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ABSTRACT. Let A be a subset of positive relative upper density of P?, the d-tuples of primes. We prove that
A contains an affine copy of any finite set ' C Z?, which provides a natural multi-dimensional extension
of the theorem of Green and Tao on the existence of long arithmetic progressions in the primes. The proof
uses the hypergraph approach by assigning a pseudo-random weight system to the pattern ' on a d + 1-partite
hypergraph; a novel feature being that the hypergraph is no longer uniform with weights attached to lower
dimensional edges. Then, instead of using a transference principle, we proceed by extending the proof of the
so-called hypergraph removal lemma to our settings, relying only on the linear forms condition of Green and
Tao.

1. INTRODUCTION

1.1. Background. A celebrated theorem in additive combinatorics due to Green and Tao [7] establishes
the existence of arbitrary long arithmetic progressions in the primes. It is proved that if A is a subset of the
primes of positive relative upper density then A necessarily contains infinitely many affine copies of any
finite set of integers. As such, it might be viewed as a relative version of Szemerédi’s theorem [17] on the
existence of long arithmetic progressions in dense subsets of the integers.

Another fundamental result in this area is the multi-dimensional extension of Szemerédi’s theorem origi-
nally proved by Furstenberg and Katznelson [3]. It states that if A C Z¢ is of positive upper density then
A contains an affine copy of any finite set ' C Z%. The proof in [3] uses ergodic methods however a more
recent combinatorial approach was developed by Gowers [5] and also independently by Nagel, Rodl and
Schacht [14].

It is natural to ask if a multi-dimensional extension of the result of Green and Tao, or alternatively if a
relative version of the Furstenberg-Katznelson theorem can be established. In fact, this question was raised
already in [18] where the existence of arbitrary constellations among the Gaussian primes was shown. A
partial result was obtained earlier by the first two authors [2], where it was proved that relative dense subsets
of P4 contain an affine copy of any finite set F' C Z? which is in general position, in the sense that each
coordinate hyperplane contains at most one point of F'.

A common feature of the above mentioned results is that they use an embedding of the underlying sets
(the primes or the Gaussian primes) into a set which is sparse but sufficiently random with respect to the
pattern F'. In our case when the set F' is not in general position (the simplest example being a 2-dimensional
corner) this does not seem possible, due to the extra correlations arising from the direct product structure.
For example if 3 vertices of a rectangle is in P2, then the fourth vertex is necessarily in P2, a type of self-
correlation not present in the one dimensional case or the Gaussian primes.

Another approach, already partly used in [18], is to establish a hypergraph removal lemma [5], [14] for
sparse uniform hypergraphs or alternatively with weights attached to the faces. This approach has been
utilized by the second and third authors [13] to show the existence of d-dimensional corners (simplices with
edges parallel to the coordinate axis) in dense subsets of P?. Recently a proof based on hypergraph theory
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using only the linear forms conditions, has been obtained in [1], covering both the original Green-Tao theo-
rem and the case of the Gaussian primes.

In all of the above approaches the crucial point is to prove a removal lemma for a weighted (or sparse)
uniform hypergraphs, using transference arguments to remove the weights from the hyperedges. As op-
posed, for a general constellation in P4 the hypergraph approach leads to a weighted closed hypergraph
with weights attached possibly to any lower dimensional edge, and the usual transference principles do not
apply. Our approach is different, we are not trying to remove the weights and hence to reduce the problem to
previously known results, but to extend the proof of the hypergraph regularity and removal lemmas directly
to the weighted settings, which might be of independent interest. In this aspect our argument is essentially
self-contained, relying only on results from sieve theory, namely on the so-called linear forms conditions [7].

Simultaneously with our original work on this problem, the existence of arbitrary constellations in rela-
tive dense subsets of P has also been shown by Tao and Ziegler [20], using an entirely different method
based on an infinite number of linear forms conditions to obtain a weighted version of the Furstenberg cor-
respondence principle, and a short, elegant proof by Fox and Zhao [4] has been obtained afterwards using
sampling arguments. Both of the above proofs however rely on full force of the results of Green, Tao and
Ziegler developed in [8],[9],[10] for the study of asymptotic number of prime solutions for systems linear
equations. As such the methods of [20], and [4] are do not provide bounds, while from our approach one can
extract quantitative statements. The bounds, though recursive, are rather poor (iterated tower-exponential
type) and we do not pursue to explicitly calculate them here. Also, as we rely only on sieve-techniques our
approach is somewhat flexible, i.e. it might not be hard to modify it to count the number of small copies of
a finite set F', of size N<, inaset A C [1, N]¢ NP9 of positive relative density.

1.2. Main results. Let us recall that a set A C P? is of positive relative upper density if

AnE
limsup ———— > 0,
Nooo  |Pn[
where P denotes the set primes up to N, and | A| stands for the cardinality of a set A. If F' C Z% is a finite
set, we say that a set F” is an affine copy of F, or alternatively that F” is a constellation defined by F, if

Fl=x+t - F={z+ty; ye F}.
We call F’ non-trivial if t # 0. Our main result is the following.

Theorem 1.1. If A is a subset of P? of positive upper relative density, then A contains infinitely many
non-trivial affine copies of any finite set F' C 7.%.

Note that it is enough to show that the set A contains at least one non-trivial affine copy of F, as deleting
the set F' from A will not affect its relative density. Also, replacing the set F' by F/ = F' U (—F’) one can
require that the dilation parameter ¢ is positive. By lifting the problem to a higher number of dimensions,
it is easy to see that one can assume that F' forms the vertices of a d-dimensional simplex. Indeed, let
F ={0,21,...,21}, choose a set of k linearly independent vectors {y1,...,yr} C Z*, and define the set
A =10, (x1,1), s (Thy U )s Zht1s - - - Zktdy C ZFT9 such that the vectors of A\{0} form a basis of
R¥+d_If the set A’ = A x P* contains an affine copy of A then clearly A contains an affine copy of the set
7(A) D F, where 7 : R x R¥ — R? is the natural orthogonal projection.

In the case when A C Z% is a d-dimensional simplex, we prove a quantitative version of Theorem 1.1.

To formulate it we define the quantity
d

0A) =) |m(A)], (1.2.1)
i=1
7 : R — R being the orthogonal projection to the i-th coordinate axis.
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Theorem 1.2. Let a > 0 and let A C 79 be a d-dimensional simplex. There exists a constant c(c, A) > 0
such that for any N > 1 and any set A C P} such that |A| > «a|Py|%, the set A contains at least
c(a, A)YN1 (log N)~HB) affine copies of the simplex A.

Note that in Theorem 1.2 we do not require the copies of A to be non-trivial, thus without loss of generality,
N can be assumed to be sufficiently large with respect to o and A. It is clear that Theorem 2 implies Theo-
rem 1 as the number of trivial copies of A in A is at most N (log N)~.

To see why the above lower bound is meaningful, note that there are ~ N?*! affine copies of A in
[1, N]¢, and for a fixed 7 the probability that all the i-th coordinates of an affine copy A’ are primes is
roughly (log N )*W(A)‘. Thus if the prime tuples behave randomly, the probability that A’ C P? is about
(log N)~HA),

In the contrapositive, Theorem 1.2 states that if a set A C P4, contains at most SN+ (log N)~!(4) affine
copies of A, then its relative density is at most €, where ¢ = €(¢) is a quantity such that €(6) — 0 as & — 0.
As for a number of similar results [7], [18], [2], [20], to prove this, one formulates a statement involving a
pseudo-random measure v = V) : [1, N] = R.

1.3. The Green-Tao measure and the linear forms condition. Let us recall the pseudo-random measure
v introduced by Green and Tao, and (a slight variant of) the so-called linear forms condition, see [7], Sec.9.

Let w be a sufficiently large number and let W = Hpgw p be the product of primes up to w. For given
b relative prime to W define the modified von Mangoldt function Ay, : Z — R>q by

Ap(n) = { % log(Wn +0b) if Wn + bis a prime

0 otherwise.

Here ¢ is the Euler function. Note that by Dirichlet’s theorem on the distribution of primes in residue classes
one has that > Ay(n) = N(1 + o(1)). A crucial fact is that the function A, is majorized by divisor
sums closely related to the so-called Goldston-Yildirim divisor sum [7], [11]

Ar(n)= > p(d)log(R/d),

dln,d<R

11 being the Mobius function and R = N9 '27""°. Indeed, for given small parameters 0 < £1 < 9 < 1

(whose values will be specified later), recall the Green-Tao measure

vp(n) = d)(l/l‘ﬁ/) AR(IZZTLE-Z))Q feV < n < egV:
1 otherwise.

Clearly v4(n) > 0 for all n, and it is easy to see that
vy(n) > d=1279476 Ay(n) (1.3.1)

forall ey N < n < g9, for N sufficiently large. Indeed, this is trivial unless Wn + b is a prime, and in
that case, since ;N > R, Ar(Wn 4+ b) = log R > d—19—d=5 log N. Note that the measure v is in fact
dependent on N, however following [7] we do not explicitly indicate that.

Let us briefly recall the pseudo-randomness properties of the measures v, - the so called linear form
condition - which we will need in the proof. This is a slight modification of the formulation given in [7],
however the proof works without any changes.
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Theorem A (Linear forms condition, [7]). Let N, W and the measures vy, be as above, and let my, to, ko €
N be small parameters. Then the following holds.

For given m < mq and t < tg, suppose that {l; j}1<i<m,1<j<¢ are arbitrary integers at most kg in ab-
solute value, and that {b;} are arbitrary numbers relative prime to W. If the linear forms

t

LZ((L') = Z l@j Zj,

J=1

are non-zero and pairwise linearly independent over the rationals then

m
E (H v, (Li(z)); = € Z?v) = 14 0N W s00moto.ko (1) (1.3.2)
i=1

where the o(1) term is independent of the choice of the b;’s.

In the above formula the linear forms L;(z) are considered as acting on (Z/NZ)! and the error term
ON W —so0imo,to.ko (1) denotes a quantity that tends to 0 as both N — oo and W — oo, for any fixed
choice of mg, tg, kg. In our context it is important to let W = Hp<w p be independent of N to obtain the
quantitative lower bound in Theorem 1.2, see also the remarks in [7] (Sec.11). As all error terms in (1.3.2)
are independent of the choice of b;’s, we will write v for v, for simplicity of notations.

With the aid of this measure, we define the weight of a finite set S C Z¢ as

d
wS) =[] ] »® (1.3.3)

i=1yem(9)

where 7;(.S) is the canonical projection of S to the i-th coordinate axis. If S = {z} we will write w(z) :=
w({z}) = [1%, v(x;). The point is that if Wz + b € P% (and z € [e;N,e2N]?), then
w(z) ~ (log N)4. (1.3.4)

The implicit constant depends only on d and W - which we will choose sufficiently large but independent
of N. Moreover for A C [e1N,eoN]¢ such that WA +b C A C Pﬁl\, one has

w(A) = (log N)' &), (1.3.5)
Thus identifying [1, N] with Zy = Z/NZ it is easy to show that (see Sec.5) Theorem 1.2 follows from

Theorem 1.3. Let A = {vg, -+ ,v4} C Z% be a d-dimensional simplex and let § > 0. Let N be a large
prime and let A C Z‘fv such that

d

Eer%,teZN(r%lA($+tvi)>w(x+tA) <6 (1.3.6)

then there exists € = €(0) such that
E:EEZ?V 1A(.T)’w(l’) < 6(5) + ON,W*)OO;A(]-)
Moreover €(6) — 0 as § — 0.

We describe below some of the key elements of the proof. The details are given in the remaining sections.
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1.4. A Removal Lemma for weighted hypergraph systems. We will use the construction of a weighted
hypergraph associated to a set A C Z‘Ji\, and a simplex A = {vg,...,vq} given in [18].

Definition 1.1 (Hypergraph System.). Let J = {0,1,...,d},H := {e : e C J}, and for a set e € H, let
Ve =15 = Hjee Zy. Identify V. as the subspace of elements © = (xo, . ..,xq) € Vj such that x; = 0 for
all j ¢ e and let e : Vj — V. denote the natural projection. For e = {j} we write V; := V{;y and for a
given H C H, we will call the quadruplet (J,Vy, H,d) a hypergraph system.

From a graph theoretical point of view we can think of a point . (e € H, |e| = d), as a d-simplex with
vertices {x; : j € e}. A set G C V, then may be viewed as a d-regular d-partite hypergraph with ver-
tex sets V; (j € e). Similarly a point x € V represents a d + 1-simplex with faces z. := (z;);e. for
e€ My :={eC Jle| =d}.

For a given e C J define the o—algebra A, = {7 }(F) : F C V.}, which will play an important role
in the proof of the removal lemma. For a given set A C Z%; and for e = J\{;}, let

d
Ee:{xEVJ :Zl‘i(vi—’l)j)} €A (1.4.1)
=0

Note that E, € A as the expression in (1.4.1) is independent of the coordinate x;.
Definition 1.2 (Weighted system). We will define now a family of functions ve : Vi — Ry, pe : V; — Ry
Fore € Hg,e = J\{j} and 1 < k < d. Define

d

LE(z) = zi(vf —ob) (1.4.2)

i=0
where vf denotes the k" —coordinate of the vector v;. We partition the family of forms
L:={LFe|=d1<k<d}

according to which coordinates they depend on. For this we define the support of a linear form L(z) =
Zg:o arxy as supp(L) = {k : ax # 0}. For a given e C J, define

Ve() = [T v@@), pelz) = I v, (1.4.3)

LeL supp(L)=e LeL,supp(L)Ce
with the convention that v, = 1 if {L; supp(L) = e} = ().

