ALMOST PRIME SOLUTIONS TO DIOPHANTINE SYSTEMS OF HIGH
RANK

AKOS MAGYAR AND TATCHAI TITICHETRAKUN

ABSTRACT. Let F be a family of r integral forms of degree k in n variables x = (z1,...,z,). We
study the number of solutions x € [1, N|" to the diophantine system F(x) = v under the restriction
that each of the xz;’s has a bounded number of prime factors depending only on the parameters n,
k and r. We show that the system F have the expected number of almost prime solutions under
the same conditions as was established for integer solutions by Birch.

1. INTRODUCTION.

In general, proving the existence of solutions to a diophantine system has an integer solution is
impossible, however the problem becomes much more feasible assuming that the system is suffi-
ciently large with respect to certain notions of rank, or have high degree of symmetry. Indeed, it
was shown by Birch [3] and later extended by Schmidt [22], that local to global type asymptotic
formulas can be attained for homogeneous equations whose rank is exponentially large with respect
to its degree, using the classical Hardy-Littlewood method of exponential sums.

It is natural expect that similar results should hold when the solutions are restricted to special
sequences such as the primes or almost primes. For diagonal systems this has been done by Hua
[16], who, extending the methods of Vinogradov [26], derived asymptotics for the number of solu-
tions consisting of primes. For diagonal quadratic and cubic equations various further refinements
were obtained [27], [17], [5] considering both prime and almost prime solutions combining the circle
and sieve methods.

However it was shown only recently [6] that local to global type principles hold for the number
of prime solutions for any diophantine system whose rank is sufficiently large with respect to the
degree and number of equations. The methods there employed certain ideas from arithmetic combi-
natorics, a process of regularizing the system, leading to exceedingly strong, i.e. tower-exponential
type, conditions on the rank. It is expected that such results should hold under similar rank con-
ditions as was established for the existence of integer solutions. The aim of the present article is
to show this when the primes are replaced by the almost primes, i.e. numbers with a bounded
number of prime factors. This might also serve as a step toward a different approach to count
prime solutions at least for translation invariant systems, considering the primes as a dense subset
of the almost primes. Solutions to translation invariant systems in dense subsets of integers have
been established recently in [15], [18], [19].

In another direction, the existence of almost prime solutions to the system F(x) = v were proved
by Bourgain, Gamburd and Sarnak [2], provided the system of forms F preserved by sufficiently
large group of linear transformations I' C G L, (Z). Their results are very strong in the sense that
they do not require the largeness of the rank of the system however, apart from quadratic forms,
examples of systems exhibiting such high degree of symmetry are quite rare.
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To state our main results let 7 = (F},..., F;) be a family of homogeneous polynomials of degree
k in the variables x = (z1,...,2y). For 0 <e <1 and N > 1 let P5; denote set of natural numbers
m < N such that each prime divisor of m is at least N°. Note that each m € P%; at most [ = [1/¢]
prime factors. For given v € Z" let

M5(N) = [{x € (P3)"; F(x) = v},
that is the number of almost prime solutions z € [1, N]” to the system F(x) = v. For a fixed prime
p define the local density

. () M@, v)
o,(v) = lim ——————, (1.1)
tooo ¢"(p)
provided the limit exists, where M (p’, v) represents the number of solutions to the equation F(x) =
v in the multiplicative group of reduced residue classes mod p', denoted by U;‘t, and ¢ is Euler’s

totient function. As almost primes are concentrated in reduced residue classes the general local to
global principle suggests that

ME(N) = N"7*" (log N)™"J(N Ha —=: N" ¥ (log N)™"&*(N, v), (1.2)

as N — oo, where J(u ) is the so-called smgular integral representing the density of real solutions
x € [0,1]™ to F(x) = u, see [3],[22].

Following [3], define the rank of the system, Rank(F) as the codimension of the singular vari-
ety Vz C C", consisting of points z € C" where the Jacobian 0F/0z drops rank. Note that for a
single quadratic form F(x) = Ax - x this agrees with the rank of the underlying matrix A. Our
main result is the following.

Theorem 1.1. Let F = (Fy,..., F,) be a system of r integral forms of degree k in n such that

Rank(F) > r(r +1)(k — 1)2F~1, (1.3)
Then there exists a constant € = e(k,r) > 0 such that
ME(N) > cppr N5 (log N)™"&*(N, v), (1.4)

for some constant c,, ., > 0. In particular one may take ¢ = (6413 2r2(r +1)(r + 2)k(k + 1))

Moreover if the equation F(x) = v has a nonsingular solution in Uy, the p-adic integer units
for all primes p, and if it has a nonsingular real solution in the cube [6,1 — 0]|", then
S*(N,v) = J(NFv Ha ) > 0. (1.5)

The validity of (1.5) follows from the fact that J(u) > ¢(§) > 0 provided that the equation F(x) = u
has a nonsingular real point in the cube [d,1—0]", see [22], Sec.9 and [3], Sec.6. Thus the conditions
on the existence of almost prime solutions are essentially the same as those of for integer solutions,
the only difference being the natural requirement to have local solutions among the p-adic units.

