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ABSTRACT. We construct certain subgroups of hyperbolic triangle groups which we call
“congruence” subgroups. These groups include the classical congruence subgroups of SLa(Z),
Hecke triangle groups, and 19 families of Shimura curves associated to arithmetic triangle
groups. We determine the field of moduli of the curves associated to these groups and
thereby realize the Galois groups PSLy(F,) and PGLy(F,) regularly in many cases over
explicitly given abelian number fields.

The rich arithmetic and geometric theory of classical modular curves, quotients of the
upper half-plane by subgroups of SLy(Z) defined by congruence conditions, has fascinated
mathematicians since at least the nineteenth century. One can see these curves as special
cases of several distinguished classes of curves. Fricke and Klein [12] investigated curves
arising from subgroups which we now recognize among the class of arithmetic Fuchsian
groups. Later, Hecke [15] investigated his triangle groups, generalizing the presentation
of SLy(Z) as the free product of the groups Z/27 and Z/3Z. In the 1960s, Atkin and
Swinnerton-Dyer [1] pioneered the study of noncongruence subgroups of SLy(Z). In this
paper, we pursue a different direction and introduce a class of curves arising from certain
subgroups of hyperbolic triangle groups; these curves share many appealing properties in
common with classical modular curves despite the fact that their uniformizing Fuchsian
groups are in general not arithmetic groups.

To motivate the definition of this class of curves, we consider again the classical modular
curves. Let p > 3 be prime and let I'(p) C PSLy(Z) = I'(1) be the subgroup of matrices
congruent to the identity modulo p. Then I'(p) acts on the completed upper half-plane
$*, and the quotient X (p) = I'(p)\H* is a modular curve which parametrizes (generalized)
elliptic curves with full level p-structure. The subgroup G = I'(1)/I'(p) C Aut(X(p)) satisfies
G = PSLy(F,) and the natural map j : X(p) — X(p)/G = P{ is a Galois cover ramified at
the points {0, 1728, c0}.

In this paper, we will be interested in the class of (algebraic) curves X over C with the
property that there exists a subgroup G' C Aut(X) with G = PSLy(F,) or G = PGLy(F,)
(for some prime power ¢) and the map X — X/G = P! is a Galois cover ramified at three
points.

This class of curves is indeed an appealing class to study. On the one hand, Belyi [2, 3]
proved that a curve X over C admits a map X — P{ ramified at three points, known as
a Belyi map, if and only if X can be defined over the algebraic closure Q of Q. On the
other hand, there are only finitely many curves X (up to isomorphism) of any genus g > 2
which admit a Galois Belyl map (Remark 2.3). We call a Galois Belyi map f : X — P!
with Galois group G a (G-)Wolfart map and a curve which admits a G-Wolfart map a (G-
)Wolfart curve, after Wolfart [50]. These curves are called curves with many automorphisms
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by Wolfart because they are also characterized as being the locus on the moduli space
M, (C) of curves of genus g at which the function [C] — # Aut(C) attains a strict local
maximum. For example, the Hurwitz curves, those curves X with maximal automorphism
group # Aut(X) = 84(g — 1) for their genus g, are Wolfart curves, as are the Fermat curves
"+ y" = 2" for n > 3. These curves are also called quasiplatonic surfaces [13] owing to
their connection with the Platonic solids, given by the spherical triangle groups. (See below
for other equivalent characterizations of Wolfart curves.)

Our main goal is to investigate the basic arithmetic of Wolfart curves. For a curve X
defined over C, the field of moduli of X is the fixed field of the group {o € Aut(X) : X7 =
X}, where X7 is the base change of X by the automorphism ¢ € Aut(X). If F' is a field of
definition for X then clearly F' contains the field of moduli of X. If X has a minimal field of
definition F' then F' is necessarily equal to the field of moduli. In fact, a Wolfart curve can
be defined over its field of moduli (Lemma 3.3).

However, in the presence of automorphisms, even if a curve X can be defined over its field
of moduli this model need not be unique. We consider therefore also the field of moduli of the
pair (X, Aut(X)). We observe (Remark 3.7) that for any number field K there is a Wolfart
curve such that the field of moduli of (X, Aut(X)) contains K. At the same time, we will
show that the distinguished class of G-Wolfart curves with G = PSLy(F,) or G = PGLy(F,)
considered herein have fields of definition which can be explicitly characterized. (See also
work of Streit and Wolfart [39] who considers G = Z/pZ x Z/qZ.)

