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As the vesults o avchimedean primecs heve already bean do-
k. minad,; it way be assumod that the valuatlion is diserete. The
mﬁatm 1a that s:mmm at the begiming of the chapbor;

{b} I% follows from the oxplicit formia for ﬂk{aﬁ} (ma e
is any quasi~sharacter of k* ) that /(8) = ef«1) AT6T . lonce
' haveckor of kY whose (eonposition with ﬂg/k

z,; X s m ‘@r"r = (T4 TRSF7Y]/ FetXT

Tia (,u'glesih 48 X(-1) = p{=1)" 1t is clear thst
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q bo pring.) Lﬁt/& bo as dafined in the proof of part (b) and
mﬁXhaﬁ;ﬁquaa&,%mg#em/uaﬂgg/k; of E¥* | Lot nt =n/4q
bo the degree of IM/k, and lob Eaﬂj% be the group of ehavese
ters of ¥ which ave trivial on Uy K" and aloo 1ot tey )”“‘t

be o growp of characters of k*which are brivial on ¥ Wz;** '
M&h&ﬁhﬂﬁﬁ%@f&%@%ﬁﬁiﬁ&&i&mw(
index q, thero omists q charactors S8y Uypeans A

)M
g Such that

{ ’6‘??#-1 = R T3 (s dlsfoint wnten). In bowms of the

locel newm yest synbol, for xe< K1 b k/ar) = 16 WE‘ /K&K/Ej =
1 ® (Tjen et /i 305} =1 for 811 8, 15 § = n. Honeo'as §

ms thwough the integors Le2sesssfis T 0 ngx/g s Ghrough
__ _ shavactors of K which ave Mﬁaz. om My B Aa
a; o ﬁwk 8 iivial on %, 1% follows that (7 o M)

i brivial on Ny K"
m tbwafm with & suiishlo mz.aa of Indicoq, O, = La %Vk
Tor 158 3 9 Bomeoy Gen X)) = { o X33 -ﬂlj,._z f"ki/«;i

= 'ITW_[t Niq Prlur 8y) =
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s /il X)e Tao not (X'ogdfey of chawacters

| of B 45 uniauely detoruined by the condition that the ceupesie

| tlon of cach olamemt of tho seb with Ny 1s X . Zob 41 be

| the prime of X' and (4 3*™)L, 1o e sob af conductors of

| #1000 charastors. o oot {mgs..sumg) 45 dotomaingd by u,far

there oxists wadque integor b such that m= gwg,ﬁa) i

. (of. maptor 1) my = Maxlbyb,) for 1< 5 < o vhore 4 ¥

| is the conductor of Uy ApDlying the Induction Imwklmia we
m nave Qg,ktx; = ktm,a/m ﬂ’ xtm(b,ﬁ,,),m/m whenao

F % K 14 abelimm, 1 an intoger adulssible wﬂz vospoct bo
| B/k, B¥ an intovmodisto £1e1d, (14805, the exponents of the
| grow of chavactove of K1* trdvial on W 4 K* , whove v = deg(i/ki),
| tmen  KlmiA) = KlmE/g) T Yo X (ta(bymg), Kt/
‘Ehm m = m;fﬁ].
Tl peammita the computation of X{mE/k) by »
‘¢yelie fiolds of prime dogrocs
| Tho next theovem will spocity (xéz,mzﬁa in temus of the
| mmom growp, B KY. To slplify the prodf wo introduce Ko Poligw
2235 nﬁmﬁmx o f#ﬁﬁ/k;n/@h '3} is & 4-@-1#-1»1-«'1_::'-:1" af

! Sk phdsm of /% fifless the
2633!1@& Subgreup of G ig eg'clic ‘and’ non=trivial; in 'which case this.
image is the unigue subgroup of order 2+

Lgesion ‘&ﬂ




saemttey (ms/P/ 2 oru 4 42 06 5 tho noutal &
. of %o galols growp, snd with =1 4 it de & mewebeivial slsy

&K/kmmﬁgmm se &% taen
'IT;};,:;_ Jf_#i = tmﬁ/k)ﬂ/imm and’ therefove

)% = (w1, /tRe2)

bch m hypothosis as % e vioel of e gmﬁw W
T e Tyted = Ty Ta (xogited = T kgt sted™ Ty

= (T3 M izgﬁax)? {YT”‘!"~ &3%} ) (as oule) #’i—’f

0k S or 4z 1. Also, {g,g/gigﬂ/‘ﬁhzl L {ﬁngﬁ/k;w‘a
i-mmﬁ"*/  Which coupletes the proof 47 q 4 ovems
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otatniy  {osR/KY _}ﬁ/ (ap2) = 1s Bloe (b)) = {0%2)s
onough to show tmt  (egEt/kPP2) o (o rA/ i),
| 12 ‘the righb s1de do % thon tho 1oft side 15 aldo 1- as Af the
| two sides ave cewideved 65 olementa of galols geowps the left

E 51de 15 the vestriction to Ef of the right sidas ¥ the Yofb

-~ side is one then thero oxlabs x e EY guch that Wi/ x =

- P2, nence B x = om/A02), whoneo tho g pover of

the right side 15 1v Bub q 45 odd and tho wight side is +1 or

«1 ond thorefore the wight side is ome. Honce the two sides ave
souals, | )

The finel thoorem of this chapbor glves an slnost compiete

degree £ et 4 be the
axponent of the absolute difTfevent of & and let ¢! be the lavgest

| iﬁ; Kf 3/” ¢ then |
X(-L,R/k) = (-1)9F30 (N

~ Lot K, be the inertial mbrield of E/k
K, be the first resification subfleld of K/k .
xzé the laygest field betweon 33'1 and Eg guch that




j0l

 (K§/8,) ta a power of 2.
Theoren 1, 1t is cloayr thet |
XA = KlmE/s) ()0
VRIRCURR: W T M ™ o puore Tron dhe rosults fox
cyelie oxtensions of dogree 2 and the sauws corollavy 1t follows

2 mn/x ) = M /£ K (=108 /5, 1)

Hence tho problem has boen reducodd tv proving the theoren fors
4 E/z abelian,purely wemified, X, the firet ramification sub-
. f£i0ld of B/ of = K, /it 2 /01, e £ivat assert

%
The theeram ig vaild i ¥ ﬂ:i%_¢

Wo are now consideviips the camse K/ic gbelisn, puwroly vaads
- fled of gconductor Y o The proof is by induchion, o' = deg K/
If e! is prime then X (mE/k) = 1 4f n =0 or «1

{ —-£ Y por w0

. while, '925 A =22 5 N ~Z*) = 1 as of-1 l= ovens whence bhe
. contention is corvest if o' is prime.

