Compositio Mathematica 96: 149-172,1995. 149
© 1995 Kluwer Academic Publishers. Printed in the Netherlands.

Torsion points on the modular Jacobian Jo(V)

DINO J. LORENZINI
Deparmment of Mathematics, University of Georgia, Athens, GA 30602

(Received 10 May 1993; accepted in final form 12 April 1994)

Introduction

Fix an integer N and let Xo(N)/Q denote the Shimura model over Q of the clas-
sical modular curve associated to the subgroup I'o(N) of SL(2,Z). Let Jo(N)/Q
denote the Jacobian of Xo(N)/Q. Let Cn denote the Q-rational cuspidal sub-
group of Jo( N ). The group C)v consists of the Q-rational points of the subgroup of
Jo(V)(Q) generated by the cusps of Xo(N). Let Jy denote the torsion subgroup
of Jo(N)(Q). Manin [Man] has shown that Cy C Jy. Let p be a prime. Let
®(p) denote the group of components of the Néron model of Jo(N)q,/Qp- Let
TN p: JN — ®n(p) be the canonical reduction map.

Mazur [Maz] has shown, when N = p, that the three abelian groups C'n, Jn,
and & y(p) are isomorphic (Conjecture of Ogg). In this paper, we study the reduc-
tion map 7, and obtain bounds for the orders of the groups Jx, C, and ® N (p).
When N = p" and p # 11 (mod 12), we show that the prime-to-2p parts of the
groups C,r and Jpr are equal, and we explicitly compute them.

1. The results

Let G be any abelian group and let n be any integer. We denote by G(™) the prime-
to-n part of the group G. When p is a prime, we let G,, denote the p-part of G

THEOREM 2.3. Let p > 5 be a prime. The exponent of the group ® n(p) /7N p(CN)
divides 12. In particular, the map w}&?p: CI(\?) — <I>§3)(p) is surjective.

We shall show in Remark 4.12 and in Remark 2.8 that the reduction map 7,
is, generally, neither injective nor surjective. However, we believe that it is surjec-
tive in the special case where N = p” and p > 5. Fix a prime p > 5 and define
two integers ¢ and b as the only positive integers having the following properties:
(i) (p* — 1)/24 = ab, (ii) a divides (p — 1)/2, and (iii) b divides (p + 1)/2. Clearly,
ged(a, b) = 1. The integer a is equal to the numerator » (in the notation of [Maz])
of the reduced fraction (p — 1)/12.

To simplify our notations when N = p”, we denote the group ® 5 (p) simply by
®,-. Note that, if ¢ # p is any prime, then the group ®,-(q) is trivial because the
Jacobian Jy(p")/Q has good reduction at ¢. It is shown in [Ma-Ra] that &, = Z/aZ,
and it is shown in [Edi2] that @,» = Z/abZ.
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THEOREM 1.1. (See Theorems 3.2, 4.3, and Corollay 4.5). Let p > 5 be a prime.
Then
(i) The group &, contains a subgroup isomorphic to Z/aZ x (Z/bZ)
(ii) Assumethatp # 11 (mod 12). Then @}D’:) isisomorphictoZ/aZ x (Z/ bZ) 1.
Moreover, the map myr: Cpr — ®pr is surjective.

r—1

We believe that the above assumption on the congruence class of p modulo 12
is superfluous and that the statement of Theorem 1.1 should be true for all primes
p > 5. The surjectivity of the map 7n,: Cn — @ ~(p) has several interesting
consequences, including the corollary discussed below. This corollary was pointed

out to us by Mazur. It provides a new proof, for the group <I>§3) (p), of a result that
Edixhoven [Edi2] proved for ®n(p).

COROLLARY 1.2. Let £ be a prime, with gcd(£, N') = 1. Denote by T; the Hecke

operator acting on ® N(p). Then Ty acts on the group @s\?) (p) by multiplication by
£+ 1.

Proof. The Hecke operator T acts on the group Cn by multiplicationby £+ 1, as
one can easily check explicitly. Theorem 2.3 shows that the map wﬁ?p: (Cn)©® —

® N(p)(6) is surjective. Therefore, our corollary follows. O

THEOREM 4.6. Let p > 5 be a prime, p # 11 (mod 12). Then

C},%p) = JZ(,gp) o prime-to-2 part of (Z/aZ)" x (Z/6Z) 1.

An explicit description of the p-parts of the groups Cpr, Jpr,and ®,r is very hard
to obtain in general. As the following theorems show, the p-parts of these groups
are much larger and much more complicated than their prime-to-p parts. Note that
in the case where r = 1, it is easy to show that (Cp)p, = (Jp)p = (0). Indeed,
the group of components (®;), can be computed, and is found to be trivial. Let
K = Q)™ denote the maximal unramified extension of Q,. Since the valuation of
pin K is equal to 1, the torsion subgroup of Jo(p")(K ) injects into the special fiber
of the Néron model Jo(p")/ Ok of Jo(p™)/ K (see for instance [Kat], Appendix).
The special fiber jo(P)Fp /F, is an extension of &, by a torus T(p)/Fp. Since a

torus over F,, does not contain any non-trivial point of order p, we conclude that
the reduction map 7,: (Jp), — (®p)p is injective. Therefore, (Ip)p = (0).

When r > 2, the special fiber of the Néron model Jo(p")/Ok of Jo(p")/ K
always contains a non-trivial unipotent group scheme, which may contain non-
trivial points of order p. It is thus not possible anymore to use the above argument
to show that the reduction map mpr: (Jpr)p — (®pr)p is injective.

THEOREM 1.3. (See Theorems 3.2 and 3.12). Letp > S be a prime. Assume that
p £ 11 (mod 12). Then
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P ifr=2s+1,
(@)l =40
p?s6=1 ifr = 2s.

Let w denote the involution of ®,- induced by the Atkin—Lehner involution of
Xo(p")/Q. Let &} and &, denote the images in ,r of (w + id) and (w — id),
respectively.

THEOREM 1.4. Let p = 1 (mod 12). Then (®,2), = {0}, and (®,3), =
(®3), =2/ p>Z. Moreover, if r = 2s, then

(Bpr)f = Z/pZ X Z/P°Z X -~ X Z/p*3Z,

(8pr); = Z/P°Z x Z/p°Z x -+ x L[p*'Z.
Ifr =2s+4 1, then

(@) = Z/p*Z x Z/p*Z x -~ x Z[p**7*Z,

(@), = 2/p*Z x Z/p*Z x --- x Z/p™Z.

In particular, the exponent of (®,r ), is equal to p"~!, and the group (®,-), has a
minimal system of generators consisting of r — 2 distinct elements.

We believe that the assumptions on the congruence class of p modulo 12 are
superfluous and that the statements of Theorem 1.3 and of Theorem 1.4 should be
true for all primes p > 5. Theorem 1.4 will not be proved in this paper. The proof
of this theorem consists in a rather complicated row and column reduction of the
intersection matrix associated to a regular model X' /Z, of Xo(p")/Q,.

Poulakis [Pou], 3.2, has computed the groups C'ss and Js3 and found both groups
to be cyclic of order 25. The group @53 can be computed easily using the results
recalled in section 3, and is also found to be cyclic of order 25. Hence, since the
map 7pr: (Cpr)p — (&), is surjective if p > 5, we find that Css = Js3 = ®s3.

