STRONGLY SINGULAR CONVOLUTION OPERATORS
ON THE HEISENBERG GROUP

NEIL LYALL

ABSTRACT. We consider the L? mapping properties of a model class of strongly singular integral
operators on the Heisenberg group H"; these are convolution operators on H" whose kernels are too
singular at the origin to be of Calderén-Zygmund type. This strong singularity is compensated for
by introducing a suitably large oscillation. Our results are obtained by utilizing the group Fourier
transform and uniform asymptotic forms for Laguerre functions due to Erdélyi .

OVERTURE: STRONGLY SINGULAR CONVOLUTION OPERATORS ON R?

These are convolution operators whose kernels are too singular at the origin to be of Calderén-
Zygmund type. We choose to compensate for this strong singularity by introducing a suitably large
oscillation. More precisely these are the operators given formally by

Sf=f+K,
where K be a distribution on R that away from the origin agrees with the function
K () = [2| e x(fa),
where 8 > 0 and x is smooth cut off function which equals one near the origin'. Operators of
this type were first studied by Hirschman [7] in the case d = 1 and then in higher dimensions by
Wainger [12], Fefferman [3], and Fefferman and Stein [4]. What is of interest here is the precise

relationship between the size of the singularity and that of the required oscillation in order for S
to extend to a bounded operator on L?(R%).

dy - . d
Theorem A. S extends to a bounded operator on L*(R%) if and only if o < 75
Sketch of proof. Since S is translation invariant it may be realized as a Fourier multiplier,
SF(&) = F(&) -m(¢),

where ~ denotes the Fourier transform and m = K , the fact that K is a compactly supported
distribution ensures that m(¢) is a function. Plancherel’s theorem then implies that

1Sfll2may < Al fllL2mey  if and only if  |m(£)[ < A, uniformly in &.
Since K is also radial, i.e. K(x) = Ky(z) for some function K, we have

/O Ko(r) a2 (rle)(rlg]) 2 v dr,

d
2

m(§) = (2)

L The distribution-valued function o — K , initially defined for Re a < 0, continues analytically to all of C.
1
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where Ja» is a Bessel function; see [10]. Using the well known asymptotics of Bessel functions it

is then stzraightforward to show that m(§) remains bounded for small || and that for large |¢],

ozfg . _B_ af%
(1) m(€) = c1é| T e 7T 1 o(jg)TEr). O

Remark. One can establish Theorem A independent of Fourier transform methods, see [8].

This article is devoted to the study of analogous operators on the Heisenberg group.

1. INTRODUCTION

The Heisenberg group H" is of course C™ x R endowed with the group law

[z,t] - [w, s] = [z+w,t+s+%lm(z-w)},

with identity the origin and inverses given by [z,¢]~! = [~z, —t]. The following transformations are

automorphisms of the group H":

e the nonisotropic dilations [z,t] — § o [2,t] = [0z, 6%t], for all § > 0;
e the rotations [z,t] — [Uz,t], with U a unitary transformation of C".

We define the “norm” function p on H” to be
p(z,t) = (J2|* + 3%,

and note that it is smooth, invariant under the rotations defined above, and homogeneous with
respect to the automorphic dilations. The usual Lebesgue measure dz dt on C™ x R is the Haar
measure for H".

We define our strongly singular kernels on H" to be the distributions K that agree, for (z,¢) # (0,0),
with the functions

K(z,t) = plz, )90 " \(p(z,1)) with § > 0,
where QQ = 2n + 2 is the homogeneous dimension of H” and y is defined as before?.

Our main result is then the following.

Theorem 1.1. The operators T on H™, formally given by Tf = f = K, satisfy the following:
(i) If o < npB, then T extends to a bounded operator from L*(H™) to itself.
(i) If T is a bounded operator on L*(H") then o < (n+ 3)3.

Remark 1.2. There is a “gap of %” between necessary and sufficient conditions. Note also that the
necessary condition coincides with the Euclidean condition o < %ﬁ.

2 As in the Eulidean case the distribution-valued function o — K, initially defined for Rea < 0, continues
analytically to the entire complex plane.
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2. REDUCTION TO LAGUERRE TRANSFORM ESTIMATES

Let € > 0 and set
K(z,t) = e "D K (2, 1)

and for f € L?(H") we define

Tef(z,t) =[x Ke(z,t),
where convolution is taken with respect to the group structure on H™. It is then easy to see that
if, for fixed € > 0, we integrate the function K€ by parts N times and take the limit as ¢ — 0 then
this must agree with the unique analytic continuation of K to the half plane Re(a) < N3. It then
follows that for f € S(H"),

Tf(zt) = liE)%TEf(Z7t)'

We shall therefore, in the following, content ourselves with studying the operator T°.

2.1. Group Fourier transform. Our operator 7° on H” can be realized on the “transform” side,
via the group Fourier transform, as a multiplication of operators,

—

Tef(A) = F(A) - M(N),

where M () is the group Fourier transform of K¢. Recall that, for each A # 0, M (\) is an operator
on the Hilbert space L?(R") given by

M\)p(€) = /H K (2, t)ma (2 )p(€)ddt,
where the 7y, given for z = x 4 iy by
(2, 1)p(€) = eNFEFRTUT) (e |y

are the infinite dimensional irreducible unitary representations of H™, the so called Schrédinger
representations. It then follows from Plancherel’s theorem for the group Fourier transform that

1T fllz2@ny < Al fll2@ny  if and only if  [[M(A)[|op < A uniformly over A # 0.