. I then o' 1o no% priwe, use induction on the mmbor of pyime
divisors of e¥, and let K be an interuediate £16ld such that
K/} = q, & prime. Then in the notation of the corollawy (Therem 9
8y = =1, ajmafwjklf Iaetmngg/ﬁ,(b) then |
Klm /) = K (mE/Kt) X (lax(=1,5),5Y%) [x{uax(Oopleny/x]] ¢
= KlueK/KV) X {tax(=1,b),EY/ k)

as g~ is oven. |
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Lmn=0, =0
mﬂ*iabﬁﬂl

-

Homee X{«l;E/k) = X{=1,%/K*) X{-1,K%/1:)
K0 fie) = {0, E/8Y) X(0,51/x)
Kasl/ie) = Klm /%) KB 1Y) for w0

By iaduction hypothesis, K(-1,EY/%k) = ( g%’-”‘)a i
Wo kmow that X(=1,5/%Kt) = |
Homoe K{=1,E/k) =1 = ( v—"é") vhlch proves:(b) fopr K = K,

Ag X(0,K/xf) = 1, while b;,r induetion hypothests K(0,5Y/k) =
1t follows thet K(0,1/%) =
Por m > Q; let 4 be the prime of LY, then Iy = 5p and 2/m
® 2[(nA). doneo by the induction h;;potl%a&a, X/, gt/gg g

( Yo 73 Ny Ax(a/a) eﬁ}; R, untle wo  lmow that X(meE/Kr) = ;%f}imf

b 16 roliows thet

X{mZ/k) = {3 )lm which coupletes the proof of
the contoenkion.

Returning to the move goneral case (X # K Hbut 8/ic purely
remisied, 2/0'), let Eq beitho lutermediato fiold in the corollary
to Theerenm 1. Therm: in the notation used thers, By = =18 3> o

for § > 1. Lotting EE/I’ {b) = 5, we have

xcm,.z/ka = KK/ ) n"“" K(tiaxle s0)o5, /).

From Gthe Wmuﬁa%iam for the cyelie case of prime degres, it is



clear that X{mE/K ) = X (~1,5/k) and ip actually 1 if K/K; is
of odd degreo (1.0+ Af elthor p# 2 o K= 1IG).
Tenso KlmE/) = K(e1,/5y) T3 Klitaxlagey/1e)s
Iftn=0then b« 0, Whanoo
X(OuB/k) = X(-1,5/5) X(o,/m) TT 8" Kagiy o

while &0 m = -1 thon b = «~1, whengo |

XLE/) = KLE/G) X250 T8 Xia ik /0,
so that X{,E/) = X(-1,W/k)s as K(O,Ky/k) = X (-LE/ k).
Por any i 9& 0 wo now have {(for gE/El{h} = @)

- -”e/ﬂ [ (tassto, ;,zyw] -n-e/m Niid Jﬂazz(b;sj}-aa
]_x (33;’&’1/3
( )% nich completes the proaf of (a). |
. Tor (b}, wo moy aspuwse that p# 2 (s for p = 2, 2/ K= By
and $ids cage has already been Hakon oare of )« We then have
X(«1,5/%,) = 1, whones

B N
Kty = T 8" Kooy = (21)9 ) N

).

s ﬁg/k " »9;5/&1 Kz/k oy ’9161/1: m_;n L, Ag ot ig odd it

| follows thot ( Nﬂm ¥= 1, ¥hich mlei:% ﬁﬂ-@ proof of the

thooren. ;



The Well I~Sevics

Hoba! Iany of tho vegsults of Hhis seotion awe;w 1h the wribe
ings of Hackey,(30), Shoda,(11), Takets; (12} In particular, Talwia
has given o slightly weakor form of lomma 7+ (below). The
analogue of the Frobonius Reeiprogity Law Lfor characters &f an
infinite group which ave induced by charactors of a subgrous of
finive Indexs which is used sovoral times in the following, is
proven in Hacksy's arbiclo.
{m)_ kas'm.&., "On Induced reprosonbations of mnpﬁ *» AmoriJowr
3:1) &lﬁﬁzﬁnj ?QE}!!;W die monomialen Darstollungen Lehen. gyvppe
) dings of the Physice-lathenpbiesl Soelsty of Za@ml, 3 '__,15-‘ &
43.2’;9%%3., "Wber die Gruppon dopen Daystellungen f éi 3h

- auf monemigle gestalt ﬁmfam?m:: lasaen”, Proseedings of 1%
Impordal Academy of Japan, 1930

I.n the following let O be a group, H an izwa&%mh ‘subgroup,
the Indez not necessarily finite, X a chavaester of & {" ag usual
we rostrict chavasher to rofor to a bownded matrix roprogen avion) .
£ 0 is @;'iihaa:aakéxa of I and % C then b ~> §{xux"%) is algo a
Wﬁwaﬁ'ﬂ, which we shall em%hexamduagaﬁaafﬁau&
~_6mambyﬁﬁ‘ﬁwmﬁafalliﬂzi o T8 be reforred to s the

a0t of & conjugetos of &«
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Lemma 1 If 0 is an irreducible tharactor of H ocourring in X,
the vestriction of X to H, then every conjugate of & ccours in
':ﬁﬁ. the same mmiber of times as &. The set G, of all xeG such
Bhast ﬁ‘x = § 18 a subgroup of & conbaining H and of index in G
equal to the nusber of distinet conjupates of 6. The conjugates

of & copvespond to tho richt cosebs of Gﬁs Pinally G‘ag = x“a(ﬁa)x

= For x,7€6G, (657 (n) = ¢™(yuy™Y) = ﬁfﬂfmﬂlﬁﬁﬁl) = 67 ()
for gll heH, i.es (6)7 = 8. It follows Lmmediatoly thab N
is & subgroup of ¢ gonbaining . If § occurs in Xﬂ,zz times i:hén_
for xe G, 5" occurs in Xﬁ at least n tiues (as & is also drve-
dueible). But foz = Xy hence 6" ocourd in ?51 ab léaa'i: n ﬁWa
As B 1s a conjugate of &% & occurs at least as often as &
whence 8~ ocours exactly n tiumes. I follows that & has euly a
finite sebiof distinet conjugates. For x,y€q, 8 =g & &3“"3:13- &
8 ® a8, ® xcGy, which shows that thove exists a one to
one gorvespondence between the right cosebts of ﬁ& in G and the
distinet eonjugates of &. Finally (6%)7 = 6° = mxlec,, vhense
Gpr = X g |

Lemma 2 If X is irveducible and & ia an irvedusible chavactor of
H waich coours in the wvestriotilon,Xy,of X to I and 1f olther
1) (G:) 4s finite '
or  2) 8 im of dogree 1
then XH is the suwz of cenjugates of 6.