To state our first result we use the following notation. For an integer s € Z.q, write
(s = exp(2mi/s) and Ay = (5 + 1/(; = 2cos(2m/s). Let Ex(a,b,c) (resp. E¢(a,b,c)) be the
compositum of fields Q(As) (resp. Q((s)) for s € {a,b,c} with p ¥ s. Let E(a,b,c;p) =
E(a, b, c){Frobe),

Theorem A. Let X be a curve of genus g > 2 and let f : X — P! be a G-Wolfart
map with ramification indices (a,b,c) with a,b,c € Zsy. Let r be the order of Frob, in
Gal(E(2a,2b,2¢)/Q), and let K be the minimal field of definition of (X, Aut(X)).
(a) Suppose that G = PSLy(F,). Then g = p". The field of moduli of X is Ex(a,b,c;p).
If p is odd then K contains E\(a,b,c) with [K : E(a,b,c)] = 2, and if p = 2 then
K = E\(a,b,c).
(b) Suppose that G = PGLy(FF,). Then q = +/p", the field of moduli of X is E¢(a,b,c;p),
and K = E¢(a,b,c).

The statements ¢ = p" and ¢ = /p", accordingly, can be extracted from work of Langer
and Rosenberg [20]; we give a similar but slightly more streamlined proof. Theorem A also
generalizes work of Schmidt and Smith [32, Section 3] in the case of Hecke triangle groups
where (a,b,c) = (2,n,00) for n > 5, and Streit [37] who covers Hurwitz groups, those with
(a,b,¢) = (2,3,7).

To prove Theorem A, we use a variant of the rigidity and rationality results which arise in
the study of the inverse Galois problem [24, 49] and apply them to the groups PSLy(F,) and
PGLy(F,). We use the classification of subgroups of PSLy(F,) generated by two elements
provided by Macbeath [22].

In light of Theorem A, a result which follows mainly from group theory, we then consider a
method for constructing such Wolfart maps which arises from arithmetic geometry. Wolfart
curves of genus g > 2 admit a further description as compact Riemann surfaces of the
form I'\$, where I' is a torsion-free finite-index normal subgroup of a hyperbolic triangle
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group A(a, b, c) with a,b, c € Z>y (see Section 1 for definitions and Proposition 2.4 for this
equivalence).
Let a,b, ¢ € Zss U {00} satisfy a < b < ¢. The triple (a, b, ¢) is hyperbolic if
L
a b ¢
A triple is maximal if it is not of the form

(a,a,c),(a,b,b),(2,b,2b), or (3,b,3b).
Let
F(z) = F(2)(Cl, b, C) = Q(Aaa )‘b> )\ca )\Qa)\Qb)Qc)-

by convention we let (. = 1 and A, = 2. By a prime of a number field F' we mean a nonzero
prime ideal of the ring of integers of F'. For a prime p of F', let F, denote its residue class

field.

Theorem B. Let (a,b,c) be a hyperbolic triple with a,b, ¢ € Z>oU{o0}. Suppose that (a, b, c)
1s mazximal and that either
lem(a, b)
ged(a, b)
Let B be a prime of F®(a,b,c) with p { 2abe, let p be the prime of F® below p, and let p
be the rational prime below p.
Then there is a G-Wolfart map

fc or ctlem(a,b).

X(a,b,c;p) — P

with ramification indices (a,b,c) or (a,b,p) according as ¢ € Z or ¢ = 0o, where

_ JPSLy(Fy), if Fyp =TFy;
| PGLy(F,), if [Fy: Ty = 2.

The curve X (a,b,c;p) is unique up to (nonunique) isomorphism.

This Theorem generalizes work of Lang, Lim, and Tan [19] who treat the case of Hecke
triangle groups (a, b, c) = (2, q,00) using an explicit presentation of the group. (But see also
Example 9.3.) To prove Theorem B, we use a modular embedding of the triangle group
A(a, b, c) into an arithmetic group, following Takeuchi [45], later developed by Cohen and
Wolfart [6].