Note that if A = {vg, -+ ,vq} is in general position, that is if v # vf for all i # j and k then supp(LF)
= e for all e € H, hence

d
pe(r) = ve(z) = [ [ v(Li(@))
k=1

In general, we have pe(z) = [[;c. vf(x) and also pe(z) = pe(me(z)), that is pe is constant along the
fibers of the projection m.. We will refer the functions v, and . as weights and measures respectively. To
emphasize this point of view we will often use the integral notation and write

[ P@ (@) s= Bacr, @) pela), and | Fufa) dpele) == Buer.Fole) ),

for functions F' : V; — R and F, : V, — R. Thus we could think of i, as a measure on V; or on the
subspace Vg, the exact interpretation will be clear from the context. Note that it follows easily from the
linear forms condition that p.(V.) = fvp ldpe =1+ onw—oo(1) (similarly pe(Vy) = 1+ onw—oo(1)),
see Lemma 2.1.
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Let us observe now some properties of the family of linear forms £ which will play a crucial role in the proof.
Ife = J\{j},¢ = J\{j'} then supp(LF) C eif and only if v}“ = v;i and that is equivalent to L* = L¥. We
call such a family £ well-defined. Since for a given e € H4, the forms {L¥, 1 < k < d} are linearly indepen-
dent any two distinct forms of the family £ are linearly independent. We will refer to such families of forms
as being pairwise linearly independent. Alsolet M = {z € Vj : 29+ ...+ x4 = 0}. Then for any z € M,
L¥(x) = L% (z) for all e, e’ € H4 and k. We call a family of linear forms £ = {L¥;e € Hg,1 < k < s}
satisfying this property symmetric.

To see how the weighted hypergraph {v.} .7 is related to our problem we follow [18] to parameterize
affine copies of A. Define the map ® : Z?VH — Z?VH by

d d
O(x) = (Z Tiv;, — Zl’l) = (y,1t) (1.4.4)
i=0 i=0

By (1.4.1) and (1.4.4) we have that x € E. for e = J\{j} if and only if y + tv; € A thus z €
neeﬂd E. exactly when y + tA C A. Since @ is one to one, as we assume {v; — vg,...,vq — vo} is @

linearly independent family of vectors, this gives a parametrization of all affine copies of A contained in A
(mod N). Also fore = J\{j}

d
LF(z) = Z zi(vF — vf) = 7 (y + tvy) (1.4.5)
=0

where 7}, is the orthogonal projection to the k£ coordinate axis. This implies that

d
pe(e) = ] v(L@) =[] vLE@) = wly+tv;), (1.4.6)
supp(L)Ce k=1
and also
pi(z) =[] v(L(x) = wly +tA). (1.4.7)
LeLl

Thus the assumption (1.3.6) in Theorem 1.3 translates to

Ezev, H 1g, (x)py(z) = E(yi)ezf\lﬂ w(y + tA) < 4. (1.4.8)
e€Hy

On the other hand, recall M = {z € Vj : 2o+ --- + xqg = 0} thenz € M N[,y Ee if and only if
®(z) = (y,0) with y € A, thus by (1.4.4), (1.4.6)

Eycaw(y) = Eeenr [] 1 (2)pe (2) (1.4.9)

e€Hy
for any fixed € € H4. Thus it is easy to see that Theorem 1.3 follows from a removal lemma for weighted
hypergraphs, which we first recall in the unweighted case (where vy = 1 for all f). See also [18], [5], [14].

Theorem B. (Simplex Removal Lemma)[19]. Let E. € A, be given for e € Hg, and let 6 > 0. Also let iy
and . denote the normalized counting measures on Vy and Ve. There exists € = €(6) > 0 and for every
index set e € M there exists a set E., € A, such that the following holds.

If
EmEVJ H ]—Ee(xe) d,LLJ(.’L‘) < 67

e€Hy
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then
H 1p/(ze) =0 forall z€Vy,
eEHg
ExevelEe\Eg (z)pe(z) < €(9),
and

() >0 as 6—0.

Naturally one would like to extend Theorem 1.4 to the family of measures { i } e, as that would easily
imply Theorem 1.3 and hence our main result Theorem 1.2. The reason why this seems difficult is the
existence of weights v, on lower dimensional edges |e| < d when the configuration A is not in general
position. Removing these weights does not seem amenable to known * transference arguments” developed
in [18], [1], [6], [15]. What we prove instead is that the removal lemma extends to a family of measures
e which are sufficiently small perturbations of the measures p. with respect to a given family of functions
ge: Vo = R

Theorem 1.4. (Weighted Simplex Removal Lemma) Let {ve }ec s, {te }ec s be a system of weights and mea-
sures associated to a well-defined, pairwise linearly independent and symmetric family of linear forms L as
defined in (1.4.3). Let E. C Ac,ge : Ve — [0, 1] be given for e € H,4. Then for a given § > 0 there exists
an € = €(0) > 0 such that the following holds: If

Eeev, [[ 1E.(x)ps(z) <6 (1.4.10)
e€Hy
then there exists a well-defined, symmetric family of linear forms L= {E’g, e € Hg,1 < k < d}, such that

the associated system of weights and measures {Ue }ec 1, {fie }ec J satisfy

Ezev, H 1g. (2)iiy(z) = Ezev, H 1p, (2)py(z) + onw—oo(1) (1.4.11)
e€EHy e€Hy
and for all e € Hg,
Ercv, ge(®)fie(x) = Exev, ge(2)pte(x) + on,w—00(1) (1.4.12)

In addition there exist sets E! € A, such that

() (E.nE) =0 (1.4.13)
ecHqg
and for all e € Hy
Evevi 1 m (0)fie(x) < (8) + onwo0(1) (1.4.14)
moreover
€(6) =0, as & — 0. (1.4.15)

11t seems possible to formulate the properties of weight system {ve}.cs so that Theorem 1.4 holds without referring to an
underlying system of linear forms L. For that one would need to formulate a ‘linear forms’ condition for weighted hypergraphs
similar to [18] at an order depending on §. We will not pursue this approach here.
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Proof [Theorem 1.4 implies Theorem 1.3]

By assumption (1.3.6) in Theorem 1.3 and by (1.4.7),

Eecv, [ 1e.(2) ps(z) < 6.
e€Hy

For a given ¢’ € H4 define the function g : Vir — [0, 1] as follows. Let ¢ : V. — M be the inverse of
the projection map 7. : V; — Vi restricted to M, and for y € V. let

ger (y) := H 1, (¢ (y))-

ecHqg

Applying Theorem 1.4 to the system of weights {v.} and functions {g.} gives a system of measures /i,
and sets . € A, satisfying (1.4.11)-(1.4.15). By (1.4.4) we have that x € M N meE’Hd B, if and only if
®(x) = (y,0) with y € A. Moreover in that case w(y) = p(x) for all e € Hy by (1.4.6), thus for any
givene’ € Hy

EyeZdN 1a(y)w(y) = Ezem H 1g, (z)pe (x) = EZEVe/ge’(z)Ne’(Z)
eEHy

=E.cv, ge (2)fier (2) + ONW00(1)

= Eeenr [ 15 (@)t (@) + onw oo (1)
eEHy

By (1.4.13), HeG?—Ld 1p, < Zeé?—ld 1p\g- Then the symmetry of the measures fi. (i.e. the fact that

fie(z) = fier(x) for x € M), (1.4.14) and the fact that 1\ g is constant on the fibers 7.1 () implies

Erenm H 1g, (x)/le’ (l’) < Z E:{:EMlEe\Eé (w)ﬂe’ (33)
e€Hy e€EHqy

= Z Ezev,1p\ g (2)fe()
eEHy

< (d+1)€(d) + onw—oo(1).

Choosing N, W sufficiently large with respect to § gives
Eyeze La(y)w(y) < €(9),

with, say €'(0) := (d + 2)e(9). O

1.5. Weighted box norms and hypergraph regularity. The known proofs of the Simplex Removal Lemma
rely on the so-called Hypergraph Regularity Lemma and the associated Counting Lemma [19],[5],[14], and
in particular the notion of a regular or pseudo-random hypergraph. This can be defined in different ways,
we use a variant of Gowers’s box norms [5] adapted to our settings.

Let e € H, be fixed. For a given w € {0,1}¢ (ie. w : e — {0,1}), define the orthogonal projection
wWe : Ve x Vo — Ve by

i if w;=0
u)e(l’e’(k)i = {x ! “ (151)

q; if wizl
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for i € e, and the weighted box norm of a function /' : V. — R, using the notation zy := 7 f(a:) for f C J,
as

d
IFI2, =Begev. ] Flwele,o) [T 11 wrlwrerap) (1.5.2)
we{0,1}¢ fCe wef{0,1}7
Note that if vy = 1 forall f C e, then ||F||5 = |[F'[|5 is the usual box norm.

Example 1. Lete = (0,1) and F : Vo x Vi — R. Then
HFHéye = Eug,q0eV0, 21,0161 F(z0,21)F (w0, q1)F (g0, 1) F (g0, q1)

X Ve (0, 21)Ve (%0, q1)Ve(q0, ©1)Ve(q0, q1) vo(xo)vo(qo)v1(x1)v1(q1)-

The points we (z, ¢) and wy(z s, gf) may be viewed as the faces and edges of a d-dimensional octahedron
ICq with vertices {z;, q;; j € e}. The inner product in (1.5.2) represents the total weight of the octahedron
obtained by multiplying the weights of all edges and vertices. The boxnorm itself is the weighted average
of F' over all embeddings of the hypergraph K.

It is not hard to see that the [J,-norm is indeed a norm (for d > 2) and an appropriate version of the
Gowers-Cauchy-Schwarz inequality holds, see the Appendix). The importance of this norm is that it con-
trols weighted averages over d + 1-dimensional simplices, something which plays an important role in
proving the Counting Lemma. More precisely one has the following.

Proposition 1.1. (Weighted von Neumann inequality) Let F, : V. — R be a given functions, such that
|Fe| < 1foreach e € Hgq. Then there is an absolute constant C' such that

Bucvy [T Flreta)) ps(e)] < € min [1Fulo, +oxavsoc() (153)
eEHy

The UJ,-norm has also been defined and studied in [8] see Appendix B-C there, where various forms of
von Neumann type inequalities has been shown. In fact it is not hard to adapt the arguments given there to
prove Proposition 1.1, however as our settings is somewhat different we will include a proof in an appendix.
The above inequality motivates the following

Definition 1.3. Let e € Hy and € > 0 be fixed and let G, C V, be a d-regular hypergraph. We say that G.
is e-regular with respect to the weight system {vs} rce if

G, = pe(Ge) Ty, <e (1.5.4)

It is easy to see from Proposition 1.1 that if the sets E. € A, are ce — regular for all e € Hy (with a suf-
ficiently small constant ¢ > 0), then Theorem 1.4 holds with {f.} = {p.}. Indeed, writing G, = 7.(E.),
lg, = pe(Ge) 1y, + F., and substituting this decomposition into the left side of (1.4.10) we get 291 — 1
error terms each of which is bounded by e (for some small absolute constant ¢’ > 0 as long as N and W
is sufficiently large with respect to €), and a main term of the form [] c€Hy tte(Ge) which by the assump-
tion of Theorem 1.4 should be less than, say 2¢. This implies that E, ey, 1, (2)pe(x) = pe(Ge) < § for

0= (26)‘#1, for at least one e € H4. Thus the sets £, := (), E/, := E. (¢/ # e) satisfy the conclusion of
Theorem 1.4.

Of course in general the hypergraphs G, = m¢(FE.) are not sufficiently regular, the bulk of our argument is
to obtain a “Regularity Lemma” in our weighted setting. This roughly says that one can partition the sets G
into sufficiently regular hypergraphs with respect to a system of measures fi. which are small perturbations
of the initial measures .. Our proof is based on the iterative process described in [19] however we need
to modify the entire argument because of the presence of weights on the lower dimensional edges. During
the process we construct increasing families of weight systems {l/q7e}ee7_‘17qeg which for most values of the
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parameter ¢ will give rise to small perturbations of the initial weight system {v¢ } ..

Let us sketch below how the weights v, . and the associated measures 4 . arise in the special case d = 2,
v = vy = 1. 2 Assume that there is an edge e, say ¢ = (1,2), so that the graph G, = 7.(E,) is not
e-regular. This means

||FHD > e, (1.5.5)
where F' = 1¢, — pe(Ge) 1y,. In view of definition (1 5.2), we may write
FIb, = / / 1) e (e2)ve(@r, ) velqn, 22) dpe(2) dpe(q) > €4, (15.6)

where © = (z1,22), ¢ = (q1,¢2), u (:nl) = F(x1,q2), and ug(xg) = F(q1,22)F(q1,q2). If one defines
the measures /14 ., depending on the parameter q, by

fge(®) := ve(w1, q2)ve(q1, T2) pe (),
then the inner expression in (1.5.6) can be viewed as the inner product

0= (Fgad), = [ P du. ). (157

e

on the Hilbert space L?(V, f1q.¢). Thus (1.5.6) translates to E ey, I'(q) pe(q) > €* while using the linear
forms condition it is easy to see that Egev, I'(q)? p1e(q) < 1 thus

I'(q) 2 &', for g€, (1.5.8)
for a set Q C V, of measure j.(Q) > 8. As the functions uf] are bounded, hence without loss of generality
we may assume that they are indicator functions of sets U, é C V. Let B, = B; V Bg denote the o-algebra
generated by the sets 7r_1(U ) (i = 1,2) on V,, and let E,,__(1¢,|B,) be the conditional expectation
function of 1, with respect to this o-algebra and the measure ji4.. Then, as ul 2 is measurable with
respect to B,, we have

<1Ge - Eﬂq 6(1GE|B ) 2>qu = 0

This together with (1.5.7) and (1.5.8) implies for ¢ € Q)

<Eﬂq,e(1Ge’Bq) —E,. (1c. 1Bo), q §>Hq,e 2 547

where By = {V, 0} is the trivial o-algebra, and E,, (1¢,|Bo) = pe(Ge) 1y, . Then by the Cauchy-Schwartz
inequality, we have

By e (L1 Bg) = Epr, (L. 1Bo)l 72, .y 2 €° (1.5.9)

Note that by the Pythagoras theorem, if the second term on the left side would be a conditional expectation
with respect to the measure (i, . then one would obtain an “energy increment”
8

||E/—Lq e(]‘-Ae|B ) /»lq e(]‘Ae )HL2 Nq e) ”E/qu E(1A€|B )||L2 ,uqe ||E,Uq e(]‘Ae|BO)||L2 ,uqe Z e

To overcome this “discrepancy”, using the linear forms condition, we show that for given B C V, one has
for almost every g € V.

