A CLASS OF STRONGLY SINGULAR RADON TRANSFORMS
ON THE HEISENBERG GROUP

NEIL LYALL

ABSTRACT. We primarily consider here the L? mapping properties of a class of strongly singular
Radon transforms on the Heisenberg group H"; these are convolution operators on H" with ker-
nels of the form M (z,t) = K(z)do(t) where K is a strongly singular kernel on C™. Our results
are obtained by utilizing the group Fourier transform and uniform asymptotic forms for Laguerre
functions due to Erdélyi.

We also discuss the behavior of related twisted strongly singular operators on LQ(C") and obtain
results in this context independently of group Fourier transform methods. Key to this argument is
a generalization of the results for classical strongly singular integrals on L?(R?).

1. INTRODUCTION

In this article our main consideration shall be the L? mapping properties of a class of strongly
singular Radon transforms on the Heisenberg group H". More precisely we consider convolution
operators on H" with kernels of the form M (z,t) = K(z)do(t) where K is a kernel on C” that is too
singular at the origin to be of Calderén-Zygmund type and has this strong singularity compensated
for by the introduction of a suitably large oscillation. Our main result is stated in §1.2 below and is
obtained by utilizing group Fourier transform methods and uniform asymptotic forms for Laguerre
functions due to Erdélyi [3].

We also discuss the behavior of related twisted strongly singular integral operators on L?(C™), these
results are stated in §1.3 and are obtained independently of group Fourier transform techniques.
Key to these arguments is a generalization of existing results for classical strongly singular integrals
on L2(R?). We choose to state these results first.

1.1. Strongly singular integrals on R?. These are operators T, initially defined as mappings
from test functions in S(R?) to distributions in S’'(R?), to which are associated kernels K, (7, ),
defined when x # y, that take the form

(1) Kop(x,y) = a(z,y)e?™Y).

We assume that the amplitude and phase satisfy the differential inequalities
(2a) 040y a(w, y)| < Cpplw —y[~ 4=

(2b) 040y, )| < Cpplr —y| 7P,

that ¢ is real-valued and furthermore that

(2¢) Ve (,)|, [Vyp(@,y)| > Clo —y| ="
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2 NEIL LYALL

with a > 0 and § > 0. In the case where & = 0 we must make the further assumption that our
amplitude a is compactly supported in a neighborhood of the diagonal x = ¥, this is of course also
the only region of any interest when « > 0.

It is clear that the estimates (2) also hold uniformly for the dilated functions
ax(z,y) = X a(Az, Ay) and  px(z,y) = Mz, Ay),

and in additions to the differential inequalities (2) above we also make the following non-degeneracy
assumption, namely that

8290)\(377y)
N TI7 >
(3) ’det ( iy, >| C>0

uniformly in A, such kernels we shall call (non-degenerate) strongly singular integral kernels.

Our strongly singular integral operators 1" are related to these kernels K, g as follows: for f € &
with compact support we identify the distribution 7'f with the function

8 Tf(@) = [ Kasla)f(w)dy
for x is outside the support of f. Our result for such operators is the following.
Theorem 1.1. The operator T, initially given by (4), extends to a bounded operator on L?(R?) if

and only if a < 5.

The proof of this result, amongst other things, is essentially contained in §5; see also [8].

The model case for operators of this type are those with kernels

Kop(z,y) = Kaplz —y)
where f(aﬁ is a distribution' on R? that away from the origin agrees with the radial function
(5) Ko p(x) = [~ x(|2)),
again 0 > 0 and here yx is smooth and compactly supported in a small neighborhood of the origin.
Operators of this type were first studied by Hirschman [7] in the case d = 1 and then in higher
dimensions by Wainger [13], Fefferman [4], and Fefferman and Stein [5]. That these operators

are indeed of the form considered in Theorem 1.1, and that their kernels are in particular non-
degenerate, is an easy exercise; see §5.2.

To establish Theorem 1.1 in this model case it is efficient to use Fourier transform methods. Since
K, g is a radial compactly supported distribution it is well known that its Fourier transform is a
smooth radial function given by

“ m(©) = 20 [0 T el 016D 5 ar

where Ja 2 is a Bessel function; see [11]. Using Plancherel’s theorem and the asymptotics of Bessel

2
functions it is then straightforward to establish Theorem 1.1 in this case.

L The distribution-valued function o I?a,g, initially defined for Re a < 0, continues analytically to all of C.
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1.2. The Heisenberg group. The Heisenberg group H" is C" x R endowed with the group law
(2.t [w,s] = [z +w,t+s+2Imz - w],
with identity the origin and inverses given by [z,t]7! = [~z, —].
The following transformations are automorphisms of the group H™:

e nonisotropic dilations [z,t] — 6 o [z,t] = [62,°t], for all § > 0;
e rotations [z,t] — [Uz,t|, with U a unitary transformation of C".

The usual Lebesgue measure dz dt on C™ x R is the Haar measure for H".

A natural analogue, in this Heisenberg group setting, to the model operators discussed above has
been studied by the author; see [9].

In this article we shall consider the class of strongly singular Radon transforms on the Heisenberg
group H™ formally given by

(7) Rf(z,t) = - M([w, s [z,8]) f(w, s) dw ds

and M are distribution kernels of the form
(8) M =Kyp®d
with I}aﬂ the radial strongly singular kernels on C" (R with d = 2n) given by (5).

Our main result is then the following.

Theorem 1.2. R extends to a bounded operator on L?>(H™) if and only if « < (n — 1)j.

We obtain this result via group Fourier transform methods. Similar methods were employed by the
author in [9] however the arguments in this setting are simpler.

1.3. Twisted strongly singular integrals on C". The operators above are of course intimately
connected with the twisted convolution operators

9) R Nf(2) = /n Ko p(z— w)ei%)‘lmz'a’f(w)dw.

In fact it follows from taking the partial Fourier transform in the ¢ variable and applying Plancherel’s
theorem that the boundedness of R on L?(H") is formally equivalent to the uniform boundedness
of R* on L?(C") for A # 0. It is therefore interesting to note the following corollary of the proof
of Theorem 1.2; for any fized real X, the operator R* extends to a bounded operator on L?*(C"M)
whenever a < nf.