Now since K¢ were chosen radial on H", i.e. K(z,t) = K§(|z|,t) for some function K§, then it is
a well known result of Geller [6] that the operators M (\) are in fact, for each A # 0, diagonal with
respect to a (rescaled) Hermite basis for L?(R™). More precisely

M(X) = Cr(Fix Ik, ) yeenns

where (), is a constant which depends only on the dimension and the diagonal entries u(|k|, \) can
be expressed explicitly in terms a Laguerre transform. Denoting x = |k| we in fact have

1—n

ul, A) = e /0 K(s)AL (1N (5INs%) =" 5™ ds,

where ¢} = ((Hfé)!)lﬂ, A®(x) is a Laguerre function® of type 6, and K*(z) = Jr K (z, 1) dt.

It therefore follows that the operators M (\) are bounded on L?(R") if and only if the diagonal
scalars pi(k, A) are bounded uniformly in k, and hence

|Tfllz2@ny < Allfllz2ny  if and only if  [u(k, A)| S A uniformly in x and A # 0.

For more on the group Fourier transform and Laguerre functions see [9] and [11].

3 For the definition and properties of Laguerre functions see §3.2.
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2.2. Main estimates. We have seen that matters therefore naturally reduce to the study of the
‘Fourier transforms’ p(x, A). Making the change of variables

(s,t) — (rsin% 0,72 cosf) where 0 <7 < ocoand 0<6<m,

it follows that s* + 2 = r*, dsdt = r? sin~3 Odr df, and hence that
(K, \) =™ 1/ / (sin @)™ xe(r)r —Loagilr= o C089]( M2 sin 9) 7 A Y(3Ar? sin6)dr db,

er B

where x.(r) =e

It is natural to consider the cases for bounded and unbounded k separately. We now fix kg to be
a large constant. Our main result for bounded & is the following.

Theorem 2.1. If k < kg and |A| > 1 then we have the asymptotic expansion,

a—(n+ a—(n+l—¢e)B

1
)8
(2) Wk, \) = i[NP e iea A 772 +O(N ).

For unbounded  we write u(k, \) = 72 pj(k, A), where
pi(r,A) = et / / (sin 0)"19(297) e (r)r Lol HAr cosBl 55 Am—1 0y g g,
0Jo
with = ZAr?sin6 and ¥ € C§°(R) supported in [3,2] chosen such that >0 9(27r) = 1 for all

0 <r < 1. Our main result for unbounded « is then the following.

Theorem 2.2. The following estimate holds uniformly for kK > kg and \ # 0,
. a—nf
1 (5, A)| < Cmin{27=78) (1 4 |\|k)2G+D }.

a—npf
Remark 2.3. Theorem 2.2 alone only implies |pu(k, A)| < C'log(1l + |A|k)(1 4 |A|k)26G+D for k > K.

2.3. Proof of Theorem 1.1. Let us now see how Theorems 2.1 and 2.2 imply Theorem 1.1.

It is clear that part (ii) of Theorem 1.1 follows immediately from (2). Furthermore, one easily
obtains the estimate |u(k,A)] < C for all 0 < |A] < Ag, for some fixed constant A\g. It follows
from the Laguerre function estimates in §3.2 that this estimate holds uniformly for all x, however
Theorem 2.2 shows us that for fixed A we in fact have decay in k.

In order to prove Theorem 1.1 (i) we shall dyadically decomposing our operator and using almost
orthogonality. Recall the following version of Cotlar’s Lemma,

Cotlar’s Lemma. Suppose {T;} is a finite collection of bounded operators on L?. If in addition
these operators satisfy, for some & > 0, the almost orthogonality condition

1T T5l|op + | T T |l op < C27°1,

then
<A

)

where the constant A is independent of the number of these T}.
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For an elegant proof of this result see [9]. If we now define the dyadic operator T; = f * K, where
Kj(zt) = 0(20p(z, £) K*(2,1),
it then follows that

Tef(zvt) = Zij(Z7t)'
=0

Now the operators T} are bounded on L?(H") if and only if
|1 (5, A)| < G,

uniformly in x and A # 0. It therefore an immediate consequence of Theorem 2.2 that the norms
of T; are uniformly bounded whenever o < nf3. Theorem 1.1 now follows from an application of
Cotlar’s lemma (and a standard limiting argument) once we have verified that our operators T}
are, in the following sense, almost orthogonal.

Lemma 2.4. If a = nf then | T} T op + | TiT] |op < C27A11.

Proof. This follows trivially whenever |i — j| < 10, since |7;T}llop < ||Tillopl|Tjllop- We shall
therefore, without loss of generality, assume that j > i + 10. Now T;T; has a kernel Lij(z,t) =
K; * K;([z,t]7!), and the same operator norm as the operator with kernel the L' dilate of Ljj,
namely

Lij([2, 1] = 27990277 o [2,4] 1)
= 2_jQ/Kj(w, $)K;((277 o [2,1]) - [w, s])dwds
_ 972 / K (2w, 272 ) Ky ([272, 2 21] - (2w, 22 8] dwds

_ 9i2a / p(w, s)" 9 p([z,1] - [w, s])~ Q2 lew:s) ™ =p([ztl [w.s) 7] gy

p(w,s)~1 o
p([z:t]-[w,s])~27 7"

We trivially obtain the estimate |Eij([z, t]7h| < €292020=9)(@+) while integration by parts 2n
times gives the favorable estimate

|fij([z,t]_1)| < 02i2a=2mB)9(i=7)(@+a) _ 9(i=j)(Q+a)
This of course implies that HEUHU(H,L) < 209, O
So we have reduced matters to proving Theorem 2.1 and Theorem 2.2, we present these arguments
in Sections 4 and 5 respectively. As with the Euclidean case the asymptotics of special functions,

in this case Laguerre polynomials, will be crucial. We discuss these expansions in Section 3 as well
as stating some standard results for oscillatory integrals in one dimension that we shall require.