Eqev. ig.e(B) = pe(B)|* he(q) = onw—soo(1).
This in turn implies that
HEMq,e (1Ge |BO) - E,Ufe (1Ge ’BO) ||L2(H/q,e) = 0N7W‘>OO(1)

and
1By (Le. | Bo)llz2(ue) = IEug. (LG 1Bo)ll 2 (jug.0) T ONW—00(1)-

2Though our exposition later is self-contained, some familiarity with standard notions and arguments, such the conditional
expectation, energy increment, discussed for example in [19], may be helpful here.
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Then from (1.5.9) we have for almost every ¢ € 2, that
HE/JJq,e(]‘Ge|Bq)"%2(’[},(1’@) 2 ||EHE(1Ge|BO)||%2(“e) +ceb, (1.5.10)

If ¥ : V — Ris afunction and (V, B, 1) is a measure space, the quantity ||E, (F|B) HiQ () Is sometimes

referred to as the “energy” of the function F' with respect to the measure space (V, B, ), so (1.5.10) is telling
that if G is not e-uniform with respect to the initial measure spaces (V, By, ji¢) then its energy increases
by a fixed amount when passing to the measure spaces (V¢, By, tiq.¢) for (almost) every ¢ € . One can
iterate this argument to arrive to a family of measure spaces (Ve, By, fig,e)ectt,, ge0 Such that the atoms
G4 € By become sufficiently uniform, thus obtaining a parametric version of the so-called Koopman-
von Neumann decomposition, see [19]. This can be further iterated to eventually obtain a regularity lemma.
Note that the number of linear forms defining the measures i, . is increasing at each step of the iteration,
causing the linear forms condition to be used at a level depending eventually on the relative density of the
set A and not just on the dimension d.

1.6. Outline of the paper. In Section 2 we describe the type of parametric weight systems {vg r} ren, gez
that we encounter later on. Here we also discuss their basic properties such as stability and symmetry.
In Section 3 we introduce the energy increment argument for parametric systems, and prove a regularity
lemma. Section 4 is devoted to proving the counting and removal lemmas. Many of our arguments in Sec-
tion 3 and Section 4 may be viewed as an extension of those in [19]. In the last section we obtain our main
results stated in the introduction. The basic properties of weighted box norms are discussed in an Appendix.

As for our notations most, of our variables are vector type, although we do not emphasize this. We think
of the initial data A = {vy, ..., vy} being fixed throughout, and do not denote the dependence of various
quantities on them. For example we write Y = O(X)orY < X if Y < C X for some constant C' > 0
depending only on the vectors v; or the dimension d. If y1,...,ys and X additional parameters we write
Oy,.....ys (X)) for a quantity Y bounded by C'(y1,...,ys)X orequivalently Y <, ., X.

Though most of our constructions depend on N and W, we will not indicate that to emphasize that all
other terms in our estimates are independent of NV as well as the parameters appearing in them. We’ll utilize
the linear forms condition throughout the paper, giving rise to error terms which tends to 0 as both N — oo
and W — oo for any fixed choice of the parameters y1, . .., ys on which they may depend. The standard
notation for such terms would be o, W —so0;y1 ...y, (1), for simplicity we will write oy, ., (1). Finally as all
estimates in the linear forms condition involving the weights v, are independent of the choice of b we write
in certain places v = v, for the purpose of simplifying the notation.

2. BASIC PROPERTIES OF PARAMETRIC WEIGHT SYSTEMS AND THEIR EXTENSIONS

In this section we define the type of parametric systems and associated families of measures we encounter
later and discuss their basic properties such as stability and symmetry. We also discuss the type of extensions
of such systems which arise in our induction process.

2.1. Parametric weight systems and stability properties. Recall the family of measures { . }c.c3 con-
structed in (1.4.1)

pre(x) = I[I vE@),
Lel, supp(L)Ce

where the family £ defined in (1.4.1) consists of pairwise linearly independent forms. The following state-
ment is based on the linear forms condition and is a prototype of many of the arguments in this section.
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Lemma 2.1. For all e € H we have that

He(Ve) = 14 o(1), 2.1.1)
moreover if g : Ve — [—1,1],

EIEG‘/E g(:Ue) :ue(l'e) = ErEVJ 9(776(1')) /LJ(J') + 0(1),

or equivalently

/ gdue:/ (gome)duy+ o(1). (2.1.2)
e VJ
Proof. Note that the linear forms appearing on the right side of

pe(Ve) =Esev. | v(L(2)

supp(L)Ce

are pairwise linearly independent, and as they are supported on e they remain pairwise independent when
restricted to V.. Thus (2.1.1) follows from the linear forms condition.
To show (2.1.2), let ¢’ = J\e and write = (x¢, xer) With ze = T (), e = Ter(x). Then

B :=Eiev,(gome)(@)ps(z) — Bz ev, 9(we) pe(ze) = Ex v, 9(Te) pre(Te) By ev, (W(ze, zer) = 1),
where vv(a:67 xe/) = Hf;(_e Vf(l“emf, IEe’ﬁf)-

By (2.1.1) we have that (V) < 1, and then by the Cauchy-Schwartz inequality

‘E’2 S Ez.ev. Bz, yoev, (W(Ze, Ter) = 1) (W(Te, Yer) — 1) pre(e).
The right hand side of this expression is a combination of four terms and (2.1.2) follows from the fact that
each term is 14 o(1). Indeed the linear forms appearing in the definition of the function y.(x.) depend only
on the variables x; for j € e and are pairwise linearly independent. All linear forms involved in w(z., /)
depend also on some of the variables in x;, j € €, while the ones in w(z., y.) depend on the variables
in y;, j € €, hence these forms depend on different sets of variables. Thus the forms appearing in the
expression fie(ze)W(Ze, T )W(xe, yer) are pairwise linearly independent and (2.1.2) follows from the linear
forms condition. Note that the estimate is independent on the function g. U

This will allow us to consider sets G, C V. as sets G, = T, 1 (Ge) C Vy, changing their measure only by a
negligible amount B
:UJ(Ge) = ﬂe(Ge) + 0(1) (2.1.3)

Next we define weight systems and associated families of measures depending on parameters. Let
L, = (L*(q,2),...,L*(q,))

be a family of linear forms with integer coefficients depending on the parameters ¢ € Z' and the variables
x € ZP. We call the family pairwise linearly independent if no two forms in the family are rational multiples
of each other. If N is a sufficiently large prime with respect to the coefficients of the linear forms Li(q, z),
then the forms remain pairwise linearly independent when considered as forms over Z x V, Z = Z&,
V = Zﬁ. We refer to the set Z = Z% as the parameter space of the family £,. As our arguments will
involve averaging over the parameter space Z, we call the family £, well-defined if there is measure on Z
given by

[ 80 aita) = Euez o) (o). vt0) = [[vi(@), 2.14)
=1

for a family of pairwise linearly independent linear forms Y; defined over Z, and if all forms L*(q, x) depend
on some of the z-variables.
If V = V; then we define an associated system of weights {1, ¢ }qecz,.cen and measures {jiq.c}gez,ecr as
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follows. For a form L*(q,x) = 3", big; + >_ja;jx; define its z-support as suppy(L) = {j € J; a; # 0}.
Fore C Jand q € Z, let

ve@) =[] vlL@a), pee@ = [] vL) (2.15)
LeL, LeLl,
supps (L)=e suppe (L)Ce

We use the convention that v, = 1 if there is no form L C L, such that supp,(L) = e. Note that the
x-support partitions the family of forms £, independent of the parameters ¢, thus for given e € H

Hg.e(z) = H Vge(x), forall g€ Z.
fCe

A crucial observation is that many of the properties of the measure system {1} still hold for well-defined
measure systems {¢, ¢} for almost every value of the parameter ¢ € Z. In order to formulate such state-
ments we say that the family £ has complexity at most K if the dimension of the space Z, the number of
linear forms L’(q,x), Y;(q), and the magnitude of their coefficients are all bounded by K. This quantity
will control the dependence of the error terms in applications of the linear forms condition. We have the
analogue of Lemma 2.1.

Lemma 2.2. Let {(ig ¢ }ect qcz be a well-defined parametric measure system of complexity at most K.
For every e € H there is a set E. C Z such that ¢(E.) = ok (1), and for every q ¢ &

ge(Ve) = 1+ oxe(1). (2.1.6)

Moreover for every e € H there is a set E. C Z of measure V(&) = o(1), such the following holds. For
any function g : Z x Vo — [—1,1] and for every q ¢ E. one has the estimate

/Q%QWMMH:LMWWWWWW+Wm- @17

Ve J

Proof. To prove (2.1.6) consider the quantity

Ae = /Z ‘,U/q,e(ve) - 1‘2 dw(Q)
:é&w<11 v(Lige) - [[ L) 1) dblo).

suppz(L)Ce suppg(L)Ce
The above expression is a combination of four terms and note that the family of linear forms

{Yi(a): L'(q, ), L7 (4, e ) }

is pairwise linearly independent in the (g, ¢, y.) variables by our assumptions. Applying the linear forms
condition gives that each term is 1 4+ o (1) and so A, = 0k (1) and (2.1.6) follows.

Now let ¢’ = J\e, write = (x., z/) and arguing as in Lemma 2.1 we have
Mg, e,9) := | Eaev; 9(q, me(2)) pg,7(2) — Eaceve 9(q, Te) pg.e(te)
= |Ez.ev. 9(q; ze) prg.e(Te) Ez,ev, (Wq(Te, zer) — 1)
< Egeeve ge(Te) |Exe/€Ve/ (Wq(Te, zer) — 1),
where wy(zc, zer) = Hfge Vg f(Tenf, Ternf)-

Notice that the right hand side of the above inequality is independent of the function g; if we denote it
by A(g, e) then (2.1.7) would follow from the estimate E,cz A(q,e) di(q) = ok (1). By the linear forms
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condition E, ,_ d(q) dpig.e(ze) = 1+ ok (1) < 2, for N sufficiently large with respect to K. Then by the
Cauchy-Schwartz inequality one has

(EqGZ A(g,e) d¢(Q))2 =S Egez, zcev. Emel,yefeVe (Wq(xea Ter) — 1)(Wq($ea Yer) — 1) dﬂq,e(l‘e) di(q).

This is a combination of four terms, however each term again is 1 + ox (1) as the linear forms defining 1)
depend on the variables ¢ while the ones defining /i, . depend also on the . variables. On the other hand
all linear forms appearing in the weight functions w(z., z./) (respectively, wy (¢, y.r)) depend on the x./
(respectively, y./) variables as well. Thus the family of all linear forms in the above expressions is pairwise
linearly independent in the (g, ., x/, yes) variables. O

2.2. Extension of parametric systems. During our iteration process we will encounter extensions of para-
metric families of forms depending on more and more parameters. Roughly speaking one extends a family
by adding new parameters together with new forms depending also on the new parameters. More pre-
cisely let £} = {Lj(q1,),...,L{*(q1,x)} and L2, = {L3(g2,x), ..., L5*(g2,2)} be two pairwise lin-
early indpendent families of linear forms defined on the parameter spaces Z; = Zﬁ} and Z; = Zﬁ?. Let
1 and 1 be measures on Z; and Z; defined by the families of linear forms {Yi!(q1),...Y. (q1)} and

{Y(@),--- Yo ae)}

Definition 2.1. We say that the family ‘ng is an extension of the family E;l if Z1 < Zy and the following
holds. The family of forms L’ (qz, ), Yj2 (q2) which depend only on the variables q1 = (q2) is exactly the
family of forms Lt (qy, ), le (q1), where 7 : Zy — Zj is the natural orthogonal projection.

IfV =Vyletp == {pig e }qezr.ecn and p? := {fig, f }goezo. fen be the associated measure systems as
defined in (2.1.5). We say that the measure system p? is an extension of the system s

Let us make a few immediate observations. Writing Z» = 7y x Z, Z = Zy and g2 = (q1, ¢), we have

Pa(q1,q9) = ¥1(q1) - ¢(q1,9) (2.2.1)

where p(q,q1) = szl v(Y;i(q1,q)). The linear forms Y;(q1,q) defining ©(q1,q) depend on some of the
variables of ¢ = (¢;)1<i<) and are pairwise linearly independent. Similarly one may write for any e € H

M%q17q)7e($e) = M;l,e($e)we((ha q; Te) (2.2.2)

where the linear forms L(q1, ¢, z.) defining the function w. (g, g1, z.) depend on (some of) the variables ¢
as well as on (all of) the variables x..

In the special case when £ = (L!(z), .., L*(z)) is a family of linear forms, a parametric family £, is called
an extension of £ if the set of forms in £, which are independent of ¢ is exactly the family £. Similarly, the
associated system of weights {1, .} and measures {/i, .} is referred to as an extension of {v, } and {}.

Lemma 2.3. Let {11}ty be a well defined measure system, and let {jiq ¢ }qecz e be a well-defined
parametric extension of {{f} ey of complexity at most K. Then for any f € H and for any function
g:Vy = [=1,1] thereis a set £, y C Z of measure (&, ) = ox (1), so that forall ¢ ¢ &, ¢

/ gdpg f —/ gdus = ok (1). (2.2.3)
Vy Vy

Similarly if {11, 1} fer,q1e 2, is a well-defined parametric system and if { {14, 1} fer, g2, IS an extension of
complexity at most Ko, then to any function g : Zy x Vy — [—1,1] there exists a set £,y C Z of measure

Pa(Eg r) = 0K, (1), such that for all g2 = (q1,q) ¢ Eg.5

/ 9(q1, ) dpgy, () —/ 9(q1,7) dpgy f(r) = 0K, (1). (2.2.4)
Vi Vi
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Proof. As g5 = pif(xf)we(q, xy), the left side of (2.2.3) may be written as

Agylg) == /V o)y (,2) — 1) dpg (2).

i
Consider

Agg = /Z A s.g(a) | dip(q).