However we shall prove a more general version of this result and do so independently of group
Fourier transform methods.

We shall consider operators 77, initially defined as mappings from test functions in S(C") to
distributions in S’(C™), to which we associate strongly singular integral kernels K, g(z,w) on C".
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For f € S with compact support we identify the distribution 7% f with the function
(10) T () = | Kap(z,w)e2 ™5 f(w)duw,

CTL
for z is outside the support of f. Our result for such operators is the following.

Theorem 1.3. For any A real
HT/\fHLz(Cn) < Afll2(cny  if and only if o < nf.

Remark 1.4. (i) Theorem 1.1 is of course essentially a special case of Theorem 1.3 with A = 0.
(ii) It would be of interest to know the precise behavior of the constant Ay in Theorem 1.3
above as |A\| — oo.

In the next three sections we shall concern ourselves with the proof of Theorem 1.2: in §2 we
introduce the group Fourier transform and reduce matters to basic Laguerre transform estimates;
as with the model Euclidean case the asymptotics of special functions, in this case Laguerre poly-
nomials, will be crucial and we include a discussion of these expansions in §3; while finally in §4 we
present the proof of these key Laguerre transform estimates.

The proof Theorem 1.3 is presented in §5.

2. REDUCTION OF THEOREM 1.2 TO LAGUERRE TRANSFORM ESTIMATES

Let € > 0 and set M“(z,t) = I?;ﬁ(z)ég(t), where
7€ —elz| 7P 7=
c(z) = T K, 5(2)

and for f € L?(H") we define

Rf(z,t) = f* M(2,1),
where convolution is taken with respect to the group structure on H™. It is then easy to see that
if, for fixed € > 0, we integrate the function IN(zﬂ by parts N times and take the limit as ¢ — 0

then this must agree with the unique analytic continuation of Ka,,@ to the half plane Re(a) < Nf.
It then follows that for f € S(H"),

Rf(z,t) = lim R°f(2,1).

We shall therefore, in the following, content ourselves with studying the operator R.

2.1. Group Fourier transform. It follows from Plancherel’s theorem for the group Fourier trans-
form that

IR F | 2y < Allfllzegery < IM<(\)]lop < A uniformly over A # 0,

where M €(\) denotes the group Fourier transform of M€, which for each A # 0 is an operator on
the Hilbert space L?(R™). Now since M€ were chosen radial on H", i.e. M¢(z,t) = M§(|z|,t) for

—

some function Mg, it is a well known result of Geller [6] that the operators M€¢(\) are in fact, for
each \ # 0, diagonal with respect to a (rescaled) Hermite basis for L?(R™). More precisely

J\//F(/\) = Cn(5j,k N(‘k‘v)‘))j,keN”’
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where C), is a constant which depends only on the dimension and the diagonal entries u(|k|,\) can
be expressed explicitly in terms a Laguerre transform. Denoting k = |k| we in fact have

S _ - 1—n
(11) u(k, \) = ! /0 e (e AT (AR (A 2) E dir,

where cz = (%) Y2 and Ai (z) is a Laguerre function of type §. Recall that Laguerre functions of

type &, § > —1, form an orthonormal basis for L?(R*) and are given by A (z) = ciLi(:E)e_%mxg,

where Li (z) = Z?:o (ﬁff)(_‘j—fy are the Laguerre polynomials of type 4.

It therefore follows that the operators M¢ ¢()\) are bounded on L?(R") if and only if the diagonal
scalars pi(k, A) are bounded uniformly in %, and hence
IR fll2my < Allfll2ny & [u(k, M| < A’, uniformly in k and X\ # 0.

For more on the group Fourier transform and Laguerre functions see [10] and [12].

2.2. Main estimates. We have seen that matters reduce to the study of the ‘Fourier transforms’
w(k, A). Our main estimate is then the following.

a—nf
Theorem 2.1. (1) If I\ < Kk, then |u(k,N)| < co(1 + |A|k)26BFD
(2) If |A\| > k, then as k — oo

a—(n
2

—Lyg ) _ B a—np
e, A) = er (X )= e (NP o (k) 55 )

where the constants cy, c1, and co above are independent of k and A.

It is clear from the remarks above that Theorem 1.2 will be an immediate consequence of Theorem
2.1, we present the proof of Theorem 2.1 in §4.

3. ASYMPTOTIC PROPERTIES OF LAGUERRE FUNCTIONS

Recall that Laguerre functions of type §, § > —1, form an orthonormal basis for L2(R*) and are
given by

1/2 _1, 8
Ai(m) = ((kii'é)') / Li(x)e 2%y,

where Li (z) = Z?:o (zf‘;) (_ﬁ)j are the Laguerre polynomials of type o.
The two asymptotic formulae below which hold uniformly in their respective ranges of validity
(which overlap) are due to Erdélyi [3]. In what follows v = 4k + 2§ + 2 and N = v/4.

3.1. The Bessel asymptotic forms. Let 0 < z < by, b < 1. Then for k > kg,

1

M@ = (T 1 () (5) tstew) + 00 GED sl

and so

(12) M@ = a0 (2)F (L) so0) + 01 (2 T
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where C1(9) is a constant independent of k, 1 = () satisfies
1,1

(13 win =1ty

andt = 7. For 0 <t <1,
W) = Lt — 13)2 +sin~ 112,
and
~ {J(; (u) if u sufficiently small,

Js(u) =
o (’JS(“)’2+!Y5(’LL)|2)% otherwise,

here Y5 and .Js5 are Bessel functions of order 4.
Lemma 3.1. [f0 <t <1 then Ltz <u(t) <t2.
1
Proof. Let f(t) = (t — tQ)% + sin~! t%, notice then that f'(t) = (37£)2. Now if 0 < s < 3, we have
s77 < f(s) < 572, and so
t t t,
%/ s 2ds < / f'(s)ds < / s 2ds
0 0 0

which implies t2 < f(t) < 2t%, since f(0) = 0. 0O

N[ =

3.2. The Airy asymptotic forms. Let 0 < av < x, a > 0. Then for k£ > kg,

k 5 1 1 1 2 -~ 2
M) = b N e Vomd () i) + 0l Ki(—v o))
(KO + k)12 —¢
and so, using Stirling’s formula
(14) M@ = Co(8) (VP vtad (=) aiC=rie) + Ol Ri(—vEo)))

where C5(9) is a constant independent of k, ¢ = ¢

—~

t) satisfies

1 1
(-1
t

1

(15) [6(t)]24'(t) =

and again t = £. Now one can show

N | =

o) <3>§ [cos™1tz — (t—12)2]3  if0<t<I,
4) | —[(t—12)2 —cosh 't2)3 ift> 1,

and

—~ Ai(z) if >0,

Ai(z) = 1

(| Ai(2)]2 + | Bi(2)?)? if z <0,
here Ai and Bi are Airy integrals?.
Lemma 3.2. If 1 <t <1, then $(1—t) < ¢(t) <1 —t.
2 Ai(z) and Bi(z) are independent solutions of the differential equation % = zy and have the integral represen-