T 1) IP (G} findte, 16t $y,..«ab; Do a set of represontatives




of distinect #ight cosots of 1 in G, Lot Xﬁ bo ﬁhh charecter of G
iInduced by &, Then Xy conbalns %, bub the vestrictiom of x& o
H is sizmly Eﬂ l&ﬁi which proves the asswﬁi&%a

2) If & is off dopwes 1, lot &yu#&a be tho diotinet G con- |
dugebes of & by lemme 1 theoy all occur the swame nwber of times.
. Lot V be tho representation space of a representation p of G whose
| chepactar 10 X. Let V,(41,2}..,8) bo tao sob of all ve V sueh
that  plhly = §,(h)v for all hel, Lot the direot sun of the A
be V. Lot veV,, x€G thon for all hel, /D{Zz}{ plzh) = p&m)v =
Al Pl lhx}v} = plalol x)v) = 65 (n)(p (x)v): 4s 652
- ism & econjugate of ﬁe, thoro oxists & (1 £ 15 8) vush that
= 6y» whonce P(x)V;CVy, lae. P(x)V,C U, It follows thab
PxIUCH, L.0. ¥ 1s a subspace of V invariant underp, As p is
. iyvoducible, W must be V.
) proliopry For X lvrodueible, if the vesirlebtlion of X to H cons
talns ta:sa prineipal representation of H then 1t contains only
the principal repropentation.
Zems 3 Under the conditions of lemma 2, X is induced by en
irpeducible character ¢ of 5. The rostrictlon of o bo B conbains

oaly b

Exoat, % rostriction of X o t}é et contain an irrvedueible chare~
3 a:sw ¥ of &ﬁ with the proverty that the vestriction of o to it
sontaing &. By lemss 2, the restriction of o to H conbains enly G
sonjugatos of Gsi.0. Just 8, say m tines. Ve assert that X is
Indused by 0. Let Xy be the chavacter of G induced by g. Certals
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% ooours in X, and thovefors 1L is onough boushow that the degroon
are oquel. Lot » = (B4Gy), then X5(1) = »o(1) = wed(1). Dut by
Lommag 1, » is the mumber of distinet G gonjugates of 8. As ¢ ocours
in fhe restriction of X to Gy, and § ocours n times in the restrie-
«bhon of ¢ to H, we may conclude that & ocours ab leass m bimes
in the rostrictipn of X %o H. Each ¢ conjugate of & must thore-
fore also ceouwr ak leoast 1 times, whense X(1) > rub(l) = K41}
whlch proves that X and X, are of the same degree. _

Iema L If (03H) {s finite, and 6 an irredueiblo charvacter of X
and Xy the chavaster of ¢ ladueed by 8 then Xy is irredusible

i and only If H = Gg. If in additden I is abelign then all
irreducible chavaecters of G of degroe (G3I) ave Induced by irre-
chavestors & of I for which H = G,

= If X4 18 irreducible then by the induced ehavaster thooren,
& veours Just once in the reastrdiction of X5 te H. Henos cach con~
Jugnte of & ocours just onee. Dy Leama 2, only eonjugates of o
oocurs If v is the muderief conjugabes then Kaill = po{l). Dus
Rgll) = (Gs:) 8{1). Bonge GG*H} = {Gs5), wheneo Gy = H.
Convorsely 1f G, = H, then § has (G:H) atatinet G confuge
Among; the irveducible cherectors of G ocouring in J{&, there must
bo one, X, whose vestricbion vo U conteins 8. X irvedueible fm-
piien aaﬁh eonjugate of § ococurs 'm thig reatyiction. Hence
E(1) 2 (G:H)a(1) = %5(1) z x(1), whence iy = X.
Ir H is abelian and E‘irmdwﬁbla sharacter of ¢ of d

(G:H), leti & bo an irreducible character of I appoaring
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_.:.'. sogbriobion of X to . Thon & ig of degres 1, vhenee the chavaeler

| of @ dnduced by 6 1s of deproe (Gil) and contains X and thevefore
| 48 Z. Tt follows fyom the sbove that O wust have (Gsll) algbd

conjupetes, whones H = &ﬁ.

g 5 1€ T 4s abelfen and G/H cyolls, X lrredueible joharacter
of & and 6 an irreduelble charvachey of H conbained 1m the restrdic-
tlon of X to H, then X 1s induced by & charactor ¢ of Gy of do-

£rae ondg.

. Dy Lemma 3, X 1a induced by en irvodueible charactor ¢ of
G whose resbtriction o H le jJust @(1)6 (as & is of degree 1).
degres of @, then Hwre oxists a unitary mabeix

Lot 2 be the
wpx’éaanmﬁicéz s°> of Gg .andaglmmater © aguch that for all hell,
Pk} = 8(n)L, I, being tho unib wabrix of rank w. It follows
‘that pl) lles in tho eonterwof P(G,). G/U eyclic & Gy it
eyelic B plag) /PiBY cyelic: whence PlCGg) 48 o eyclie proup
emmiaﬁ of its cenber and thoprefore muat be an abelian group
of unitary mateicos, but it is alao irrodusible and therefore the
Gegree mInat be onc. -
Lonyan _(1,_, Under vhe sonditions of Leamme 5, 1f G 48 any subgvoup
of G which contains I and ¢' 13 a character of degreo 1 of GV
which dnduces X then GF = Gy and thore exlsts an lmner aubomor-
phlem g afé such that ¢! = 0 o @

A8 G/H 48 eyoclic every subgroup of G conbaining il is an
invapyiant subgroup of G. In pavtieniar then G¥ and &,'5 are invariant

Y
gy
L
ot

% T ALy e



mzhgrma of G, The resbtrictién of X to (! gontalns ¢ and there
fove the rostrictién of ¢f to I is a charastor.of I of degree
one which sooours in the restriculon of X to 3, whenco the reatyic~
tion of ¢! to I 48,0, 4 conjugate of 6. It follows that ihove
exdlgts an iwxesz* an@afmxzﬁaiaxa g ol G sua%miﬁsa% 4 is s.muea& by the
character of o # of ale') = Gt this ﬁhax-awar 15 of degrec ong
and Lts resyriction vo I is 8. Henee we may oo thot the ro~
" striction ai‘ 9! o H 1s 8. For xel', hel, 65(h) m-&{m"l) =
9otxhx™2) = o¥{n) = 8{n), vhonce G'<Gg. Bub by Lamme 5, (G:Gg) =
X(1) = (G:G'), whence G! = Gy. Dy Lemua 2, the restriction of
- X o G-ﬁ containg only conjugates of ¢ and tharelore tho asserbion
followss ‘
gz 7 If X 43 irveduelbls end K is sbellen and thove oxilstas

a gequance of Inbevmedicte groups, in‘éaz*iant in G,

G = @D D8, D, .26, = I gue f-f?;;haﬁ G3/g4y 28 eyelic (§=0,1, 0,01
and & is an irvveducible character of i appearing in the vestric-
tlon of X to H then thore oxist a cheractaer ¢ of dogreo 1 of a
group lying botween Gy and H such that ¢ induces X.

