Math 8100 Assignment 5
Repeated Integration

Due date: Friday the 19th of October 2018

1. Prove that if {a;r}(;r)enxn is a “double sequence” with aj, > 0 for all (j,k) € N x N, then

o0
ZZGM = sup{ Z aj, : B is a finite subset of N x N}
Jj=1k=1 (j,k)EB

and deduce from this that
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Show that g € L'([0,1]) and that

3. Carefully prove that if we define

— i<z <
flx,y) =19 (14 ay)*? ey

0 otherwise

for each (x,y) € R?, then f defines a function in L!(R?).

4. Use Tonelli’s Theorem to give a second (easier?) proof that if f € L*(R™), then
[ s@lde= [ m(e e R 15(a)] > 1)) at.
n 0

5. Let A, B C R™ be bounded measurable sets with positive Lebesgue measure. For each t € R™ define
the function
g(t) =m(AN(t—B))

where t — B={t—b : be B}.

(a) Prove that g is a continuous function and
/ g(t) dt = m(A) m(B).

(b) Conclude that the sumset
A+B={a+b:a€cAandbe B}

contains a non-empty open subset of R".



6. Let f,g € L'([0,1]) and for each 0 < z < 1 define

Fa)= [y and 6= [ gty

Prove that L L
/F(sc)g(:v)dx:F(l)G(l)—/ F@)G (@) da.
0 0

7. Let f € L'(R). For any h > 0 we define
4 . 1 z+h J
W@ =gz [ fwdy
(a) Prove that for all h > 0,
[ 1@l < [ 17 da.
R R
(b) Prove that
i [ 144(£)(a) = f(o)] dz =0,
R

h—0t
In fact, one can even show that limy,_,o+ An(f) = f a.e., see Challenge Problem 2 below.
8. Suppose that F' is a closed subset of R whose complement has finite measure. Let §(z) denote the

distance from x to F', namely

d(z)=d(z, F)=inf{lr —y| : y € F}

o) /°° 5(y)

—o00 |£C - y|2 .
(a) Prove that ¢ is continuous, by showing that it satisfies the Lipschitz condition |0(x)—0d(y)| < |z—y|.
(b) Show that Ip(x) =oco if z ¢ F.
(c) Show that Ip(z) < oo for a.e. x € F, by showing that [}, Ir(z)dz < occ.

and

Extra Challenge Problems
Not to be handed in with the assignment

/
(b) By considering the iterated integral

L[ eema-cospay) as

lim
A— o0 0 xT 2

1. (a) Prove that
sinx

dr = oo.
T

show (with justification) that

2. (a) Use the Lebesgue Density Theorem to prove that if f € L*(R), then
1 x+h
lim — dy =
Jim o /x_h fly) dy = f(x)

for almost every .
(b) Prove, more generally, that

F(ﬂﬁ)=/j f(y) dy

defines, for every f € L'(R), a differentiable function for which F'(z) = f(x) for almost every .