When oo € {a,b,c}, Darmon [8] has constructed a family of so-called hypergeometric
abelian varieties associated to the triangle group A(a, b, ¢) with consequences for generalized
Fermat equations. The construction of the covers above we believe will likewise have similarly
important arithmetic applications. See also work of Tyszkowska [47], who studies the fixed
points of a particular symmetry of PSLy(FF,)-Wolfart curves.

A Fuchsian group is arithmetic if it is commensurable with the group of units of reduced
norm 1 of a maximal order in a quaternion algebra defined over a totally real field which is
split at a unique real place. A deep theorem of Margulis [25] states that a Fuchsian group
is arithmetic if and only if it is of infinite index in its commensurator group. Only finitely
many of the groups A(a,b,c) are arithmetic by work of Takeuchi [45]. In these cases, the
curves X (a,b,c;p) are Shimura curves (arising from congruence subgroups) and a canonical
model was given by Shimura [40] and Deligne [10]. Indeed, the curves X(2,3,00;p) are
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the classical modular curves X (p) and the Wolfart map X (p) — P! is associated to the
congruence subgroup I'(p) C PSLy(Z). Several other arithmetic families of Wolfart curves
have seen more detailed study, most notably the family X (2,3, 7;p) of Hurwitz curves. Aside
from these finitely many cases, the groups A(a, b, ¢; p) are not arithmetic; nevertheless, based
upon the theorems above we believe that these curves carry a rich geometry which is worthy
of study.

The construction of these curves has several interesting applications. Combining Theorems
A and B we see that the cover X (a, b, ¢; p) — P! realizes either PSLy(F,) or SLy(F,,) regularly
over the field F'(a,b,c;p). Moreover, by considering the curves corresponding to the sub-
groups of upper-triangular matrices modulo p, one obtains covers Xy(a,b, c;p) — X(a,b,c)
which can be used in the arithmetic study generalized Fermat equations.

The paper is organized as follows. In Sections 1 and 2, we introduce the triangle groups
A(a,b,c), Belyl maps, and Wolfart curves. In Section 3 we briefly review the basic theory
of fields of moduli. In Section 4, we investigate in detail a construction of Takeuchi, later
explored by Cohen and Wolfart, which realizes the curves associated to triangle groups as
subvarieties of quaternionic Shimura varieties, and we then define congruence subgroups of
triangle groups. We next introduce in Section 5 the theory of weak rigidity which provides the
statement of Galois descent we will employ; then in Sections 6 and 7 we review Macbeath’s
theory of subgroups of PSLy(F,) and thereby prove Theorem A. In Section 8, we prove
Theorem B. Finally, we conclude in Section 9 with some explicit examples and pose some
final questions.

1. TRIANGLE GROUPS

In this section, we review the basic theory of triangle groups. We refer to Magnus [23,
Chapter II] and Ratcliffe [28, §7.2] for further reading.

Let a,b,c € Zsy U {oo} satisfy a < b < ¢. We say that the triple (a,b, c) is spherical,
Fuclidean, or hyperbolic according as the quantity

1 1 1

|

a b ¢
is positive, zero, or negative. The spherical triples are (2,2, ¢) with ¢ € Z>s, (2,3,3), (2,3,4),
and (2,3,5). The Euclidean triples are (2,2,00), (2,4,4), (2,3,6), and (3,3,3). All other

triples are hyperbolic.

We associate to a triple (a,b,c) the (extended) triangle group A = A(a,b,c), the group
generated by elements —1,7,, Vs, 7. with —1 central in A subject to the relations (—1)* =1
and

(1.1) Yo =W =7 =YWl = —1;
by convention we let 7> = 1. We define the quotient
A = Aa,b,c) = Ala, b,c)/{£1}
and call A also a triangle group. We denote by 7 the image of v € A(a, b, c) in A(a, b, c).

Remark 1.2. Reordering generators permits our assumption that a < b < ¢ without loss of
generality. Indeed, the defining condition 7,7,7. = —1 is invariant under cyclic permutations
so A(a,b,c) = A(b,c,a) = A(c,a,b), and similarly the map which sends a generator to its
inverse gives an isomorphism A(a, b, c) = A(c, b, a).
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We analogously classify the groups A(a, b, ¢) by the triple (a, b, c).