This article will proceed as follows. In section two, we study the reduction map
TN p: CN — ®n(p). In the third section, we explicitly compute the order of the
group of components ®,. In the last section, we describe the prime-to-2p part of
the group J,- of Q-rational torsion points on Jo(p").

2. The reduction map 7y ,: Cn — ®n(p)

Let K be a complete field with respect to a discrete valuation. Let Ok denote
the ring of integers of K. Assume that the residue field & is algebraically closed.
Let X/K denote any smooth, proper, geometrically irreducible curve having a
K -rational point. Let A/K denote the Jacobian of X/K. Let & be the group
of components of the Néron model of A/K. Let n: A(K) — & be the natural
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reduction map. We recall below Raynaud’s description of the group ® and of the
map 7 in terms of a regular model X'/ Ok of X/K.

The special fiber X, of a regular model X / Ok is a Cartier divisor, and, as such,
we write it Xy = 7, 7;C;, where C; is an irreducible component of multiplicity
r;. Let L := @7, ZC; denote the free abelian group generated by the components
C;,i = 1,...,n. Let L* := Homgz(L,Z), and let {z1,...,Z} denote the dual
basis of L, so that z;(C;) = &;. Let ‘R: L* — Z be the map Ii,a;zi —
DIRY H ' ’ :

2.1. Consider the following commutative diagram:

L — v Pic(X) = Pic(X) —2— Z

L—% L*/u(L) —2— Z

The map i is defined as follows: i(C;) := curve Cj in X, where the curve C;
is viewed as an element of Pic(X). The map res restricts a divisor of &’ to the
open set X of X. The map res is surjective because the scheme A" is regular.
The map deg is defined as follows: deg(Z?_,a:F;) = i a;[K(Pi):K), where
K(P)) is the residue field of P; in X. We denote by Pic®(X) the kernel of the
map deg. Let M = ((C; - C;))1gi,j<n denote the symmetric intersection matrix
associated to Xk. This matrix can be thought of as a bilinear map on L X L and,
therefore, induces a map u: L — L* defined by u(C:) := £7-(Ci - Cj)z;. Itisa
well-known fact that 'R o p = 0. Let D be an irreducible divisor on &, and define
(D) := L?_1(Cj - D)z;. The map ® is the natural map induced by ¢.

2.2. One easily checks that Ker(‘R)/u(L) is the torsion subgroup of L*/u(L).
Raynaud [BLR], 9.6, showed that the group of components @ of the Jacobian A/ K
of the curve X /K is isomorphic to the group Ker(*R)/u(L). It follows from this
description that the group ® can be explicitly computed using a row and column
reduction of the matrix M := ((C; - C;)) (see [Lorl], 1.4). Raynaud ([BLR}, 9.5/9
and 9.6/1) has shown that the reduction map 7: A(K) — @ corresponds to the
restricted map : Pic®(X ) — Ker('R)/pu(L).

Let p > 5 be a prime and let D be any integer prime to p. Set N := Dp". Let
K denote the maximal unramified extension of Q,. Let k = F, denote the residue
field of Q. Our aim in this section is to apply Raynaud’s general results recalled
above to the particular case of modular curves Xo(N)/K.

THEOREM 2.3. Let p > 5 be a prime. The exponent of the group dn(p)/7Np(CN)
divides 12. In particular, the map wj(\??p: C’,(\?) — <I>§3)(p) is surjective.
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Proof. Edixhoven describes a regular model X' / Ok of Xo(V)/K in[Edil], 1.4.
We recall here the main properties of this model. Let Y/ Ok denote the compactified
coarse moduli scheme M ([Lo(Dp")]), constructed by Katz and Mazur in [K-M],
Chapter 8. The regular model A’ is obtained by contracting the exceptional rational
curves having self-intersection (—1) in the desingularization p: Z — Y of the
scheme V. This model X is the minimal model of Xo(N), except for some low
values of N (N = p = 11 is an example where X" is not minimal). Before
describing the resolution of the singularities of Y, let us recall the description
of the special fiber Vi /k of Y. Let C denote the compactified modular curve
Xo(D)/k. Index 7 + 1 copies of C by C(gp), Witha +b =7, a,b > 0. Let

f: U C(a,b)—>C'
atb=r

denote the following map:

identity if a > b,
N6t =
ICtaey (absolute Frobenius)’™® if a < b

The curve C = Xo(D) is equipped with finitely many marked points, namely, the
supersingular points. Indeed, recall that a supersingular point  on (' corresponds
to a pair (E, G) where E is a supersingular elliptic curve and G is a cyclic group
of order D in E(k). The reduced curve (Vi )red is obtained from Uatb=rC(ap) bY
contracting the fiber f~!(z) to a single point whenever z is a supersingular point
of C. The multiplicity of the component C, ) in y is equal to

1 ifab=0,
(p— 1)p™n@)=1 jfa, b > 1.

The scheme ) is singular at certain closed points y of ) corresponding to pairs
(E, G) with E an elliptic curve of j-invariant O or 1728. The strict transform in Z
of a component C, ) C Y is not contracted in X’. Therefore, we may consider the
components C(, 3), @ + b = 7, as irreducible divisors in the group Pic(X).

Let L denote the free abelian group generated by the irreducible components of
X,.. We will, from now on, identify ® y (p) with the torsion subgroup of L*/u(L).
Let c(a, b) denote the dual element in L* of the irreducible curve C, ). Since
C(apy and C3 o) have the same multiplicity in X%, it is clear that the elements

u(a, b) ;= c(a, b) — c(b,a), a+b=r,

and the elements
v(a, b) := c(a, b) + ¢(b, a) — (multiplicity of C(,4))(¢(0, ) + ¢(r, 0)),
at+b=r,




154 DINO J. LORENZINI

are in the kernel of R: L* — Z and, hence, define elements in the torsion group
®n(p). Let H denote the subgroup of ®n(p) generated by the images of the
elements u(a, b) and v(a, b) witha + b = r.

LEMMA 2.4. The subgroup H is contained in the image mn ,(Cn). .

Proof. Ogg shows in [Oggl], Proposition 2, that every cusp of Xo(N)(QJ
can be represented by a pair [z, d], with ged(d, z) = 1 and d|N_and, letting
t := ged(d, N/d), with ged(t, z) = land0 < z < & The pairs [0,1] and [1,1]
represent the same cusp in Xo( V). Let ¢(t) denote the Euler function. The set of
o(t) cusps {[z, d], d fixed,0 < z < t, ged(2, ) = 1} is an orbit under Gal(Q/Q).
Each cusp [z, d] is defined over Q(&;), where {; denotes a primitive % root of
unity.

For each pair (a, b) with a + b = r, denote by P(a, b) the closed point of
the scheme Xo(Dp")/Q corresponding to the orbit {[z, p°],0 < T < pmin(a.b),
ged(p, ) = 1}. Let P(a, b) denote the closure of the point P(a, b) in X. Since
each point P(a, b) reduces to a nonsingular point in the special fiber of the normal
model Y ([Edi1], 1.2.3.1), we find that P(a, b) N A belongs to a single component
C(u,v)- Since

p(pmn@0)) = Pa, B) - X = p(p™ ) P(a, b) - Clug) = w(p™),

we find that exactly one of the sets P(a, b) N C(ap) and P(a, b) N Cy ) is
nonempty. Since P(b, a) and C (s q) are, respectively, the images of P(a, b) and
C(a,v) under the Atkin-Lehrier involution (see 2.5 below), we find that P(a, b) N

Clu,) # 0 if and only if P(b, a) N Cyu) # 0. Consider the following divisors of
Xo(Dp)/Q: U(a, b) := P(a, b) = P(b, a), witha + b = r,and

V(a, b) := P(a, b) + P(b, ) — o(p™@*))(P(r, 0) + P(0, r)).

