is completely standard, see for example [8]. We now fix a sufficiently small p =
w(k) > 0 and define

aj 1 .
-4 < (1§y§k)}-
Successive applications of Dirichlet’s principle and the Weyl inequality, starting with the highest

power k, gives the following qualitative estimate (a quantitative version of which can be found in
Vinogradov [17]).

(13) ;/q: {ae’ﬂ'k : ’aj
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Proposition 9 (Minor arc estimate I). If o ¢ M;/q for any (a,q) =1 with 1 < ¢ < N*, then

N
§ : eszP(a,d)

d=1

(14) < CN'™,

for some v =v(k,u) > 0.
Proposition 10 (Major arc estimate). If o € M;/q for some (a,q) =1 with 1 < q < N*, then

N
Z 62mP(a,d)
d=1

Proof. 1t is straightforward to write

(15)

L —1/k
SC’Nq_l/k(l—l-ZN”ozj—aj/q\) + O(NY?).
j=1

N
> ePmiPed) = g718(a, q)un (a — a/q) + O(N'/?)
d=1

where
q—1 N
S(a,q) = ZeZMP(a,r)/q and vy (B) = / o2miP(B,2) 7.
r=0 0
The result then follows from the observation that
(16) |S(a.q)| < Cq' /¥

whenever (a,q) = 1, which is a result of Hua (see for example [16]), and
koo “1/k
(17) on(8)] < ON (1+ 3" N|51)
j=1

which follows from van der Corput’s lemma for oscillatory integrals (see for example [13]) and
rescaling. (I

A.2. Refinement of the major arcs. Let 0 <7 <1 and

_ % 1

k . -
(18) Ma/q:Ma/q(n):{aeT : ‘O[j q S’r]kN] (].Sjgki)}

Combining Propositions 9 and 10 we easily obtain the following result from which Lemma 5 is
an immediate consequence.

Proposition 11 (Minor arc estimate II). If « ¢ M

N
Z eszP(a,d)

d=1

a/q for any (a,q) =1 with 1 < ¢ < n~*, then

< CnN + O(N'™%).

Proof. Tt follow from Proposition 10 that on M/ /g Ve have

N
Z eQﬂzP(a,d)

d=1

< CnN

provided (a,q) = 1 and either
nF<qg< NH
or there exists j such that
N PN < faj —aj/ql < N O



10

[1

NEIL LYALL AKOS MAGYAR

REFERENCES

] A. BaLog, J. PELIKAN, J. PINTZ, E. SZEMEREDI, Difference sets without x-th powers, Acta Math. Hungar. 65
(1994), 165-187.

[2] V. BERGELSON AND A. LEIBMAN, Polynomial extensions of van der Waerden’s and Szemerédi’s theorems, J.

Amer. Math. Soc., 9, No. 2 (1996), 725-753.

[3] H. FURSTENBERG, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progressions,

J. d’Analyse Math, 71 (1977), 204-256.

W. T. GOWERS, A new proof of Szemerédi’s theorem, GAFA, 11 (2001), 465-588.

] B. GREEN, On arithmetic structures in dense sets of integers, Duke Math. Jour., 114, (2002) (2), 215-238.

] D. R. HEATH-BROWN, Integer sets containing no arithmetic progressions, J. London Math. Soc. (2) 35(3) (1987),
385-394.

] J. LUCIER, Intersective sets given by a polynomial, Acta Arith. 123 (2006), no. 1, 57-95.

[8] H. L. MONTGOMERY, Ten Lectures on the Interface Between Analytic Number Theory and Harmonic Analysis,

CBMS Regional Conference Series in Mathematics, 84.

[9] J. PiNTz, W. L. STEIGER, E. SZEMEREDI, On sets of natural numbers whose difference set contains no squares,

J. London Math. Soc. 37 (1988), 219-231.

[10] I. Z. RuzsA, Difference sets without squares, Period. Math. Hungar. 15 (1984), 205-209.

[11] 1. Z. RuzsA AND T. SANDERS, Difference sets and the primes, preprint.

[12] A. SARzOzY, On difference sets of sequences of integers III, Acta Math. Acad. Sci. Hungar., 31 (1978), 355-386.
[13] E. M. STEIN, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton

Univ. Press, Princeton, 1993.

[14] E. SZEMEREDI, On sets of integers containing no k elements in arithmetic progression, Acta Math. Acad. Sci.

Hungar., 31 (1978), 125-149.

[15] E. SZEMEREDI, Integer sets containing no arithmetic progressions, Acta Math. Hungar., 56(1-2) (1990), 155-158.
[16] R. C. VAUGHAN, The Hardy-Littlewood Method, 2nd ed., Cambridge Univ. Press, Cambridge, 1997.
[17] I. M. VINOGRADOV, The Method of Trigonometrical Sums in the Theory of Numbers, Interscience, New York,

1954.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GEORGIA, BOYD GRADUATE STUDIES RESEARCH CENTER,

ATHENS, GA 30602, USA

E-mail address: 1yall@math.uga.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GEORGIA, BOYD GRADUATE STUDIES RESEARCH CENTER,

ATHENS, GA 30602, USA

E-mail address: magyar@math.uga.edu