Hobes | If (G1H)2s Cintbe then the condition mgy be atabeds the
prine factor groups of the principal sories of &/ avo ﬂﬁ'ﬁm *

This conditlon is stronger than Bhe conditlon that &/H & solv-

| able. If G/H 4 golvable then wo uay only conclude thab he prime
- faetor groupe are direst producta of lscuorvhic cyelie proups

of prime opder {of Spersor, GCruppentheorie, 37C edition Sats 32,33).
Takota has given an oxemple of a solvable group of omder Zila

group with the quaternion group as invariant subgroup of index 3)




o
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: the assertion 1z kmown e be bvuc for n =3, l.e, for
G/H eyelic, wo way apply induction on n and assume thab the
assevtion i valid if ¥ho chsin is of length n~i. Dy lemma 3,

% 4a Induced by an irreducible charactor ¢ of Gy whoso restrie~
blon to B contalna only 6. Lot Of = 631Gy (05§ 5 n)s thon
% u&g:&i: eee DG} = H and tho sequence has tho proporty:

3 fnvarient in GL, @5 /&3-% cyoliic. There oxists o mabrix rop-
regsentation p of Gﬁ = Gy correspending to the chavactor o sugh
that for held, p(h) = 8{h) I, vhore m = deg 0 and I, is the unit
matrix of wank m,. Leb cj = p(@;): (0 2 J s m), then AI) = Gy
abolian, €, inverlent subsroup of €, and €3/8g,y eyelic. Clearly
C, llos in the center of G4 wille G, /0, is cycllc, whomee €, 4
is gbelian. meam the gharester x «> Tr x bF €, ts}ma=aap
‘and 7 16 irvedusible, Then C 52 092 +2+ TGy 45 a chain of long
u~1 Go which tthe induetion hypothesis applies, hence ¢ 1s indussd
by @ chavacter § of dogres 1 of a subgroup § of O, which conbains
Choye Lot g = F (B), ¢ the chavacter ¢ op of g. Yo assert thak
X 18 induced by tho harvasor ¢ of §. We noto Yhat ¢ is of degreo X,
that g conbains the kernal «fpo and aleo g containg H, Clearly
(e tg! = deg &. Hence G, = )% ﬁﬁjing m=deg 0), & dlajoint
wnton. iiﬁmm exiats dse @ m;eh that /9(&3} 9y (g j=<ul
and therefore 5* = pﬁﬁﬂi = UM B&sg 8lso a ddajednt wilon o
sﬁ;ﬂ g&gr ot mdl Lxpliss qjieg cj- For z&C,




Fla) = e ?{#Wfih waemoo for xe 0} olx) =Tp (x))

= iy Flog pladey™d) = Fy Fop Hama ) = 2, olagmay™),
It follows thet ¢ is induced by the charachor ¢ of g» Bub tho
chavackor o of Gy induces X and by tho trensitivity lew for such
polations, X 1o induced by ¢ waich eamplotes tho proof.
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%"‘ Lot X bo & finite norsal oxtension of sn algobvale mubor
£101d k. Iek Oy bo tho group of idele classes of K. Ug,, the
xbonsdon of Oy by the galois group, C{W/k), correspending
: canonloal cohomelogy ¢lase has beon exbensively atudled
by Woll, (6); and for fhet reasom the group has been veforred to
as the Well growp. Jf 4 15 a pwime of I, Xy, the dorrespefiding
pompletion of k, then we é;aﬁm,wm/g s (loeal Well é;zmph
to be the group oxtension of (FL,a > by 5(%,/15% } gorvesponding
to the local ocononical cohomology class. It is lmown that this
 group may be identified with a decamposiiion subgroup of Wy,
_ beroup which is wnlcue to within immer subomorphisms
of Wg,e This decompositlon subgroup L8 a extonsion of V
by Gy V bolng ono of the natural imeges in Oy of (Kky )" amd
Gy being the corresponding decompesition subgroup of G(E/k).
If%kiaamal%uaﬁﬁéigewﬁawm; N s ia
chavacbory H the inertial subgroup and t an olement in the Fro-
bondus ¢lass then wo define a local zmeba funsetion, Z(eyX,E/k),
by setbing! log mKE/A) = s o (n Wy™) ™Y 2lxi®) ax,
for BRo 5 » 0, wheve dx iz tho Haur neasure of H norualized so
that the nessure of H is 1+ As thoe Fyobonius class is a cosel
of B, the definition is indopondent of the shoige of &» Trivielly;
z{a,xw*x/kj = B8 X, K/%) Z{s, X%, E/k) Lot X be irreducible and
& unlbeyy mabteix vopresentation of %K_/k vwhose chapracber 1o

heorie du Corps do G}.&a&aﬂﬁ, Jda Hath.S0c.080
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X then as ¥ in camact; by suitablo cholce of p , fnix) dx %
is a' mabrins 21l of vhose clomenis are zere @mﬁ?fi for v degon=
al eloments which ave witys vhore r 1s the muber of tlmss the
$rivial peprosentetion of H oceurs in ho roubrichion of p to I,
Icwenn 2. (§1) shows that v 1s oithor 0 ov dog X» I the labtew,
then f is trivial on H and thewefore /(W) is an frreducible
. oyelic group of univary uabrlces, wheneo » = 1. As f-ﬁ_ X(=t™)dx
i 45 the trago of LA plx) dx, 4% Tollows thab for X irroducible,
the zetn funcblion is 1 unless X iz of degree 1 and twivial on I,
in vaich case 1 1s (1-X(t) ﬂg*ﬂ')“" for Re & > Os

If%*/klaam&%ilmat spehined
the local soba funetion H{ueX,E/ k) ds defined to be 1. In any
case the looal sbba Tunetion bas an obvicus snalytic contimmntion.

If Vs, 48 a global Uell gréup and X is a character then the
Viodl Iesorios 15 dofined to bel

Lig, XK/} = TT@ Zloaky 4Ty /%, }  forRo &> 1
mmﬁmmwmmwk,mx  being the
vontriction of X to tho lecal Weil growp, W i, * A8 % 48 e
vardont wnder ioner autemorphisms,the local geba fumetions which
apposy are well @;.maﬁ. It is voadily chown that for fixed |
the mapping, Ff = X «» L{s;xgn/k)a srnobora of Wy, into the
mlex plane has $he orilont

me/kl ?{xt;z/i:). |
{II) I¢ L &8 an intorucdiate £i0ld, ¢ & chavacter of Wy gy X,
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the infuced character of Wy, then _
Plos L) = FUX8/1) (Induecd gharactor property)

(mixfaaaamamﬂeak, kthaahamwefﬁmaw

°d by eenposing 0 with the tvancfor homomorphisn of Vg, inte
ping ento 6,.) then F(ﬁ;k/k} wF(x,m;},

{m If L is an intormediate £iold, normal over k; X a chapactop

of ﬂh/k’ 'bﬁ/k o L/ the homomorphiom of ’E‘Im onbo WI'-/k' dospribal

P{E /) = P{X o b/t o 1,085E)s

By means of tho firat thweo proporties andl an oxbonsion of
Brauerfe thoovem to charectors of the Woll group, Weil proved
that his I-serdes 15 a product of Hocko Lesordes and therefors
is a movomerphic function in 8. Dy oxbonding the Artin conductor
te gharactors of the Well grewp 1t will bo casy Lo oxtond the
funotional equation of the Artin Imsorfcs o & functional ocuntion
of the Well I~pories. A more diffioult problem is {hat of decoms
pordng the roob mumber appearing in this fuewbional equation into
oot mudbors depending upon the looal bohavior of the global chaye
actor. It will ho mm& this pyoblom mey bo voduced B4 the
| problem of exbandin poeifiod marmer fyy Tato's funotion
- on m;ua. mw“eam {vhich may be interproted with s £4xed
. as &fmﬁ&mm local charactors) te a fmation defined on the

charactors of local Uoil groupss




s

" Por atmplicity o ahall vefer to tho proportios I IV of
the previous section as tho Avtin eonditions, Wo are intorosted
inmappings Py 1 Xy - By (X, R o/fty ) of losal chavacters
(f.0. of charestors of loeal Wil groups) into the complox plans
vilch have the propervty that if ¥ i3 some fixed prime of seme
lower £iold kﬂr then the funstion on glebal charactors:

PX,K/k) = '[]' Foy Xy o8,y /2, ) (4)
satlsfion the Artin nmitiam (xq beling relatod to X as defined
in the provious ssction).