One easily check that these divisors correspond to elements in Cn C
Pic®(Xo(Dp") Xq Q). Let ¢: Pic(¥') — L* be the map described in 2.1. It follows
from the facts recalled above that ¢(U(a, b)) = tu(a, b), and ¢(V(a, b)) =
v(a, b). This proves our lemma. o

2.5. To show that ®n(p)/7N ,(Cn) is killed by 12, it is sufficient to show that
®n(p)/H is killed by 12. To prove that ®n(p)/H is killed by 12, we use an
involution of ® y (p) to show the existence of two subgroups &t and - of n(p)
such that (1) the group ®n(p)/(®* + &~ ) iskilled by 2,and (2) H C (& +&7)
and (@1 4+ ®~)/H is killed by 6. Consider the involution

w: @D ZC(a,b)—v‘ & ZC(a,b)7
a+b=r a+4b=r

Clap) = Coa)-
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It is easy to check, using the symmetry of the special fiber of X, that the involution
w can be extended to an involution w: L — L. We let w’: L* — L* denote the dual
involution. One also easily checks that w’ o 4 = p o w. It follows that w' induces
an involution w: ®x(p) — ®n(p).

2.6. We sketch below how one may also describe w as the map induced on ® n(p)
by an Atkin-Lehner involution of Xo(/N)/Q. Recall that, since N = Dp" and
ged(p™, D) = 1, there exists an Atkin—Lehner involution wyr: Xo(N) — Xo(N),
defined over Q, and acting on the cusp [z, p°®] as follows:

wpr([z, p°]) = [~=, pb], where a+b=r.

(See for instance [Ogg2], Proposition 2.) By functoriality, wp,r induces an invo-
lution on the Néron model of Jo(N)/Q, and, hence, also induces an involution
wyr: ®n(p) — @N(p). To identify this involution wyr of ® ~(p) to the involution
w defined in 2.5, it is sufficient, first, to check that the map wpr: Xo(N) — Xo(NV)
extends to a map W,r: X — X, and then, to check that the map W,+ induces the
map w on L. The key is to note that the map w,r, being defined as a map of moduli
problems over Z, can be extended to an involution W, of the normal model /Z,
of Xo(N)/Qp, such that TUF(C((,,I,)) = Cb,a)-

Let Z be any scheme. Let o: £ — Z be an automorphism of Z. Let PeZ
be any closed point. Let Zp denote the blow-up of Z at P. It follows from the
universal property of blow-ups that the automorphism o induces an automorphism
op: Zp — Z4(P)- Let Ep denote the exceptional divisor in the blow-up Zp.
Let 7: Zp — Z¢ be an isomorphism such that 7(Ep) = Eq. Assume that Z is
normal. It follows from the fact that the maps Zp — Z and Zg — Z are proper
and birational that 7 induces an automorphism o: Z — Z such that o(P) = Q.
These remarks show that the map w,-: Y — Y induces an involutionWpr: X — X
and, hence, induces an involution w,r: L — L. Since wpr(C(a'b)) = C(p,q) for all
(a, b) with a + b = r, it is easy to check that the involutions wpr and w are equal
as involutions of L.

2.7. Let w: ®n(p) — ®n(p) be the involution defined in 2.5. Let * and &~
denote the images in ®n(p) of w + id and w — id, respectively. Let = € @n(p).
Since 2z = (z 4+ w(z)) + (z — w(z)) € &t + &, Property (1) in 2.5 is true. It
is clear that ®~ is generated by the elements of L* of the form u(c) := ¢ — w'(c),
with ¢ € L*. It is also clear that 1 is generated by the elements of L* of the form
v(c) := ¢+ w'(c) — (multiplicity of C)(¢(0, ) + ¢(r, 0)), withc € L*, where C
denotes the component of X whose dual in L* is c.

Clearly, H C ®* + &~ . Letus now show that (d* 4 ®~)/H iskilled by 6. Let
p: Z — Y denote a resolution of the singularities of ), and let ¢: Z — A denote
the contraction map. Recall that the strict transform of C(, ) C Y is not contracted
by ¢, even in the few cases where the strict transform of Clapisa rational curve
with self-intersection equal to (—1). Let E C &), be an irreducible component such
that p(c~!(E)) is a closed point of ). Let e denote the dual element of E in L™.
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The fact that the orders of the images of u(e) and v(e) in (®* + &~)/H divide 6 is
a consequence, as we shall see below, of the fact that the self-intersection (E - E)
of E in X is equal to —2 or —3. There are several cases to be treated separately,

namely:

(i) the image p(¢~!(E)) is a nonsingular point of (Vk )red.
(i) The-image p(e~!(E)) is a singular point of (Y% )ra Which corresponds to a
— supersingular curve with j = 1728.
(iii) 7 is even, and the image p(c~!(E)) is a singular point of (Vk)rea Which
corresponds to a supersingular curve with 7 = 0.
(iv) r is odd, and the image p(c~!(E)) is a singular point of (Vi )rea Which corre-
sponds to a supersingular curve with j = 0.

We shall treat only the first case. The other cases are similar. We leave the verifi-
cation that our claim is true in cases (ii), (iii), and (iv) to the reader.

Assume that p(c~!(E)) is a nonsingular point of Y. The description of the
singularities of the normal model ) implies that p(c~!( E)), which belongs to one
of the modular curves C(, 1), corresponds to an ordinary elliptic curve of invariant
4 = 0orj = 1728. It follows from the work of Edixhoven [Edil], 1.3.3 and 1.3.6,
that Co

e(p~'(p(c™'(E)))) = E,

and that (E - E)x equals —3 or —2, depending on whether j = 0 or 1728. Since
p(c~!(E)) belongs to exactly one component of Y, say C(, 4), we find that

(E- E)e+ c(a, b) = p(E) € p(L),

and
(E- E)w'(e) + c(b, a) = p(w(E)) € p(L).
Therefore
(E - E)u(e) + u(a, b) = 0in ®n(p),
and
(E - E)v(e) + v(a, b) = 0in ®n(p).
This concludes the proof of Theorem 2.3. a

REMARK 2.8. The map mn,: Cn — ®n(p) is not surjective, in general, when
N = Dp" and D # 1. This can be seen, for instance, when N = ¢1¢2p, with¢q; =
13, ¢» = 37, and p = 11. The tables in [Edi2], 4.4.1, show that, for this particular
choice of NV, the group @ x(p) is the product of five cyclic groups. To show that the
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map 7, cannot be surjective, we simply note that the group 7N p(Cn) must be
cyclic. Indeed, each one of the eight cusps on the curve Xo(q1g2p) is rational. Each
cusp reduces to a non-singular point in the special fiber of the normal model ).
This shows that the image 7n ,(Cn) of C is contained in the subgroup of &y (p)
generated by the image of ¢(1, 0) — ¢(0, 1) under the natural map L* — L*/u(L).

3. Computation of ®,r

Let X/ K be a smooth, proper, geometrically connected curve having a K -rational
point. Let X /O be a regular model of X/K. Let Xy = Ei_;r;C; denote the
special fiber of X’ and let M = ((C; - C}))igi,j<n be the associated intersection
matrix. The dual graph G = G(AX'), associated to the special fiber A%, is defined
as follows. The vertices of G are the curves C; and, when j # h, the vertex Cj; is
linked in G to the vertex C}, by exactly (C; - C) edges. The degree of the vertex
C; in G is the integer d; := E,-#(Ci - Cj).