Ezxample 1.3. The spherical triangle groups are all ﬁnite_ groups: indeed, WGE&VG A(2,2,c) =
Dy, (the dihedral group of order 2¢), A(2,3,3) = Ay, A(2,3,4) = Sy, and A(2,3,5) = S;.

Ezample 1.4. For a,b € Zs,, the group A(a,b,00) is the free product of the groups Z/aZ
and Z/bZ.

We have an exact sequence

1—>[A,A]—>Z—>Zab—>1,

and we see that A™ = A/[A, Al is isomorphic to the quotient of Z/aZ x Z/bZ by the cyclic
subgroup generated by (¢, ¢) when ¢ # oo. Thus, the group A is perfect (i.e. AP = {1}) if and

~Y

only if ¢ = 0o or a,b,c are relatively prime in pairs. We have [A(2,2,00),A(2,2,00)] = Z,
whereas for the other Euclidean triples we have [A, A] = Z2 [23, §I1.4]. In particular, the
Euclidean triangle groups are infinite and nonabelian, but solvable.

The triangle groups A(a, b, c) with (a, b, c) # (2,2, 00) have the following geometric inter-
pretation. Associated to A is a triangle T' with angles 7/a, 7/b, and 7/c on the Riemann
sphere, the Euclidean plane, or the hyperbolic plane, accordingly, where by convention we
let m/oo = 0. The group of isometries generated by reflections 7,, 7, 7. in the three sides
of the triangle T is a discrete group with T itself as a fundamental domain. The subgroup
of orientation-preserving isometries is generated by the elements v, = 7,7, 7% = 77, and
Ye = 7.7, and these elements generate a group isomorphic to A(a,b,c). A fundamental do-
main for A(a,b,c) is obtained by reflecting the triangle T in one of its sides. The sides of
this fundamental domain are identified by the elements ~,, v, and ., and consequently the
quotient space is a Riemann surface of genus zero. This surface is compact if and only if
¢ < 00.

Ezample 1.5. We have the isomorphism A(2, 3, 00) 2 SLy(Z) and consequently A(2, 3, 00) =2
PSLy(Z). B
The Hecke triangle groups [15] are given by A(2,n,00) for n > 3.

From now on, suppose (a,b,c) is hyperbolic. Then by the previous paragraph we can
realize A = A(a, b, c¢) — PSLy(R) as a Fuchsian group acting discretely on the (completed)
upper half-plane $*); we write X(a,b,c) = A(a,b,c)\H™ = PL for the quotient space.
The embedding A(a, b, c) — PSLy(R) is unique up to conjugacy in PSLy(RR) since any two
hyperbolic triangles with the same angles are isometric.

We lift this embedding to SLy(R) as follows. Suppose that b < co: this excludes the cases
(@, 00, 00) and (00, 00, 00) which can be analyzed after making appropriate modifications and
will also be excluded for other reasons later. Then Takeuchi [45, Proposition 1] has shown
that there exists an embedding

A(a, b, c) — SLs(R)
which is unique up to conjugacy in SLy(R). In fact, this embedding can be made explicit as
follows [27]. For s € Z>y we let (5 = exp(2mi/s) and

(1.6) As = (s + é = 2cos (%T) and pg = 2sin <2§) = —q (Cs — é)

where by convention (, = 1, Ao = 2, and po, = 0.
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Then we have a map

A(a, b, c) — SLy(R)
(1.7) Ja 411 (—A/Z §§a>
e g (—2§§/t tﬁﬁf)
A2aAap + 2)\20.

H2afb2b
The embedding (1.7) then also gives rise to an explicit embedding A(a, b, c) — PSLy(R).
A triangle group A is mazimal if it cannot be properly embedded in any other Fuchsian
group (as a subgroup with finite index). By a result of Singerman [36] (see also Greenberg
[14, Theorem 3B]), if A(a, b, ¢) is not maximal then in fact A is contained in another triangle

where

t4 1/t =

group A'. All inclusion relations between triangle groups can be generated (by concatenation)
from the relations [13, (2)]

(1.8) A(2,7,7) Co A(2,3,7)
' A(4,4,5) Cs A(2,4,5)

or one of the families

(1.9) Aa,a,a) C3 A(3,3,a) Aa,a,¢) C A2,a,2¢)
. A(2,b,20) C3 A(2,3,2b) A(3,b,3b) C4 A(2,3,3D),

A(3,8,8) Cig A(2,3,8)

A(3,3,7) Cs A(2,3,7)

where in (1.9) (and here alone) for notational simplicity we relax our assumption that a <

b < ¢. The notation A C,, A" is an abbreviation for [A": A] = n. It follows that A(a, b, ¢) is
maximal if and only if (a, b, ¢) is not of the form

(a,a,c),(a,b,b),(2,b,2b), or (3,b,3b)

with again a, b, c € Z>o U {00}, and in this case we say the triple (a, b, ¢) is mazimal.