1 . 1 ooy Ly3y, .
tations Ai(z)=— [ cos(3t® + zt)dt and Bi(z)== I {63t3+ "+ sin(3t° + 2t) }dt.
™ ™
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N

Proof. Let g(t

) .Nowif%ﬁsgl,we
have (1—3)%§

= cos~lt7 — (t — fz)%, notice then that ¢'(t) = — (%)
—g'(s) <2(1 —s)2, and so

3.3. Bessel functions. The Bessel functions, defined for real k > —% by the formula

Jk(N\) = (W%F(k + %))—1 (%)k /_11 e”‘t(l _ t2)k—%dt

are a model case for oscillatory integrals in one dimension and using this theory one can show that
(16) Je(\) = a1(N)e + aa(N)e ™,
where ’O’Z@)(/\)’ < (14 )\)_%_é ; see for example [14].

3.4. Trivial Estimates. It follows from the asymptotics above that for k large we have the fol-
lowing crude estimates for our Laguerre function; see Askey and Wainger [1].

( 5 .
(xu)51 fo<az<?i
_1 e 1

(331/1) 1 1 if > <ax<4, 1

v i(v—x) 1 fe<x<v-—vs
M@ <o’ Y fi<w -

V3 ifv—vs <x<v+4vs,

1 1 -3 3 . 1
vTi(x —p)Tae Y 2@y 4y <z <
e 2t ifx>37”,

where 1,72 > 0 are fixed constants.

4. PROOF OF THEOREM 2.1

It is natural to consider the cases for bounded and unbounded k separately. We now fix kg to be a
large constant and note that for k£ < kg one can easily verify, by integration by parts, that

|k, N < O+ AN,
for all N > 0.

Since we are now only interested in the case when k is large, our main object of study, namely
wu(k, ), is therefore essentially

I:/ efer_ﬁx(r)rflfae"_ﬁ(xu)anAZ_l($)dr,
0
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where x = %|)\|r2. We can of course always integrate by parts in r, but we must take care of what
happens when the derivative hits the amplitude of Z.

Recall that A (x) = ¢} L9 (x)e ~3723. Now since = d1o(z) = —Lifll(x) and c‘Hl =k~ éck it follows
that

d 1

%Ai(fﬂ) = %(* DAY () — (£)2 A1) (2).
Therefore, using the fact that 9, = <% we see that

_ 1
Or A (z) = —r 1[<x — )AL (@) + 2(xk)2 AL ().
If we instead take N derivatives it is easy to see that we get
O A (@) = r N [Py (@)Af (@) + (k)2 Py1 () AT} (2) + -+ + (ak) % Po(2) AN (),
that is

N
(17) ONAL(z) =N 3" (wk) 2 Py_o(x) AL (x),
=0

where Py_g(z) is some polynomial of degree N — £ in x.
We therefore see that integration by parts will, in general, only help us if
max{(:ny)%, z} < Cyr P

In order to estimate Z we shall make use of the asymptotics for Laguerre functions presented in §3,
it is then natural to consider six separate regions and write Z = Z; + - - - + Zg where

Ij:/ X;(r)r_l_o‘e"iﬂ(a:y)l_TnAZ_l(x)dr,
0

where x§(r) =€ X (7)9;(z,v) and each ¥;(x, v) localizes smoothly to the jth interval indicated

4.1. Neighborhood of 0: 0 < z < 1. Notice that here zv < 1 and [A)(z)| < C(xu)%. Using our
trivial estimate it is easy to see that

)
O AL ()| < CrN () 5+,
therefore integrating by parts N times we obtain the estimate
o0 . —0 1—-n
=] [t ) T A @

<C / plmetNB gy

rSmin{l,(\MV)_%}

<C(Av)* =,

for any N > 0.
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N

4.2. Oscillatory interval I: 1 < z < ¥. Notice that here § < v—x < v, and [A}(z)| < C(zv) 1.

In this interval we shall make explicit use of the oscillation in the main term of our asymptotic
expansion, which are in this case is given in terms of Bessel functions; see §3.1. We note here that
from (13) and Lemma 3.1 it follows that

1 1
W~ (5)2 while % ~ (5>2.
x v
The following estimates are then immediate,
1
() 3 ~ (@) T and O[(vh) E] = ——u 3 ~ () T,
rU2 r
3
1 1 1 2 1
Orvt) = fx%(z/ — x)% ~ f(xv)% and afmp = ——2# ~ —Qx%y*%,
r r P y—z)z T

D=

() () <o ma () (5)]

Case 1: (xv)% < C177P. We should integrate by parts and since = < (wu)% it suffices to estimate,

* —1—a+Ng ir=8 Nilon  p 14N
I = ; X5(r)r e (xv) 2 AT (x)dr.

Using the Bessel asymptotic forms (12) we may write Iy = ¢B + Ep, where

o0 1 1
_ € \p—1—a+NB ir—5 Nilon (VN2 ()2
B—/O X5(r)r e’ (zv) 2 (x) (w/) In—14n(v)dr.
ERROR TERM:
o] 1 1
< 6 —1—-a+Ng N+l-n K 2 B 2 1/ 2 %~
28l < € [ ) M (L) () 07 (52) v

< C’/ X§(r)r_l_o"LNﬁ(aJZ/)%(N_”_%)dr
0

SC(|)\|I/);(N—7L—;)/ T—l—a+N(ﬁ+1)_(n+%)dT

1
rAHI<(AY) "2

a*(n+%)ﬁ

< C(A) 7

provided N is chosen large enough.