Let 'R := (ry,...,7s), so that M R = 0. The triple (G, M, R) is an example
of what we called an arithmetical graph in [Lorl]. We call the group ®(G) :=
Ker(*R)/Im(M) the group of components of the arithmetical graph (G, M, R).
When no confusion may result, we denote this group simply by ®. When we need
to emphasize the dependence of G, M, and R on X, we write G(X'), M(X’), and
R(X). When M is not the intersection matrix attached to a given special fiber A%,
we may denote the coefficients of M by ¢;;, 1 < 7, j < n, rather than by (C; - C;).

3.1.Let (G, M, R) be an arithmetical graph. In [Lor1}, 2.3, we showed that, when
G is atree, |®(G)| = 7 ,7%~2, Let £ be any prime and assume again that G is
a tree. In [Lor2], 2.1, we explicitly describe the group structure of the £-part of ®
when the tree G satisfies an additional explicit “Condition C,” ([Lor2], 1.5). Our
aim in this section is to apply these two results describing the group ® to the case
of X 0(pr).

THEOREM 3.2. Let p > 5 be a prime and let N = p". Assume that either (1)
p =1 (mod 12), or (2) p= 7 (mod 12), or (3) p = 5 (mod 12) and r is even, or
(4)p = 5. Then @;’i) is isomorphic to Z/aZ x (Z/bZ) "', and

¥ if r=2s+1,

-part of ®,r| =
|p-part of @pr| {ﬁ“””ifr:Z&

REMARK 3.3. Let X/K be any curve and let X'/ Ok be a regular model of X/ K
such that the components of the curve (Xk)rea are smooth and intersect normally.
We call such a model a good model. Raynaud has shown that the graph G(X})
is a tree if and only if the toric rank of the Jacobian of X/K is equal to zero
(IBLR], Proposition 10, page 249). In the case of the modular curve Xo(p")/ K,
the toric rank of Jo(p”)/ K is equal to r - genus(Xo(p)). Therefore, the toric rank
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of Jo(p")/ K equals zero only when p = 5, 7, or 13.1n these three cases, the graph
associated to a good model of Xo(p") is a tree and the group ®,- can be computed
using the results recalled in 3.1. In all other cases, the graph G( &) associated to
a good model X' /O of Xo(N)/K is not a tree and, therefore, the results of 3.1
cannot be applied to G(X}) to compute ®,-.

Proof of Theorem 3.2. Let X/Ok denote the regular model of Xo(p")/K
described by Edixhoven in [Edil], 1.4. In general, the graph associated to A%
is not a tree simply because two components C(, p) and C(a,p) do not intersect
transversally. Indeed, let P denote a point on C(g5) N C(4,p) in the normal model
Y. The local equation at the point P in Y is given by

@ —pe-v) I @ -y

a+b=r,a,b>0

The component C(, ) has local equation PPy p* e When Pis a
nonsingular point of Y, the intersection number of C', p) and C(apyin X at Pis
obtained by computing the length over k of the quotient k{[z, y]]/I, where

a—min(a:b) br—min(a,bi)r ] "av—mirn(a,r;’:ij Wmﬁ;n;irn(;,ﬁ)
I=(z? —yP , 2P —yP ).

One shows easily that

] if (a — b)(a - B) <0,

(Clap) - Clap))P = { smina=tio=8) i (a — b)(a— §) > 0.

This computation of (C(q4 ) - C(a,ﬁ)) clearly shows that, in general, the graph
G(X) is not a tree. As we point out in Remark 3.3, no good regular model of
Xo(p")/ K has, in general, an associated graph which is a tree. To be able never-
theless to apply the results recalled in 3.1 to compute ®pr, we will associate to the
arithmetical graph (G(X), M(X), R(X)) anew arithmetical graph (G, M, R)in
such a way that ®(G(X)) = ®(G) and G is a tree. To describe the construction of
the arithmetical graph (G, M, R), we need to recall the definition of the blow-up
of an arithmetical graph.

3.4. Let X /O be a regular model of a curve X/ K. Let (G(X), M(X), R(X))
denote the associated arithmetical graph. Let P € Xj. Let X'p denote the blow-up
of X at P. Then &(G(Xp)) = ®(G(X)). Indeed, the generic fibers of A" and
Xp are equal. Hence, both group ®(G(&p)) and ®(G(X)) are isomorphic to
d(Jac(X)).

Let J C {1,...,n} be any subset. Let Q = Q(J) denote the transpose of the
matrix

tQ = (qlv'“aqn),
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where ¢; = 1if4 € J, and ¢; = O otherwise. Let (G, M, R) be any arithmetical
graph, with M = (c;j)1¢i,jgn If €i; > O forall (4, j) € J x J, i # j, then we Jet

M- ot

and

n
tRQ = (T],...,Tn, Z qﬂ,-) .
i=1

Let G denote the graph associated to Mq. The triple (G, Mg, Rq) is a
new arithmetical graph. It is easy to check (see for instance [Lorl], 1.8) that
®(Gg) = ®(G). By analogy to the geometric case, we call (G, Mg, Rq) the
blow-up of (G, M, R) at Q. In fact, when P € X} (and X is a good model) and
J := {j|P € C;}, then Gg(5) = G(Xp).

CLAIM 3.5. Let (Go, My, Ro) denote the arithmetical graph associated to the
model X [Ox of Xo(p")/K described in [Edil]. If p = 1 (mod 12), or if
p = 7 (mod 12), or if p = 5 (mod 12) and r is even, or if p = 5, then there
exists a sequence of arithmetical graphs (G;, M;, R;), i = 1,...,m, such that
(Gig1, Miy1, Rit1) is a blow-up of (Gi, M;, R;) foralli = 0,...,m — 1, and
G is a tree. In particular, ®(G.,) = ®(Go), and ®(Gr,) can be computed using
the results quoted in 3.1.

3.6. To describe the sequence of blowups whose existence is stated in the above
claim, we found it convenient to introduce the following terminology. Let £y =
¥ ,7:C; denote the special fiber of a regular model Z/Of. The diagram of Zx,
denoted by D( Zy), is a topological space defined as follows. Foreach: = 1,...,n,
let D; denote a copy of the interval (0, 1) C R, and let

{Pi,l,---,Pi,s,-} =C;N (U C'j) .

J#i

Mark s; distinct points Pi', jon the interval D;. Let

D(Zy) = (O Di)/N,
t=1

where ~ denote the following equivalence: P!, is glued to Pj , in D(Z}) if and
on]y if Pz‘,g = Pjym.

Let (G, M, R) be an arithmetical graph, with M = (c;5)1<q,jgn- We associate
to M a topological space as follows. Let I = {1,...,n}. Choose a subset I; of
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maximal cardinality in I with the property that ¢;; > 0, V4, j € I, 1 # j. Assume
that subsets I, I, ..., I,_1 have been chosen. Then choose a subset I, of maximal
cardinality in I\ U?;} I; with the property that co3 > 0,Va,b € I, a # b. Let
us assume that |I.| > 2, and that |I,] < 1if s > r. Set J := I\Ui_, I;, so
that ] = L u---ul.uJ. Let D;;1 = 1,...,n, be n copies of the interval
(0,1) C R. Let D(M) = D(M, I,...,1I.) denote the union U_, D;, with the
following glueing data:

e Foreach i € I\J, mark a point P; g on D;. Then glue P; g to Pj o if and only
if there exists s € {1,...,7r} such thate, j € .

e Wheni € Irand £ < r,let S; := {j € I\I¢|cij > 0}. Let s; := |S;|. Mark
s; distinct points P; ;, j € Si, on D;\{P,;po}. Wheni € J, let §; := {j €
Ile;; > 0}. Let s; := |S;|. Mark s; distinct points P; ;, j € 5;, on D;. Then
glue P, , to P;p ifand only ifa = jand b = 1.