3. PRELIMINARIES

3.1. Oscillatory integrals. We present here a very brief overview of the theory of oscillatory
integrals in one dimension, this gives an essentially complete description of the behavior of integrals
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of the form
b
I\ = / M@ (g)dz, A >0,

as A — 0o, where ® and ¥ are smooth functions. The behavior of I()) is governed by three basic
principles: localization, scaling, and asymptotics. We shall present these respective principles as
three propositions: the first of these can be thought of as a principle of non—stationary phase, the
second is one of van der Corput’s lemmas, and the third is a formulation of the method of stationary
phase; for proofs see [9] or [13].

Proposition 3.1. Suppose ¥ has compact support in (a,b) and ®' is never vanishes, then for all
N > 0 we have

II(\)| < Ona oY,

Proposition 3.2. Suppose ® is real-valued and |®¥) (z)| > 1 for all x € (a,b), then

TV < Gt o) + [ w'aa],

whenever (i) k =1 and ®"(x) has at most one zero, or (ii) k > 2.

Proposition 3.3. Suppose ® is real-valued, ®'(x¢) = 0, while ®"(xg) # 0. If ¥ is supported in a
sufficiently small neighborhood of xg, then

I(\) = e*®@)g (),

where o is a symbol of order —%, that is IO N)] < eo(1+ )\)_%_g. The constant ¢y depends on the
C™*! norms of ® and U on the supp VU, the size of this support, and on a lower bound for |®"(x)].

Example 3.4. The Bessel functions, defined for real k > —% by the formula

Je(\) = (w2D(k + %))1(2\)’?/11 M (1 — 2)t=h gy

are a model case for these oscillatory integrals and using the Propositions above one can show that
(3) Tk(A) = o1 (Ve + oa(N)e™ ™,
where o; is a symbol of order —% fori=1,2.

3.2. Asymptotic properties of Laguerre functions. Recall that Laguerre functions of type 9,
§ > —1, form an orthonormal basis for L?(R") and are given by

K \1/2 _1l, @
(4) N (@) = () L (w)e 5703,

where L9 (z) = E;'{:o (zfj)(;—x,y are the Laguerre polynomials of type ¢.

The two asymptotic formulae below which hold uniformly in their respective ranges of validity
(which overlap) are due to Erdélyi [2]; see also [5]. In what follows v = 4k + 26 + 2 and N = v/4.
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3.2.1. The Bessel asymptotic forms. Let 0 < x < bv, b < 1. Then for k > Ky,

33w = (CEY a5t (1) (2 st + 0B~ (2 Gl
and so
) 8w =) (2)* (2) st + 007 G2 Ty
where C1(9) is a constant independent of «, 1) = 1(t) satisfies
©) v = (2 -1)’

and t = 2. For 0 <t <1,
W(t) = Lt — 132 +sin~ L2,
and

N[

~ Js(u) if u sufficiently small,
Js(u) = 2 2
(Is(u)]? + [Ys(u)?)
here Y5 and .Js are Bessel functions of order 4.

otherwise,

Lemma 3.5. If0 <t <1, then 1t2 <4(t) < 2.

N

Proof. Let f(t) = (t — tg)% +sin~! ¢2, notice then that () = ()

%3_% < fl(s) < s_%, and so
t t t
%/ 3_2ds§/ f’(s)dsg/ s 2ds
0 0 0

which implies t2 < f(t) < 2t since f(0) =0. O

.Nowifogsgé,wehave

3.2.2. The Airy asymptotic forms. Let 0 < av < z, a > 0. Then for k > ko,

A(x) = MQgNN+éeNxé (}W)E{Ai(—u%qﬁ) + Ol " Ai(~vig)]},

and so, using Stirling’s formula

(7) A (x) = Co(8)(—1)"wias (_1¢,) *{Ai(—vE9) + Ol Ai(—vi )]}
where Co(9) is a constant independent of k, ¢ = ¢(t) satisfies

1 1/1 3
®) oo =5(5-1)"

and again ¢t = . Now one can show
o) (3>§ [cos~1t2 — (t—12)3]3  if0<t<1,
\4) | —[(t—1?)2 —cosh™'t2]5 ift > 1,
and
Ai(z) if z>0,

Ai(z) = 1
) (|Ai(z)|2—|—|Bi(z)\2)2 if 2 <0,
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here Ai and Bi are Airy integrals®.
Lemma 3.6. If 1 <t <1, then $(1—t) < ¢(t) <1 —t.

N

Proof. Let g(t) = co stz — (t — tQ)%, notice then that ¢'(t) = — (3%)
have (1 — s)% < —g'(s) <2(1 - s)%, and so

/tl(1 —s)2ds < /tl g'(s)ds < 2[(1 — 5)2ds

.Nowifégsgl,we

which implies 2(1 — )% < g(t) < 4(1—1)2, since g(1) = 0. O
Note also that, for z > 0

Ai(=2) = $22[1j3(32%) + J_1/3(322))

Bi(~2) = () [/1s(32%) + J_1/3(323)].

3.2.3. Trivial Estimates. It follows from the asymptotics above that for x large we have the
following crude estimates for our Laguerre function; see Askey and Wainger [1].
)

(zv)$ if0<z<l
({L‘V)_% if £ << gv
_i . _i v _ s
A (z)] < C Z_é(y ™) i z _ijgyx SVZ 7+ V3,
U i(x_y) ie*%f%(x*”)% if v+ v3 <z < %V,
e—2% if x > 37”,

where 71,72 > 0 are fixed constants.