MAIN TERM: Since vip > (mu)% > 1 it follows from (16) that
128 Wih) = o1 (v)eY + oo (vip)e Y,
where each o; is a symbol of order —%. Since 0,1 ~ %w it follows that
Do ()] < Cr~! ().
Write B = By + By, where

o0 1 1
_ € —1—a+NG i[r—P+uvy)] Nil-n (VN3 E 2
Bi= [ ) M () (D) o,
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_ * e —1—a+Ng i[r—P+uvy) Nilon (VU 2 ﬂ 2
By /0 X5 (r)r e (zv) (:1:) (W) oo (vi))dr.

Let us first consider the integral By, and let (1) = r—7 + v1). Now
Orp(r) = —Br= B 4 1a3 (v — a)3,
and so if C is chosen small enough it follows that
|0pp(r)| > Cr= D),
In addition to this we also have

D20(r) = B(B + 1)r— B2 — L2 5 cp(B+2),

If we let

then for all £=0,1,... we have
[0a(r)| < Cr= 1= NI (g) % (vp) 3.
Applying van der Corput’s lemma (integration by parts) gives

a—(nt3)8

|Bi| <C / p 1t (NFDB () 5572 g < C(|A|p) 20

rHI<(AY)

provided N is chosen large enough as before.

Of course the phase in Bs is never stationary, so we obtain the same estimate for Bs.

Case 2: (1:1/)% > C1r~P. Here we shall not integrate by parts first, so we wish to estimate
o0 . —B 1—-n
Ty :/0 XS (r)r et (a:y)TAZ_l(:c)dr.

Using the asymptotic forms (12) we may write Zy = cB 4+ £p, where

B = /000 X%(r)rflfae“"_ﬁ (my)an (g) 2 (:f/) %Jn_l(mp)dr.

ERROR TERM:

sl < ¢ [ o) (2) (2) 0 () st

SC(Wu)‘é(n+§)/ —l—a—(ntd) g,

1
rAHI> (M) "2

a—(n+3)B

< O(|\ly) 70
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MAIN TERM: As above we shall use (16) and write B = By + B2, where

Bi= [ gttt (2) a7 () o (vis)r

By = /OOO Xg(r)rq—aei[r*ﬁ—mb] (g) : (xy)l_Tn (:f/) %ag(yw)dr

Let us first consider the integral By, and again let ¢(r) = =% 4 v4). Recall that

1

dy(r) = —Br= D —i—%x%(u—x)i,
and so if we were to choose a constant Cs large enough it would follow that
Orp(r)] = Craz (v —a)2,
whenever (331/)% > Cor~P, and hence as before
a—(nt1)p
IBi] <c/ 2 4 < O T

rBHL>(|Av)~ 3

Of course the phase in By is trivially never critical in the complete range, so we obtain the same
estimate for By everywhere.

_ 1
We are thus left with estimating By when Cyr=" < ( )% < Cor~=#, which means r ~ (|A|lv)” 26+D .

Now making the change of variables r = s(|A|v) 23T we see that
1 1
— (AT 1A T () (VY E g 15n (V)
(A [ a(s)s1ee (%) @)= () s wsar

__
where 9 is smooth and supported where s ~ 1 and ®(s) = s 4 (|\|v) " 2E+D pah.

Although our phase ®(s) may now be stationary in this range we do have the following.

Lemma 4.1. If s ~ 1 and z < %, then |0s®(s)| + |92®(s)| > Cp > 0.

Proof. Recall that

0s®(s) = —Bs~ PV 4 (|A|p) 20T
and B
920(s) = B(B + 1)s~ () — (|Ajp)” 7eem L, 22

Hence 0;®(s) = 0 if and only if

It is therefore clear that if

(|)\|1/)72<6ﬁ+1) %x%(y — x)% > (1+ g) 55—(64—1)
then
|0,®(s)| > Cs™ D)
While if ) 1 1
(IAv) 2E ez (v —2)2 < (1+ g) Bs~(B+D)
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then we have

B
2D (s) = B(B + 1)s~ D) — L2 (|Ap) 25 Lad (v — 2)2 > Cs™(FF2),

s

: T
since 0 < ;= < 1. ]

We note that since

Jéj 3
(18) —03®(s) = BB+ 1)(B+2)s T 4 (|Alp) 205D 53% >0
v—zx)2
our phase ® can have at most two separated critical points, that they must be separated follows
from the fact that for all £ = 0,1,... we have |95®(s)| < ¢;. In addition to this we note that if we
now set
- 1-n /V % w %
a(s) = 9()s @) = (1) (7))
then for all £=0,1,...
(n—%)8

1—n —

0la(s)] < Clav) 2 1 ~ (|A|v)” 2@+
Applying van der Corput’s lemma therefore gives

B1] < C(A) T

a—nf
U'

a—npf
We have therefore established that |B| < C(|]A|v)23+1 | and hence the same estimate for Zs.

4.3. Oscillatory interval II: £ < x < v — V3. We now have V3 <v-—x < § and the trivial
estimate |AS(z)] < Cz~1 (v — )4
The situation here is much the same as it was in §4.2 only here we must use instead the Airy
asymptotic form. In order to do better than the trivial estimate we shall again make use the
oscillation in the main term of our asymptotic expansion. It follows from Lemma 3.2 that

vV—x

¢~ ;

1%

from this and (15) it is immediately clear that

1
1—0§¢’§10 and ¢’ <C.

Case 1: (xv)% < C177P. We should integrate by parts and since z < (xu)% it suffices to estimate,

o
B [ g e e ) S A @)

Using the Airy asymptotic forms (14) we may write this as Is = cA + E4, where

N4+1—n 1 1 2

A:/ X:es(T)T*l*aJrNﬁe”_ﬁ(aw) 2 xiéué(_¢,)5Ai(—V§¢)dr.
0
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ERROR TERM:

N+1—n

e 1 3 1
Bal < [ o) ) S ()

N
—~
R
|
8
~—
'y
U
=3

<c / X () ()10 VB () EN =3,
0

a—(n+3)8

< C(A) 2 y—i/ (v —2) hda
v—x<v

a—(n+3)8

< C(Aly) 2o,

provided N is chosen large enough.