The key to prove Theorem 1.1 is to study a weighted sum over the solutions with weights that
are concentrated on numbers having few prime factors. Such weights have been defined by Gold-
ston, Pintz and Yildirim [10] in their seminal work on gaps between the primes. For given 0 < n < 1,
let R := N" and define

An(m) i= Y (@) 1G25) (16)

dlm
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where y is the Mobius function. We will eventually choose f(z) = (1 — z)%" and follow the Fourier
analytic approach in [24] as opposed to the contour integration method of [10]. Using the so-called
"W-trick” introduced by Green and Tao in [12] to bypass the contribution of small primes, let
w = wr be a fixed positive integer depending only on the system F and let W := Hp<w p, the
product of primes up to w. Note that if x € (P%)" and p|x; implies p > N° > w for sufficiently
large N, hence (x;, W) =1 for each 1 < i < n. We will write (x,7W) = 1 in this case. Under the
conditions of Theorem 1.1 our key estimates will be

Theorem 1.2. Let F = (F1,...,F,) be a system of r integral forms of degree k in n variables
satisfying the rank condition (1.3). Then there exists n = n(r,k) > 0 such that for R < N"

> AL(z129 - 2) = cn(f) N "*(log R)"S*(N,v) (1 + 0y 00(1)), (1.7
xE[N]™
(x,W)=1, F(x)=v

where
en(f) = /OO f(”) (JU)2 ﬂ dx, and one may take n(r,k) = 1
S (n— 1" Y TR = 2+ D) + 2)k(k + 1)

In addition, for given 0 < e <n < n(r, k),

€
S A w) < don(f) (
XE[N]"\(P*(N)" n
(z,W)=1, F(x)=v

2
> Nn—rk(logR)—"G*(N,V) (1+ 0w—oo(1)),

(1.8)
with

xn—l

(n—1)! dx.

¢ror(f) = 2n /O oD g2

In the proof of Theorem 1.2 we’ll use the asymptotic for the number of integer solutions x € [N]"
to F(x) = v subject to the congruence condition x = s (mod D), where D is a modulus bounded by
a sufficiently small power N. This follows in a straightforward manner from the Birch-Davenport
variant of the circle method described in [3] and is summarized in

Proposition 1.1. Let F = (Fy,..., F;) be a family of integral forms of degree k satisfying the rank
condition (1.3), and For given D € N and s € Z" let

Ry (D,s;v):= |{x € [N]"; x=s (mod D), F(x)=v}| (1.9)

Then there exists a constant &' = ¢§'(k,r) > 0 such that the following holds.

(1) If 0 < n < n(rk) = m then for every 1 < D < N and s € Z" one has
the asymptotic
Rn(D,s;v) = N"*D7" J(NTFv) [[ op(D.s,v) + O(N""* = D7), (1.10)

(i) Moreover if
Rank (F) > (r(r 4+ 1)(k — 1) + rk)2" (1.11)
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then the asymptotic formula (1.10) holds for n < m.
Here o, (D, s, v) represents the density of the solutions among the p-adic numbers, more precisely

op(D,s,v) = ll—lglo O'IZD(D,S,V), aé(D,s,v) :p*l("f’")]{x € Zzl; F(Dx+s)=v (mod ph)}|.
(1.12)

The product form of the main term in (1.10) will allow as to write the expressions on the left side of
(1.7) and (1.8) as an integral over an Euler product, which can be asymptotically evaluated using
the sieve methods. To understand the local factors of The Euler product one needs to analyze the
number of solutions to the system F(x) = v mod p, this has been done it [7] based on adapting
Birch’s method to finite fields. Here the W-trick is quite useful as one has to consider sufficiently
large primes for which the rank of the mod p - reduced variety Vr = {F(x) = v} remains suffi-
ciently large.

The information needed about the Euler factors

(V) == . Z Lpjsy s, Op(D5 8, V), (1.13)
SEZLy,

F(s)=v (mod p)

is summarized in

Proposition 1.2. Let F be a family of r integral forms of degree k. If rank(F) > r(r41)(k—1)2F
then for all sufficiently large primes p > wr one has

(V) = g +0(p?). (1.14)

1.1. Outline and Notations. The facts about the number of solutions to diophantine systems
among integers in a given residue class with respect to a small modulus will be given in Section 4
and will be used throughout the paper. The arguments are straightforward generalizations of those
of Birch discussed in [3]. In Section 3 we carry out the analysis of certain local factors attached
the primes, and prove Proposition 1.2. Here we rely on certain results obtained in [7] on the num-
ber of solutions of diophantine systems over finite fields, and some well-known facts in algebraic
geometry [8], [23] about the size and the stability of the dimension of homogeneous algebraic sets
when reduced mod p . Somewhat unusually, we will prove our main results in Section 2, using the
results of Section 3 and Section 4. This is to separate our main arguments relying on the sieve of
Goldston-Pintz-Yildirim [10], from those to count integer solutions of diophantine systems based
on the Hardy-Littlewood method of exponential sums.

The symbols Z, Q, R, and C denote the integers, the rational numbers, the real numbers, and
the complex numbers, respectively. We write Zy for the group Z/NZ as well as Z3, for the mul-
tiplicative group reduced residue classes (mod N). If X is a set then 1y denotes a characteristic
function for X in a specified ambient space, and on occasion, the set X is replaced by a condi-
tional statement which defines it. The Landau o and O notation is used throughout the work.
The notation f < g is sometimes used to replace f = O(g), we will assume that the parameters
n,k and r and usually do not denote the dependence on them. If the implicit constants depend
on further parameters m,(,¢,9,... we indicate them as a subscript, thus we'll write f $;105.. 9,
f=0kes.(g9) et.c. By o,—00(1) we denote a quantity that tends to 0 as w — oo, and note that
this implies also that N — oo as well always assume that N is sufficiently large with respect to w.
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2. PROOF OF THE MAIN RESULTS.

In this section we introduce the Euler product representation of the weighted sums over the so-
lutions defined in (1.7) and (1.8), and prove Theorems 1.1 and 1.2 using the main results of Section
3 and Section 4.