4. BOUNDED DEGREE CASE: PROOF OF THEOREM 2.1

We shall now prove Theorem 2.1, and hence assume k < kg for some large constant xg. To obtain
estimates for u(k, \) we may, with no loss in generality, assume that A > 0. If we now perform the

rescaling r — A B+2r we see that
ke, NOH2) = ¢n- 1/\0‘/ / sin )" xe(5)r _1_“ei)‘ﬁ‘p(r’9)( Mr2 sin 0) 7 A" (3 N72 sin 0)dr df),
where o(r,0) = 775 4+ r2 cos 6.

It is easy to see that Theorem 2.1 is then equivalent to the following result.

Theorem 4.1. If k < kg and A > 1, then we have the asymptotic expansion
M(Fi, )\ﬁ+2) — Cl)\a_(n'f'%)ﬁeicz)\f@ + O()\Oé—(n"‘l_e)ﬁ)'

4 Recall that Ai(z) and Bi(z) are independent solutions of the differential equation Z g = zy and have the integral
1 oo oo = z
representations Ai(z) = = [ cos( (3t° + zt)dt and Bi(z) = — fo {eSt T fosin($t° + 2t }dt,
™ ™
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Let us introduce some notation, it follow from (4) that for A > 0

M(li,)\ﬂ+2) :/ (sin@)"lf(e)dez/ XE(§)7flfaei)ﬁr—ﬁJ(r)dr7
0 0
where
IT=1(0) = (¢ 1)’ / Xe(5)rm 1o e [t (1302 i g)e= 127 sinf gy,
0

and
J = j(’l“) — (Cn—l)Z)\a/ (Sine)n—lei)ﬁﬂ COSQLZ_l(%ABTz sin a)e—i)ﬁﬂ sin0d9‘
0

Proof of Theorem 4.1. Let Cg be a suitably small constant to be determined.

Region A: 0 <r < Ug. Provided that Cjp is chosen small enough we have that
—0pp(r,0) = Br=F) — 2 cos§ > Cr(B+Y),

It then essentially follows from Proposition 3.1 (as x.(%) and all of its derivatives vanish at r = 0)
that

1Z(0)| < CANE,
for all N > 0, we of course then obtain that |u(k, A*T2)| < CA*~NB,

Region B: C3 < r < A. We now certainly have that p(x, ) is absolutely convergent, but now the
phase in 7 may be critical.

Case 1: Tt \"P01=¢) < y24ing < r2, then Mr2gin@ > NP, Tt follows immediately that
L2 Y (AN r2sin@)e 17 sin0 < AN,

for all N > 0 and hence that |u(x, \*T2)| < CA@—N5,

Case 2: If 0 < r?sinf < )\_5(1_8), then it follows that either cos@ ~ 1 or cosf ~ —1.

(i) We first note that if 5 <6 <7 then cosf) ~ —1 and it follows that
—0rip(r,0) = Br=B+D) _ 2 cosf > Cp,

and that we can argue as in Region A.

(ii) Now if 0 < 6 < 7 then cosf ~ 1 and we shall write J(r) = M(r) + £(r), where

K

M(r) = (6"_1)2)\'3“(3i>‘5r2 /2 (sin 9)”_1[/:—1(%)\57«2 sin 9)6—?\57«2 siné g,
0

™

2 . . .
6(’!”) — (02_1)2)\& / (Sin g)n—le—l(%)\BTQ sin e)e—i)\ﬁvﬂ sm@[ez>\f5r2 cosf eMﬁrQ]dQ,
0
It is then easy to see that

E(r)| < CX>Hy2 / (sing)"1do < Oxo- (=B —m=2,

0<r2sin §<A—B(1—e)
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Now for the main term we write M(r) = M1 (r) + Ma(r), where

My (r) = (0271)2)\0‘6”\%2 /2 (sin9)”*1L7,§*1(%/\5r2 sin G)e*i/\%2 S0 o5 6 db,
0

™

2 .
Ms(r) = (62_1)2)\0‘/ (sin@)" L2 (3NPr? sin f)e 1M sinf11 — cos 0]d.
0
In a similar manner to the estimate for £(r) above we obtain the estimate
|IMa(r)] < CA@ / (sin )" H1de < CA>~(n+2=e)B)—2n—4
0<r2sin f<A—B1—9)
Now for the main term M;j(r) we have
My (r) = (02—1)2/\0461'/\37"2 / (sing)"~trn—1 (%)\57’2 sin 9)6_%)‘&2 sin6 cos 0 df
0<r2 sin < A=A (1—¢)
; 2 Aﬂe 1
= (62_1)2)\%1/\% )\_”BT_Q"/ u”_lLZ_l(%u)e_Z“du
0

— Cr)\afnﬁei)\ﬁTQ,,ann + O()\oszB).
We have therefore shown that
(K, )\ﬁ+2) — ONBAT 4 O()\a—(n-&-l—a)ﬂ))’
where

M = / XE(g)rf2nflfaei/\ﬁ(p(r,0)dr.
0

Now notice that
0%p(r,0) = BB+ 1)r~ 0+ 1 2> 2,

it follows that 0,¢(r,0) can vanish at most one point r = 9. Suppose that we are in a suitably
small neighborhood of rg, outside of this interval we have that |0,¢(r,0)] > C > 0 and can argue

as in Region A. Note that for all £ =0,1,...
|05, 0)] + 107 [xe (5)r— 217 < e

We may therefore, in a suitably small neighborhood of rg, apply the method of stationary phase

(Proposition 3.3) and obtain that
M = C(’l“o))\_%ﬁei)\ﬂ@(To,O) + O()\_% )

5. UNBOUNDED DEGREE CASE: PROOF OF THEOREM 2.2

We shall now prove Theorem 2.2, and hence assume k > kg, for some large constant k9. We may,

as in Section 4, assume \ > 0. Performing the rescaling r — 277r we see that

—-n

Mj(’fa)@zj)zcz_lzja// (Sin9)”_119(r)r_1_“ei2j690(r’9)x17Az_l(m)drdﬁ,
0o Jo

where now '
o(r,0) =r P 4+ 227982 cos  and  z=z(\r0) = 2Ar?sing.
It is then easy to see that Theorem 2.2 will be a consequence of the following result.