A Fuchsian group I is arithmetic [4] if there exists a quaternion algebra B over a totally
real field F' which is ramified at all but one real place (and possibly some finite places) such
that T" is commensurable with the units of reduced norm 1 in a maximal order O C B.
Takeuchi [45, Theorem 3] has classified all triples (a, b, ¢) such that X (a,b,c) is arithmetic;
there are 85 such triples and they fall into 19 commensurability classes [46, Table (1)].

2. WOLFART CURVES, BELYI MAPS

In this section, we discuss Belyi maps and Wolfart curves and we relate these curves to
those uniformized by subgroups of triangle groups.

A Belyi map is a morphism f : X — P! of Riemann surfaces (equivalently, algebraic curves
over C) which is ramified at exactly 3 points. A Belyl map which is a Galois covering (with
Galois group ), i.e. a covering whose corresponding extension of function fields is Galois
(with Galois group G), is called a (G-)Wolfart map, named after Wolfart who studied these
curves in detail [50, 51]. We note that if X — X/G realizes X as a Wolfart curve of genus
g > 2, then X — X/Aut(X) does as well.
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Ezample 2.1. The map f : P! — P! given by f(t) = t*(t + 3) has f(t) —4 = (t — 1)(t + 2)?
and thus gives a Belyl map ramified over 0,4,00 with ramification indices (2,2,3). The
Galois closure of the map f gives an Ss-Wolfart map P* — P! corresponding to the simplest
spherical triangle group A(2,2,3). Further examples of Belyi maps P' — P! are given by
the other spherical triangle groups.

Ezample 2.2. An elliptic curve E (over Q or C) is a Wolfart curve only if £ has CM by
either Q(w) or Q(i). Indeed, if f : E — E/G = P! is a Wolfart map with G C Aut(FE)
(automorphisms as a genus 1 curve), then we can factor f into the composition of an isogeny
E — E’ and a quotient E' — E'/G’ = P!, where now G’ is a subgroup of automorphisms of
E’ as an elliptic curve. In particular, if j(E') # 0,1728, then G’ = {£1}, but the quotient
of E' by —1 is ramified at the four 2-torsion points of E’, a contradiction.

Indeed, for j = 0 we have the curve E : y* — y = 2% with CM by K = Z[w] with w® =1
and the quotient by w : E — E gives the Wolfart map y : £ — P! of degree 3 ramified over
0,1,00. If j = 1728, then E : y?> = 23— 2 has CM by K = Z[i] and the quotient by i : E — F
gives a Galois Bely! map of degree 4 defined by z?. Note that in each case (X, Aut(X)) is
minimally defined over its CM field K.

These curves arise as the quotients by the Euclidean triangle groups A(2,4,4) and A(3, 3, 3)
A(2,3,6). We refer to work of Singerman and Syddall [41] for a more complete treatment.

Remark 2.3. There are only finitely many Wolfart curves of given genus. |(d#é& TO DO

. Argument here.| In fact, according to Schlage-Puchta and Wolfart [31], the number of

isomorphism classes of Wolfart curves of genus < g grows like ¢'°69. Wolfart [51] gives a
complete list of all Wolfart curves of genus g = 2,3,4. Further examples of Wolfart curves
can be found in the work of Shabat and Voevodsky [34].

In view of Examples 2.1 and 2.2, from now on we consider Wolfart maps f : X — P! with
X of genus g > 2. These curves can be characterized in several equivalent ways.