MAIN TERM: Recall that for z > 0
. 1 3 3
Ai(—2) = 322 [Jy3(322) + J_13(322)],
and since Jy /3 and J_; /3 satisfy the same bounds for large z it suffices to estimate

o0
A= / X3 (T)Tflfo‘JrNﬁeiriﬁ (zv) M= x*%I/é (
0

It follows from (16) that

L) 2 (v3)2 0y 3 (2ugp2 )dr,

2 .3 3\ iZugl 3\ 2y
Ji/3(5v92) = o1(vg2)e's +oa(vez)e "3 07,

where o; is a symbol of order —%. We therefore write A = A1 + Ay, where

&) o 3 —n 1
A = / X ()it N Bl 0] () B2 5 R (L3 (13 )y (v ),
0

_¢/
* 1=+ NB_i[r-B—2vp3] Ntl-n _1 1, ;1 2 1 3
AQZ/ x5(r)r arNBlr "=5vel(p) "2 1 2I/6(7¢/)2(V3¢)20’2(V¢2)d7".
0

Let us first consider the integral A;, and now let &(r) = r—0% + %V(JS% We note that 9,9 = 0.
It therefore follows that ¢ behaves exactly as ¢ did in §4.2 and so for C chosen small enough we
again may integrate by parts. In this case our amplitude

a(r) = x5(r)r 17N (zy) iy

N
D=

2 41 3
()} )bonivat),
courtesy of the symbol estimates lﬁfal(yqﬁgﬂ < CT_€$%+£(I/ - a:)fgfe, satisfies for £ =0,1,... the
differential inequality
fafﬁ(r)’ < CrflfaJrNﬁfE(V _ x)7E7%VN7n+%+Z.

Integrating by parts N’ times we therefore get the estimate
oo
‘A1| < C/ T_l_a+(N+N/)ﬁ(V — x)_N,_%VN-&-N’—n-‘r%dT
0

a—(n+1s

<cn) [ e

N/

a—nf— -

< C(]Ay) =
again provided N large enough, but also in this case that N’ > 1.

We of course obtain the same estimate for Ay since its phase is trivially never stationary.
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Case 2: (1:1/)% > C1r~P. Here we shall not integrate by parts first, so we wish to estimate

23:/ Xg(r)rflfae"_'g(xV)PTnAZ_l(x)dr.
0

Using the asymptotic forms (14) we may write Z3 = cA + €4, where

A= / X (ryr 1ol ()
0

1— 1

<x 21/6( )2A1( yg(ﬁ)dr

ERROR TERM:
el < [ s @) e bk () FIRi - dr
0

: C/ XS’(T)(T)r_l_a(iw)_%("%)y%(1/ - x)_idr
0

a—(nt+3)8

ClA) T ,,—4/ (v—2)}dz
v—z<v

a—(n+%)ﬁ

< C(|A\|p) 26+

w

MAIN TERM: As above it suffices to consider
(o)
~ 11— ir—B —n _1 1
A:/ X5 (r)r et (a:y) 7 a7 2p6 (=
0

and as before we shall write A = Aq + As, where

)%(V3¢)2J1/3( Vg2 )dr

1—n

o L 3 _ 1
i = [Tt e ) 5 i () E ) oy (o ar
0

1—n

1-n 11
2 T 2y6(

o0 1 B2 .3 1 1 3
Ao = [Tt ) )2 040) oa(vod)dr
0
So again matter reduce to the study of .A; and we again let @(r) = r—7 + %I/giﬁ. As in §4.2 we may
choose a constant Cs so large that
0:3(r)| = Cla (v — )2
whenever (xu)% > Cyr~P. In this range we can therefore integrate by parts N’ times and obtain

A <0 [T Y gy

3 1
-3N'-14

(v—ux) x

< cQun v |

v3<v—zx
a—npg
< O(I\ly) 557,
Of course the phase in Aj is trivially never critical in the complete range, so we obtain the same

estimate for Ay everywhere.

S
We are thus left with estimating A; when Cyr—? < (xy)% < Cor~P, which means r ~ (|\|v) ™ 26+D.
1
Making the change of variables r = s(|A\|v) 2(3+D we see that

[e.e] L,v
= () [ (e TR ) 0 (4
0

N

(V5 ¢) 201 (ve2)dr

/)
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~ __B
where 1 is smooth and supported where s ~ 1 and ®(s) = s + (|A\|v) 2D vep.

We recall that 5(3) satisfies the same differential inequalities as ®(s) and thus both 85:15(3) and
92®(s) now vanish at a point s = sy determined by the condition - = 4 1. We can however
use the fact, noted before, that

—03D(s) = BB+ 1)(B+2)s ) 4 (|Ajy)” w%”s( L)

v—x)2

o

Applying the method of stationary phase (see [10], chapter VIII, Proposition 3) in a suitably small
neighborhood of sy therefore gives

a-2p

A = C(]\|v )2([?;1)” 3 i(AIp) 2 D B (s0) ) 4 0<(|>\\ Feane n+%)

a—(n l)
= C(Ja) “F TR o) ).

Away from this small neighborhood one has |92®(s)| + |02®(s)| > Cy and hence we may argue as
in Oscillatory interval I, Case 2 and obtain the estimate

a—npg
|A1] < C(|Alv)2E+0.
We have therefore established that

_1
) —n
A= O(p"”)w A TP () +O((|M )2<ﬁ+f>),

and hence the same equality for Zs.

4.4. Neighborhood of the turning point: |v — z| < 3. Here we just use a size estimate and
3
the fact that ]A,‘i(x)! < Cv~5. This is the best we can do since ygb% < y(%) 2 <1

Case 1: (my)% < C1r~P. We should integrate by parts and since x < C(xu)% it suffices to estimate,

oo € i DY ’L‘Tﬁﬁ N+1 LONPA
L] = /0 G ()1 VB I () B A LN (g
< C(IAw)? ﬁ+1>/ e
lv—z|<v3
< C(AW)FFE,

provided N is taken large enough.

Case 2: (xv)% > C1r~P. Here we shall not integrate by parts first, so we wish to estimate

o0 . — 1—n
74 = /0 e (@) 5 AT (@) dr

< C(|Ajv) D / v ide

lv—z|<v3

< C(\|)2D.