STRONGLY SINGULAR CONVOLUTION OPERATORS ON H" 11

Theorem 5.1. If K > kg then following estimate holds uniformly in k and X # 0,
|1 (k, A2%7)| < €27 min{279"% (14 Ak) ™2}

In order to estimate p;(x, A2%7) we shall make use of the asymptotics for Laguerre functions pre-
sented in §3.2, it is then natural to consider six separate regions and write

15 (K, X2%7) = a1 (1, N2%9) - a6 (15, A2%)
where for K =1,...,6,

wiarA2) = 2 [ ey o) e D A v,
and each 7 (x) smoothly localizes x to the kth interval indicated in 3.2.3.

As in Section 4 we write, for A > 0

Mj,k(/fa)\zzj)_/o (sin@)”lIk(j,H)dQ—/o 0(r)r*1*aei2mriﬁjk(j,r)dr,

where, as we are now considering the case when x > kg, we essentially have

T = IT1(5,0) = 2ja/ 77k(x)ﬁ(r)r—l—aeiWﬁp(nQ)(JSV)PT”AZA(x)dr,
0

T = Ti(g,7r) = 2j°‘/ nk(a:)(sin0)”*161‘)”2 Cosg(xu)liTnAzfl(a:)dH.
0

It will again be natural to consider separately the regions where we can and cannot integrate by
parts in 7. It is clear that we may choose a constant Czg small enough so that

~0rp(r,0) > Cr="*Dand - |07p(r,6)] < CrmHY,
whenever 0 < \277° < Cs. However if we are to integrate by parts in 7 we must take care of what
happens when the derivative hits the amplitude of Zj.

Recall that A% (z) = ciLi(:p)e_%xxg. Now since L L9 (z) = — Lot (z), and &1} = /Q_%Ci it follows
that J
1
AL )—%(*—1)/\5( ) = ()2 ().

Therefore, using the fact that 0,z = 2£ we see that
AI() = [ NE) + 2(er A 0]
If we instead take IV derivatives it is easy to see that we get
1 N
O Ay () = r N [Pr(2)A)() + (2r)? Py—1(2) AL (@) + - - + (wr) 2 Po(2) ALY ()],
that is

N
(9) ONAL (@) =N S (wr) s Py_o(2) A2 (2),
£=0

where Py_y(z) is some polynomial of degree N — ¢ in z. It is therefore only advantageous to

integration by parts in » when both x and (xv)% are dominated by 2% and hence we shall in
general only do so when

max{()\y) A} < 05298,
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In actual fact we shall establish, for each k, the following

(e A22)| < i {270 ifmax{(w), Af < G2,
min{(Av)"2,A7"} if max{(\v)2, A} > C527°,

and from this one easily establishes Theorem 5.1.

5.1. Neighborhood of 0: 0 < 2 < 1. Notice that here zv < 1 and [AJ(z)| < C(azy)%.

1

Region A: max{(\v)2,\} < 03277, In this region we can integrate by parts. Using our trivial
estimate it is easy to see that

0N AL ()] < C(av)2 N,

Therefore integrating by parts IV times we obtain the estimate

/Oﬂ(sin )" Z,(0)|d0 = 2ja/0

< C9i(a=NB) / (sin0)"'do
sin 6<min{1,(A\v)—1}

< CPENB (1 4 ),

™

(sin@)"l‘/ m(w)ﬁ(r)r71*a612j5¢(7"79)(xl/)anAzfl(:p)dr de
0

for any N > 0. So we obtain the estimate
.1 (5, X229)| < 0@ NB) (1 4 ww)™™,

Region B: max{()\u)%, A} > 05298, Here we necessarily have sin < 2(Av)~! < 2799 and there-
fore either cosf ~ 1 or cosf ~ —1.

(i) We first note that if § < 6 < 7 then cosf ~ —1 and it follows that
—0po(r,0) = Br= D) —2X2798r cos > C(1 + A2777),
we can therefore argue as in Region A and obtain the estimate

1.1 (k, A2%)| < C29%(\v) " min{277VF AN,

1) Now if 0 < 8 < 7 then cosf ~ 1 and it is easy to see that
2
8380(73 ) = ﬁ?"_(ﬂ D 422778 cos 0 > C(1+ )\Q—Jﬂ),

and hence by van der Corput’s lemma we have |Z; (0)| < C2/% min{2~7 28 A2 }. It therefore follows
that

(s, 29| < € / (sin 0)"~1Z,(6)]d6
0

< C20° min{2*j%ﬂ, )f%} (sin )" 1df
sin 0<(Av)~1

< C2°(\v) " min{2 928 A"z},
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N

5.2. Oscillatory interval I: 2 <z < %. Notice that here ¥ <v—z < v, and |A%(z)| < C(zv) 1.

In this interval we shall make explicit use of the oscillation in the main term of our asymptotic
expansion, which are in this case is given in terms of Bessel functions; see §3.2.1. We note here
that from (6) and Lemma 3.5 it follows that

1 1
W~ (2)F while v~ (D)7
x v
The following estimates are then immediate,

()% ~ (zv)"7 and 9, [(vih) 2] =—rfgw—%w'~—<xu>—%,
(') <o ma () ()] <c

Region A: max{()\y)%, A} < CBZJB. In this region we shall again integrate by parts in r and since

we have 2V < (xu)% it suffices to consider the integral
o9 o .
I,(6) = 29(~N9) / na(@)9(r) 272 () S ARTUEN ().
0