Using the Cauchy-Schwartz inequality we estimate

Agg = / / / (wr(g,z) = 1)(ws(q,y) — D)g(@)g(y) dpg(z)dpy(y)di(q)
2 JVy IV

“J. 1,

Now the Cauchy-Schwartz inequality and (2.1.1) gives

Al s /Vf//qu, )= 1)(wy(,) — 1)x

X (wr(p,x) = D)(wr(p,y) — 1) dpg(@)dpg(y)dip(q)dy (p).

/Z(Wf(%l") —1)(ws(q,y) — D)dy(q)| dus(x)dpg(y).

This last expression is a combination of 16 terms where each term is 1+ o0 (1) by the linear form conditions.
Indeed the linear forms which can appear in any of these terms are Y;, (¢),Y;, (p),L% (x),L%(y), L% (q, ),
Ls(q,y), L' (p,x), L'3(p,y). Note that the last 4 terms depend on both sets of variables (for example
Li(q, ) depends bothon ¢ € Z and on = € V), and hence the family of these forms are pairwise linearly
independent in the (g, p, x, y) variables. This Proves (2.2.3).

The proof of (2.2.4) is essentially the same. Set

A gla2) = /V 9(q1, x)dpg,,f(x) — /V 9(q1, 2)dpg, 1 (x)
f f

and
= /Z A g o ()2 dif(g2).

Write Zo9 = Z1 X Z, where Z = Z’fv, and g2 = (q1, q) for g2 € Zs. By (2.2.1) we estimate as above
Mg [ dvr@)dians (@) s (0) Baez (5 a1, 0.2) = 1wy a1.0,8) = Dilan, )l
v Jvy J 74
The linear forms condition gives

/ / / A (1) dptgy (@) ity 1 (y) = 1+ 0y (1),
ve Jve Sz,

so then we have

Apgl? S /Vf /Vf /Z1 Epgez (Wilq,q,2) — 1)(wr(qr, q,y) — 1)x
x (wr(qu,p, o) — 1) (wi(qr, p,y) — 1) wlq1, 9)e(qr, p) dibi(q1)dpg, () dpgy f (y)-

The point is that any linear form L} (q1, q, z) depends both on the variables ¢ and x. Thus again the left side
is a combination of 16 terms, each being 1 + og, (1) by the linear forms condition as all the linear forms
involved in any of these expressions are pairwise linearly independent in the (z, y, q1, ¢, p) variables. ]
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Lemma 2.3 is an example of what we refer to as a stability property. it means that the extension measures
H(q1,q),f are small perturbations of the measures 14, r With respect to quantities which are independent of g.

As a first application of this principle we show that the weighted box norms, defined in (1.4.2), remain
essentially unchanged under parametric extensions of the weight systems defining the norms. Let £,, be a
pairwise linearly independent family of forms defined on the parameter space (Z1,1) and let {v,, .} be
the associated system of weights.

Let g : Z1 X V. — R be a function and let e € H, |e| = d'. For a given ¢; € Z recall the box norm of

Ia (z) =g(q1, )

od’
o, =Beeve [ glawe@a) [T T vastwrro), (2.2.5)

wee{0,1}¢ fCe wre{0,1}f

ng1‘

where 2 = 7y(x), py = ws(p), 7y : Vo — V} being the natural projection. The inner product on the right
side of (2.2.5) is defined by the parametric family of forms

Ly = U{L(ql,wf(pf,xf)); L e Ly, supp:(L) = f, wy € {0, 1M1} (2.2.6)
fCe
It is easy to see that this is a pairwise linearly independent family of forms defined over Z; x V(V =

Ve x Ve). Indeed, if we’d have that
L'q1, Wy (pyrwpr)) = AL(qu, wp(pf, 7)), (2.2.7)

then restriction both forms to the subspace {p = x} would imply that L'(qi,z¢) = AL(q1,xf) and hence
I = suppy(L') = suppy(L) = f. Then, as L and L’ depend exactly variables z; for j € f, for (2.2.7) to
hold, we should have w} =wpand L = L.

If {fiq, f}qez fce denotes the associated system of measures and

Glg,pr)= [ 9la,welp,2)), (22.8)
we{0,1}¢
then for given ¢1 € 73
2d' .
H9¢h| Ougy e =Epzev.Gy (p, ) /iql,e(l% ). (2.2.9)

Now, if L, is a well-defined parametric extension of £,, then (2.2.6) yields to a well-defined parametric
extension ENqQ of the family qu. Then by Lemma 2.3, and the simple observation that |a2d — b | <e
implies |a — b| < 2™ for a,b > 0, we obtain

Lemma 2.4. Let {vg, ¢} e q ez, be a parametric weight system with a well-defined extension {vg, ¢} fe.goc 7o

of complexity at most K. Then to any e € H and to any function g : Z; X Vo — [—1, 1] there exists a set
E =E(g,e) € Zy of measure 2(E) = ok, (1) such that for all ¢ = (q1,p) ¢ €

194 =9 ]lg,, . +oxa(D)- (2.2.10)

,€

Dquye

Let (V, B, 1) be a measure space and let g : V' — R be a function. An important construction, the so-called
conditional expectation function is defined as

E.(9B)(x) = M(Bl(x)) Eyev1p)(v)9(y)du(y) = M(Bl(x)) /B ( )g(y)du(y),



A MULTIDIMENSIONAL SZEMEREDI THEOREM IN THE PRIMES 17

where B(x) € B is the atom containing x. If ;/(B(x)) = 0 then we set E,(g|B)(z) = 1.

The complexity of the o-algebra BB, denoted by compl(B), is defined as the minimum number of elements
of B which generates B. Note that the number of atoms of B is at most 2°°™P'(B)  Next we compare the
conditional expectation functions of parametric systems.

Lemma 2.5. Let (jiq, f)q ez, fen be a well-defined parametric measure system with a well-defined exten-
Sion (figy, f)goezo,fen Of complexity at most Ko. For q € Zy and e € H, let By, . be a c—algebra on 'V,
such that compl( By, )< M for some fixed number M. For any function g : Zy x Ve — [—1, 1] there exists
asetE =E(B,g) C Zy of measure 12(E) = on, K, (1) such that for any g» = (q1,q) ¢ &€

(1) we have
HEqu,e (9q11Bar,e) — Euql,e (9o ‘the)HiQ(M%e) = on, K, (1) (2.2.11)
(2) and
1By e 9ar Bar )72,y = (B 9 Bar )2, )+ 0rt12 (1): (2.2.12)

m

Proof Let m = 2™ and enumerate the atoms of By, e as B;l, ey Bq1’

be empty. For a fixed 1 < ¢ < m define the functions

allowing some of them to possibly

1 if z€B
bilar, @) = lBél (@) = {0 otherwise "
and for g2 = (q1,q) € Z5 define the quantities

wi(ge, g) == /v 9(q1, 2)bi(q1, ) dpig, (), 11(q2) = Hgp.e(Bl):

wilar, g) = / o(qu Dbilaqr, D) (@), pil@r) = igre(BL)

Ve

By Lemma 2.3 we have that

pilaz, g) = pilqr, g) +ox, (1),  1i(g2) = pi(q1) + or, (1) (2.2.13)

for all o ¢ & where & C Zs is a set of ¢p- measure o, (1). Let £ = [J", E¥ then 12(E) = oK, M(1).
The left hand side of (2.2.11) takes the form

o (pilazg)  pila9)\?
;( wile) (@) ) 1i(g2), (2.2.14)

with the convention that if 1;(¢1) = 0 or p1;(g2) = 0 then p;(q1, 9)/pi(q1) := 1 or pi(g2, 9)/pi(g2) := 1.

If 2 = (q1,q) ¢ € then by (2.2.13)

m

=3 (I6(a2.9) = o)+ ista) — )] ) = oo (1) 22.15)

i=1
Now if p;(q1) < 2e'/* then pi(qa) < 3¢'/* by (2.2.13), hence the total contribution of such terms is
bounded by 12me'/* = og, pr(1).

If i (q1) > 2e/* then pi(go) > €'/4, we have the estimate

pi(a2,9)  pila,9) ‘ 4e(N) 1/2
_ < <24 =o0 1),
wi@) @) | S @R S Faae(l)
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This proves (2.2.11). The proof of inequality (2.2.12) proceeds the same way, here one needs to estimate

the quantity
= pilaz, 9)\* ~(kilg1,9) 2

=1

pilaz 9)®  pilar, 9)®
1i(g2) pilqr)

i=1

(2.2.16)

If pi(q1) < 2%/ then p;(g2) < 3¢'/% for g2 = (q1,q) ¢& &, thus the contribution of such terms to the right
side of (2.2.16) is trivially estimated by

3Im 61/4 = OM,Kg(l)
The rest of the terms are bounded by 8 £1/2 and (2.2.12) follows. ]
We also need an analogue of the above result when the || - || z2(,,, ) norm is replaced by the more compli-

cated || - ||, , norms.

Lemma 2.6. Let {vg, 1} rem,q.c 2, be awell-defined extension of the parametric weight system {vy, r} e, qie 21>
of complexity at most Ko. For q1 € Z1 and e € H, let By, . be a o-algebra of complexity at most M, for
some fixed constant M > 0. Then

1By e (9a11Bar.e) = Bug, (901 1Bgr.e)llon,, . = 0nx (1), (2.2.17)
forall o = (q1,q) ¢ £, where € = E(g,B) C Zy is a set of measure 12(E) = on i, (1).
Proof. First we show that for any family of sets A = (Ay, )gez,- Agy C Ve thereis aset & = &1(g,.A) of
measure 12(€1) = ok, (1) such that for all g2 = (q1,q) ¢ & we have
d
H1Aq1 ngl,qw < fgoe(Agy) + 0ry (1) (2.2.18)

To see this, first note that for ¢ = (q1,q) € Z2 one has
d
114, 12, < Eopevila,, (@) tgpe(@) [T T vaes(@r(ps.zp))
fCewys#0
= /1’%,6(’4(11) + E(qQ)a
with
E(q2) < Eaevifiga,e(2)|Epev. W(g2, p, z) — 1)],

W(ga,p, ) = [ 1] Vasrws (o, 25))-

fCewy#0

where

Arguing as in Lemma 2.3, we see that

quEZQEx,p,p’EVe w2<Q2)dﬂq2,e(x) (W(QQ,}?,J?) - 1)(W(q27p/7 x) - 1) = OM,K(l)
and (2.2.18) follows.

Now let {Bé1 m  (m = 2M) be the atoms of B,, . and define the quantities /2;(g2, g), 11:(q2), pi(q1, 9), piq1)
as in Lemma 2.4. The expression in (2.2.11) is then estimated

o (1ila29)  pila9)), 1i(2, 9) (ql,

Z . T B, . - H ql‘uu .

S\ pile2) o) 2 pilae) .
i qz, ~ pilq,9)

5

=1

1i(q2) 1i(qr) ’ Haze (BZ) +OM’K(1)’

for g2 = (q1,q) ¢ &1, where &1 = £1(By, ¢, g) is a set of measure opz x (1).
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Using the facts that (g2, 9) = 1i(q1,9) + 0k, (1) and p;(g2) = pi(q1) + ok, (1) outside a set of measure
0M7K2(1), and

Z:U’(D,G(Bt;) = MQQ,B(V6> =1+ OKz(l)v
i=1

it follows that the above expression is o7, k, (1) by arguing as in Lemma 2.4. This completes the proof. [

2.3. Symmetric extensions. We will also need our parametric families of forms to be symmetric, to apply
Theorem 1.3, which we define as follows. Let foreache € Hg, L, = {L(q,2), ..., L3(q, z)} be a pairwise
linearly independent family of linear forms defined on V' =V, depending on parameters ¢ € Z, such that
suppz(Le) C e. We say that the family of forms £, = U.cqy, La.e is symmetric if Lz(q, x) = L, (g, z) for
alge Z,x e M ={x:x0+ - +x4=0},e,¢ € Hgand 1 < j < s. Note that that our initial family
of forms defined in (1.4.2) has this property.

It is not hard to see that to a given family of forms £, . , for a fixed e € H, there is a unique symmetric
family of forms £, such that £,. = {L € Ly; supp,(L) C e}. Indeed, if L, is such a family, then for
e €Hy,g€ Zandx € V)

Lil(qa 33) = Li/ (Qa ﬂ'e’(-r)) = Li/(Q7 ¢e’ o 7T€/(1U)) = Lg(% ¢e’ o 7T€/(I)), (2.3.1)

where ¢. : V. — M is the inverse of the projection 7/ restricted to M. This shows the uniqueness of
the family £,. Conversely, define Lg,(q, x) by the above equality, then it is clear that suppx(Lg,) C e,
moreover if © € M then © = ¢ o 7o (x) hence Li,(q, z) = Li(q, z). Also, if supszi, C e then for all
q€ Ziandx € V;y

Li’(%x) - LZ’(% ¢e 0 7"'e(x» = Lg(q, Ge © ﬂ'e(x)) = Lg<q7x)7

This shows that all forms in £, which depend only on the variables x. are the forms of £, .. Finally, if £ .
is a pairwise linearly independent family then so is £, as linearly dependent forms must depend on the same
set of variables. We will refer to the family of forms £, as the symmetrization of the family L, .. If f € H
for some edge | f| = d' < d and L, s is a family of forms defined on V then the above construction can be
applied to obtain a symmetric family £, simply by choosing an e € Hg4 such that f C e and considering
Ly, r as a family of forms on V.. Note that the construction is independent of the choice of e O f, as if

f C €' as well then L= LZ, foralll1 < j <s.