“his produst is not well dofined wnloss Fy Xy sKicy /e, ) bas
the property of being independent of the alwiaa of replica of

ﬁﬁkg /k} as docomposition subgroup of y in gﬁ/k‘ Intorproting

the Artin conditions as condltlons on o mapping P of local
ehavacters into the eouplex plane,(with G weplaced by k* ) we
are thus lod to the following (locel) condition which is cerbainly
satigfied if P(XN,E/k) is defined by intrinsic propertiocs,

(V) K,12' fsomopphic normal extentlons of a looal number ficld k,

o an isomorphisn of K onto XY leaving each oleuent of k £ixed,
then cortainly ¢ may be midemﬁ ag an isounorphism of WK/R with

" ; v
HK*/B: if X' i3 a chavacter of /i then the condition is that

PIXYL,RVE) = BX* o 0, B/,
Ve assort that tho looal Awbin condisions I~V fer tho logal
functions Fy Imply that the global funstion ¥, defined by formils {A)




g ﬁgy %ﬁ
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e,
- s

sabisfies the glebal Arbin condivdlons I - IV. Except Loy the in«
duoed charucber property the proof ig fmmedlate. The pyood of

the asgsertion then folleows froam the following lemus.

Lo &k an 2lgebrale muphor fleld, £ o norusl oxtension of finite
degrve, L an interuwediate £icld, ¢ a charactor of U, ps X the
induced chavaster of Vg, ¥ 2 primo of I, Maseves the ozben-
aions of 4 to L and ;Pi an exbenalon of 4, Lo E. Let u‘i}
decamposition subgroup of W, ot 7 and then ﬁéﬁ =ty wﬁ

1z a decomposition subproup of P g o Vg ppe Lot by, 0.5, be rop-
vegentatives iIn W, of elowonts of G(X/k) whlch pemmbe the
primes Frs.ees Fyp transitively. Let 9y be tho m&wmﬁian of ¢
'”-_5‘} and X, the sharactor of ng,& Induced by ¢4« Then

& ujﬂlaw( w (L5 1<2), and for we u}%hm Xlw) =

e %y (bgweh).

T Let U be the galeds group of I/L, then G = G{E/it) =

b Uty g s 7, = 7y = iy ),

and (%33) 350, capmy aTe mpmsmtatiwﬂ r.:»f the wight cosots of the
decomposition subgroup of ?i in U in the decomposibion sub~

- group of ?.1 in G. The '&3_ are chosen 0 ag te 1ile in the ¢lass
wodtle Cp corresponding to by, Plok (ﬁiaj.if—'l R sueh that

m
iﬁ ﬁf and sueh that z By soryepponds to the class of 84 4 Hodu~

-' %/ = Uil“%. %ﬁ/ﬁaﬁdﬁi‘ whence f'or we ﬁg/k
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o) = F 8 Rlay ghywbis]]) s But for wye i),
Zylwg) = a’“i?ﬁ,l '?i{ﬁijﬁi@% ) while for &sﬁéﬁg

ﬁi%i égéij whence Eﬁiti%§$} = 3?%1%{52 jﬁiﬂi};&#;%}
which proves the lemsa.

fh. he Punctional Bguatien
£ 8 is an ivredueible chavacier of O, then the Well 5-
serles, Lis,0,z/k) coincides with Hsekeh and 1¢s funciSpal s ua-
tlon way bu exprpossged g :
Ly 0,10/ 1 10 m B, 1 /e ) A 8,0, /)8, )/ k) =
Jgiﬂasﬁg L/E)0{ e, 0, /a1, 0, k),
where £10,k/k) = gonduetor of O
e, /0 s & yninpduler donmples mumbor
ﬁsé"ﬂgﬁﬁgk/ k«} = (% %/Qﬁ (8,3/5) }3/2 > Q@ = field of rational:
n = gheolube degree of X nuipeps
&, = shaclute disordminant of k _
OAneke/ic) = T,y Tloa®y shey ey )
By = vestrietion of @ 4o the matural fmage of ky in G

m?imag sy ey ) = Tllorby J2) 7782 4r yroal, and 0. (x) =(x*¥y
= T(uhaty )2} T “8/2 18 yvesl, and 0, (x) =
m*¥ (atgn )
= 178 T{{aHdt, + oy J/2) TI0arety +la,) )/2);

4 rggmﬁmma (ved®) = 320ty A28, @
{ :}» 5 /3 WMer}é




Peém Wollts extonsdon of Drauer's thoowon to charagters of
Vell grows 4t follows that the functionsl equation of the Veil
L sores, Lis,X,5/k), X o charactor of the global Well group Uy , 48
L, X5/} C{8,X,K/k)a08, GE/0)0{X,K/K) =

118 Re /i) C{L-8, T B/ A 1wy B, /1)

whors W(KX/k) is a uniuoduley couplex mumber, ppavided
may define Uls,E/k), and Als, XK/} as functions on sharacbors
of Vieil groups shich mabisfy tho Aptin condiblons and in sddition 5
aogune the form indicabod abeve In tho special case when {fé; grkmﬁ "
{It is already knmown that L(e;X,K/k) has this property). We con~
alder the gama function fasbors and the term involving the con-

The gondustor of a chavacter of a local %oil group has
alvendy been defineds Tho 4 inowbial eubgroup of Wy, is a growp
oxbension of the wiits of (K Iy ¥ by thw tnertial subproup of

ilows that X fs Just X(1) en
W s o now define the conduebor

of Xbtobo o
£{E,E/k) = TF3 £(X,, 51, /i;?:z ), thb produst belng veken

over sll disoretc primes of I, Ln belng the restriction of X two
the logal Well cwoup Nﬁkg/kq e ﬂz‘;j ,m;q/k# 1 boing the conw




A

gl 3"& as dofined in Chapter
am 1 for & _..I;_.ﬁ o wokenrs sk Bugncon Sbn ok sandakae bi
defingd by intrinsic proporbles. Deviabing slightly fros

wo now sebl Aring

Als, R, KR} = f%ﬁl}mk b (%, 1/k) y8/2

riainly khis assumes the desired fovm vhen K= ky dog X = 1.
20 varﬁ.fy conditions I-IV; it is efmagh o congplder the exproge

wheoro Aexg- ;I'ikg/kg § dkjg {1) %%/%f(x% ‘% ) 4 agg, bow
ing tho diseriminant of k:,,&_- As this funetion on leoal chavecters
hex Doens shovm to aeblaly the loeal Artin comditions, it followa
preperéics.