_1
4.5. Monotonic region I: yAus <z< %1/. Recall that here \Ai(m)] < CV_%(x—V)_%e*“” 2(z-v)2
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Case 1: (wy)% < C1r~P. We should integrate by parts and since x < C(:m/)% it suffices to estimate,

[ee]
e ’/ XE(r)r IO N B () T AR LN () gy

1 3
1 v 2 (=) 2
1e~ MV @) g,

>‘>\>—‘

(x —v)”

a—nf
<cAn i [
r—v>r3

U~ “du
O [ e

< C(JA\|v)? ﬁ+1>

provided N is chosen large enough.

C1r~?. Here we shall not integrate by parts first, so we wish to estimate

o
7| = \ | st e ) 5 g
0
1 3
2

scwmm/ P

1
r—v>U3

Case 2: (acy)% >

dx

a—npf
< O(IA) 75,
as before.

4.6. Monotonic region II: z > 3. Here we have the trivial estimate |Ad(z)| < Ce™ 2"

Case 1: = < Cir—?. We should integrate by parts and since x > (J:V)% it suffices to estimate,

o0
I = | [ e e N ) g )l

a=—NB ., 1
< C|\ 72 ot "/ eV tem 2%y

>V
a—Ng o
< O\ Az N e,

for all NV large enough.

Case 2: x > Cyr—P. Here we shall not integrate by parts first, so we wish to estimate

Ts| = /0 X6 ()1 (1) 5 B () dr

a=NB , 1
< C|A| A2 ”/ aNlem 22 dy

>V

< C‘)\‘ Lﬁ_gf Vanef’yzy,

for all N > 0.
This completes the proof of Theorem 2.1.
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5. PROOF OF THEOREM 1.3

5.1. Establishing Sufficiency. We have already noted above that Theorem 1.1 is essentially no
more than a special case of Theorem 1.3, the case A = 0. The sufficiency in Theorem 1.3 is however,
as we shall see, an almost immediate consequence of that in Theorem 1.1 and it is to this that we
now turn our attention.

5.1.1. Establishing Sufficiency in Theorem 1.1. We may clearly assume that our kernel K, s(z,y)
is supported in a small neighborhood of the diagonal, as in the complement of such a region K, g
is, for a > 0, clearly dominated by an integrable function of |z — y|.

In order to establish the positive result we shall dyadically decompose the operator

oo
T=>"Tj
j=0

In order to do this we consider the following partition of unity; choose ¥ € C§°(R) supported in

[%, 2] such that Z;io 9(29r) =1 for all 0 < r < 1, and then write for f € S with compact support

T f(x) = /Kj(x, y)f(y)dy

whenever x is in the complement of the support of f, where

Kj(z,y) = 92|z — y|) Ko p(z,y).

The key result here is the following.

ag

o, more precisely

Theorem 5.1. The operator norms of T are uniformly bounded whenever o <

| msaPis < 20 [ ()P,
Rd Rd

We note that as the operator norms of T} are equal to that of
Tjf(x) =2 / I = ylag—s (2, )™ 730 f(y)dy
R4
it suffices to consider the operators Tj and establish the following inequality

(19) [ T e [ e,

|z—20|<10

uniformly for all zg in R?. Integrating (19) with respect to xo then gives Lemma 5.1.

Key to establishing (19) is the following proposition of Hérmander, which may be thought of as a
variable coefficient version of Plancherel’s theorem. For a proof see [10], Chapter IX.

Proposition 5.2. Let ¥ be a smooth function of compact support in x and y and ® be real-valued
and smooth. If we assume that,
0*®
det( ) £ 0,

0x;0y;
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on the support of ¥, then

) d
| [ e ensma| , o< O e,

L2(R%) —

Proof of (19). We shall first assume that o = 0 and write f = f1 + fa, with f; is supported in
B(10), f2 supported outside B(9), f1 and fa smooth, and with |f1],]f2| < |f]. We fix x € C§° so
that x =1 in B(1).

Now, since the integral kernel of f] is compactly supported in z —y, it follows that ij is compactly
supported in x and y, so applying proposition 5.2 we see that,

[ G = [ @)
B(1) R4
< cCe i [ ()P
Rd
< ¢2100=dh) / |f ()P d.
B(10)

However, if |z| < 1, and |y| > 9, it follows that |x — y| > 8 and hence Xf}fg =0.

The passage to general xg is then easy since although fj are not translation invarient the ‘translated’
kernels

Kg?g(% y) = Ka,ﬂ(l‘ + o,y + l'[))

do satisfy assumptions (2) and (3), for the same o and 8 as K, g, uniformly in zo, and hence

[ msepa- |
|lx—x0|<1 |z—z0|<1
:/||<1 2J‘d/K;O(wx,zjy)f(erxo)dy

< 2/(2a=dp) / |f(x + 20)2dx
|z|<10

< (2i(20-dd) / () d,

|e—z0|<10

2

2_”/Kj(2_jx,2‘jy)f(y) dy| dxz

2
dx

where K7°(z,y) = 9(2 (x — Y 5(, ). O

Theorem 1.1 now follows from Lemma 5.1 and an application of Cotlar’s lemma (plus a standard
limiting argument) once we have verified that the 7} are, in the following sense, almost orthogonal.
Lemma 5.3. If a = % then | T Tjllo, + | T} lop < C2~ %11,

Proof. This follows trivially from Lemma 5.1 whenever |i—j| < 10, since || T;T}||op < [|Tillopl| T}l 0p-
We shall therefore, without loss of generality, assume that j > 7 +10. Now 77T} has a kernel

Lij(xny) :/Ki(zvx)Kj(zay)dzv
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and the same operator norm as the operator with kernel
Lij(z,y) = 2799L;(2772,27y)
= 2_jd/K,-(z, 2792)K (2,27 y)dz

- / ay-i (2, 2)ay s (z,y)e? o1 ) =02 (Gl g

|z—y[~1
|z—x|~27 7"

Trivially we get the estimate ]LJ (z,y)| < C272020-3)(d+)  However from (2¢) it follows that
‘VZ[(pQ—j (Z¢ y) — Po-i (27 ZL‘)” > Co,

thus there is always a direction in which we may integrating by parts, in doing so d times we obtain
|zij($7y)| < 02i2a=dB)g(i=j)(d+a) _ o(i=j)(d+a)

This of course implies that
sup/ ]zij(x,y)\ dy < C20=D
x
and
sup/ \Eij(a:,yﬂd:p < ¢2l=9e
Y
and so by Schur’s Lemma we are done. O
5.1.2. FEstablishing Sufficiency in Theorem 1.3. The task of proving the positive half of Theorem
1.3 reduces, as above, to establishing the following result.