The space D(M ) depends on the choice of a partition of /. Each such space
D(M) is called a diagram associated to (G, M, R).

REMARK 3.7. Let X/Ox denote the regular model of Xo(p™)/ K described in
[Edil]. In general, the topological space_D(X}) is not simply connected. On the
other hand, when p = 1 (mod 12), or p = 7 (mod 12), or p = 5 (mod 12) and 7 is
even, then every diagram associated to M (X)) is simply connected.

Let (G, M, R)be an arithmetical graph, and let D(M) = U], D; be a diagram
associated to M. Let P € D(M).Let'Q := (q1,...,4qn), where ¢; = 1if P € D;,
and ¢; = O otherwise. By analogy to the geometric case, we will call the arithmetical
graph (Gg, Mg, Rg) the blow-up of (G, M, R) with respect to P € D(M).

3.8. Let (G, M, R) be the arithmetical graph associated to the model X'/ Ok of
Xo(p")/ K described in [Edi1]. We construct a sequence of blow-ups (G, M, R;)
as follows. Let (Go, Mo, Ro) = (G, M, R).

o Let D(M;) = U7_,D; denote a diagram associated to (Gi, Mi, R;). Let
P € D(M;) be such that either
() P € DN D, forsome h # jand cx; > 1,0r
(2) P € Dy, 0 D; N D, for some distinct integers h, j, L.
Let (Gi41, Mit1, Rit1) denote the arithmetical graph obtained as the blow-
up of (G;, M;, R;) at P € D(M;). If D(M;) does not contain such a point
P, then let (Giy1, Mit1, Riy1) = (Gi, M, R)).

It is clear that there exists an integer ip such that (G, M;, R;) = (G, My, Riy)
if § > 1o. We denote the arithmetical graph (G;,, M;,, Ri,) by (G, M, R). Since
the arithmetical graph (G, M, R) is obtained from (G, M, R) by a sequence of
blow-ups, we find that $(G) = ®(G). We may now state a precise version of
Claim 3.5.

CLAIM 3.9. Let (G, M, R) be an arithmetical graph associated to Xo(p")/ K as
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in38. Ifp=1(mod 12), orifp = 7 (mod 12), or if p = S (mod 12) and r is
even, or if p = 5, then the graph G is a tree. Moreover, the arithmetical graph
(G, M, R) satisfies Condition C, stated in [Lor2], 1.5, for all primes £, { # p.
Proof. The proof of this claim consists simply in exhibiting the graph G in each
of the cases listed in the claim. We leave the verification that the graph G is a tree
to the reader. An example of such a graph G is given below in Example 3.10. O

We may now conclude the proof of Theorem 3.2. It suffices to apply the results

quoted in 3.1 to the arithmetical graph (G, M, R) in all cases where G is a tree.
We leave the details of the computations to the reader. o

EXAMPLE 3.10. Let us explicitly perform the computation of (G, M, R) in the
case where p = 7 (mod 12) and r = 3, p # 7. The diagram D(X}) associated
to the special fiber of the regular model A" described by Edixhoven is pictured
below on the left. The dual graph of the special fiber of A is not a tree, and the
diagram D( X} ) is not simply connected. The unique diagram associated to M (X’)
is represented below on the right. (We denote by C’ the “component” of D(M (X))
that corresponds to a component C' in A}.)

—"*27 intersection points

E2,1) £012),
%300 Q2.1 €(1.2) €0,3)

The procedure described in 3.8 calls for performing a sequence of blow-ups on
this diagram to obtain the graph (G, M, R) associated to Xx. The new graph G isa
tree. We represent below the unique diagram associated to M, which is “tree-like.”
The multiplicities of the components indicated in the next diagram are the ones
needed to compute the group ®,,3 using the results recalled in 3.1.

1

. 1
i ; F;(E)
U@ )
=R s
! P p-1 1] p1 1
T .
———E(z-]) E('I,Z)_—_

C30 Q20 Ch2) C©,3)
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REMARK 3.11. The methods developed in this section to compute the groups ®,-
cannot be applied in the case p = 11 (mod 12). The case where p = 5 (mod 12),
p # 5and r odd, is already more difficult than the cases treated in Theorem 3.2,
and will be treated below in Proposition 3.12 by an ad hoc method. However,
the procedure used in Theorem 3.2 to compute ¢ ~(p) when N = p" can also be
successfully performed in many cases where N = Dp”, and D # 1.Let z be a
point of Yo(D)/F,. Such a point is represented by a pair (E,Cp), where E is an
elliptic curve and Cp is a cyclic subgroup of order D. The automorphism group
Aut-ﬁ(x) is the set of automorphisms o: E — E suchthato(Cp) = Cp. Let s4 and

s¢ denote the number of supersingular points of Yo(D)/ F, whose automorphism
groups have order 4 and 6, respectively. Both integers s4 and s¢ depend on D (see
the tables in [Edi2], 4.4.1). When (s4, s¢) = (1, 0) and r is even, or (0,0), or
(0, 1), the procedure 3.8 applied to the regular model of X o(Dp")/Qp successfully
terminates in a tree (G, M, R).
PROPOSITION 3.12. Let p = 5 (mod 12), p # 5, and let v > 1 be odd. Then
|®pr| = abr_lpzsz- '

Proof. Let X /O denote the model of Xo(p")/ K described in [Edi1]. The dia-

gram D(Xj) is represented below on the left. The diagram D(M (X%)) associated
to M(X}) is represented below on the right. It is not simply connected.

P-S . . .
== intersection points

12
E1 E2
o
components components
(r+1)/2 "vertical" (r+1)/2 components
components E; g

Let (G, M, R) denote the arithmetical graph associated to X /Ok. We leave it
to the reader to check that the procedure described in 3.8 does not terminate in
a tree (G, M, R) when applied to (G, M, R). We compute nevertheless |®,|
as follows. Since F; and E, have the same multiplicity in G' (namely, p("l)/ 2,
we may use the construction described in [Lorl], 5.1, to compute |®(G)|. Let
(G1, My, Ry) and (G2, Ma, R») denote the two arithmetical graphs associated to
(G, M, R) and to the pair of vertices (Ey, Ez) of G having same multiplicity. The
graph G is the graph obtained from G by removing the edge linking the vertices
E; and E; in G. The graph G is the graph obtained from Gy by identifying the
vertices F; and E,. We proved in [Lorl], 5.1, that |®(G)| = |®(G1)| + |2(G2)l.
The drawing below on the left represents the diagram associated to M. In the new
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arithmetical graph G|, the curves/vertices E; and E, have self-intersection (—1).
We may therefore blow them down to get a new arithmetical graph (G}, M{, R}).
The drawing below on the right represents the diagram associated to M. Note that
this diagram is simply connected.

components [ S —
£y E2 r+ 1 “vertical® components

CLAIM 3.13. The procedure described in 3.8 applied to (G}, M{, R}) terminates

in a tree (G, M}, R)). Using the tree G, and the results quoted in 3.1, we find
that

18(G1)| = |8(GY)| = |8(G))| = (2m + )b~ 12,

where m = (p — 5)/12, and v = 2s + 1. The proof of this claim is left to the
reader.