Let ¢y be the indictor function of the cube [1, N]?, u the Mébius function and write >’ for sums
restricted to square-free numbers. We’ll also use the customary notations [a,b] and (a,b) for the
least common multiple and greatest common factor of the numbers a and b. If b = (by,...,b,) € Z™
is such that (b;, W) =1 for all 1 < ¢ < n, then we write (b, W) = 1. We write a|b If a divides b and
1,4 for the indicator function of this relation. We start by making a few immediate observations
about the local factors o,(D, s, v) defined in (1.12).

Lemma 2.1. Let D, W be square free numbers such that (D,W) =1 and let p be a prime.
If (p, DW) =1 then

op(DW,t,v) = 0,(v). (2.1)
If p|D and t = s (mod D) then one has

op(DW,t,v) = op(p, t,v) = 0p(p,s, V). (2.2)
Similarly, if p|W and t =b (mod W) then

op(DW,t,v) = op(p,t,v) = 0p(p, b, v). (2.3)

Proof. To see (2.1) note that for any | € N the transformation x — DWx + t is one-one and onto
on Z;Ll. If p|D then D = pD’ with (p, D'W) = 1, and one may write DWx +t = p(D'Wx) + t
and the first equality in (2.2) follows by making a change of variables y := D'Wx on ZZl. Also

py +t = p(y +u) + s and the second equality follows by replacing y with y + u. Interchanging the
role of D and W (2.3) follows. O

Let F = (Fy,..., F,) be system of integral forms satisfying the rank condition (1.3), R := N2(17H7>,
with n = n(r, k) as defined in (1.10). Let W =[] . p for a sufficiently large constant w = wgr, let
(b,W) =1 and define the sum:

p<w

Swb(N) = Z AL (120 - 2) ON(X), (2.4)
x=b (mod W)
F(x)=v

and for w < ¢, ¢ prime

SW,q,b(N) = Z 1q|xl...:pn A%%(xle Tt xn) ¢N(X)' (25)

x=b (mod W)
F(x)=v

Lemma 2.2. We have

Swp(N) = N J(N“VW"Swp(v) Y hp(R)yp(v) + O(N""59), (2.6)

(D,W)=1

and similarly
Swgb(N) = N (N~ V)W " Syp (v Z hp(R)Vpg(v) +O(N"T*),  (2.7)
(D,W)=1
where

GWb H 0'p p,b V HO'p (28)

p|W
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n op(p,s,v
"}/D(V) = D Z 1D‘51-~sn H p(s_(v)), (29)
sEZ} p|D P
F(s)=v (mod D)
and
o log dy log da
[dl,dz}:D
Proof. By definition (1.6)
’ log d log d
Swo(N) = D on(x) plda)plde) F(G ) ()
x=b (mod W) [di,d2]|z1zn & &
F(x)=v
! log d; log da
pu— 1
; , dZ_ pl() fo ) Qo) 2 o ON()
1,d2]=D x=b ((n;od w)
F(x)=v

(2.11)

The inner sum in x on last line of equation (2.11) is zero unless (D, W) = 1 which we will assume
from now on. Indeed if there is a prime p such that p|D and p|W, then p|z; for some 1 < i < n and
hence b; = z; = 0 (mod p) contradicting our assumption (b;, W) = 1. The conditions D|z; - -z
and x = b (mod W) depend only on x (mod DW), thus one may write

Z 1D|m1---mn¢n(x) = Z 1D|t1---tn Z (Z)N(X)‘ (2‘12)
x=b (mod W) teZly,, t=b (mod W) x=t (mod DW)
F(x)=v F(t)=v (mod DW) F(x)=v

Since D < R < N ﬁ; by Proposition 1.1 this further equals to

> 1pjtyt, (N”k”(DW)”J(NkV) [Tor(oW,t,v) + O(N"’“”’D”)) .
teZly,, t=b (mod W) D
F(t)=v (mod DW)

(2.13)

To estimate the contribution of the error terms to the sum Sy, (V) given in (2.11), note that for a
given D the number of pairs dy, ds for which [dy,ds] = D is <; D7 for all 7 > 0, and the summation
in D is restricted to D < R? as the function f(z) is supported on < 1. Thus the total error
obtained in (2.11) is bounded by

EI/V,b(N) ST Nn—kr—d’ wn Z DT SJ Nn—kr—d’/Q' (2'14)
D<R?

The main term can be evaluated by a routine calculation using the Chinese Remainder The-
orem and the properties of the local factors o(D,,v) given in lemma 2.1. Indeed, to every
t € Z}y, satisfying t = b (mod W) there is a unique s € Z}, such that t = s (mod D), and
in that case F(s) = v (mod DW) is equivalent to F(s) = v (mod D) using out assumption that
F(b) =v (mod W). Thus
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Z 1D|t1---tn H Up(pvbvv)HUP(p7t7V) H UP(V)

teZly,, t=b (mod W) p|W p|D ptDW
F(t)=v (mod DW)

=[] o»(v.b.v H op(v > Lpjsysn || U”(S(i)v) (2.15)

plW sy, »|D

F(s)=v (mod D)
Then (2.6) follows from (2.11)-(2.15), and to see the validity of (2.7) it is enough to remark that
carrying out the calculation in (2.11) for the sum Sy, (V) the only difference is that the indicator
function 1p|,, . 4, is replaced by 1p gz, ...z, and hence (2.12)-(2.15) remains true with D replaced

by [D, g]. O
The sum
Sw(fn) =Y. w)hp(R) (2.16)
(D,W)=1

can be asymptotically evaluated by sieve methods, see [10], [24]; we will sketch the approach in [24]
and indicate how to modify the argument to obtain an asymptotic for the related sum

!/
SW,q(f> '7) = Z Y[D,q] (V)hD(R) (2'17)
(D,W)=1
needed for the “concentration” estimate (1.7).