Theorem 5.4. The inequality
J R CIR e O
|z—20|<1

|z—20|<10

holds with constant C) independent of zg.
As before Theorem 1.3 then follows immediately from Theorem 5.4 via an integration in zg.

Proof. The case when A\ = 0 of course follows form estimate (19) above, so in what follows it is
understood that A # 0. Using the fact that for z,w € C™ we have

N-1
eié/\Imz-w_ZZj;];'<(Z_w).w_(z_w).w>k
k=0 '

one sees that matters reduce to estimating operators of the form

<]z —wl™,

f K(z,w)f(w)dw,
C?’L

where
K(z,w) = Ko (2, w)(Z — w)‘f(z —w)™
for (| +|m|=k=0,...,N — 1.

It is possible to then establish that these operators are bounded in L?(C") whenever a — k < nj3
in the model case by appealing to spherical harmonics and Fourier transform methods. It is
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however easy to see that these kernels K(z,w) are in fact strongly singular integral kernels and
it therefore follows immediately from Theorem 1.1, in particular inequality (19), that these more
general operators are also bounded in L?(C") whenever o — k < nf3, this establishes Theorem 5.4
and hence the sufficiency of o < nf in Theorem 1.3. g

5.2. Establishing Necessity. We begin by noting that the model kernels K, g(x,y) = Kq g(z—y)
are indeed strongly singular integral kernels. That they satisfy the differential inequalities (2) is
self evident and the simple lemma below establishes that they in addition also satisfy the required
non-degeneracy hypothesis.

Lemma 5.5. Let p(z,y) = | —y|™P, then det(ajig‘;_
i0Yj

) # 0 whenever § # —1.

Proof. Recall that V|z|™% = —g|z|#~1Z it is then easy to see that

||
02,0y, 0(z,y) = Blz — y| 7772 (85 — (B + 2)uiuy)
_ (z—y)i

where u; = g We therefore need to check that I — (8 + 2)uu! is non-singular. To do this we
shall denote by R the rotation matrix such that Ru = e;, of course det R = 1 and it is clear that

det(I — (B + 2)uu’) = det(R(I — (B4 2)uu’)R") =1— (B+2) = —(B+1). O

In order to establish the necessity of the condition a < ng it therefore suffices to test our model
twisted convolution operator R* on a suitably chosen L?(C"™) function fy over an appropriately
chosen range of z. We choose as our test function fo(z) = |z|77x(10]|z|), where v < n. Restricting
ourselves to small |z| we therefore have

—2n—a i(|z—w| P+ IAIm z-w —
X<10|Z|)R}\f0(2):X(10|Z|)/C |2 — w| 2ol T AT Z Oy (10 ap)) || daw.

At this point we also make the observation that S fj is a radial function and as such we may with
no loss in generality assume that z = (|z[,0,...,0).

Now making the change of variables w = |z|s we see that

x(10[21)S fo(2) =x(10|21)|2|_"‘_”/ ellel el Dy (s) ds,

Ccn

where )

@(s,]2]) = (1= 251 +[s])7% + 52272,
and

() = (1= 2s1 +[s) 7" "2 x(10]s)]s| 7
We have therefore now reduced matters to the analysis of the oscillatory integral

I(|z]) = / eil=l el 12y (5) ds,
as |z| — 0. We now write
I(2]) = M([2]) + Ex(2]) + Ea(]2]) + Es(]2)),

where

M(|z]) = eiIZ‘ﬁ/ X(|Zrﬂ(1*6)|S|)ei[0|z\“381+$/\|2\252],S‘ﬂ ds,
Cn
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. 0o _B G
Ei(]z]) :/Cn X(’Z,fﬁ(lfd|S|)61%/\IZI232 [ezIZI Fl-2s1+(s)72 _ il "(1+c31)]‘3‘*7ds’

- —€ ilz| P op(s,)z —
Ez(\ZI)Z/Cn X(|2] P05 HTm e =D [ (5) — [5]77] ds,
and

Pala) = [ (1= (0]l Dy ) s

Let us first take care of the error terms. It is easy to verify that whenever |s| < |z|?(17¢) we have

o _B .
ellA TP (=2s1 s 72 _ gilzl P (Ltes) | < 0|5 =Pe) ]

and
[W(s) — |s| 77| < C|2P1 95|77,
and hence that

By (|2])] < | / s ds
sl <J2]1=)

< C’Z‘fﬂe‘dﬁ(%fvﬂ)(l*ﬁ)

= C|z‘ﬁ(2n—v)|z’ﬂ(1—6(2+2n—7))7
while

|Ex(|2])] < CJ2]70-9 / 15|77 ds
Js|<z/80-9

< C|z|P079)|z|fCn=1 (=€)

= 2|7 || f—e(l+2n=7))

In the error integral Es(|z|) it shall be advantageous to repeatedly apply integration by parts in
the s; direction since C|z|?(1=¢) < |s| < 1—10. In fact it is clear that in this region

g+2
Auip(s,[2]) = B —s)(1 =251 +[sP) 2 = C(B),
while |0{p(s,|z])| < cg, for all £ >0 and
0111 = X121 PO s (s)| < ee(|2] 770 | 770102 P07 s) + [s] 7).

It therefore follows that after integrating by parts N times we obtain the estimate

Byl < CAN (0N [ s [N )
|s|~|z|B(1—€) |s|>|z|8(1—€)

< O|z|P@n=)| 5| BeN=2nt7)
It remains for us to show that for |z| small
(20) 1M (|2])] = C2PCm.