Using the Bessel asymptotic forms (5) we may write Iy = ¢B 4+ Ep, where
1 1

B(0) = 9i(a—NB) /000 nz(x)ﬁ(r)emmgo(r,e) () Nilon (g) 3 (:f/) §Jn71+N(V7/J)dT~

ERROR TERM:

[Ep(6)] < C2N0) /0 @9 @) F2 (L) (5) 20 (2) e 0l

< C’2j(°‘N6)V1/ (xy)%(N*"*%)da:
r<v
< 02]'(0‘*(71+%)ﬁ),
provided N > n, since (xu)% < 0298,

MAIN TERM: Since v > (xz/)% > 1 we shall utilize expression (3) and write B = By + B, where

Bu(0) = 20 [Ty (aa(r)e s 22 () (D) oy,
0

T vy
o] L i 1—n 1 1
Ba(0) = 21 [ty = ) 442 ()5 (D) oy

where each o; is a symbol of order —%. Since 9,1 ~ %1/} it follows that
Ofoivw)| < Cr~(ww) 3.
Let us first consider the integral By, and let ®g(r) = ¢(r,0) + 277Fv1). Now
0, ®g(r) = —Fr~ 0D 4 X27982p cos 0 + 2_jﬁ%x%(l/ — w)%
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and so if Cg is chosen small enough it follows that
|0, Py (r)| > C > 0.

In addition to this we also have

. . 3
2®g(r) = B(B + 1)r~ P2 £ X27792 cos ) — 27][3%2 ﬁ)l >C>0.

If we let

1 1
Wolr) = o)) (1) (£) ortow),
then for all £=0,1,...
8Wo(r)| < Clav)? (vi)) 2.
Applying van der Corput’s lemma (integration by parts) gives

2N+

[B1(0)] < CQj(O‘_(NH)ﬁ)/ I(r)(av) T dr < 2@ (n2)0),
0

again provided N > n. Of course the phase in By is never stationary, so we obtain the same
estimate for By, in Region A we therefore obtain

|2 (ke A22)| < C2ia=(n+3)p)

1

Region B: max{(A\v)2,\} > C32/%. Here we shall not integrate by parts first and so wish to
estimate

Jo = 2ja/ 7)2(:17)(81110)”*1(3“‘7"2 Cosg(xz/)liTnAzfl(x)dH.
0

Using the asymptotic forms for our Laguerre functions we can write Jo = cB + £p, where

_ oja " : n—1_i\r2 cos 6 1_7” K % E %
B(r) = 2/ /O () (sin )" e )= (2)7( 1/},) T (wi0)d.
ERROR TERM:
E(r)| < C2° /OW o ) (sin )" (aw) 2" (2) (j)%—l(yg)%ill(ywde

< ce / (sin 0)" L (zv) 2 ("F2)dp
sin @<min{l,vA\~1}
< 02 min{(\v)"2("F2) ATy z )

MAIN TERM : Since v > (xu)% > 1 we shall, as before, write B = B + Bo, where

™ 1 1
Bi(r) =2 [ (e sin )t ) 5 (L) (D) oy o),
Ba(r) =2 [ mle)smay = e =) 5 (4)H (L) o an
0 x W’
Let us first consider the integral By, if we let ®,.(9) = Ar? cos 6 + v1) then we have
3 Ar? cos 6

69@T(9):—Ar25in9+u(1/;x) 5,

1

= —%)\r2<2sin0 — (V;:B)i cos@).
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We shall now write By = Bi + B?, where

Bi(r) =27* / X(sin ) W,.(0)e'® (@ dp,
0

Bi(r) = 2ja/ (1 — x(sin0))¥,.(0)e'* @ qp,
0

and ) )
e ned AT AY
W (0) = (0" ()7 ()7 (5) a0
Case 1: If 0 <sinf < %, then there are two possibilities; cosf ~ 1 and cosf ~ —1.

(i) If 0 < 6 < 7 then cos ~ 1 and

D=

(V;x) cosf >

I

| =

it therefore follows that )
|0p®,-(0)| > (sinf) ! (zv)2.

(ii) If 5 < 6 < 7 then cos ~ —1 and we trivially have the same estimate as above.

Notice also that
1
3, (6)] < C(sin ) >(av)3,

and since for all £ = 0,1,... we have that [0h0;(v1))| < ci(sin 9)%(3:1/)7% it follows that if we let
UL(0) = x(sin0)W,.(#) then we have
1-n

(WL(0)] < (sin @) (av) "7

10pWL(0)] < (sin0)"2(av) 2" 1.

An application of integration by parts therefore gives

BL(r)| < co° / ()]0 (061 (6)) 1 W1(6)) | a0

IS

1-n

< C2j°‘/ (sin 9)"_1(301/)7_%(19
sin 0<min{1l,vA~1}

1

< 020 min{(\v)"2(+2) ATy 2,
Case 2: If % <sinf < 1, then A < 10v and ¢, () may now be stationary, however we do have that
05:(6)] > Claw)? = C(w)2,
and if we now let W2() = x(sin §)¥,.(6) it follows that
D2(0)] + |95 02(0)] < C(aw) 272 < (Aw) 20072,
It therefore follows from an application of van der Corput’s lemma that
B3 (r)| < C2(w) "1 ()23 < Cw) E
Bringing these two cases together we see that

1By (r)| < C27% min{(\v)" 2, )\_”1/_%}.
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The integral By can be treated in exactly the same manner as above, in Region B we therefore
obtain

fj2(k, A22)| < €27 min{ (\v _%,)\_"V_% .
j7

5.3. Oscillatory interval II: § < z < — v3. We now have v3 <v-—z <4 and ]A5(x)] <
1
2

C’fn_i(u - :L')_%. Notice also that (Av)

The situation here is much the same as it was in §5.2 only here we must use instead the Airy
asymptotic form. In order to do better than the trivial estimate we shall again make use the
oscillation in the main term of our asymptotic expansion. It follows from Lemma 3.6 that

o ~

from this and (8) it is immediately clear that

V—x

v )
1
1—0§¢’§10 and ¢" <C.