Lemma 2.3. ([?], Prop. 10) Let vp(v) be a multiplicative function satisfying estimate (1.14).
Then one has

n—1

¢><WW> dz + 04 00(1). (2.18)

tog 1) | (O (@) —

Moreover if ¢ > w is a prime then

Swalfn) = 2 (G g Ry [T (@) - f0a s T

n—1

dz + 0w—oo(l),
(2.19)

Proof. We specify f(z) = (1 — z)4", the function e®f(z) is compactly supported and 4n — 1 con-

tinuously differentiable hence its Fourier transform, denoted by f(t), satisfies | f(£)| < (1 + |¢]) 4"
Substituting the Fourier inversion formula

e’ f(z) = /Re_"t"”f(t) dt

into (2.13) one obtains

1+'Lt1 1+'Lt2 R
/ / Z (dQ tog d tog f( ) (tg) dtldtQ = / / gD(tl,tQ) dtldtQ.
RJR

[dy1,da]=

(2.20)
The function gp(t1,ta)Hp(R) is multiplicative in D hence
/
> gpltit2)p(v) = [T A+ gp(tr, t2)(v),
(D,W)=1 p>w

which gives
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YoV V(v YoV ~
swison = [ [ TLa- 200 - 250+ ) F) fies) dne (2.21)
R Rp>w plogR plogR p log R

By Proposition 1.2

1— (V) O (v) (V)
1Fit] 1Fity 24ty ity
p log R p log R p log R

11 _9
< 3np TR 4+ 0O(p7?).

log

By the well-know asymptotic
Zp_l_ﬁ =loglog R+ O(1),
P

we see that the integrand in (2.21) is bounded by C(log R)3™(1 + [t1|)~**(1 + |t2|)~*". Integrating
over the range |t1, [t2| > \/log R gives

(V) (v (v ~ Y
swiro) = [ -2 W) W) R Fry) diydey - O(log ™ R).
‘t1‘7|t2|§\/long>w plogR plogR p log R

Let, for Re(s) > 1,
()= [L0 - =) = <) [[0 - =)

p>w p p<w p
From (1.14) it is easy to see that
W) W), W) Gy (14 51+ s2)
H(l - 11)+it1 - €+it2 + 2+€t1+it2 ) = <n (II/V+ )Cn (1 + ) (1 +ow — oo(l)), (2'22)
pP>w P log R P log R p log R w 51 w 52

with s =1+ %;’;g, so =1+ %. On the range |t1], |[t2| < V/log R one has that
p(W)

[0 =TI0 - p™0 + ousne0) = 204 00— o)),
p<w p<w

Thus from the basic property ((s) = (s — 1)~ + O(1) for s near 1, it follows
Cwi(s) = L W) (14 ow — oo(1)).

s—1 W
Substituting this into (2.22) gives

(14 it)"(1 +ito)" ~ =

W) f(t) f(t2) dtrdts + o(1).

logR)_"/ , !
w tillal<viogR (2 + it + it2)"

Note that by the quick decrease of f(t) the integration in ¢; and t2 can be extended to R by making
an error of o(1). Finally, using the identities

o0 (n—1)

9 . . -n _ —.Z‘(2+it1+t2) x 2.9

(24 ity + its) /0 c oy (2.23)
and

£ (z) = (1) / e (40 (1 4 ity F(¢) dt (2.24)

R
obtained by integration by parts, one may write
¢(W) —n /OO (n) 2 2=
_ 1).
Sw(f.) = (S tog B | (@) e+ oue()
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This shows (2.15).
To show (2.19) we modify the above argument as follows. We have

SWq f, //(D%; gD tl,tg Dq]( ) A( )A(tg) dtldtg. (2.25)

For the inner sum we separate the cases ¢ { D and ¢| D in which case we change variables D := ¢D,
this gives

S n(t 1) Vg (v) = ()1 +go(tst2)) S gnltita) ypg(v) =

(D,W)=1 (D,W)=1
atD
Ya(V)(1 + gq(t1,t2)) H(l _ (V) _ (V) 4 (V) )
141t 14t 2+itq 4t °
1 + gCI(t17 t2>7(I(V) p>w P l:g}% P l:g}% P +l051741% 2
p#q
Note that this differs from the integrand in(2.22) only by that additional factor
Yq(V)(1 + gq(t1,12)) n — —ii
==—(1—q R )(1—-¢q sk )(1+0(1)), 2.26
L+ gq(t1,t2)74(v) q( )( )( @) ( )
as by our assumption ¢ > w hence 74(v) = ¢ (1 + o(1). Thus we have the analogue of (2.22)
n  o(W) _ / / (14 dty)™(1 +ito)"
S ,Y) = — logR)™" - - X 2.27
wa(f:7) q( o leg B) e (24 it +ita)" (2.27)

(14itq)log q (14+itg)logqg  ~ —~

(Q—e Twf Y1—e Toof ) F(t1)f(ts) dtrdts + o(1).

Finally, using (2.23) and (2.24) the one may rewrite the integral in (2.27) as

o] ) 09 q N 2 n—1
/ (/ (e—x(l-‘rzt) —(1’+l (H—zt)) (1 + ’it)n (t) dt) L ' dx (2.28)
0 R :

- [T (e ) gy e

We turn to the proof of our main results now. First we prove Theorem 1.2 which follows
from Lemma 2.2. and Lemma 2.3 by routine calculation using the properties of the local factors
op(p, b, V) given in Lemma 2.1.