thab «ﬁ‘&iﬁaﬁ/ %k} has the desived global

L the fmﬁmwﬂ’ s

O Wﬁ/ﬁ* {a the field of veal mubors and ﬁ tshﬂ
mubors }n If X %8 an lyveducible sharagtor &

Em X 48 ap m’b off &agma 1—3’ ¥ X fs liveoa
thon it is trivial on the commbator subgroup and thevefove vay
be obtalned by transfor from o lnear character of RY , I X is
of dogroe 2 then (Lommm 4, sz.; 1 is snduced by a: lincar shar-

e
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actoryb, of ¢ which is nob inverian _
(136)00f 6/R ond thorefore the vosirietion of X bo ¢¥ 1a

@+ 6Y% Heneo 69 also Indueon X bub no other chorastor of GF
has this property. It follows that if X 25 linear then wo ey
dofine Y{8;X,0/R) = Y{o;8,8/R); vheve & 45 the chavactor af B*
fyom ﬁaieh X is obbained by transfors whilo 1€ X ls irwodueible
of degres 2 wo defime V{s:%,0/MR) = W8,6,0/6); vheve & 1o &
chavsebor of o stah 1nduces Xs In thds sepond cane;

Y (85850/0) = V{0g6%0/C) and thovefore in axy sess ¥{s,X,6/R)
is woll defined 4F X ig ivredugible and this defimdblon may bo
stonded bo vedusible cheracters in the manmer suggested by

condition I, It is Lmmediate that only conditiom I, the indused
ractor velation, roquives vorification. Fer this it in

onough to 1ot & bo a lincar chavaster of ¢’ which $5 invardant
wider o« Wo may sob 0l od8) = p2iv, v veel. Then X, the chave |
am@-manmw@mwmammwmmmm |
Xy + %Xy X4 1o obtained by trensfor fram the chavaster; ey

o & (§ = ;,g}, ¢y being the charasher =x =l h’x 8y belng
the shareoter x = IxI*¥(sign x), whance by defimition |

Ti8s2a0/R) = Wog%paO/R) VloyXns/R) = 772 T((atdv)/2) T((1raviv)/2)

Wﬁh in fiﬂﬁﬁ;ﬁ/ﬂh It follows thak the function ¥ on charace =
chimedoan local Woll groups sabisiy the desived

il il therefore the funstion X = O{e,X,5/1) =

7]‘? I a’{as;xg By ey ) satiscics the global Arbin cenditions.
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Mﬁ ﬁm&.&ma Bhe demonstration of the mtim.al aqaatign
of the Wetl L gerios. I Por the probles of giving a la&al dogonpos
ﬁimen of the voob mwbes:* apfpewi.% in this mﬁien, wo congidoy
the Woll L-sopics as a funetien defined on the aimmatwa of ¥ K/k
and powrdte the ﬁmﬁimn&l equation of the Heoke L*ﬂaz*i@ﬂ in
tarms of the coefflclonts uppesring in the funchienal equabtions
o tha looal sobn funetions studied "':by Tata,

§'JI LY is a charecter of o logal Weldl group, iifE/E,g- let
a8y % B/P) = G{len,T,B/F)/2{8,%,5/F), a retio between logel zeta
functiona of the ¥type discussed in §2. o

If k ia a global number field and @ za a4 cherneler of Gy
then Tatels formdation of the funetlonal. eouation of the Heeko
I-gepdos; L{s,0,k/k) nay be written
L(2em,8, ke /i) = Llw0pk/) T [Alss0y sy fiy ) BHa,0y ,k,/xg, 1
vhore the produet 1a over all priues of kand M(s;0y iy /ey )

i

is used o denote ﬂ% w,H }; Lo h6 fastor mesoclated by Tabe

with e quast eharastor & = %% 0, (x) of ko (the veluabien, | L,
being bho nowmaliged valuvation)s Iﬁ ghould be mﬁed #at the in-
Pindts product eppesrdng in this functional equation samges no

¢ all fs tha boym in the brasleks iy |

ﬁ'ﬁﬁgﬂfg gkg/ké& 3 an chavactors of tho Mﬁiﬁl&%‘h&w Zroups o
logal fields to m funoctlen Plagkag ;%g/kg } on chaveebors of
losal Well groups sueh thab conditions -V hold. As m looe

e N L
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Hsll zeta funclions have these properbles, 1t would follow thab
the funetional equation of tho Well Legovies could be wribtben
£61-8,%,5/k) = Loy 5/0) T fPlea Xy oMy fly 154 oy Koy oy sy J]

o daﬁqmma,mim ;!m:'a«,- legal faetors of the global factor which
appears in the functional oquabien. (From the stumiler chservation
for the Hocke ILemorics,it would follow that almost all the
brackebs appearing in the lust eousbion are 1). From dhis
&wmam%tim and the faﬁfs that the @epression,

, 4lso has a valawal deceupesibion

é{zi.r-a;?%!i/k) A 1*33 _x/m
into locwl factors, 1% webld follow thst the root mumbor may bo
devomposed inte purely local factors.

Thans 1t 13 possible bo mbate conditlons of a local nabure
shisgh ingsure the existance of a desompositlon of tho voot nusbews
tiothing has boon sald consernirg the noocsslty of those condi-
tlong,. Gorbainly conditien IV is nob NOCHHINYT «

Actually, 1t 4s j)#ﬂﬁiblﬂ to exbond the Tate factors 3.33, puch &
manney that conditions I,IL,1IT hold asy e falzm slsple
mﬁw exguple shows ) ;

Let K bo an sbolisn extension of a losal muwber £16ld iy & an
axbitrery ehavacter of Wrlot @ = & o Ny, a chavacter of X* and
1ot X bo the cheractor of U, indused by ¢+ I the oxtension
oxiots, thon by eondition I wo nust bave |

PLBER/) = o (8,9,5/8) = el ’@.a—- | I being ﬂWﬁﬁé
valuatien of K. Dut as shown in chapber I, X is obbatned! by Trasfor




 from the chavackor, Fguyb Vjs of i) Ty, tess Ty bolng the grouwp
of charackers of k¥ trivial on the nowym group. It follows by con-
ditions I pnd III that '
xR/ = TP 5 v le/i) = TR (611%,1/)
plesXB/t) = T Jﬂ_p(ma *rj;z:/k? =T gy 812/

e iﬁm hove a mﬁr&dﬁ.&ﬁm as the ratie betwoen theme two ex~
prossions for Ple,Xl/k) 18 Xl i/k)s uhore wel 1s tho exponeut
of the conductoy of @

Homover we do know b ( Kém;%l}a‘ = 1 and thus wo are led

-Ehle ﬂmdwﬁum congorning the chavacters of lecal Vell groups
has been vorified enly in the coyelic cane; il.9. only mr chage
aetors of loeal groups W % /1 where K is & cyelie oxbension of k.
Thds will be proven gubsequently. Froa '&iﬁa it follows that if
E’K/x is a global Well group and owiwy docomponit gubgron
of G{E/k) is eyclic and 1€ X is o chavaster of %*JE /i then the fouwrth
power of the root muaber W(X,E/k) has & canonical loeal degompo-
sibion. We may alse eonclude that if k is an algebralc numbor
ﬁaw., L & povael exbongion of k guch that every decomposition
subgroup of tho galole [ group G(L/k) is eyclle and 1€ X is an
mum axtenslon of L noymad ovor k and X o characker of G(E/k)
thoun the fourth power of the roeb muwber appeaving in the
- Punptional squatlon of the Apdin Lesories, &Ca,ﬁ,x/k), hag &




canondeal decompoplilion into locsl fachors.