Region A: )\ < C’ngﬂ . In this region we should integrate by parts and since x < (xu)% it suffices
to estimate,
0o ) .
Iy(6) = 2/*~ ) / s (@)d(r)e ) () T2 AR N (@) dr
0
Using the Airy asymptotic forms (7) we may write this as I3 = cA + E4, where

A(f) = 2/(@=NB) /Ooo 13(2)9(r)e2 7P (21)) 2 =55 (}d)% Ai(—v3 ¢)dr.
ERROR TERM:
|EA(0)] < C29(@=NB) /0 h 13(2)0(r) (zv) 2 a3y (_1(25,)%|X/i(—y%¢)|dr
< 02V [T o @) 3 o) wot)dar

< €2 [ (@0 an) MY - ) dar
0

< C9ila—(n+5)8),,~% / (v— x)_%dm

v—z<v

< ng(a—(n-%%)ﬁ)’
provided N > n.
MAIN TERM: Recall that for z > 0
Ai(=2) = §23 [15(322) + s (322,
since Jy /3 and J_y 3 satisfy the same bounds for large z it suffices to estimate

N+1—n

A(9) = 2i(@=NB) / 13(2)0(r)e? e (21) 2 gféyé(_1¢,)%(y%¢)%J1/3(§V¢%)dr.
0
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It follows from (3) that,
3 3. 2,65 3. _i2,4%
Ji/3(3vp2) = 01(v$2)e’3"?? + oy (vep2)e '5V0%
where o; is a symbol of order —%. We therefore write A = A1 + Ay, where

N+1—n

. 0 o A 3.
A1(e):2ﬂ<a—Nﬂ>/n3(x)ﬁ(r)eﬂ”[@(ﬁmﬂ 0503 (21) "2 x—%y%(L)%(yégﬁ)%gl(ygs%)dr,
0

_¢/

N+1—n

. 0 s A 3.
A2(e):2ﬂ<a—Nﬂ>/n3(x)ﬁ(r)eﬂ”[@(ﬁf’)—? P50 ()T e s (L )%(y%¢)%02(y¢%)dr.
0

_¢/

Let us first consider the integral A, and now let ®y(r) = o(r,6) + 2_jf8§V¢%. We note that

8#59(7") = 0,®p(r). It therefore follows that ®y behaves exactly as ®y did in §5.2 and so for Cp
chosen small enough we again wish to integrate by parts. In this case our amplitude

N+1—n

Uo(r) = ma(@)9(r) (er) 3" 2308 (L) (V3 8) B (v?),

courtesy of the symbol estimates |6£al(1/¢%)| < C:L‘i‘%(u - x)_%_e, satisfies for £ = 0,1,... the
differential inequality

00T5(r)| < C(v — z) " apN—ntate,

Integrating by parts N’ times we therefore get the estimate

‘A1(0)| < CQj(a—N,B) / ‘ig(r)eigjﬁa;.e(r)d,r}
0
S Czj(a*(Nﬁ’N’)ﬁ) /1 (V _ x)fN’7%VN+N/7iindx
v3<v—z

< CQJ(OC—(N-FN’)/@)VN-i-%N’—n

< CoilanB=25)

again provided N > n, but also that N’ > 1. We of course obtain the same estimate for A, since
its phase is trivially never stationary. In Region A we therfore obtain the estimate

|3k, 2| < C9ia—(n+3)p)

Region B: )\ > Cg?jﬁ. Recall that A\r?sinf ~ v and hence sinf < CvA~!. Trivially we get

the estimate |u;(k, A2%)| < 272X~y we'll use the oscillation to do better. Using the Airy
asymptotic form (7) we may write J3 = c¢A + €4, where

A(r) = 2j°‘/ n3(x)(sin 9)”7160\72 COS&(xV)Txféué (é)% Ai(—V%qﬁ)dO.
0
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ERROR TERM:

0 T 2
ﬁ(r)ril*a\SA(r)]dr < C2ja/ (sin@)“l/ (zv) 2z
0 0 1

T 2
< C2ja/ (sin 9)”1/ (mv)*%(’”%)yi(y - x)*idrdQ
0 3

< C2ja()\1/)_%(”+%) / (sin 9)%( 3y / (v — x)_%dxdﬁ
v—a<v
sin 6<CprA—1
< O\ Y3
MAIN TERM: As in Region A it suffices to estimate

A(r) = 27° /0 13() (sin 0)" e 0 (1))

1—n

T

M\»—‘
N|=

(V5 ¢)3.11 5(2vp2)db,

1
ve (a)
and since ng% > 1 we shall, as before, write A=A + As, where

1—-n

. ™ ) 3 -
Au(r) = 23&/ n3(x)(sin 9)"7161[)‘7“2 COSQ+§”¢§](371/)TQ;’%V% (3)%@3 qﬁ)%al(y(ﬁ%)dQ
0

A2(7")=2ja/ ng(x)(sin9)"_1&[”%059_%”‘1’%](xu)Tx_%y%( )%(ysgb)% (ngb%)d@
0

Let us first consider the integral A;, and now let ®,.() = Ar2 cos 6 + %qu%. As above we note that
D9®,.(0) = Dg®,.(0) and thus