Proposition 2.4 (Wolfart [50, 51]). Let X be a compact Riemann surface of genus g > 2.
Then the following are equivalent.
(i) X is a Wolfart curve;
(ii) The map X — X/Aut(X) is a Belyi map;
(i) X s uniformized by a Fuchsian group I' which is a finite-index, normal subgroup of
a hyperbolic triangle group A(a,b,c) with a,b,c € Zsy;
(iv) There exists an open neighborhood U of [X] in the moduli space M,(C) of curves of
genus g such that # Aut(X) > # Aut(Y) for all [Y] € U\ {[X]}.

Remark 2.5. We note the following interesting consequence of Proposition 2.4. If IV C
PSLy(7Z) = A(2,3,00) is a torsion-free normal subgroup and X = I"\H™ is a Wolfart
curve, then in fact X is uniformized by a group I' € A(a, b, c¢) with a,b,c € Z>s. A similar
statement holds for any subgroup of a triangle group A(a,b,c) with ¢ = oo, including the
Hecke triangle groups [32, Proposition 4].

By the Riemann-Hurwitz formula, if X is a G-Wolfart curve with ramification degrees
(a,b,c), then X has genus

(2.6) g(X>=1+§(1—3—1—1).
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Remark 2.7. The function of #G in (2.6) is maximized when (a, b, c) = (2,3, 7). Combining
this with Proposition 2.4(iv) we recover the Hurwitz bound

# Aut(X) < 84(g(X) —1).

Example 2.8. Let f : V — P! be a Belyf map and let g : X — P! be its Galois closure. Then
g is also a Belyl map and hence X is a Wolfart curve. Note however that the genus of X
may be much larger than the genus of V!

Condition Proposition 2.4(iii) leads us to consider curves arising from finite-index normal
subgroups of the hyperbolic triangle groups A(a, b,c). If ' C PSLy(R) is a Fuchsian group,
write X(I') = T'\ §®). If X is a compact Riemann surface of genus g > 2 with uniformizing
subgroup I' C PSLy(R), so that X = X(I'), then Aut(X) = N(I')/T", where N(T") is the
normalizer of I' in PSLy(R). Moreover, the quotient X — X/Aut(X), obtained from the
map X(I') — X(N(I')), is a Galois cover with Galois group Aut(X). By the results of

Section 1, if I' € A(a, b, ¢) is a finite-index normal subgroup then Aut(X(I')) is of the form
A'/T with an inclusion A € A" as in (1.8)—(1.9); if A is maximal, then we conclude

(2.9) Aut(X(T)) = A(a, b, c)/T.
3. FIELDS OF MODULI

In this section, we briefly review the theory of fields of moduli and fields of definition. See
Kock [18] and the references contained therein for more detail.

The field of moduli of a curve X over C is the fixed field of the group {o € Aut(X) : X7 =
X}. If F' is a field of definition for X then clearly F' contains the field of moduli of X. If X
has a minimal field of definition F', then F' is necessarily equal to the field of moduli.

Remark 3.1. Belyi’s theorem can be rephrased as saying that a curve has a number field as
field of moduli if and only if it admits a Belyl map.

Remark 3.2. Let f: X — C be a separable morphism over a field F' which ramified at three
points where C' has genus 0. Then in fact C' = P!, since the ramification divisor on C has
odd degree and is defined over F'.

It is well-known that not every curve can be defined over its field of moduli. However, in
our situation we have the following lemma.

Lemma 3.3. Let X be a Wolfart curve. Then X is defined over its field of moduli.

Proof. Debes and Emsalem [9] remark that this lemma follows from results of Coombes and
Harbater [7]. The proof was written down by Kock [18, Theorem 2.2]: in fact, he shows that
any Galois covering of curves X — P! can be defined over the field of moduli of the cover
(similarly defined), and the field of moduli of X as a curve is equal to the field of moduli of
the covering X — X/Aut(X). O

Let X be a curve which can be defined over its field of moduli /. Then the set of models
for X over F is given by the Galois cohomology set H(F, Aut(X)), where Aut(X) is viewed
as a module over the absolute Galois group Gr = Gal(F/F). The action of Gz on Aut(X)
cuts out a finite Galois extension K D F' which is the minimal field such that all elements of
Aut(X) are defined over K in other words, the pair (X, Aut(X)) has field of moduli equal
to its minimal field of definition K.
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Remark 3.4. Let X be a G-Wolfart curve with G = Aut(X) and let K be the minimal field
of definition for (X, Aut(X)). Then by definition the group G occurs as a Galois group over
K(t), and in particular applying Hilbert’s irreducibility theorem [33, Chapter 3| we find that
GG occurs infinitely often as a Galois group over K.