O

Proof of Theorem 1.2. Let n < SR with n(r, k) be as specified in (1.7) Then by (2.6) and

2(14n(r.k))
(2.15) one has
Z Az @) = Z SNwb(V) (2.29)
x€[N]" beZy,
(x,W)=1, F(x)=v (b,iW)=1

= co(f) NI J(N~U) (log R) " ¢(W) ™" (14 04—00(1)) Z Swb(v) + O(N""“"“S/).
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By Lemma 2.1 and the Chinese Remainder Theorem

> Gun) =][[(s)™ D oplp,biv)) Hap (2.30)

bezy, plW bezZy
(b,W)=1 (b,p)=1

Note that ,(v) = 1 + O(p~2) and hence [pw op(v) =14 0w—o0(1). For afixed [ € N and prime
p < w, by (1.10)

o) "pT! YT [{x € Z); Flpx+b) = v} (2.31)

(b,p)=1
F(b)=v (mod p)

n

e
" (p')
where M(p!; v) is the number of solutions to F(y) = v (mod p') in the reduced residue classes
y € ZZ“ (y,p) = 1. Taking the limit | — oo, and recalling definition (1.12)

dp)" ) op(pbiv) = op(v),
(b,p)=1
F(b)=v (mod p)

and then by (2.30)
p(W)™" > Swin(v) = [[ 05 (v) (1 + 0us00(1)) = & (v) (1 + 000 (1)).

(b,WW)=1 p|W
F(b)=v (mod W)

This proves (1.7).

=o(p) "p T y € ZY; (v,p) =1, Fly) = v} = M(p';v),

To prove (1.8) note that to estimate a sum over x € [N]™\(P¢(N))" under the restriction (x, W) =1
one needs to sum only over those x = (z1,...,x,) for which g|x; ...z, for some prime w < ¢ < N€.
Thus, recalling the definition of the sums Sy, (V) given in (2.5) we have that

Z A%{('xl e l‘n) < Z Z 1q\z1...ccn A%{(xl . wn)¢N(X) = Z SVV,(Lb(N)

X€E[N]™"\(PE(N))™ w<g<Ne (x,W)=1, w<g<Ne
(x,W)=1, F(x)=v F(x)=v

Let us make the simple observation that | (z) — £ (z + 7)| < 7 |f+)(z)| for 0 < 2,7 < 1 for
our choice f(z) = (1 — z){". Then by estimates (2.7) and (2.19)

n lo 2 —r —n e~k n—rk—
S SV ( gq) er1(£) N (l0g R) "6 (N, v) (1 + 0ums(1)) + O(NTE0),
w<q<N¢ q lOgR

Write &’ := ¢/n, so that N¢ = R with R = N". The sum over the primes w < ¢ < R® can be
estimated by a dyadic decomposition using the Prime Number Theorem

Yo gt logg)? = Y ) g logq)’ < 2+ 0wsn(l)) DY G <2()

w<q<Re’ w<2I< R 29-1<q<2I j<e'loga R
This implies (1.8). O

Proof of Theorem (1.1). We need to choose ¢ > 0 to ensure that the expression in (1.8) is
essentially less then the one in (1.7). For that one needs to compare the quantities ¢,+1(f) and
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cn(f) defined in Theorem 1.5. For our choice f(x) = (1 — x)4" we have that ) (z) = o, (1 — z)3n
while "+ (z) = 3na, (1 — 2)3" (with oy, = (4n)!/(3n)!), thus by the beta function identity

1 1p!
/ (1 - 2)%dz = __alet

it is easy to see that c,1(f) < 16n2c,(f). Thus if 32n3(¢/n)? < 1/2 then for N and w =
sufficiently large

Z AL (z1z9 - ) ON(X) > cn N"U (log R) ™" G*(N, v) (2.32)
xe(Pe(N))"
F(x)=v
for some positive constant ¢, = ¢, (f) > 0.
Finally note that if x =€ (P¢(INV))" then each coordinate z; can have at most 1/¢ prime divisors

hence Ap(z1xs - - ,) < 2*/¢. Thus by (2.32) the number of solutions to F(x) = v in x € (P(N))"
satisfies

ME(N) = cln,k,r) N" (log N) " & (N, v),

with c(n, k,7) := ¢, 272"/ for some € = e(n, k,7) > 0. In fact one may choose ¢ := (4n)~3/2n(r, k)
with n(r, k) = (872(r + 1)(r + 2)k(k + 1))~! given in (1.7). This proves Theorem 1.1 O

3. THE LOCAL FACTORS.

In this section we study the Euler factors 7,(v) and prove the asymptotic formula (1.14). Recall

op(p,s,v) = llggo all)(p, s,v), where
op(ps,v) =p ' {x € 275 F(px +5) =0 (mod p')}|.

Note that this factor is non-zero only if F(s) = v (mod p). We call a point s € Z;; non-singular if
the Jacobian Jacz(s) has full rank (= r) over the finite field Z,,. In this case it is easy to calculate
factors ai, (p,s, v) explicitly.

Lemma 3.1. Let s € Zy be a non-singular solution to the equation F(s) = v (mod p). Then
azlj(p, s,v)=7p". (3.1)

Proof. We proceed by induction on I. For | = 1 we have F(px +s) = F(s) = v (mod p) for all
x € Zy thus 0117 (p,s,v) =p". Let [ = 2. We'd like to count x € L, satisfying

F(px+s) = F(s)+p Jacr(s)-x =v (mod p?).
Since F(s) — v = pu this reduces to
Jacy(s)-x = —u (mod p).