In the abelien leeal exsuple gibed cbove we note that for the
chargeter X appearing there; we ¢ould haye used property III teo
dofine ple;%, /). It then follouws bhab X(mE/z) 18 e "meagure™
of the exbent to whieh this P (8,35K/&) falls bo have the in-
duced gharscter property. As the plobal »sot mmbers do have the
induced charaeter property we may oxpect some kind of product
formila involving  these local "error" temme X(mEA). An ex-
anple of such & product forsmila shall mow be given?

ST Lot k bo on algebrale maber £iold, X an ebelian oxbenslan
field, éﬂﬁmﬁﬁﬁt@!‘&f%&mﬁﬂ?m eharactor & ﬁﬁx/kﬁf ’GEQ
Iy is 8 pring of It then thors oxists an ..ntag;@z' Mo sugh thab
991%% iz the cenductor of q? for oach prima » of K whioh
oxbends ¥ + Iet By ba mwwyﬁmaafﬁﬁﬂahmﬁmg .

7
taon Tyay o5 5 /iy %=1
the product belng taken over gll valuetions of k.

Lot X be the haracter of Uy, induced by g, Let G =
Tqreses T_— be MW chargetors of €, whilch ere trivial
an ¥ 1. Ope Prooisely as in the lwa;i. case (of chopber I),
X = Fale ) o Mﬁg 0

and therefore, wsing a slightly simpler ‘motation Yor Heeko L-gopdé

Lizwag%E} = 77?,,1 [ Inflgﬂﬁa-.ﬁﬁkﬂ
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From tho funcbional equation of ihe lecke Lesories, 1t fellous

only renaing bo show that the tewm{ | 1s [klm, ,Ro, ey )™ |
It follows {vom the isemovphism hetween completions of K ab
priues which oxbend o that the dencuinater is

[P8s0y 355 154800 45 )] ®#  vitowo % now denotos a fixed
extonsion of 4. Lot L be the decomposition subfield of K at " »
and let I be the proup of chavacters of G which ave triviel on
My, 01 Avvanging G in cosets of Hy 16t Ty, eees Ty n, Do vopro-
sentabives of the distinet cosebe. 7 The reatriotion of each
clement of I %o I’aii 18 tvivial, whonee the {| may bo wribben

( 1 [Ploato TJLJ rley 348y (0 7y)y oy ﬂ]

Plesgp B )3 ssg, axga }

Letting Kg be thoe chapracter of the losel Well group, Uy, /3§ &
_ -_aahy% @fK? and noting that “T,jja}jwa is 6&1&@@1@
vactors of l, which are trivial on I e Ky , 4t follows

y Mta 7:3) o w and that

#*
ey 1, |
T Jeaaa (0 )y gk ) 45 Just the local seta funstion,

zta;x ;E?/k,é ). Aa these sota fmeblons savlafy the loeal
wed shavastor condition, 1t follows that the {| 4s




péaj?? ;K? )

The quegbion of whothey a produch formula of thﬁ-ﬂ type
exists for goneral normel sxbonsions which are logaily abelian

§6 The Pertlel Extension of Tabe's Funotien
If & iz a2 leecal muabey fleld; K a nowvmal oxbtension, then ko
local Woll group:l , has abelian imvaviant o ; p k¥ of
finite index. The factor group Uy, /X* is isomovphie to the galels
group ﬁi%l whdch is always solvable. As izzdiﬁaimﬁ “above, this
18 not encugh bo satiefy ihe conditions of lemma 7 (§1). If G(X/k)
48 "mw—seivabm* ise » has & prinel series whoso priie
Lastor grevps ave syelis ond Af X 1s an Hhwduidbis charaster of
rovp bhen m exists a character ¢ of degroe 1 of 8
Leh containg £ such th&t ¢ induces X: Unforbunately
i mm; is0» Ghere may ox~

ﬁaaﬁ ﬁhﬁi‘e : s no Limer

ubicsorphl _ g‘ and relates ¢ with ¢f,

This mmy ocour pven 1e G(E/ic) 1e abelien. It is only when &Emﬂ

is cyelie that & i detomined uniquely by X (of Leumas and €

- and the detormination i.n that ense follows, from the fﬁﬁ#
: if a group | - i




oup 1s abelian,

The problen of exbending Tate's functlon to charastors of
may now bo consideveds This fanetion is defined
adusiblie chavucters of Well kalﬁi =% Ju
If X 18 a inoar ehavestor of W, then X is tvdvial on the -
gclosuze of the commbator subgroup and thevefere thore oxisbs
a watque lincer charecter 0 (of degree 1) of k' sueh that
Xa8o Mﬁm/&* z¥s It 1 then naturel to defing f(e.%E/k) =

/° (a;%k/&h for chavacters X of degrse L, and this definibipn
wmaxﬁmﬁa&mam&wﬂwm ﬁm&a@w& afﬁa/k%iﬁhm
swas of such eharactorgsIf X i3 an MaMh Wﬁw of %?m
ond G{E/z) 1s "super~solvablo® thon there esz%aﬁﬂ a mibgroup
By y, conbairdng B¥ with charactor ¢ of degroo 1 vnich induses X

o {829, 8/L) uping elveady dofined wel to ot

P (8,7%E/1) oqual to it (that is to use the Indueed Chavecter
properby to defino the oxterded. Tate coefficient of X) bub ¢ and
L, ave not undouely dstermined by X and therefore tids weuld not
in genoral be e canonical dofinition of tho extonded Tabte ool
flotent of X. Indeod even 1f E/x :ta abelian, ﬂtm&;%)
actually not be wniquely deterul: od by X (howevor theve m good
reasong im believe shat the fourth pover of fl8g,5/5) 48 mi

slned for X/ik abolian sbhopmore if %&E/k} iﬁ @éid

ﬁtmusgm the square of p(n,&»,%} is probobly wniouely ¢
‘mined by X). I however G{1/4) 1s gyelic then {Iamé; ﬁ.} %/&
iz undquely detexmined by X aud ¢ 1s wnlque o within lmser autor




wpadeng of Vg, The voapinder of this disoussion 48 zfaatﬁa%ﬁé
fo thoe eyelic capo.