In the next section, following [19] we will start an energy increment process to obtain a regularity lemma
for weighted hypergraphs. At each stage we will pass to an extension of a symmetric, well-defined and
pairwise independent parametric family £, defined for ¢ € Z as follows. We choose an edge e € H and
consider the extension of the family £, . as given in (2.2.6), that is replacing the forms Li(q,x ) with the
forms L7(q,w;(ps,zs)), wy € {0,1}/. This gives an extension Eq,p, # defined on the parameter space
(g,p) € Z x Vy, which we symmetrize to obtain a new symmetric, well-defined and pairwise independent
family fqyp. The first step of this process was described in the introduction in the special case e = (1, 2).

3. REGULARIZATION OF PARAMETRIC SYSTEMS
3.1. A Koopman-von Neumann type decomposition. Let ¢ C J and let By be a o-algebra on V for
f € Oe, where de = {f C e; |f| = |e[ — 1} denotes the boundary of the edge e. Let B := \/ ;p, By be the
o-algebra generated by the sets 7T€_f1 (Bf) where g : Vi, — Vy is the canonical projection. The atoms of B

are the sets G =) FCoe 7Te_f1 (Gy) with Gy being an atom of By, which may be interpreted as the collection
of simplices = € V,, whose faces =y are in G for all f € Oe.
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The starting point of the proof of the Regularity Lemma, given in [19], is to show that if a set G, C V is
not sufficiently regular with respect to B, that is if

116, —E(a.l| \ Bl = (3.1.1)
f€de

then there exist o-algebras B} 2 By for f € Oe, such that

IE(Le.| \/ BY|3 = |E(e.] \/ B3 + en®
feoe feoe

The quantity |[E(1¢|B)||3. is referred to as the energy (or index) of the set G with respect to the o-algebra
B, thus the above inequality means that the energy of the set G, is increased by cn? by refining the o-
algebras By. In addition the complexity of the o-algebras B}, denoted by compl(B}) and defined as the
minimal number of sets generating the o-algebra, is at most 1 larger than that of 5.

In our settings for a given e C J we will have a parametric system of weights {1, ¢ }4cz fc. and measures
{tq.t }qe z, e associated to a well-defined, pairwise linearly independent family of of forms £, defined on
Z x Vg, as given in (2.1.5). For simplicity we will refer to such systems of weights and measures as being
well-defined.

Lemma 3.1. For givene C J, le| = d', let { g, }gez,fce be a well-defined family of measures of complex-
ity at most K. For q € Z let Ggo C V., and {By ¢} coe be a o-algebra on V7.

Assume

116,. =By, (g, \/ Byl (3.1.2)
f€0e

for some 1 > 0 and for each q € Q, where Q C Z is a set of measure )(€2) > co > 0.

2d
>
Uige = "

Then for N, W sufficiently large with respect to the parameters cq, 1, there exists a well-defined extension
{ttg tYqgez fce of the system {pg r} of complexity K' = O(K), andaset Q¥ CQxV, CZ' =Z xV,
such that the following hold.
(1) We have
() > 271En?, (3.1.3)

where ) is the measure on the parameter space Z'.

(2) Forall ¢ = (q,p) € Z' and f € De there is a c—algebra By y O By y of complexity

compl(By ) < compl(Bg 5) + 1. (3.1.4)
(3) Forall ¢ = (q,p) € ', one has
2 2 -8, 2
HE#q',e(leJ \/ Bqﬂf)HL?(uq,,e) = HEuq,e(le,e‘ \/ Bq,f)Hp(yq,e) 20 (.1.5)
feoe feoe
4) and
g e(Ve) < 2. (3.1.6)

The meaning of the above lemma is that if there is a large “bad ” set {2 of parameters ¢ for which the set
Gl is not sufficiently uniform with respect to the o-algebra \/ Fede By, t. then its energy will increase by a
fixed amount when passing to a well defined extension {By ¢}, {fq c}, forall ¢ = (¢,p) € .
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Proof. Let
gq = 1Gq,e - ]E/Jq,e<1Gq,e‘ \/ B(Lf)' (317)
feoe
Then by (2.2.5) we have for each q €N
19412 m,,qe / 90 | Uaw.f g py.c g (D) =1, (3.1.8)

e f€0e
where ugp ¢ : Ve — [—1, 1] are functions, and {f1(¢p) e } (g,p)cz’ 18 the family of measures

pape@ =11 11 varwss ar).

fCe OJfE{O 1}f
ws#0

As explained after (2.1.5) the measures 1, ;) . are defined by a pairwise independent family of forms L, ,,) .

depending on the parameters (¢,p) € Z x V., which is a well-defined extension of the family £, . defin-
ing the measures /14 . It is clear from (3.1.8) that the measure ¢/’ on Z’ has the form ¢/ (q, p) = p1q.(p) ¥(q).

For ¢’ = (¢, p), let

F(Q7p) = <gqa H uq,p,f>,uqyp7f (3.1.9)
feoe

We show that there is a set Q] C 2 x V. of measure

() = 273G, (3.1.10)
such that for every (g, p) € 2] one has

T(q,p) > Z (3.1.11)

By Lemma 2.2 we have that i,.(Ve) = 1+ o (1) < 2 for ¢ ¢ & where & C  is a set of measure
P(&1) = ok (1). Thus for ¢ € Q\&E = 21 we have by (3.1.8) that

/V Lir(g.p)>n/0 1 (¢, P)dpq.e(p) = g (3.1.12)

e

where by (3.1.8) and (3.1.9) we have

['(q,p) = /V Huqqup z)dpig,e(T)

feoe

The function w () is the product of weight functions of the form v(L(q, p, z)) depending on both p and
x. Thus, using the bounds |g,| < 1, |ug,p, r| < 1, one has

[ wanPasemas < [ gt @g i g o)t
(3.1.13)

=1+ok(l)<2

by the linear forms condition, as the factors in the product depend on different sets of variables. Let
) ={(¢g,p) € Y x V,; I'(¢,p) > n/4}. Thus by (3.1.12), (3.1.13) and the Cauchy-Schwartz inequality

03772</
1 =\ o

1

2
['(g,p)dpiq.e(p) dw@) < /Q I'(q,p)*dpq.e(p) dib(q) o' () < 29/(Q)).

1
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This shows ¢/ (€2]) > 273c3n? as claimed.

Since |uq, r| < 1, decomposing of each function uy r into its positive and negative parts yields that

(Gos 1T vy, =270 (3.1.14)
f€de

for some functions vy ¢ : Vy — [0, 1]. For a given f € e and some 0 < ¢y <1, let

Uy iy =y € Vi g pxy) >t}
be the level set of the functions vy ¢. Then vy f(xf) = fol Ly, y (xf)dty, and for each term in (3.1.14) we
have

1 1
—2
/0 o /(; <QQ7 H 1uq’,tf>l‘q’,edt 2 2 n,

f€oe

where t = (t) fepe- Accordingly the integrand must be at least 2792y for some value of the parameter ¢.
Fix suchat = (ty) and write Uy f for Uy ;, for simplicity of notation. For ¢ = (¢,p) € Q, define By ; to
be the o —algebra generated by B, f, and the Uy ;.. For ¢' ¢ Q. set By y = By 1.

The function || feve Luy is constant on the atoms of the oc—algebra \/ feoe By, f» and therefore we have
forq' €

<1Gq,8 B E“q’,e(lGQ»€’ \/ Bq,7f)’ H ]'uq’,f>“q’,e -
feoe fe€de

for ¢’ € Q). Hence, by (3.1.7) and (3.1.14) it follows that
<Ey‘q’,e (1GQae| \/ Bq/’f) - Eﬂq,e(le,e| \/ BlLf)? H luq/7f>,u,q/’e Z 2_277 (3115)
feoe f€de feoe

By Lemma 2.2 there is a set £&; C Z’ such that ¢/ (&1) = ok (1) and

I TT 1 Wi, ) < pe(Ve) /2 =1+ 0c(1) < 2
f€de ae

for ¢ € Q)\& =: Q). Then by the Cauchy-Schwartz inequality,
-3
1By, eyl V Brg) = Buge(Lael \ Boplpag,, )= 27,
f€0e f€0e

for ¢ € 2. By Lemma 2.6 there is an exceptional set & C Z’ of measure 1’ (£2) = o pr(1) such that for
q = (q,p) € Q5 := Q5\E we have

B, Aoyl N Byrp) =By (gl \ Bopllpzg,, )= 2% —oxm()) > 274, (.116)
feoe feoe '

Since B, s C By ¢, for ¢ = (¢,p), (3.1.16) is equivalent to
2 2 —8,2
1By Al \ Brnlliag, = 1By (euel V Bapliag,, ) = 275" (3.1.17)
feoe ’ fede ’

Finally, by a further invocation of Lemma 2.6 there is a set &3 C Z’ of measure ¢/’ (€3) = ok (1) such that
for ¢’ € Q) := Q4\E3 we have (for N, W sufficiently large)
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B, . (1a,.| \/ Bq,,f)\}ig(“qae) — [ Ep,. (1, |\ Bq,f)\}ig(“qye) > 2792, (3.1.18)
feoe feoe
This proves the lemma choosing €' = €. O

Iterating the above lemma leads to a parametric family of o—algebras and measures such that the sets
G4,c become sufficiently uniform with respect to them. The associated decomposition of their indicator
functions is sometimes referred to as a Koopman-von Neumann type decomposition [19]. We will replace
sets G, C V, by o-algebras B, on V, for e € Hy and for that it is useful to define the rotal energy of the
family {B.}ce#,, with respect to a family of lower order o-algebras {By} sc3;, , and a family of measures

{/’LE}EEHd/ as

Yo Bl V Bolleg (3.1.19)

e€H g1, GeEBe fede
Assuming the measures . are normalized i.e. p(V.) = 1+ o(1) < 2, a crude upper bound for the total
energy is 2¢7122" = O M (1), where M is the complexity of the o-algebras B,.

Lemma 3.2 (Koopman-von Neumann decomposition). Let {114 f}qcz ren be a well-defined, symmetric
family of measures of complexity atmost K. Let 1 < d' < d, andlet {By e }qez,eet, and {By f}eez,fem,
be families of o-algebras of complexity at most My and My 1. Finally let Q C Z with {(2) > ¢y > 0,
and let § > 0 be a constant.

Then for N, W sufficiently large with respect to the constants 9, co, My, My _1 and K, there exists a well-

defined, symmetric extension { iy t}q ez’ fen of the system {jiq s} of complexity at most K" = Ouy,, k., 5(1)
and a family of o-algebras {By }qcz, fen,,_, such that the following hold.

(1) Forallq = (¢,p) € Z' and | € Hy_1 we have
Bys € By.y, compl(By ) < compl(By )+ O, 5(1). (3.1.20)

(2) There exists a set ' C Q x V. C Z' of measure '(QV) > ¢(co,0, My) > 0 such that for all
¢ = (¢,p) € @ and for all G4 € By, one has

16, —Euy, (Le,.l \V Byplly, <6 3.121)
fEDe a.e
and
By, . (e, \/ Bq,f)Hi2(uq, o= 1B, (e, \/ Bq,f)HiQ(uq’e) + oy i, 6(1), (3.1.22)
fede ’ fede

Proof. Initially set Z' = Z, then (3.1.20) and (3.1.22) trivially holds for ¢’ = q. If there is a set Q1 C Q of
measure (€21) > % such that inequality (3.1.21) holds for all ¢ € €21 and G € By then the conclusions
of the lemma hold for the initial system of measures and o-algebras {11, s}, {Bg s} and the set ;. Other-
wise there is a set 0o C Q of measure ¥)(€22) > % such that for each ¢ € Q5 there is an e € Hy and a
set Gy, € By, for which the inequality (3.1.21) fails. By the pigeonholing we may assume that e € Hg is

independent of ¢q. Then by Lemma 3.1, with ) := 52 , there is a well-defined extension {1y f}qcz/ fce @
family of o-algebras {By s}y ez fce andaset Q' C Qy for which (3.1.3)-(3.1.5) hold. Let { g f}grcz/ fen
be the symmetrization of the system {1y r}qcz/.fce as described in section 2.3, and set By ¢ := B, s for



24 BRIAN COOK, AKOS MAGYAR, TATCHAI TITICHETRAKUN

q ¢ Q' or f ¢ e. By Lemma 2.5 one may remove a set £ of measure ¢/(£) = opr,, k(1) such that for all

q € Y\E&, (3.1.20) and (3.1.22) hold for the extended system, whose total energy is at least 9-1052" larger
than that of the initial system {1ty f}qez ren -

Based on the above argument we perform the following iteration. Let {jtq ¢}qycz ren be a well-defined,
symmetric extension of the initial system {iq 7} ez, rer » {By s} ez, fem,_, be a family of o-algebras
and let ' C Q x V' C Z’ for which (3.1.20) and (3.1.22) hold. If there is a set 2] C €’ of measure
() > () /2 such that for all ¢ € Q}, e € Hgy and G, € B, inequality (3.1.21) holds, then the
system {1y}, {By. s} together with the set 2] satisfies the conclusions of the lemma.

Otherwise there is a well-defined, symmetric extension {17 ¢}q7czr ren together with a family of o-
algebras {By s }qrezr fen, , andaset Q" C Q' x 24, such that for all ¢ € Q" inequalities (3.1.20) and

(3.1.22) hold, and total energy of the system (pig7 ¢, Bg.e, By f) is at least 9-1052" larger than that of the
system (;quye, Bq,e7Bq’,f)- Set 7' := Z, Pg' e = Pg e and By ¢ = By 5.