By assumption the map Jacx(s) : Z; — Zj, has full rank, thus the above equation has p"~" solution
in Zj; and hence p?" " solutions x € ZZQ. It follows that 012, (p,s,v) =p". For [ > 3 we show that

Jé(p, S, V) = lej_l(p, S, V).
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Note that if x =y (mod p'~') then F(px +s) = F(py +s) (mod p'). For given y € 2y, write
y = p2u+z with z € ZZZ,Q and u € Zg. Then

Flpy +s)=Fp' lu+pz+s) = Flpz +s)+ pLJacr(s) -u (mod pt). (3.2)
Thus F(py +s) = v (mod p') implies that
F(pz+s) = (mod p'™1), (3.3)

the number such z € Zzl,z is p*"p(lfl)(”*")aéfl(p,s,V). For a given z satisfying (3.3) write

F(pz +s) =p'~'b + v, then (3.2) holds if and only if
Jacr(s)-u=—-b  (mod p). (3.4)
By our assumption Jacr(s) has full rank (= r) above Z; thus the number of solutions to (3.4) is

-2

p™~". Since that decomposition y = p'~“u + z is unique it follows that

—l(n—r)p—np(l—l)(n—r) n—r l 1

O

For singular values of s we can only get upper bounds on the local factors o,(p,s,v). The case
s = v = 0 suggests that one cannot get better estimates then p*”

Lemma 3.2. Let F be a family of r integral forms of degree k, and assume that
codim (VE) > r(r+1)(k—1)2% + 1. (3.5)
Then uniformly for 1 € N and s € Z;; one has
2
op(ps.v) ST (3.6)
Proof. By (4.31) we have

* .b- ]-'(px+s)

l
o —2mi 2 E(pxts)
p,S V Z Z b e m " Sb,pm(pas)7

m=0beZ p

where the sum in b are taken over r-tuples with at least one coordinate not divisible by p, and
Sbpm (p,s) is the exponential sum defined in (4.8). If m > rk then Lemma 4.4 applies with e = 1/r
(and K = codim (V#)/2""1) thus

)3 Z P S (p8)] S Y Py TR < 3 2 <

m>rk bEZ’“ m>rk m>rk

if 7 =7(r, k) > 0 is chosen sufficiently small. Indeed, by (3.5) we have % —r=m7(r,k) >0

and then (3.6) then follows from the trivial estimate p="""|Sp, m (p,s)| < 1. O

Proof of Proposition 1.2. Since a;l(v) =1+ O(p~?2) for sufficiently large primes p it is enough
to show that (1.14) holds for

Up(V)”yp(v) = p*" Z 1p|51---5n0p(p7 S,V)

F(s)=v (mod p)

=r" > Lewsm®sVIErT Y Ligosop(ps,y)

F(s)=0 (mod p) F(s)=0 (mod p)
s non—singular s singular
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=p "> e Lyees, T Y Ly, 08, V)

F(s)=0 (mod p) F(s)=0 (mod p) F(s)=0 (mod p)
s singular s singular

=7 (V) = 7 (V) + 75 (V)

Let VZ(p) denote the locus of singular points s € Zj of the (mod p)-reduced variety
Vr(p) :=={F(s) = v}. It is well-known fact in arithmetic geometry, see [23], that

codim (VF(p)) = codim (VF),
for all but finitely many primes p, i.e. that codimension of the singular variety does not change
when the equations defining the variety are considered mod p. Also, the number of points over Z,
on a homogeneous algebraic set V' is bounded by its degree times p#™" | see [8] Prop. 12.1, hence

[VE(p)| < pn @™ (VF) where the implicit constant may depend on n, k and r. Thus for sufficiently
large primes p > w we may apply Lemma 3.1 which gives for i = 2,3

. _ 2 _ . * 27._ _ k—1_ —
|’Y;Z;(V)| 5 p n+r kpn codim (V) 5 p'r k—r(r+1)(k—1)2 1 5 p 2.

For J C [1,n] let define the coordinate subspace My := {s = (s1,...,s —n) € Zy; s; =0V j € J}.
By the inclusion-exclusion principle we have that
n
BV =pTY (DT D Are—y (3.7)
j=1 |J|=j s€M

If F is a system of r forms then it is not hard to show that rank(F|y,) > rank(F) — r|J| for
any subspace M of codimension |.J|, see [6], Cor. 2. By our assumption on the rank of the system
F we have that for 1 <|J| <r+1

rank(F|n,) —r|J| > r(r+1)(k — 1)2k —r(r+1) > 2k

Then by Proposition 4 in [7] applied the the system F restricted to the subspace M ~ Z;L*j one

has
rank(_Fth)—r

p~ (s € My F(s) = v =140 (p> =1+0(p™") (3-8)

This implies that corresponding to 2 < j < 7+ 1 in (3.7) contribute O(p~™/) = O(p~?) to the
expression ’y; (v), while the trivial fact |M;| = p"~7 < p"~"=2 shows that the same holds for the
terms corresponding to j > r 4+ 2. Thus, again by (3.8)

o _ n _
’Y;(V) =D * Z Z 1.7-'(5):v + O(p 2) = 5 + O(p 2)'
jil SGM{j}

This proves the Proposition. O

4. APPENDIX: DIOPHANTINE EQUATIONS OVER Z AND Z,.

In this section we sketch the proof of Proposition 2, which is a minor variant of the main result of
[3], see Theorem 1 there. For a family of integral forms F = (F},..., F,) and given d € N, s € Z",
a € R" define the exponential sum

Sn(d,s,a) = Y XTI tS)gy (dx + 5), (4.1)
XEZ™
where ¢ is the indicator function of a cube By of size N.
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Then one has the analogue of Lemma 2.1 in [3]

Lemma 4.1. Let 1 <d < N, Ny := N/d and let s € Z". Then

n
Ny "Sn(d,s, ) S Ny En > [[ min{N1, [d"a @;(®;(h',... . n* 1|71,
hl,.. . hk=le[-Np,Ni|" j=1
(4.2)
where for 1 <i <r the i=th component of the the multi-linear form ®; is given by
R k—1 ‘ 1 k—1
@;(h,...,h ):k! Z ;17 Jk— I’thl"”’hjk 1’