:if X is an ixvodusiblo character of Vi then thore oxists a
unique pubgroup ﬁfg/h aontaining 4 fer which there oxlste &
1inenr characher which inducos X: If ¢ ond ¢! ave chavocters of
E’E sy, Fdeh induce X then by leowmme 6 tham oxigty xe “?!K/Is: sugh that
9! = ¢%. Lot 0 bo the unique chavactor of L¥ sueh that
9 =00 Wy it A8 Vg g/ = L/ wo may Ldentity the class

of % modulo Uy, with Lts nabural image o In G(L/%). It thon follews

that qoﬂ = g% o Mﬁg/z;‘*"ﬁ*‘ i boing the character, w = 8{olw)),

of L™, A8 ¢ eortainly loaves tho olements of the elosuro, R, of Q

in k £ixed; it follows from the dofindlion of the Tube coefficlents

that A{s,0,L/L) = P{s,0%1L/1L), whenee by the previous definie

tions (for linear chavactors of Well groups) Almg.E/L) =

/P (@s9*sE/L) and thowefore A (s,%,E/kt) may be yell defined by
sobting 1t equel to /(ssg.E/L).
Having exbended the definition o irmvedusible schavaoters of

the loeal VUell groups the sbtabeusnt of proporty I ie used deo

dofing {8, %,5/k) for redueible charackers of iy pe :
and ¥V ﬁh@ﬁ held triviallyy 4% *mly romaing to verify pruperties

Ii'x;;:i;xg IV, Preporty s III ¢an ¢ause no GAffionlty, for If 0 48 &

chavacter of X* and X = 0 o "”ﬁg/ gﬂ then © i the sws of ehawe
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Fop praperbty IV, we may agewse ¢ en lrrodueible @mﬁw? of Wy@
£ the chavaster ¢ o T fie o> Tk of Uy/y.» Uhen there oxlsbs a uniqo

subgroup “L/it of ¥y, (LO%Yok) with linsey chavacter

mﬂﬁ ¢+ The kernal of téﬁ/j{ wly/ 1t being the élosvre. of the _

costaubator subgroup of t‘a’E /g,:i-ﬁ followa thab EE /k:* & tg /K 5 /*53_;;’1-«?#

mypumient sindler be thet of the proof of Lewma 7 €313 that X
hieed by of. ﬁﬁei&iﬁn@wmmt& 6, a chavactor of

3t mahth;aiz-gmﬂawﬁywwag vhence dt = 8 ¢ ¥ W i B

. Ag £ is lrveducible, the property follews frem the definitions,

Ploafel/i) = plagat,B/k) = f(8,0,k1/k1) = plaeL/t) =
/’(%&'ﬁ%ﬁ/ﬁf) ;
Thus the definltion of ihe extonsion of the Tate fimﬁti@n
o chavactors of Wy s has beon fommlated in sugh & uenney ihat
 the eondltlons I, 11,1V, and ¥V are satiofied aluost trivially.
_w{sifm II gamnot be expected to be satlsfied ag tha
$1llustration shows - bhat eyelie counter mma oxiobe The fiodl

Y ¥ PBeXaB/iz} 8 plosgsR/L) mod ¥
dhore V= group of tho Fourth roolg of 1 if (~1,K/k) = =3
" | group of aquare roots of 1 4F (»1,8/k) = 1.




T ¢ rmer TN S

ing proporty I, iffey bo asswmd thob ¢ is frvedusible

“hon therg mzs & aubgroun WK/F of Wy /5, for which thore existe
Linos eharastor ¢ which fnduces X, Furthemmore there eaim
0, & shavector of F¥ such that o =6 o Vﬁm o gt Dot XT o

-‘ ] & of
aod ‘hsy' O« Am WEJF 2 ti&?‘k e F/k&?*h
of Tamman 7

Slasoaior o By fk

As &ézgﬁf/k) = 1 fmplies (=1,F/k) = 1, ib is enough to show that
12 8 13 & shavactar of K* of dogres 1 and X is the induced oha-
astar of Wy, then P8,0,5/E) & pleyXk/ilnod Y.
Lot GE/L) be the subgroup of G{EK/k) whose eloments loave &
fixod. Let ¢ be the charachor of Wy Induced by 8. Leb o b a
ela syeite group GUY/E), 873 = 1 implies thab &
08 s o = 2+ S

Tqavses Ty avo ﬁw ehaveastors of L t¥ivial on wag Por sl
‘pMetty, lot qg - ms)ﬁ Yy, by > K B o = B oq

= ¥{wE/L)




o 5%, W W e 5. 70 43 Dviveed by enavestor of
U g, ©F d&yﬁ& one, whence X¥(1) = deg L/k = Kjilh Henee X is
the sum of » rreducible churactors of degroe’ %3{1) and thores
fove Ey+.. 34 3o the decoposivlen ef X into Arrodusible chops
seters. Hence by definition, P {@X,E/k) = J[% jel Ms,ag,m:l
Wanlﬁgﬁs?ﬁﬁ/ﬁi = pla,0,E/L). As K{mX/L)eY , tho assortion
is proven.

§'7. Refowmilation of the problem

The basic approach to the probl pteraining e cancnical
factorization of the woot mubeys of charachors of Well groups '
bas baen to atart with Tato's canenical Sastorlzabion (§¥) of the
rabio ﬁ‘ﬂagak/k}/fﬁgﬁaﬁak/k} betwoon assopiated Hooko Legerdes
and bo atbapt to estend those loeal fackors 6o a mmm
Sharagtors of local Wetl groups uhieh Bgtlsfy the local Avbln
conitbdonss (Tt ahowld be noted Hash for ivax 8, o avacter of G
almost all of the local factors ave trivial). Id has boen m

at this factorfzabion cannot load in this way bo Hae Sl

 tdon of the problem. Tals suggests the m::t:ima {1} Does




po— TG PR B

m w-aﬁiwz |
sbors of lowal ﬁ%ﬁ&ﬂ with the p&:‘ﬂ?&%ﬁg ghat If 0 1s & ol

astey of G then
(a) (0, ) = 1 for aluost all priucs of ks
(bl Eﬁ(ﬁ 4 } = 1, (4he product being over sll priues of wi
(if o 1o a fixed vationsl mwiber Hhen the fwietlon 0, - Qﬁa (=)
has thls properby).
{3) Does thewe exist a Himebien T, pablofying m&imﬂm :mﬁﬁz
n 8, = Jﬁg } /’kiég ) ean be exbended to a

"é

Apbin ﬁmﬁm? (This 15 equivelent Ho question (1).)
The repults of §8 show that 1f 7 satisfles the conditions of

{2} thon it wust sobisfy the condition:

mﬁ/kis&lem abelian extension, *’aebnraatwarxz*
- d by componlvion with Vg, fren a chavsetor of k7 then in
the mum of chapber 1IT,

1% KR/} T B(m))/2(X), the produst being balen ow
mmﬁm/xaﬁk* fﬁ&‘mk“/ﬂ Eg/kmmzwig

Those w&ﬁmw provide & weans of é&amamg of mﬁmx
igularly if the answor o question (3) is negative).
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