CLAIM 3.14. The diagram associated to M is simply connected. The procedure
described in 3.8 applied to (G2, M2, Ry) terminates in a tree (Ga, M2, Ry).
Using the tree G, and the results quoted in 3.1, we find that |®(G>)| = |®(G2)| =

mb"—1p®** where m = (p — 5)/12 and r = 25 + 1. The proof of this claim is left
to the reader

To conclude the proof of Proposition 3.12, we note that m + (2m +1) =
(p - 1)/4 = a. Therefore, |®(G)| = |8(G1)| + |2(G2)| = ab™! >

REMARK 3.15. Let p > 5 be a prime. Let p* := (—=1)(P~1)/2p. Let K = Q4™, and
let K, denote the unique quadratic extension of K. Let

J}- := torsion subgroup of Jo(p" ) (Q(VP*))-

!
pT

®;, := group of components of the Néron model of Jo(p") K,/ Ka.

:= cuspidal subgroup of Jyr.

We believe that it is possible to determine a lower bound for the order of the p-part
(JJ-)p of the group J;. using the 3-step method discussed in this article. For the
convenience of the reader we shall now briefly recall these three steps.

Step I: Describe a regular model over O, of Xo(p")k,/ K2. Since p # 2, such
a model can be obtained from an appropriate model of Xo(p")/K by a process
of “base change followed by normalization” (see for instance [Lor3], section 3).
Step I presents no difficulty.
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Step II: Compute ®,-. This step is more difficult than in the case of ®,r.
Step III: Determine whether the reduction map Tor(C's)p" (Cor)p = (Bpr)p
p"

is surjective. As in Lemma 2.4, the reduction map ”;r|(c' ) is surjective if the
PT
“vertical components” of the regular model of Xo(p") /K generate (- )p.

EXAMPLE 3.16. The diagram below on the left represents the special fiber of a
model of Xo(5%)/K over Ok. All components are rational. The diagram below
on the right represents the special fiber of the minimal model of Xo(5%)/ K> over
Ok,. All components are again rational.

14 4 1
%0 Sz €1,2) %0.3)

One easily computes that ®s3 = Z/25Z and &L, = Z/25Z x L/5L X
Z/5Z. 1t is likely that (®,3), = Z/p*Z and that (®;), = Z/p*Z x (Z[pZL)*
forall possible values of p > 5. : i e e

If p = 5,7, or 13, then one finds that |( - Yol = [(®4r)p|*. Again, this equality
is likely to hold for all values of p > 5.

4. Degeneracy maps and old subvarieties

Let p > 5 be a prime, and fix an integer r > 1. There exist two degeneracy maps
wi(p"): Xo(p") = Xo(p'™'), i=0,1.

Let H denote the upper halfplane. Let H* = H U P!(Q). When Xy(p") is
identified to the quotient H*/To(p"), the maps uo(p") and uy(p") are defined
as follows:

wi(p"): H* [To(p") — H*/To(p" ™),
Z piz.

These maps are defined over Q and can also be given the following modular
interpretation. Let E/C be an elliptic curve and let G,r be a cyclic subgroup of
E(C) of order p. Let G, and G -1 denote the unique subgroups of G, of order
pand p"~ !, respectively. The pair (E, Gyr) represents a point of Yp(p" )(C), and

w(P" )N E, Gpr) := (E, Gprar),

u(p")(E, Gpr) = (E/Gp, Gpr [ Gp)-
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Let 1 < h < r — 1. Define
vh,it Xo(p") — Xo(p"), i=0,...,7—h,

as follows:

vho = up(p"t1) o+ o up(p"),
Vpi 1= uo(ph+1) 0-+-0 uo(p"i) our(p" o0 ui(p”),

i=1,...,r—h—-1,

Ohren 1= ur(p1) 00wy (p").

Let v} ;: Jo(p") — Jo(p") and (vhi)«: Jo(p") — Jo(p") denote the maps induced
by functoriality on the Jacobians. The maps vy, ; and (vh,i )« induce by functoriality
natural maps on Cps, J,n, and @, . In order to simplify our notations, we shall
also denote the induced maps on Cpn, J,n, and s by v} ; and (vp,q ). Let

an: [Jo(P*)) M — Jo(p"),

r

(20y--v s Trh) — v i(2:).
3

|
>

Il
=}

We let By, /Q denote the image of the map o4, in Jo(p”)/Q. The map o}, induces
natural maps on [J,»]"~**1, [Cpa]" "t and [®,4]""*1. We shall also denote the

induced maps on [J,»]" "1, [Cpa]"~*+! and [®,4]"~"*! by 0. Let us record
here for future use that B; C B;. Indeed, the map
@: Jo(p)" — Jo(?) 7,
(ml’ ceey ‘7"1‘) = (u()(pz)*(:ltl) +
+ a1 (p2)*(22), w1 (p?)*(23), ..., w1(p?)*(20))

is such that 0y = o037 0 .

LEMMA 4.1. The map vi;: ®p — ®pr, i = 0, 1, is injective and, therefore, the
group ®,- contains a subgroup isomorphic to Z/aZ.

Proof. The map vy ;: Xo(p") — Xo(p) has degree p"~!. Hence, the composition
(v1,i)« © v}; on &, is the multiplication by p"~!. Since ®, = Z/aZ and since
ged(p, @) = 1, our lemma follows. O

LEMMA 4.2. The group ®, is cyclic of order ab. The cusp [0, 1] - [1, p¥ in Cp

reduces to a generator y of .
Proof. Directly compute ®,, using Edixhoven’s description of the special fiber

of a regular model of Xo(p?) ([Edil], 1.5). The reduction of [0, 1] - [1, p?lin®,
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is easy to compute using Lemma 2.4. a

THEOREM 4.3. The map 03: [(Dpz]r—l — - is injective when restricted to the
b-part of [<I>pz]’—1. In particular, the group ®,- contains a subgroup isomorphic to
Z/aZ x (Z/6Z)~".

Proof. Let x denote the image in ®,, under the map 7, of the element [0, 1] —
[1, p] of Cp. The element z is a generator of ®,. Let y be the reduction in ®,, of

the element [0, 1] — [1, p?] in Cp2. The element y is a generator of ®,,.