1<j1,0jk—1<0
and ||B|| denotes the distance of a real number 3 to the closest integer.
Proof. Write
Fus(x) = F(dx +s) = d"F(x) + Gas(x),  deg(Gas) <k (4.3)

Also, ¢n(dx +8) = ¢n, s(x) where ¢, s is the indicator function of the cube By, s = d~1(Byx —s)
of size Nj.
Introducing the differencing operators

DnF(x) := F(x +h) = F(x),
as well as their multiplicative analogues

And(x) = B(x + h)(x),
we have by applying the Cauchy-Schwarz inequality k — 1-times

— k—1 — 2mioe-D ...Dy, F,
INT"Sn(dys, o)) S NTE Y ST e P P FasCIN L Ay o (%) -
hl,...,hk—lezn xXEZN

(4.4)
By (4.3) and (??) we have that

Dy, ... Dp Fas(x)=d*Dy, ,...Dp, F _d’fzxj (hy,..., hy_y).

Estimate (4.2) then follows form the fact that [ _.; 621”5’”] < min{Ny, ||8]| 71} for any 8 € R,
when the summation is taken over an interval I of length at most Nj. U

Once this is established, the rest of the arguments in [3] carry over to our situation leading the
following minor arcs estimate. For given 1 < d < N, Ny := N/d and 0 < § < 1 define the system
of major arcs

M(0) = U U Maq where (4.5)
1<g< N1 (a,9)=
Mag(0) = {a € [0,1]"; |y — a;/q| < q "Ny FHED0 0y <<y,

Lemma 4.2. [[3], Lemma 3.3] If {d*a} ¢ M(6) then one has for every T >0

1Sn(d,s, )| < Cp NP—EOFT (4.6)



ALMOST PRIME SOLUTIONS TO DIOPHANTINE SYSTEMS OF HIGH RANK 15

We need the above estimate in slightly different form, depending only on «.

Lemma 4.3. Let 0 < f,e <l andlet0<n<er(l—k=1)0. Ifd < NTH then for a ¢ M(0) one
has uniformly for s € Z™

n—-L 047
1Sv(d,s,a)| < NPT (Ve > 0). (4.7)

Proof. If d*a € Ma4(6) (mod 1), then there is ¢ < N{(k_l)e

and |d*a; — a;/q| < q_lekJr(k*l)rg. This implies that |0y — a}/q1| < ql_lel€+ for some
q < del(kfl)Te and a, € Z for which (a},q1) = 1. If d < NT+1 then d < N/ and hence

q1 < N{mﬂ(k*l)e < Nl(HE)r(k*l)e. This implies that o« ¢ M((1+ €)6. By taking the contrapositive
and changing variables 6 := (1 4 )6 the Lemma follows. ]

and a; € Z such that (a;,q) = 1
(k—1)ro

As a first application we give an estimate for the Gauss sums

.a-F(dx+s)
Sagld,s) = > ™ 0 . (4.8)

x€ELy

Lemma 4.4. Let g € N and 1 < d < q. Then for any a € Z" such that (a,q) =1 and s € Z% one
has

Sag(ds)| <p " THETY (¥ 7> 0). 4.9
7q

Proof. Note that S, 4(d,s) = Sn(d,s,a/q) with N =dg, as x € [0,¢)" if dx+s € By = [0,dq)" +s.
Moreover if 7(k — 1)8 < 1 then for any 1 < ¢’ < ¢"*~D? < g and (a’,¢) =1

/
a a 1 1 _ _
a2 L

q ¢ q¢ q

This implies that a/q ¢ M(f). Since d < g% we can choose 6 so that r(k —1)8 < 1 but d < ¢"
for n:=er(l — k~Y)n. The (4.7) implies that

K K
|Saq(d,s)| Sr " T < TTRED T (V> 0),

choosing 6§ sufficiently close to T(kl_l). O

Taking d = 1 and letting € — 0 in (4.9) one has

K
Saq(1,8) = Saq(1,0) Sr g T T

Next, to apply [3], Lemma 4.4 adapted to our situation, we make the assumption that

K>1+e)r(r+1)(k—1). (4.10)
Then one can chose small positive numbers § and 6y so that

0+42r(r+2)0) <1 (4.11)
and

200, < K(1+¢e) t —r(r+1)(k—1). (4.12)

Lemma 4.5. Let 6,00 satisfy (4.10)-(4.11), and let 0 < n < £(1 — k~1)0y. Then for 1 <d < NT+s
and s € Z"™ one has

/ i 1Sn(d,s, )| da < NP=4r=9, (4.13)
« o
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If in addition we make the assumption that
n <ok trh (4.14)
then it is easy to see that
NP dr=8 _ pn—drg—n N—8gkr+3 o pn—drg—n n—d+(kr+0)n (1+m)~t < andrfa'dfm (4.15)

for some &’ > 0.

Going back to Proposition 1.2, we have under the conditions of Lemma 4.5 and (4.14)

R (d,s,v) = / e 2V Sn(d,s; ) do = / e 2V S (d, s o) da+O(N 49 q—),
M (60)

for any set M'(6p) 2 M(6p). From now on we will write

r(k—1)8y = &, (4.16)
and define
M () = U U Mg ,(00), where (4.17)

1<g<NT (a,q)=1

MG o(00) == {a € [0,1]"; |ai —aifq] < NyM 1< <r}. (4.18)

Next, for given a € My, ,(6), writing o = a/q + 8 one has the following approximation of the sum
Sn(d,s;a (see [3], Lemma 5.1).