By (3.1.19) the iteration process must stop in Oy, 5(1) steps and the system obtained satisfies (3.1.20)-
(3.1.22).
0

3.2. Hypergraph regularity Lemmas. The shortcoming of Lemma 3.2 is that the complexity of the o-
algebras B, y might be very large with respect to the parameter J, which measures the uniformity of the
graphs G4 .. This issue can be taken care of with an iteration process using Lemma 3.2 repeatedly, along
the lines it was done in [19]. In the weighted settings we have to pass to a new system of weights and
measures at each iteration and have to exploit the stability properties of well-defined extensions to show that
the iteration process terminates.

Lemma 3.3 (Preliminary regularity lemma.). Ler 1 < d’ < dand My > 0 be a constant. Let {14 ¢ }qc 7z, fen
be a well-defined, symmetric family of measures of complexity at most K, and1 < d' < dand {By ¢} qez.ccn o
be a family of c—algebras on V, so that forall q € Z, e € Hy

compl (Bge) < M. (3.2.1)
Lete > 0and F : Ry — Ry be a non-negative, increasing function, possibly depending on € and Q) C Z
be a set of measure 1(2) > ¢y > 0.

If N, W is sufficiently large with respect to the parameters €, co, My, K, and F, then there exists a well-
defined, symmetric extension {fig, f}6€7 of complexity at most Ok nr, F,(1), and families of c-algebras
Bg s C B’@ f defined forg € Z, f € Hq_1 and a set Q C Z such that the following holds.

(1) We have that Q C QO xV C Z =Z xV where V = Z?V of dimension k = OMd“F,g(l). Moreover
»(Q) > c(co, F, My, €) > 0. (3.2.2)
(2) There is a constant My 1 = Onp, 7e(1) such that for all G € Z and f € Hay_1 we have

compl(Bg r) < Mg _;. (3.2.3)
(3) Forallg = (q,p) €Q, e € Hg and G € By ., we have

HElLﬁ,e(le,e‘ \/ B%vf) - E“ﬁﬂe(le,e‘ \/ Bq»f)HLQ(;Lg,e) =€ G324
feoe feoe
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and

1
/
H]-Gq,e - E,U‘ﬁ,e(]-Gq,e’ fé(/ae B@f‘)HDVE‘e S m (325)

Proof. Let {pg f}qecz en be a well-defined, symmetric extension of the initial system {1, ¢} defined
on a parameter space Z' = Z x V' of complexity at most K’. Also for ¢ € Z' and f € Hy_1
let {By t}yez fem, _, be a family of o-algebras of complexity at most My 1. Set By . = By, for

¢ = (q,p) € Z', e € Ha, and apply Lemma 3.2 to the system (piy ¢, By e, By f), with§ = F(Mg_q) ™

This generates a well-defined, symmetric extension {17 ¢} 4, and a family of o-algebras

B 7€Z.fe .
{B Yaez, fery andaset Q2 C Z. Set By s := By s forg = (¢',p) € Z, f € Ha—1. The new system

, Bz e, satisfies (3.2.2)-(3.2.3) and (3.2.5) as long as the parameters K’, My _q are of magnitude
g, f> Bg, quf isfies (3.2.2)-(3.2.3) and (3.2.5) as long as the p K', M, f magnitud

Or ., F,e(1). There are two possibilities.

e Case 1: There exists a set 1 C Q of measure ¢)(Q1) > ¢(€2)/2 such that (3.2.5) holds for all
g € (1. In this case the conclusions of the lemma hold for the system (g, By, B% f) and the set

Q.

e Case 2: There is a set {2 C  of measure 1(Q2) > 39(Q) so that inequality (3.2.5) fails for all
G € Qo. Then, thanks to the stability condition (3.1.22) and the fact that By =B C B Gf We
have for g € Qo, ¢ = 7/(g), and ¢ = 7(q) that

2 1B eyl V Biplzy = 32 By Aol V Brplzy

e,Gg.e f€de T e, Gae feode
> Z HE.“‘qe ]'qu, \/ B HL2 “Eﬂqe 1Gq€‘ \/ B f HL2 OMd’vKlvF(l)
e,Gy.c fede € fede €
= Z H]E“@e(leve’ \/ B@f) B “q e 1Gq 6’ \/ Bq of HL2 B OMdhK’,F(l)
e,Gge feoe feoe oe
>e” — o, k(1) (3.2.6)

where the summation is taken over all e € Hy and Gy € Bye.

Thus, for sufficiently large N, W we have for all § = (g,p) € Qo that the total energy of the system
(kg.f+ Bge, B’q ) is at least 5 larger than that of the system (uq ¢, By.e, By,r). In this case, set

7' = Z, = Qs, Ue' f = ,uq frand By y = B, and repeat the above argument. Starting with
the original systern Hq,f> Bge and o-algebras, B, r = {(Z) Vr}), the iteration process must stop in at most

e—292M ) 9dt1 _ o 1r.e(1) steps, generating a system (pg,f, Bg,e, By ;) which satisfies the conclusions
of the lemma. g

This lemma is more widely applicable than Lemma 3.2 as the uniformity of the hypergraphs G . with re-
spect to the (fine) o—algebras Bé’e can be chosen to be arbitrarily small with respect to the complexity of
the (coarse) o —algebras By ., while the approximations E,,_ . (1¢,.|V B;,) and E,_ (1, .|V Bg.) stay
very close in L?(g..).

In order to obtain a counting and a removal lemma starting from a given measure system {/i, .} and o-
algebras {B, .} we need to regularize the elements of the o-algebras By . for all e € H with respect to
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the lower order o-algebras \/ Fede B, . This is done by applying Lemma 3.3 inductively, and provides the
final form of the regularity lemma we need. Let us call a function F' : R, — R a growth function if it is
continuous, increasing, and satisfies F'(z) > 1 + x for z > 0.

Theorem 3.1. [Regularity lemma.] Let 1 < d' < d and My > 0 be a constant. Let {jiq }qecz ten be a
well-defined, symmetric family of measures of complexity at most K, and 1 < d' < d and {By¢}qez.ccn v
be a family of c—algebras on V, so that forall q € Z, e € Hy

compl (Bge) < Mg . (3.2.7)
Let F : R, — R be a growth function, and Q@ C Z be a set of measure )(€2) > ¢o > 0.

If N,W is sufficiently large with respect to the parameters co, My, K, and F, then there exists a well-
defined, symmetric extension {}ig,f};c7 ren of complexity at most Ok, (1), and families of o-algebras

B C B’q 7 defined for q € Z, f € Hq_1 and a set Q) C Z such that the following holds.
(1) We have that Q C Q xV C Z =Z x V where V = Z’f\, of dimension k = Oy, (1). Moreover

P(Q) > e(eg, F, My) > 0. (3.2.8)
(2) There exist numbers
My < F(Mg) < Mgy < F(Mg_1) <--- < My < F(My) < My =Op, r(1) (3.2.9)
such that forall1 < j < d', f € Hj,andq € Z,

compl(B; ;) < M;. (3.2.10)

(3) Forall 1< j<d,e€H; G=(¢,p) €Q, and Gg. € By, (With Bz := By, if j = d'), one
j 7, a, 7, g,

has
1
HEMH,E(]-G@J \/ Bé,f) _Euﬁ,e(lG@J \/ Bﬁ’f)HLQ(Nﬁ,e) S F(M) (3211)
f€oe f€oe J
and 1
e, =By (e, |\ Byy I, < FOL) (3.2.12)

feoe

Proof. We proceed by an induction on d’. If d’ = 1 the statement follows from Lemma 3.3 with ¢ = % ,

so assume that d’ > 2 and the theorem holds for d’ — 1. Apply Lemma 3.3 with a growth function F* > F
(to be specified later) and with ¢ = WlMd,) This gives a well-defined, symmetric extension {1y r} and a
family of o-algebras By ; C B(’Z, f defined on a parameter space Z' = Z x V, such that

1

H ch]-G/e \/B uqelG/ |\/B7f HLQ“’@ W (3.2.13)
f€0e f€0e
and X
H]-Gq/e /Lq . 1G’ /) f¥68 7, f HDu/e S Td/l) (3214)

hold for all ¢ = (q,p) € V,e € Hy,and Gy, € By = By, where ' C Q x V C Z'is a set of
measure ' () > ¢(co, F, My) > 0.
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Applying the induction hypothesis to the system {11y f}gezr rers {By s tqez ren, - the growth func-
tion F, and the set (', one obtains an extension {/ig};c7 sy, and families of o—algebras {Bg; C
B’q f}qef fen, such that (3.2.10) - (3.2.12) hold for j < d’ — 1, with constants

My < F(Md/—l) < <M< F(Ml) = OMd’flvF(l)' 3.2.15)

For = (¢,p) € Z, f € Ha—_1 set By := By s, and B ; := B, ;. We show that inequalities (3.2.11)
and (3.2.12) hold for 7 = d’. Indeed, by the stability property (2.2.12), one has

HEMa,equ/,e‘ \/ B;',f) _Eua,e(leae’ \/ Bq’,f)HB(%e)

feoe fe€oe
=||E ngr (LG, | \/ By -E., . (e, | \/ By s HLz(M, ) T oK My FF «(1)
feoe f€oe
1
< — (1 3.2.16
< gy + oo (1) 3216

forallg = (¢/,p) € O\&1, e € Ha, and Gy € By .. Here &1 C Q is a set of measure 1(E;) =
oK M, F(1).

Similarly using the stability properties (2.2.10) and (2.2.17) of the box norms, we have

e, =B (e, |\ Bypllo, =16, =B, (e, |\ Byllo, + o, rr(1)
f€de oe feoe he
=|1¢, . —Eu,.(1c,.| \/ By s HD +0K,Md/,F,F*(1) < S (Mg 1) +or,Mmy Fr (1),

f€oe

(3.2.17)

forallg = (¢,p) € Q\E2, ¢ € Hy and Ay € By = By , where E5 C Q is a set of measure
¥(&2) = ox .My re(1).

With F(M;) = Oy, (1), we have that F(M;) < C(Mg_1,F) =: 1F*(My_,) for a sufficiently
rapidly growing function F'* depending only on F'. Assuming /N, W are sufficiently large with respect to
My and K, inequalities (3.2.11), (3.2.12) for j = d’ and g € ﬁ\(?l UEQ) follow from (3.2.13) and (3.2.14).
The rest of the conclusions of the theorem are clear from the construction. U

4. COUNTING AND THE REMOVAL LEMMAS.

4.1. The Removal Lemma. In this section we formulate a so-called counting lemma and show how it im-
plies Theorem 1.4. Our arguments will closely follow and are straightforward adaptations of those in [19]
to the weighted settings; for the sake of completeness we will include the details.

For e € Hgqlet G. C V. be a hypergraph, and let B, = {A., AS,(),V.} be the o—algebra generated
by it. Let {I/e}eeH and { . }ecy be the weights and measures associated to a well-defined, symmetric fam-
ily forms £ = {L¥; e € Hq, 1 < k < d}. Take Mg > Oand F : R, — R be a growth function to be
determined later and apply Theorem 3.1 with d’ = d to obtain a well-defined, symmetric parametric exten-
sion {ftg.c }qez,ccn together with o-algebras B, . C bee and a set Q C Z such that (3.2.8)-(3.2.12) hold.?

3The family {v.} can be considered as a parametric family of weights in a trivial way, setting Z = © = {0}, and ¢ (0) = 1.



28 BRIAN COOK, AKOS MAGYAR, TATCHAI TITICHETRAKUN

Note that the complexity of the system as well as the o-algebras is Oz, r(1). We consider the system of
measures /i, . and the o-algebras B, B;’e fixed for the rest of this section.

It will be convenient to define all our o-algebras on the same space V; and eventually replace the ensem-
ble of measures {/iq ¢ }ecy With the measure g 1= f1q,7 = [[ ;e Vq,f- Thanks to the stability conditions
(2.1.6)-(2.1.7) this can be done at essentially no cost. Indeed for any e € H there is an exceptional set
Ee € Q of measure (&) = opr,, (1), such that for any family of sets G4 C V. we have that

/'LQ(Tre_l(Gq,e)) = :UJq,e(Gq,e) + OMd,F(l), “4.1.1)

uniformly for ¢ € Q\&. Let £ = J ey &, ' 1= Q\E, then (4.1.1) means that for any set A, € A,
one has that piy(Age) = fige(me(Age)) + o, r(1) uniformly for g € Q. We will write pg(Aqe) =
fve 14,.(xe) dpig,e(e) for simplicity of notations.

7. (Bye), B;ﬁ =7, (B}, .) on V, and note that B, . = B, for e € 4 as

the initial o-algebras B, are not altered in Theorem 3.1. Let Eq = Veen Eqﬁ be the o-algebra generated by

Define the o-algebras By . :=

the algebras By ., and define similarly the a-algebra?;. The atoms of B, are of the form 4, = Neer Age
where A is an atom of B . In particular if E. € B then () .4, Ee is the union of the atoms of B,.

The so-called counting lemma [19], [5], [14], gives an approximate formula for the measure of “most”
atoms A, and as consequence it shows that their measure is bounded below by a positive constant depend-
ing only on the initial data F' and M. If, as in Theorem 1.4, one assumes that the measure of ﬂeeHd E.
is sufficiently small then it cannot contain most of the atoms thus removing the exceptional atoms from the
sets E, the intersection of the remaining sets becomes empty, leading to a proof of Theorem 1.4.

To make this heuristic precise let us start by defining the relative density 6q..(A|B) := pqe(AN B)/pq(B)
for A, B € B, with the convention that 6, . (A|B) := 1 if p,(B) = 0.

Definition 4.1. Let A; = NeenAge be an atom of B,. We say that the atom A, is regular if the following
hold.

(1) For all atoms Ay,

1

5q, q.€ ‘ m A f Z AN
fede K logF(M)

4.1.2)

(2) Moreover

/ ‘E#q 1Aqe| \/qu 1“11 1Aqe‘ \/qu HlAqfd/'I/qefF /V H]'Aqfdlu'qv

feoe f€de fCe J fCe
(4.1.3)

This roughly means that all atoms A, . are both somewhat large and regular on the intersection of the lower
order atoms Ay ¢, (f € Oe). Note that if e| = 1 then Je = () and by convention we define (;cy. A5 = V7,
and the left side of (4.1.2) becomes fiq(Aqe).