Bp®,.(0) = — 3 (2 sinf — (V ; az)é cos 9).
Therefore, since v — x < x in this interval, it easy to see that
|09, (0)] > O\,
provided cosf < sinf. With this in mind we shall this time write A; = Al + A%, where

Al(r) = 27¢ / (1= x(& tan 0)) ¥, (0) @ dp,
0

A2 () = 2 / (L tan ), (0)e® O do,
0

and

1—n 1

U,(0) = (sin®)" Yav) 7 @ 21/6( 7)

D=

(v58)701(v?).
Case 1: If tan > 1, then letting U1(0) = (1 — X ({5 tan ) ¥ U,.(6) we see that

WL(0)] < Cvi (v —2)71,

ot

10p1(0)| < Cvi(v — )" 1.
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Letting y = (A, 7, §) we see that an application of van der Corput’s lemma gives,

oo 2 T 2 .
/ I(r)r AL () |dr < czjaAl(/ |wi(g)ydr+/ / 900} (0)|drdo)
0 1 0o J3

2

§C2ja)fll/*%*"< /(V—y)}ldy—ku/ /(V—x)idacde)
0

voysy v3<v—z<v

< CYNT TN (WA o)

< 09io\~(nt3)

Here we have use the fact that v > C), this is a consequence of sin 6 > %

Case 2: If tan @ < 1, then letting U2(0) = X (15 tan 0),.(6) we see that

1T2(6)| < C(sin®)" i (v —z) 1 < CA Dy~ i(y —2)71,

N

10pT2(0)] < C(sin )" 2vi " (v — 2) "7 + C(sin6)" w3 "|9[(vF §) 201 (v92)]]

< C)\_(n_Q)V_%(V - x)_% + C/\_("_l)v_%ag(mﬁ%)_%.
Here of course our phase may be stationary, however it is easy to see that
1028, (0)] > CA2(v — 2) 2272 > A2y,

Arguing as above we see that van der Corput’s lemma gives,
e} ) 1 s 2 .
/ I(r)r Y AR (r)|dr < C299N" w2 / / 109 W2(6)|drd
0 0o J3

2 T
§C2j°‘>\”<)\u1/ d9+ué/ / ag(ygs%)*%dedr)
2 Jo
2

9<%
2
< CYONT" (Afl / df + vi / (v — y)fid,n)
0<% 3
< 02N,

The integral As can be treated in exactly the same way, thus in Region B we obtain

11,3 (1, A2%)| < 27N,

5.4. Neighborhood of the turning point: v — z| < vs. Here we just use a size estimate and
3

the fact that |AS(x)| < Cv~3. This is the best we can do since qu% < v(Z%)2 < 1. Notice again

that (/\1/)% <2\
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Region A: X < Cngﬁ . We should integrate by parts and since x < C (my)% it suffices to estimate,

13(6)] = 276~

/o (@) 9(r)e 7200 () T2 AP IEN () dr

< ng(a—nﬁ),
provided N > n. So in Region A we obtain the estimate

gl A2%9)] < 0290,

Region B: \ > CngB . Here we shall not integrate by parts first, so we wish to estimate

igaa(s, A220)]| = 25 / (sin )"
0

2 _ .

/ na(2)e™? P00 (a0) 3 AR () dr | df
1
2

< CQjO‘/ (sin@)"_lu_"/ ) V=5 dadf
sin <% |

v—z|<v3

< C20N T

_1

5.5. Monotonic region I: V43 < 3v. Recall that here [A%(z)| < CV_%(x—V)_Ze*W’ 2 (z=v)
1
2

Notice that in this interval (Av)

Region A: X < C52jﬁ . We should integrate by parts and since x < C (mu)% it suffices to estimate,

15(0)] = 2/

/0 n5(m)19(r)ei2j%(’"’9)(xy) A= A::}VJFN(x)dr

< C2j(a—Nﬁ)l/N—n/ v

1
r—v>U3

N

1 3
-1 T3 (z—v)2
(x—v) ae v 2@ gy

< (9ila—np) / u—ie—'yw% du
o u>1

< C2j(a*n5)7
again provided N is large enough. So we again in Region A obtain the estimate

50, 32)] < €209,
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Region B: )\ > Cg2jﬁ . Here we shall not integrate by parts first, so we wish to estimate

sl 32%0)| =2 [(sing)!
0

< C2ja/ (sin 9)”1V”/ LV
sinf<% T—v>U3
: ! 3
< 0230“/ (sinﬁ)"_ll/_”/ u”1e” M dudf
sinf<% u>1

< 029N\,

2 j —-n
[ ns(@)ei? ") () 7 AL () dr| df
2

1 3
(x — V)fieﬂl” 2@ drde

N

5.6. Monotonic region II: z > 32, Here we have the trivial estimate [A(z)| < Ce™2%. Again

in this interval ()\U)% < A

Region A: \ < Cg?jﬁ. We should integrate by parts and since z > (am/)% it suffices to estimate,

16(0)] = 29)

o . n
/0 no(@)d(r)e NN (@) 3" AR N (@) dr

< C2i(a=NB) 15" / N1t e gy
x>V
< CQJ(CV*Nﬁ)7
for all N > 0. So in Region A we obtain the estimate
560, A227)]| < C20=N0),

Region B: \ > Cﬂ2jﬁ . Here we shall not integrate by parts first, so we wish to estimate

2 ) .
ﬁ no(2)e™ " #0 (a1) 7 AL () dr| df

2

< C2j°‘/ (sinﬁ)"lun/ e 2% dxdf
0 >V

g0(s, A220)]| = 25 / (sin )"
0

< oMy / (sin0)"1~Nag

sin > %

< 0Ny~ N,

We have therefore established the Theorem 5.1.
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