LEMMA 4.4. Let 0 < i, j < r — 2 be two integers. Then, in the group o,

pr—2—(j—i)ul(p2)*(x) l:fj > i.
(v )x 0 v3)(¥) =4 P2y ifj = 1.
pr—2—(i—j)uO(p2)*($) ifj < i

Proof. The explicit computation of ((v2,5) © v3 ;)(y) presents no difficulty and
follows immediately from the definitions and the ramification properties of the
maps v, ¢ = 0,...,7 — 2. Unfortunately, this computation is rather tedious.
We recall below only the ramification properties of the maps ui(p"): Xo(p") —
Xo(p™™"), r > 2, and we leave the proof of Lemma 4.4 to the reader. Let [z, p®]
denote a cusp of Xo(p")(Q), with a < r, ged(z, pmin(@r=e)y = 1,and 0 € z <
pmin(a,r—a). Then

( [z, p?] ifoga<(r—1)/2.
This point is ramified,
uo(p")(le, P°1) = [z (modp™—e~1), p°] if(r—1)/2<a<r -1,
L1, p Y ifa=r.
([0, 1] ifa=0,
[z (modp*~!), p*7!] iflga<(r+ 1)/2,
ui(p")([=, p°]) = ,
[z, p*~ 1] if(r+1)/2<axr.
L This point is ramified. O

Let us now complete the proof of Theorem 4.3. Since ged(a, b) = 1, we find
that an element of [®,2]"~! of order dividing b is of the form (ay1,...,ayr—1) for
some element (1, ..., ¥r—1) € [®,2]77 1. Let 7 denote the composition

1 =3 100 v P ((v2,0) (V2,7 —2)5) [sz]r—l.

pr

[$p2]""

Since both uo(p?)*(z) and u;(p?)*(z) have order equal to @ in @2, Lemma 4.4
shows that 7(ayy, ..., aYr—1) = "~ *(ayi,...,ayr—1). Therefore, T is equal to the
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multiplication by p"~2 when restricted to the b-part of [®,2]"". Since ged(b, p) =
1, the map 7 is then an isomorphism when restricted to the b-part of [<I>pz]"1.

Therefore, $,- contains a subgroup isomorphic to (Z/ bZ)’“'. Lemma 4.1 shows
that &, contains a subgroup isomorphic to Z./aZ. Hence, since ged(a, b) = 1,
our theorem follows.

COROLLARY 4.5. Let p > 5 be a prime and let N = p". Assume that IQL’Z) | =
ab™~ . Then @;’i) ~ Z/aZ x (Z/bZ) "', and the reduction map =: C’z(,’r’) —
<I>§,€) ~ Z/aZ x (Z/bZ)""" is surjective. In particular,  is surjective when
p # 11 (mod 12).

Proof. Since @i,’i) has order ab™~! and contains a subgroup isomorphic to

Z/aZ x (Z/bZ)"~", we find that &) = Z/aZ x (Z/bZ)"~". It follows from
Lemma 4.1 and from the commutativity of the diagram

-

Y0
C, Cyr

that the a-part of ®,- is in the image of Cyr. It follows from Lemma 4.2, Theo-
rem 4.3, and from the commutativity of the diagram

[C

r—1 72
AT =2 Cp

(@]~ @y

that the b-part of ®,- is in the image of Cr.
Theorem 3.2 and Proposition 3.12 imply, when p # 11 (mod 12), that |¢I>§,’i)| =
ab" 1. This concludes the proof of Corollary 4.5. o

THEOREM 4.6. Let p > 5 be a prime. Assume that p # 11 (mod 12). Then

@) _ 72P) o ) r r—
Cpt = Jy»' = prime-to-2 part of (Z/aZ)" x (Z/bZ) .
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Proof. Let Jo(p")/Z, denote the Néron model of Jo(p")/Qp- The map

an: [Jo(p") ™" = Jo(p")
extends to a map of the respective Néron models, again denoted by 0. The
connected component of zero of the special fiber of Jo(p") contains a maximal
torus 7 (p")/F,. We let

T (TN = T(07)

denote the map induced by 0. The dimension of the torus T(p") can be com-
puted explicitly (e.g., [Lord], proof of Theorem 1). One finds that dim(7(p")) =
r dim(7 (p)). Since the map o1 has finite kernel (e.g., [Lor4], Proposition 4), we
find that 7;: [T (p)]” — 7 (p") has finite kernel and, hence, is surjective.

4.77. Let z € Jo(p")(Qy) be a torsion point of order prime to p such that its image
under the canonical reduction map

ot Jo(p")(Qp) = Jo(P)F, (Fp)

is in 7(p")(F,). Let y € [T(p)]"(F) be such that 71(y) = pr (). Then there
exist a finite unramified extension M/Q,, and a torsion point z € [Jo(p)]"(M),
of order prime to p, such that (7,)"(z) = y. Since the map m,r is injective when
restricted to the prime-to-p torsion of Jo(p")(Qy), we find that o1(z) = z, and,
therefore, z € o1([Jo(p)]") = Bi.

4.8. Let u € Jz(,’r’). When the map m,r: C},’r’) — @fﬁ) is surjective, we can find

cE C,(,f’) such that m,-(u — ¢) € T(p")(Fp). Let z := u — c. Note that, since u
and ¢ belong to Jo(p")(Q), so does . It follows from our previous discussion that
z € B)(Q) and, therefore

u=z+ce B(QE+Cpr.
(If A/K is any abelian variety, then we denote by A(K )ors the torsion subgroup
of A(K).) Since Mazur [Maz], Theorem 1, has shown that J,(,p ) = Cyp, we find
that, when the map o1: [P - BI(Q)ffr)s is surjective, then Bl(Q)‘(c’,’,)S C Cpr.
Hence, u € Cpr, and C,(fr’) = J,Ef’). Similarly, if the map 0;: (7P - B1(Q)%
is surjective, then C’I(ﬁp ) = J;EP). Under the hypothesis that p # 11 (mod 12),
Corollary 4.5 implies that the map 7pr: Cé’r’) — @;’3) is surjective. Let us now show

that the map o1: [J,(,Zp)]' — Bl(Q)g,’;) is an isomorphism.

4.9. Let & denote the Shimura subgroup of Jo(p). Ling [Lin], Theorem 2, has
shown that

Ker(al)(a) = {(3'1,...,-’177)'.’1?1' € 2(6), Vi = 1,...,7‘, and zr: T; = 0} .
=1
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Let K denote the prime-to-2 part of Ker(a1)(Q). Let Q denote the prime-to-2 part

of the subgroup Ul"(Bl(Q)fgf;)) of Jo(p)"(Q). The following sequence of finite
Gal(Q/Q)-modules is exact:

(0) = K — @ 24 Bi(Q)E) — (0).

We claim that the group Q is contained in the group {£(Q)? & COY. Let T
denote the subring of Endq(Jo(p)) generated by the Hecke operators T of Jo(p), £
prime, £ # p, and by the involution w = w,. Let T denote the ideal of T generated
by the elements w + 1 and T, — (£ + 1), £ # p. The algebra T is called the Hecke
algebra, and the ideal Z is called the Eisenstein ideal. The algebra T acts in a
natural way on Jo(p)". Let us show that, for all n € Z, n(Q) = O (i.e. that the
finite group Q is in the kernel of the Eisenstein ideal). It is well-known that the
Shimura subgroup is contained in the kernel of Z (see for instance [Maz], I, 11.7).
Let £ # p be any prime. Since T¢(K) C K, we find that the endomorphism
Ty of Q induces a map ¢, on BI(Q)§§,’;). It is easy to show that the map ¢
is equal to the restriction to BI(Q)§§,';) of the Hecke operator Ty of Jo(p"). The
Jacobian Jo(p")/ Q¢ has good reduction modulo £. Let Jo(p") /F denote the special
fiber of the Néron model of Jo(p")/Q¢ over Z;. Let Frob, and Frob¥ denote the
Frobenius endomorphism of Jo(p" )/F, and its dual. The Eichler-Shimura relation
states that the reduction of (£ + 1 — T) modulo £ is equal to the endomorphism
(1 — Frob#)(1 — Froby) of Jo(p")/F. In particular, this relation shows that V= €
Jo(p ) QL (£+1~Te)(z) = 0. Hence, (¢+1 ~ T)(B1(Q)iar) = {0}. Since
T, — (¢ + 1) kills both K and Bi(Q)F), and since the action of T; — (£ + 1)
commutes with the action of Gal(Q/Q), we conclude that T; — (£ 4- 1) induces a
map t from By (Q)) to KC2(Q/Q). The map T; — (£+ 1) kills Q if and only if 2,
is the zero map. The group 2(6) has been computed in general in [L-O]. It follows
from Corollary 1 to Theorem 2 in [L-O] that %(Q) is trivial if a is odd, and equal
to Z/2Z if a is even. Therefore, since K C (2(Q)?)", we conclude that KG(Q/Q)
is trivial, and that Ty — (£ + 1) kills Q for all £ # p.