Proposition 4.1. [Counting lemma] There is a set € C 2 of measure 1(E) = ON,W—o0:M,,F (1) such that
ifg € Q\E and if Ag = ey Age € Veey Ba.e is a regular atom, then

1
tq(Aq) = (14 0ny—00(1)) H 5(176(‘4(1,6} ﬂ Aq,f) + O, <F(]\4)> + ON WMy, (1), (4.1.4)
et fede !
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Next, following [19], we show that the total measure of irregular atoms is small. For any atom A, . € Bq,e,
let By 4, . be the union of all sets of the form ﬂfCe A, ¢ for which (4.1.2) or (4.1.3) fails. Note that if an
atom Ay = (),cy Ag,e is irregular then A; C Ay . N By 4, for some e € H. We claim that

1
tq(Age N quequ,e) S

~ Tog F(M;) F(M;) (4.1.5)

for ¢ ¢ &, where & C Q is a set of measure (€1) = o, r(1). To see this, note that the measure /i,
can be replaced by the measure 1, . as they differ by a negligible quantity on sets which belong to A.. We
estimate first the contribution of those sets [ Fce Ag ¢ to the left side of (4.1.5) for which (4.1.2) fails. This
quantity is bounded by

Z Hg,e(Age N ﬂ Agr) < logFl(]M[) Z Ha,e ﬂ Aqf)

{Aq,f}f6857 (4.1.2) fails fE€de {Aq f}feé)e fE€de
1 1
< - V.) <
= log F(M;) Hae(Ve) S log F(M;)’

as the summation is taken over the disjoint atoms of the o-algebra \/ Fede qu -
Similarly, one estimates the total contribution of the disjoint atoms () fce Ay ¢ for which (4.1.3) fails as

follows.
Z Ha,e( ﬂ Agr)

{Aq Y rces (4.1.3) fails fce

/ By (L. | \/ qu Epge(14,.] \/ By 1) dpsg,e
feoe feoe

Since the sets Ay . N By e A ... contain all irregular atoms, and for given e € H; the number of all atoms of

_ . M . .
the o-algebra B, . is at most 2277 one estimates the total measure of all irregular atoms as

i 1 1 M
) < 92" < < 927d 1.
) D IERCHLL I —ZO g FOL) = g Pl

Jj=1e€H; Aq e€Bg,e =1

M +d
if, say F'(M) > 92" This shows, choosing My sufficiently large, that most atoms are regular.

Another fact we need is that the measure of regular atoms is not too small. Indeed by (4.1.2), (4.1.4),
we have that for ¢ € €2 and a regular atom A, = NeerAge,

1 1
H H 1/10 = Oda,pny <F(Ml)> + ony,r(1) > W > 0, “4.1.7)

j<decH;

as long as F' is sufficiently rapid growing and Mj; is sufficiently large with respect to d. It is clear from
(3.2.9) that F'(M;) < F*(M,) for a function F* depending only on F' and M.

After these preparations, assuming the validity of Proposition 4.1, it is easy to obtain the
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Proof of Theorem 1.4. Let 6 > 0, E. € A, and g, : Ve — [0,1] for e € H, be given. Let & C 2 be a
set of measure 1(€1) = o, r(1) so that (4.1.1), (4.1.6) and (4.1.7) hold for ¢ € /. Also by (2.2.4)
conditions (1.4.11)-(1.4.12) hold for

fg = gy and fle = g (€ € Hy), (4.1.8)
for g ¢ &, for a set £ C ) be a set of measure ¢(E2) = o, r(1).

Now fix ¢ ¢ & U & and define ji; and fi. for e € H, as is (4.1.8). We claim that this system of mea-
sures satisfy the conclusions of the theorem. By construction the system is symmetric so it remains to
construct the sets E/ and show (1.4.13)-(1.4.15) hold. For given e € H define the sets

Ege=VA\(Bgea. U |J (AgrNBysa,,)), (4.1.9)
fgequ,f

where A, ; ranges over the atoms of B, r. As we have B, . = B., which is generated by a single set E,, if
(Neen, Ee contains an atom Ay = (4, Ag f then Ay . = E, for e € H,. If such an atom would be regular
then by (1.4.10) its measure would satisfy

m E ,uJ( ﬂ Ee)+0Md,F(1) < 26.
ecHy e€Hq

F(

Choosing My to be the largest positive integer so that F*(My) < (25)~! we see that ﬂeeHd E. contains
only irregular atoms. From (4.1.9) and (4.1.6) we have

~ ~ _oM
iy (BAEy,) = jis (| (AgrNBgga,,) <2727 (4.1.10)
fgeaAq,f

Also, all irregular atoms Ag = (<4 Ag,f € (Neepy, Ee are contained in one of the sets Ec\Ey . thus

) (E.nE;,) =0

e€Hy

Finally, choosing ¢ := 2_2Md, (1.4.14) holds by (4.1.10). Moreover 6 — 0 implies My — oo and hence
€ — 0 showing the validity of (1.4.15). This proves Theorem 1.4. U

4.2. Proof of Proposition 4.1. The proof proceeds by induction and uses the Cauchy-Schwartz inequality,
causing to double certain sets of variables. As a consequence, we need a generalization of Proposition 4.1
which requires the following definition.

Definition 4.2 (Weighted hypergraph bundles over H). Let K be a finite set together withamap 7 : K — J,
called the projection map of the bundle. Let G be the set of edges g C K such that 7 is injective on g and

7(g) € H.

For any g € G, write
Vy = Vi) = [ Vs
keg
and define the weights and measures Vg g, iy o Vg — Ry as

Vq,9(Tg) = Von(g)(Tg), Thgq(Tg) H Va.g (Tg)
/Cg
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The total measure measure [i, i on Vi is given by

Ak () = qu,g(%)-

geg

A hypergraph G C Gg which is closed in the sense that 0g C G for every g € G, together with the
spaces V, and the weight functions Uy, for g € G is called a weighted hypergraph bundle over H. The
quantity d' = SUPgeg |g| is called the order of G.

Note that the underlying linear forms defining the weight system {7, ¢ }¢e 2,96,

Lg(vag) = L7r(g) (Q7xg)v SUPPx (Lﬂ’(g)) = 7T(g)

are pairwise linearly independent. Indeed, if g # ¢’ they depend on different sets of variables, and for a fixed
sets of variables they are the same as the forms L(g, z4). What happens is that we sample a number variables
from each space V; and evaluate the forms (g, =) in the new variables. For example if we have 21,z € V)
and x9, 29 € V5 then to the edge (1,2) € H there correspond the edges (1,2),(1,2'),(1’,2) and (1',2')
in G, and to every linear form L(q, x1, z2) there also correspond the forms L(q, x1,zo ), L(q, z1/,x2) and
L(q,x1/, xo) defining the weights on the appropriate edges.

Proposition 4.2. [Generalized Counting Lemma] Let G C Gy be a closed hypergraph bundle over H with
the projection map ™ : K — J, and d' := SUPgeg |g| be the order of G. Then, for F' growing sufficiently
rapidly with respect to d and K, there exists a set £ C Q) of measure (E) = ON—so0:M,,K,F (1) such that
for q € Q\E we have

/ 1 4,000 (o) iy () 4.2.1)
Vi geg
1
= (1+ 00400, (1)) H 0g.7(9) (Ag,(g)] ﬂ Ags) + OK,M1(m) + ON—s00,5,M,(1)-
9€9 feon(g) !

Note that Proposition 3 is the special case when G = ‘H and 7 is the identity map.

Proof. We use a double induction. First we induct on d’, the order of G (note that d’ < d), and then, fixing
K and 7, we induct on the number of edges r := [{g € G : |g| = d'}|.

To start, assume that d = r = 1, so that G = {k} and j = w(k) € J. The left hand side of (4.2.1)
becomes

/VlAq,]-(ka) dﬂq,k(%):/v1Aq,j(f'fj)duq,j($j)=5q,j(Aq,j)-
. |

J

Let { Ay ¢ }ecy be a regular collection of atoms for ¢ € €2, and define the functions by ¢, ¢4 : Ve — R for
e € H by

bge =By (La,. |\ Bhp) = Eup.(a,.| \/ Boy) (4.2.2)
feoe feoe
Cge=1a,, —Ep, (1a,.] \/ Bp) (4.2.3)

f€oe
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and introduce the shorthand notation
Og,e = 5q7e(Aq76‘ ﬂ Aq,f)-

f€oe
Note that if # € Ag e (e, Ag,f then
Sge =By, (La.| \/ Bos)(ze), (4.2.4)
f€0e

and thus one has the decomposition
1Aq,e (me) = 6(1’6 + bQ78(me) + Cq76<$6) (425)
on the set () ;¢ Ag,f- Let go € G such that [go| = d’ and use (4.2.5) to write
H L4y o) (29) = (Ogr(g0) + Dgr(g0) (Tg0) + Cqm(g0) (Tg0)) H 1a, .0 (2g)-
9€G 9€9\{g0}

Consider the contribution of the terms separately

/ H 1Aqm(9) (x9>dﬂan(x)
Vi

geg

:/ (8g,7(g0) T bg,m(g0) (Tgo) + Cq.n(g0) (Tg0)) H 14, .00 (2¢)dftg Kk (2)
Vi 9€G\{g0}

=M, +E; + E} (4.2.6)

For main term M, by the second induction hypothesis we have
Mg = b4 (g0) v H 14, 0 (%)dﬁq,K(x)
X 9eG\{g0}

1
= 5q,7r(go) (1 + OMd—>OO(1)) H 5q,7r(g) + OK7M1(7) + 0N7W—>OO;K,Md(1)7
9€G\g0 F(My)

and hence M, agrees with the right side of (4.2.1). We continue to estimate the second error term by

ESZ/V Cq,m(g0) (Zg0) H L4, (g (29) 71 (%) = Baevic (Cq.m(g0)Pa,90) (o) H 145,59 Va9(%g)
K

9€G\{go} 9€G\{g0}
= Eeevi H Ja.9(xg) H Vgg (Tg), (4.2.7)
lg|=d’.g€G g'€G lg'|<d
where fy 00 = Cqn(go)Pag90 AN fqg = hqgPqg, for g € G,g # go and |g| = d’ for a function Ay, of

magnitude at most 1. Thus we have |f, | < 7,4 forall g € G, |g| = d'. Note that we are essentially in the
situation of Proposition 1.1, the generalized von Neumann inequality. Indeed applying the Cauchy-Schwartz
inequality d’ times successively in the variables x;, j € go as in the Appendix, to clear all functions f, 4(z),
g # go, which does not depend on at least one of these variables, we obtain

od’

Diq ,90

od’

|4

S chm(go)} +E$go,y90’Wq(xgovygo) —1 H H Vg n(wn(Th, Yn)), (4.2.8)

hCgo we{0,1}7
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where setting K’ := K\ gg

Wa(Zgo,Ygo) = Evevy, H H Vq,9(Wgngo (Zg,0g905 Ygng0)s Tg\go)- (4.2.9)
9€G,9Zg0 we{0,1}97%

Note that the first term on the right hand side of (4.2.8) is O(F(Ml)Q_d,) by (3.1.12) and (4.2.3). To estimate
the second term we apply the Cauchy-Schwartz inequality one more time to see that it is o 5 W —sc0; M, i, F (1)
for g ¢ &1, where & is a set of measure on w000, i, (1) using the fact that the underlying linear forms
are pairwise linearly independent in the variables (q, Zg,, Ygo, TK*)-

Finally we estimate the error term E(} defined as

E; = / bq,ﬂ’(go)(xgo) H 1Aq,w(g) (xg)dﬁq@;)
Ve 9€G\{g0}

Taking absolute values and discarding all factors 14, _ . (24) for [g] = d', g # go, one estimates

|E;] </V |qu(go)(x90)‘ H 1Aq,7r(g) (zg)

90 9% 90

X ExK’ H 1Aq,7‘r(g)vQ7g<w9) H v(Lh(xh) dﬁq,go (x90)7
geg’ lgl<d’ heg’ |h|=d’

where G’ = {g € G; g € go}. Writing A(z,,) for the expression in the first parenthesis, and B(zg, ) for the
expression in the first parenthesis. Thus we have

B! < /V A(rg0) B(g0) iy o (2g0).
90

thus by the Cauchy-Schwartz inequality we get

B < ( /V A dﬁq,go(l’go)> ( /V

90

Bl(zgy)? iy g, (a;go)> . (4.2.10)

Since Vg g, (Vy,) = 1 + on,, i, r(1) outside a set £ C Q of measure 1)(E2) = onr, k7 (1), the first factor
on the left side of (4.2.10) is estimated by

2
Eay Vg bam(g0) (Tg0) H 14, (zg) H Var(g) (Zg)- 4.2.11)
9%90 990

Let fo = m(go), since 7 : gog — fo is injective and Vi, = V},, we may write the expression in (4.2.11), by
re-indexing the variables x4 to z¢, f = 7(g) for g C go, as

1
/ bg,fo (wa) H 1Aq,,f (xf) dﬂq,fo (xfo) g F]W/ H 1Aq,f (xf)dﬂq,fo (xf0)7 (4.2.12)
Vio fCf (Ma) Vi

) f&fo

where the inequality follows from by assumption (4.1.3) on regular atoms. By the induction hypothesis we
further estimate the right side (4.2.12) as