Lemma 4.6. Let 0 <n <3, d< Nﬁ, s € Z". Then for a € M, ,(6o)

Sn(d,s;a) = N"d"q "Saq(d,s) [(N*B) + O(N"—1H21trg=n) (4.19)
where
10) = [ 7o) dy. (1.20)
Proof. Writing x := qy + z with z € [0,¢)", we have
N(d,s;a) Z e Z BT ady tdats) g\ (qdy + dz + s). (4.21)
2€LD yezn

As y varies by O(1) in the range |¢gdy| < N, the variation in the exponent is
O(|BIN*"qd) = O(N~—H+2+),
Thus the error in replacing the sum Y 77 (ady+da+s) 4 (4dy 4 dz + s) by the integral

/ 2miBFlady+dzts) o\ (qdy + dz + s) dy,
yER”
is O(N"~1+254+1) 1 O((N/dq)"'). By a change of variables y := N~!(qdy + dz + s) we have
/ R 2B Fladyrdzts) g\ (qdy + dz +s) dy = N"d"q "I(N*pB).
yeR”

Summing over z € Zg, using (4.21) and (4.8) proves (4.19). O
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For p € R" and ® > 0, write
)= [ 1)eray,
[vil<®
and define
J(p) == lim J(u; ®). (4.22)
d—o00

By Lemma 5.2 and Lemma 5.3 in [3], J(u) exists, continuous and uniformly bounded by

/ (7)) dy < oo.
.

Also using assumption (4.9) and estimate (4.10) we have that the so-called singular series

S(d,s;v) := Z Z g e T S q(d,s) (4.23)

q=1 (a,q)=1

is absolute convergent. In fact,

> Y ¢ Sagds) SN (4.24)

a=NT (a,q)=1

Indeed, as k = r(k — 1)fy we have by assumption (4.10)

26 K

- <—(1+5)r(k—1) —-r—1

Then by estimate (4.9)

Z Z q_”|5a,q(d, S)| <, Z q—%-f-T <. Nf2§+7— <. N—20+8n+T < NS
a=NT (a,q)=1 q=>Nf

Summarizing we have

Proposition 4.1. Let F = (Fy,..., F,) be a family of integral forms of degree k satisfying the rank
condition

codim V¥

There exists a constant ¢’ = ¢'(k,r) > 0 such that the following holds.

(i) If 0 < n < m then for every 1 < d < NT5 and s € Z" one has the asymptotic

Ry(d,s;v) = N d7"S(d,s,v) J(NFv) 4+ O(N"F=0"q=m), (4.26)

(i) Moreover if
K >2r(r+1)(k — 1) + 2rk, (4.27)

then the asymptotic formula (4.26) holds for n < m.
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Proof. First we show that if 0 < ¢ <1 satisfies € < — 1 and 1 > 0 is such that

K
r(r+1)(k—1)

1 . K—-—(1+e)r(r+1)(k-1)
n < W+ Dk min {5, k(1T ) } , (4.28)

then (4.26) holds for 1 < d < N and s € Z".

Set the parameters 0y and § as
1 6o K
p = —————, 0:=—minql, —— — 1)(k—1
T w2kt 1] 2 mm{ Tre T )}’
to satisfy conditions (4.11) and (4.12). Then for
1 K — —
———— min< ¢, A+ortr+Dik-1) )
Ar(r+2)k rk(l+¢)
we have that n < e(1—k~16y and n < 6pk~1r~! hence both the conditions of Lemma 4.5 and (4.14)
are fulfilled.

Thus by (4.16), (4.19), (4.24) and using the fact that |[M’(6y)| < NI(TH)H_THM < N—Th+3 (by
our choice of 6y, n), we have that

n <

Ry(ds,v) = > > / —2”ia'VSN(d,s;a) da + O(N""F=9'q™™)
g<N a
= N"T| Y g Sag(ds) / L eTIVI(NR By dB + O(N TR
q<NF |B:| <Ny A

= NG (ST e S, o (d,s) (N TR dENT) + O(N )
g<NYT

— VR S(d s ) I(N ) 4 O ),
for some &' = §'(r,k) > 0

Indeed, the first line is (4.16), the second line follows from (4.19) and the above remark on the
size of the major arcs, the third line by a scaling 8 := N*3 and the last line from (??) and (4.24)

. . k—1 1 1 3 1
together with the estimate 2k +n < k(r+2) + ook S (1= 3) <3

IfK>r(r+1)(k—1) then — K 1>

thus one may choose ¢ slightly larger

r(r+1)(k—1) = 7"(7“+1)(k:—1)
than 7 +1)k This gives n < m by (4. 28) If K> 2r(r+1)(k— 1)+ 2rk then one may
choose ¢ slightly larger than 1, which gives n < W This proves the Proposition. (|
Finally, consider the singular series
&(d,s, v) Zq_" Z e 7T Sag(d,s), (4.30)

(aq
where writing Fy¢(x) := F(dx +s)

. Fq,s(x)a

Saq(d,s) = Z 2Ty

(4.29)
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By the well-known multiplicative properties of the inner sums in (4.30)

&(ds,v)= [[ oplds,v),

p prime

with local factors

d S, V i p Z 6_27” " Sapm (d,S).

=0 (a,p™)=1

By estimate (4.9) and assumption (4.10) we have o,(d,s,v) = 14+0(p~1=%) and hence the product
is absolutely and uniformly convergent. Finally, by a straightforward calculation we have

l
d s;v) = Z p " Z e apm (d,8) = p_l(n_T) {x € Z;LU ]:d,s(x) = v}
=0 (apm™)=1
(4.31)

Proposition 1.1 follows immediately from Proposition 4.1.
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