Since the order of Q is odd, we find that Q = Ker(w + 1) & Ker(w — 1).
Mazur has shown in [Maz], II, proof of 14.1, that the ideal generated in T by the
elements w — 1, Ty — (£ + 1), £ # p, and a prime ¢ # 2, is the unit ideal in
T. It follows then that Ker(w — 1) = {0}. Hence, the group Q is killed by the
Eisenstein ideal. Therefore, it follows from Mazur’s Theorem ([Maz], II, 16.4) that
Qc Qs CYy.

Let us now show that Q is isomorphic to K & (C’,()z))r. We have shown already
that @ C (£(Q)? & C,g2))r. Let € Gal(Q/Q), and denote by z” the action of 7
onapointz € Jo(p*). Let(zy,...,2,) € (2(Q)?) be suchthat o1(z1,...,2,) €
Bi(Q)2F). Then

V7 € Gal(Q/Q), (z]-z1,...,2; — ;)€ Ker(a1)(Q).
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Hence,

zr:(xf—:ci)z-O: ( ; :1:,'> - <§£_: ac,-).
i=1 i=1

=1

It follows that 7_,z; € X(Q). Therefore, since |2(Q)] € 2, we find that the
order of oy(z1,...,%,) € Bgz)(Q) must divide 2. Hence, o1(z1,...,%,) = 0, and
(z1,...,2,) € K. In particular, @ = K & (C,(,Z))T, and the map o1: (C’,(,z))r —
Bl(Q)t(zr’;) is bijective.

To prove that when p # 11 (mod 12), the group J},?” ) is isomorphic to the
prime-to-2 part of (Z/aZ)" x (Z/bZ) =", we proceed as follows. It follows from
our hypothesis on p that the group @;’:) is isomorphic to Z/aZ x (Z/bZ)""!, and
that the reduction map 7pr: C;i’) — @i,’i) is surjective. Let z1, ..., Z,_1 be elements
in Cpr such that the b)-part of <I>§,2rp ) is generated by Tpr(21),. .., Tpr(Tr—1)-
Write the order of z; as d;b(?). Without loss of generality, we may assume that
d; is divisible only by primes that divide b, Since xf(z) belongs to the kernel of
7, and since ged(ds, 2p) = 1, 4.7 shows that 2! € B1(Q)). We showed in
4.9 that the order of B (Q)ff,’;) is prime to b(2). Hence, d; = 1. We may therefore
assume that z1, ..., z,—1 have exact order b2 Lety € By (Q)g,’;) be an element of
exact order a(® such that the a(?)-part of <I>§,2rp) is generated by m,r(y). Lemma 4.1
shows that such an element y exists. Every element of JI(,EP ) can be written as

the sum of an element u belonging to the subgroup generated by z1,...,%,-1, ¥,
and of an element z such that m,-(z) € T(p")(Fp). Such an element z belongs

to B(Q) (see 4.7). Hence, J,(,ZP ) is generated by Bi(Q)) and the elements
21,...,z,_1. Since gcd(a, b) = 1, our claim follows. This concludes the proof of

Theorem 4.6. a

COROLLARY 4.10. Let p > 5 be a prime. Assume that p # 11 (mod 12). Then
J,Ef) = Bz(Q)gr)s. Moreover, J,(Jf) is killed by 24ab = p* — 1.

Proof. Let u € J,(,f). Since the map mpr: C,(,’r’) — Q;’:) is surjective, we can
find ¢ € CI(,’T’) such that m,r(u — ¢) € T(p")(F). Let z := u — c. We can
find ¢, € o1([Cp]"), or order a, and ¢, € o2([Cp2]™"1), of order b, such that
Tpr(c—ca—cy) € T(p")(Fyp). Write ¢’ := ¢ —ca — . The discussion in 4.7 shows
that ¢’ and z := u — c belong to B1(Q). Hence, since By C By, u = 2+ ca+cp+ d
belongs to B,(Q). We have thus shown that JZZ(,’T9 ) C B1(Q). To conclude the proof of
Corollary 4.10, note first that, by construction, ¢, + ¢ is killed by ab = (p*—1)/24.
We are going to show below that z + ¢’ is killed by p? — 1. It will follow then that

J) is killed by p* — 1.
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We can obtain a bound for the order of an element z of J,(,’r’) such that 7,-(2) €
T (p")(Fy) by using a theorem of Ling ([Lin], Theorem 1), which states that the
map 71: [T(p)]” — T (p") is injective. It follows then that &; is an isomorphism
of schemes and, therefore, the order of z divides the order of T(p)(Fp).

The group 7 (p) is described as follows in [Ray], page 14. Let X'/Z, denote
the stable normal model of Xo(pD)/Qy. The special fiber Xp, /Fy is the union of
two copies of the modular curve Xo(D)/Fyp. Let zj, j € J, denote the singular
points of Af, /F, (which correspond to supersingular points on the two copies
of Xo(D)). Let k;/F, denote the residue field of z;. Then the group 7 (p)/Fp is
described by an exact sequence

(1) - Gy — H Rkj/FpG'm - T(p)— (1)7
Jjed

where Ry, /F,Gm denotes the Weil restriction of the multiplicative group G,
from k; to F,. In particular, Rkj/Fme(Fp) = Gy, (k;). Since HY(Gal(F,/F,),
G..) = (0), we conclude that the sequence of F,-rational points of the above group
schemes

(1) — F; — H k; — T(p)(FP) — (1)
j€d

is exact. Since the j-invariant of a supersingular elliptic curve belongs to F,2, we
find that k; = F,, or F,» and, hence, the exponent of T(p)(F,) divides p? — 1. We
conclude then that the order of z € Jo(p")(Qp) divides p? - L a

COROLLARY 4.11. Assume that p = 5,7, or 13, so that Xo(p) has genus zero.
Then C’,(}’) = JIEE) ~(Z/ bZ) ", and the natural reduction map W,(,f): J,(,’r’) — @;’:)
is an isomorphism, forallr > 1.

Proof. Corollary 4.5 shows, when p = 5, 7 or 13, that the map mpr 1S surjective,
and that <I>£,’i) is isomorphicto Z/aZ x (Z/ bZ)"~!. Note that for these three values
of p, the associated integer a is equal to 1. Since Jo(p) is trivial when p = 5,7,
or 13, we conclude that Bl(Q)t(c’f,)S = {0}. We may therefore apply 4.8 to find that

C’z(,’r’) = Jz(,’f). Since the reduction map - is injective when restricted to J,(,’r’), we

conclude that Jz(,p ) Qg). |

REMARK 4.12. The map mpr: J,r — ®,r is notinjective in general. For instance,
when p = 7 (mod 12), the group Ker(m,r) contains a subgroup isomorphic to
(Z/aZ) .
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