1
F(Mg)

1
(1+ OMﬁoo(l))fg Sof + OMd(m> + on ooty k.7 (1) (4.2.13)
=J0o

The second factor in (4.2.10) may be expressed in terms of a hypergraph bundle K over K, by using the
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construction given in [19]. Let K = Ko @, K, the set K x {0, 1} with the elements (k,0) and (k, 1) are
identified for k C go. Let ¢ : K — K be the natural projection, and o ¢ : K — J be the associated map
downto J. Let Gy = {g € G,g C gotand G’ = {9 € G,9 Z go,|g| < d'} and define the hypergraph
bundle G on K to consist of the edges g x {0} and g x {1} for g € Gy U G, two edges bing identified for
g € Gg. Define the weights

ﬁqu{i}(xgx{i}) = ﬁq,g(xgx{i})v 4.2.14)
forq € Z, g € Gk,i = 0,1, that is for all edges g € G, and let i, 4, ;3 be the associated family of
measures. Then we have for the second factor appearing in (4.2.10)

/V Bl(gy)2dfi, g (g0)

90

2
/v [HlA ao) HE%VK\go H L4, n(e) Va9 (29) H Vq’h(xh)] dftg g (T g, )

90 ~g€g0 9€G\{g0} hZgo,|h|=d’

H Ag,mo(3) J:g d,u (x ) (4.2.15)
K Geg

Indeed, when expanding the square of inner sum in (4.2.13) we double all points in K\ g thus we eventually
sum over z z € V, also double all edges g € G to obtain the edges g x {0}, g x {1}. As for the weights, the
procedure doubles all weights 7, 4(7,) for g ¢ go, g € Gx to obtain the weights 7 4 (7 (;3) fori = 0,1
while leaves the weights 7y 4(x,) for ¢ C go unchanged. The order of g is less than d’ thus by the first
induction hypothesis, we have

/ HlAq roo(@ (Tg) Aty (T ) =

Keg

1
= (14 omy—o0(1)) H Oq,mop(3) + OK,Ml(m) + ON W00, M, K,F (1)

GG
1
:(1+onﬁoo(1))gg Sqr(e) gf +OKM1(W)+oN,Wﬁoo;Md,K,F(1), (4.2.16)
0

for g ¢ €, where E¢ , C Qs a set of measure V(Ex ) = oN,WﬁOO;MdLK,F(l). Note that there
are only Og (1) choices for choosing the set K and the projection map ¢ : K — K thus taking the
union of all possible exceptional sets £ o We have that (4.2.16) holds for ¢ ¢ &, if measure (&) =
ON,W—s00;M,,K,F(1). Combining the bounds (4.2.13) and (4.2.16) we obtain the error estimate
1
12
|Eql” = (ony—o0(1 gl;[g 5 )+ Ok (m) + ON,W—s00;My, K, F (1),

outside a set £ fK of measure on, W —so0; M, K, #(1). This closes the induction and the Proposition follows. [

5. PROOF OF THE MAIN RESULTS

In this section we finish the proof of our main result Theorem 1.2. Since we have already shown the validity
of Theorem 1.4 and hence that of Theorem 1.3 by the argument in the introduction, it remains to show that
counting affine copies of A in a set A C Zﬁl\, with weights w translates to counting copies in A C P? of
relative density @ > 0. This is standard, we include the details for the sake of completeness, using the
arguments given in [2].
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First, let us identify [1, N|¢ with Zﬁl\, and recall that constellations in Z‘fv defined by the simplex A which
are contained in a box B C [1, N]? of size ¢ N, are in fact genuine constellations contained in 5. Note that
we can assume that the simplex A is primitive in the sense that tA ¢ Z% for any 0 < t < 1, as any simplex
is a dilate of a primitive one. To any simplex A C Z? there exists a constant 7(A) > 0 depending only on
A such that the following holds.

Lemma 5.1. [2] Let A C Z% be a primitive simplex. Then there is constant 0 < & < T(A) so that the
following holds.

Let N be sufficiently large, and let B = I% be a box of size eN contained in [1, N]% ~ Z?V. If there
exist x € Zﬁl\, and 1 < t < N such that x € B and x +tA C B as a subset on Z%,, then either x +tA C B
orx + (t — N)A C B, also as a subset of 7.

Proof [Theorem 1.3 implies Theorem 1.2]

Let N, W be sufficiently large positive integers and assume that |A| > « [Py|? for a set A C P4,. By the
pigeonhole principle choose b = (b;)1<j<q so that b; is relative prime to W for each j, and
Nd
(log N)4 (W)
where ¢ is the Euler totient function. Set Ny := N/W and A; := {n € [1,N]% Wn +b € A}.

Choose g9 > 0 so that 2e5 < 7(A). By the Prime Number Theorem there is a prime N’ so that eo N/ =
Ni(1+ on,—00(1)), thus we have

AN ((WZ)? +b)| > « (5.1)

aed  (N)Iwd

2 (log N')® p(W)*+
By Dirichlet’s theorem on primes in arithmetic progressions the number of n € [1, N']%\[e;N’, N’ for
which Wn + b € P4 is of 0(51%) , thus (5.2) holds for the set A’ := A; N [e1N’, 2 N']¢ as
well, if 1 < ¢4 sga for a small enough constant ¢4 > 0.

’Al M [1,€2N,]d‘ >

(5.2)

If r € A then ey N' < x; < eoN' and Wa; + b; € Pfor1 < ¢ < d, thus by the definition of the

Green-Tao measure v : [1, N'] — R4 given in Section 1.3, we have

d d
d(W)log N
— ) > S =S 5.3
w(z) z||1 p, (i) = ca < W (5.3)
as log N’ — log N assuming N sufficiently large with respect to W. Thus
E,cza 1a(z)w(z) > cqedar (5.4)
N/

for some constant ¢; > 0. Applying the contrapositive of Theorem (1.3) for the set A" with € := cdsga

gives

d
Eer‘jV,,teZN, <H1A/($+t’0j)> w(z +tA) > 6 (5.5)
§=0
with a constant § = §(«, A) > 0 depending only on « and the simplex A = {vp, ..., vg}. Similarly as in

(5.3) N
(A
W) , (5.6)

since all coordinates of x +tA are primes, bigger then R. Thus the number of copies A’ = x+tA which are
contained in A’ as a subset of Z%, is at least c N%+! (log N)~4), for some constant ¢ = c(a, A, W) > 0

w(z +tA) < Cy (
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depending only on the initial data o, A and the number W. Since A’ C [¢;N’,eoN'], by Lemma 5.1 at
least half of the simplices A’ are contained in A’ as a subset of Z¢, and then the simplices A” := WA’ + b
are contained in A.

Now choose W = W («, A) large enough so that Theorem 1.3 holds for all sufficiently large N, and then A
contain at least ¢’ (a, A) N1 (log N)~“4) similar copies of A for some constant ¢/ (c, A) > 0 depending
only on « and the simplex A. This proves Theorem 1.2 g

APPENDIX A. BASIC PROPERTIES OF WEIGHTED BOX NORMS

In this appendix we describe some basic facts about the weighted version of Gowers’s box norms defined
in (1.5.2) for functions F' : V. — R. These norms have also been defined in [8], Appendix B, and in fact
all the properties we prove here, including Proposition 1.1, can be deduced from the arguments given there.
However as our settings is slightly different, we include the proofs below.

We will assume e = {1,...,d} =: [d], and V' = Vg = Z4; without loss of generality. To show that

these are indeed norms (for d > 2) let us define a multilinear form referred to as the weighted Gowers’s
inner product. Let F,, : V., — R forw € {0, 1}€, be a given family of functions and define

<Fw7w € {0’1}d>my =Eoyumev || Fow@aua) [T T wwi@nun)

wef{0,1}4 [I|l<dwre{0,1}{
So (Fy,w e {0,1}%), = |F||, . if F, = F forall w € {0,1}°.

Lemma A.1 (Gowers-Cauchy-Schwartz’s inequality). | (F,;;w € {0,1}%) | < H | Foolla -

“[d]

Proof. We will use Cauchy-Schwartz inequality several times and the linear forms condition.

<Fw;w € {0, 1}d>m = Em[2,d]’y[2,d] K H HVI(WI(xfayI))>1/2

|I|<d,1¢I w1
X (Eml/(ffl) H Fw(oﬁ[g,dn(1‘17W[2,d]($[2,d]7y[2,d])) H V{1}u1($1,w1(l‘byl))
wi2,d] |I|<d—1,1¢1
1/2
X ( 11 HW(M(W;Q[)))

|[Il<d1¢I wr

X (EylV(yl) I Porpay vt wpag@eavea)  TI  vgortwr@rnyn)
w(2,d] [I|<d—1,1¢1

Applying the Cauchy Schwartz inequality in the 1 variable, one has

| <Fw;w e {0, 1}d>Dd <A B
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here,
A=Eap g { I 1TIvrwr(zrun)
|[I|<d1¢I wr
X <Em1,y1 v(y1) H Foo .an (71, w,q (T2, V2, d}))Fw(o,[z,dD(yl7w[2,d](33[2,d]7y[g,d]))
< ] V{l}uz(m,w(xbw))] = <F‘*(’0)(w($[d]’y[d]))>|]d’
[I|<d—1,1¢1 d
where
0 0
((0,1;[2741)(«7317W[Z,d](xp,d}?y[Z,d])) = F((lii[g,d])(thp’d] (x[Q,d]v y[2,d]))

= F(21, wp,q (T4, Y2,4))

for any wpy 4. Similarly,

where
1 1
F((O,)w[z,d])(xl’w[ld} (T(2,a): Y2.d))) = F((l,L[de])(yle[z,d] (T2,4) Y2,4)))

= F(y1,wp,aq(Tp.d:Y2,4))

for any wps 4. In the same way, apply Cauchy-Schwartz’s inequality in x2 variable, we end up with

[(Fawe (o) |< I (Re e o)

wio,1]

and continuing this way with x3, ..., x4 variables, we end up with

d
(Eswe o) I< JI (FoFig= T IRIE

wed0, 1}d we{0,1}4

Corollary A.1. ||-||qq4 is a semi-norm for d > 1.
Proof. By the Gowers-Cauchy-Schwartz inequality we have that || F'||o, > 0, moreover

IF +GlZs = (F+G,....F +G)gy

F =
= ) (e hw:{ w=0

we{0,1}4 G w=1
w w, d
< D B gy - 1P lag = (1Fllog + G llog)
we{0,1}4

Also it follows directly from the definition that H/\FHQDdd =22 HfHQDdd, hence |[AF||qa = |A| [|F||ga -
Proof of Proposition 1. Let H' = {f € H; |f| < d, and write the left side of (1.5.3) as

E=Esev, H Fe(ze) H Vf(xf)-
e€EHy feH’
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Fix ep = [d] and write e; := [d + 1]\{j} for the rest of the faces. The idea is to apply the Cauchy-Schwartz
inequality successively in the x1, 2, ..., x4 variables to eliminate the functions F,, < ve,,...,F,, < Ve,
using the linear forms condition at each step. Using Fe, < v, we have

|E| < ]E5527-~-7$d+1V61 (z1) H Vf(xf)lEm H Fej (xj) H Vf(xf)"
¢ fen i#2 lefer!
By the linear forms condition Eq,,... », Ve, (71) ngéfeH' vi(zf) = 14+ on—oo(1), thus by the Cauchy-
Schwartz inequality

E2 5 Exg,...,wd_H Vey (xl) H Vf(xf) E$1,y1 H Fej (3717 xej\{l})Fej (ylu xej\{l}) (A.1)
1¢feH! J#2

< T v zppy) vitenep )
lefen’
Note that, what happened is that we have replaced the function F,, by the measure v, , doubled the variable
x1 to the pair of variables (z1,y;) and also doubled each factor of the form G.(z.) (which is either F,(z.)
or ve(ze), for e € H) depending on the x; variable. To keep track of these changes as we continue with the
rest of that variables, let us introduce some notations. Let g C [d] and for a function G.(z.) define

G: (xeﬁg7 Yeng> xe\g) = H Ge (we (weﬂgv yeﬁg)a xe\g)' (A2)
we€{0,1}eNg

We claim that after applying the Cauchy-Schwartz inequality in the x1, . . ., x; variables we have with g = [i]
E* < By angeng L] Ve @hine, Vine, Tep @) [T e @lane, Yine;» Te\d) (A3)
J<i J>i
< 11 vitesom vrom =) (A4)
feH’

For 4 = 1 this can be seem from (A.1). Note that the linear forms appearing in any of these factors are
pairwise linearly independent as our system is well-defined. Assuming it holds for i separating the factors
independent of the ;1 variable, replacing the function F¢, ,, with v, ,, and applying the Cauchy-Schwartz
inequality we double the variable x;1 to the pair (741, yi+1) and each factor G (Ter[i]; Yen(i]> Te\[i]) de-
pending on it, to obtain the factor G:(xem[iﬂ], Yer[i+1]s xe\[iﬂ]), thus the formula holds for ¢ + 1. After
finishing this process we have by (A.2) and (A.3)

d
B SBayuy || Feo@wya) ]I T vitws(asym)) Wi yia)
we{0,1}4 fCld],f#eo wpe{0,1}f

where
WICTRTIE S | I vewe@en Yerpa: zera)-
d+1€e€H w,e{0,1}enld]
Thus, as F,, < vg,, to prove (1.5.3) it is enough to show that

Ee g9 H H vi(wr(zr,yr)) |W($[d]ay[d]) — 1] = on—o00(1).
JCldl wye{0,1}f

This, similarly as in [7], can be done with one more application of the Cauchy-Schwartz inequality leading
to 4 terms involving the “big” weight functions VW and WW?2. Each terms is however 1 + ox_,o(1) by the
linear forms condition, as the underlying linear forms are pairwise linearly independent. Indeed the forms
Ly(w¢(zys,ys) are pairwise independent for f C [d], and depend on a different set of variables then the
forms Le(we(Zenfa), Yen(d)s Ze\[q))) for e & [d] defining the weight function . The new forms appearing
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in W2 are copies of the forms in W with the x4, variable replaced by a new variable y4,1 hence are
independent of each other and the rest of the forms. This proves the proposition. U
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