Assuming this for the moment we see that it would then follow that |I(|z])| > |2]%"=7) for small
enough |z| and hence that

1B foll3 > C/C x(10]2])|z|~2(etr=BE=) g
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It then follows that if R} were to extend to a bounded operator on L?(C") we must have

a—nf <(n—7)(B+1)
for all v < n. It follows immediately that one must then necessarily have the condition o < ng.

The lower bound estimate (20) for the main term will be an almost immediate consequence of the
following, slightly more general lemma.

Lemma 5.6. If v < %l then

/Rd X(s)e€*|s| ™7 ds = Cle['~ + O(Je 4.

Let us assume Lemma 5.6 for the moment and see how this gives us (20). To do this we first rescale
the integral M(|z|) so that

M(‘z|) — |Z|(2n—7)5(1—e)6i|2\_6 / X(’S’)Bi[cl'Z'_6681+%)\|Z|2+B(1_6)52]‘S‘_'V ds.
Cn

applying Lemma 5.6 to this then gives
M(J2]) = |2 "2 (1 (3A]272)%)

y=2n y—2n—

2L 0|2 rIB (1 4 (WA2P2)2) T ).

1
The result now follows if we restrict ourselves at the beginning to |z| < min{35, A” 72 }.

Proof of Lemma 5.6. This is merely a Fourier transform and hence

[ xtsheslsas=c [ s €Dl
R4 R4
Now since x is smooth and of compact support X is a Schwartz function and satisfies the inequality

X(In — &Nl < On(1+[n =€),
for all N > 0. Using this standard estimate it is easy to see that whenever |¢| & [%]n],2|n|] we have

[ 7= ebli=tan] < cree

Now if [¢] € [3]n],2[nl], then
| xn=edlar=an =1~ [ a—eyin+ [ xn— €Dl ~ €] o
R4 R4 RA

=)+ o )

=g+ o(g 4. O
6. FINAL REMARKS

6.1. Extensions. Using similar methods one can also establish Theorem 1.2 for the integral oper-
ators
Rof(t) = [ My((w, 8] [5,]) fw, 5) duw ds,
H~»
where _
M (2, t) = Ka,p(2)do(t — [2]7),
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with v > 2, and Theorem 1.3 for the integral operators
T,;\f(z) _ / Kaﬂ(z7w)ei)\|z—w|7ei%)\lmz-u’)f(w)dw’
Cn
with v > 0.

We plan to discuss these operators in more detail, in particular the uniform behavior of the operators
TA;\, is a future paper.

6.2. Strongly singular Radon transforms on R, We should finish by saying something
about the analogous class of strongly singular Radon transforms on R%*! formally given by

Ryf=f*L,

where L(x,t) = K, g(x)do(t — |x|7) and again v > 0. The following result is due to Chandarana
[2]; see also Zielinski [15].

Theorem 6.1. If v > 2, then R, extends to a bounded operator on L*(R?) if and only if o <
(3 =38

We take this opportunity to remark that the situation when d > 2 is quite different.

Theorem 6.2. Ifd > 2 and v > 0, then R, extends to a bounded operator on LR if and

only if a < %ﬁ

As with the model operators discussed earlier proving L?-boundedness is equivalent to establishing
the uniform boundedness, in R, of the multiplier

m(f7 )\) - (27T)g A X(T)T_l—aei(rfﬁ-i-)\r"/)(]% (T‘ﬂ)(r’f‘)% dr.

It is then easy to see that for r|¢| small and A large the phase in this integral may be stationary
and that one can, in this region, only establish the estimate

m(€, )] < C|A[*~ 37,

When d > 2 this is in fact the worst region and one can, by applying the method of stationary
phase, show that for & fixed

m(&,\) ~ [A°720,

ACKNOWLEDGEMENTS

The problems addressed in this article were originally suggested to the author by Fulvio Ricci and
I would like to take this opportunity to thank him for his generosity, support and guidance.

The argument used in the proof of Lemma 5.5 was shown to the author by Andreas Seeger.

The necessity argument presented in §5.2 follows from a suggestion of Steve Wainger, I would of
course like to thank him for this but also for numerous other fruitful discussions.



24 NEIL LYALL

REFERENCES

1] R. ASKEY AND S. WAINGER, Mean convergence of expansions in Laguerre and Hermite series, American J.
g g
Math., 87 (1965), pp. 695-708.
[2] S. CHANDARANA, LP-bounds for hypersingular integral operators along curves, Pacific J. Math., 175, No. 2 (1996),
pp. 389-415.
[3] A. ERDELYI, Asymptotic forms for Laguerre polynomials, J. Indian Math. Soc., 24 (1960), pp. 235-250.
[4] C. FEFFERMAN, Inequalities for strongly singular convolution operators, Acta Math., 124 (1970), pp. 9-36.
[5] C. FEFFERMAN AND E. M. STEIN, H? spaces of several variables, Acta Math., 129 (1972), pp. 137-193.
[6] D. GELLER, Fourier analysis on the Heisenberg group, Proc. Nat. Acad. Sci. U.S.A., 74 (1977), pp. 1328-1331.
[7] I. I. HIRSCHMAN, Multiplier Transforms I, Duke Math. J., 26 (1956), pp. 222-242.
8] N. LyALL, Strongly Singular Integral Operators on R?. Preprint, 2004.
gLy g g
[9] ——, Strongly Singular Convolution Operators on the Heisenberg group, to appear in the Trans. of Amer. Math.
Soc.
[10] E. M. STEIN, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton
Univ. Press, Princeton, 1993.
[11] E. M. STEIN AND G. WEISSs, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press,
Princeton, 1971.
[12] S. THANGAVELU, Harmonic Analysis on the Heisenberg Group, Birkhduser, Boston, 1998.
[13] S. WAINGER, Special Trigonometric Series in k Dimensions, Memoirs of the AMS 59, American Math. Soc.,
1965.
[14] T. H. WOLFF, Lectures on Harmonic Analysis, University Lecture Series 29, American Math. Soc., 2003.
[15] M. ZIELINSKI, Highly Oscillatory Integrals along Curves. Ph.D. Thesis, University of Wisconsin—Madison, 1985.

Address:

Scuola Normale Superiore,
Piazza dei Cavalieri 7,
56126 Pisa, Italy

Current address:

Department of Mathematics,
University of Georgia, Athens,
GA 30602, USA
lyall@math.uga.edu