Ezample 3.5. Let p > 7 be prime and let X = X(p) = I'(p)\H* be the classical modular
curve, parametrizing (generalized) elliptic curves with full p-level structure. Then Aut(X) =
PSLy(F,) and the quotient map j : X — X/Aut(X) = P!, corresponding to the inclusion
['(p) C PSLy(Z), is ramified over j = 0, 1728, co with indices 2, 3, p. In particular, X(p) is a
Wolfart curve.

The field of moduli of X is Q, and indeed X admits a model over Q [QQ TO DO : Cite

Shimura-Deligne or Katz-Mazur for this? It's a common point of confusion, so we should state
it cleanly, briefly here. One gets a ‘canonical’ model by defining the right moduli problem and

we should address this.] This model is not unique, since the set H'(Q, Aut(X)) is infinite: in

fact, every isomorphism class of Galois modules E[p| with E an elliptic curve gives a distinct
class in this set.
In any case, the field of rational numbers Q is not a field of definition for Aut(X). Rather,

letting p* = (—1)®~Y/2p, Shih [QQ TO DO : Cite} showed that the pair (X, Aut(X)) has
minimal field of definition Q(1/p*). Note that the naive moduli interpretation of X [QQ
TO DO : Cite Katz-Mazur or whatever] gives a model over Q((,).

Example 3.6. [QQ TO DO : The Klein quartic has field of definition equal to field of moduli
which is Q. The field of definition of (X, Aut X) is Q((;)™? The canonical model is not the
Klein quartic, though: it is a twist by Q(1/—3)? This was remarked by Livné.]

Remark 3.7. We consider again Remark 2.8. If the field of moduli of a Belyi map f : V — P!
is I then the field of moduli of its Galois closure g : X — P! is also F. It follows that for any
number field F', there exists a Wolfart curve X such that any field of definition of X (hence
also of (X, Aut X)) contains F. Indeed, we obtain such an X from any curve V with field of
moduli F', e.g. an elliptic curve such that Q(j(V')) = F, since any such curve admits a Belyi
map (defined over F)! Note that from Example 2.2 that outside of a handful of cases, the
Wolfart curve X corresponding to V' has genus g(X) > 2.

In view of Remark 3.7, we restrict our attention from now on to the special class of G-
Wolfart curves X where G = PSLy(F,) or PGLy(F,), which we will show have distinguished
arithmetic and geometric properties.

4. CONGRUENCE SUBGROUPS OF TRIANGLE GROUPS

In this section, we associate a quaternion algebra over a totally real field to a triangle
group following Takeuchi [44]. This idea was also pursued by Cohen and Wolfart [6] with
an eye toward results in transcendence theory, and further elaborated by Cohen, Itzykson
and Wolfart [5]. Here, we use this embedding to construct congruence subgroups of A. We
refer to Vignéras [48] for the facts we will use about quaternion algebras and Katok [16] as
a reference on Fuchsian groups.
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Let I" € SLo(R) be a Fuchsian group of the first kind. Let

F=Q(trT) = Q(tr)ner

be the trace field of I'. Suppose that F'is a number field and let Zg be its ring of integers. Let
F[I'] be the F-vector space generated by I" in My(R) and let Zg[I'] denote the Zg-submodule
of F[I'] generated by I'. Then by work of Takeuchi [43, Propositions 2-3|, the ring F[I'] is a
quaternion algebra over F' and Zg([I'] is an order in F[I].

Remark 4.1. This construction can be made more general. Schaller and Wolfart [30] call a
Fuchsian group I' semi-arithmetic if its trace field F' = Q(trI') is a totally real number field
and trI'? is contained in the ring of integers of F. They ask if all semi-arithmetic groups
are either arithmetic or subgroups of triangle groups, and the answer to this question is
affirmative if a certain general conjecture of Chudnovsky and Chudnovsky holds. See also
work of Ricker [29].

Now let (a,b,c) be a hyperbolic triple with 2 < a < b < ¢ < oo. As in §1, associ-
ated to the triple (a,b,c) is the triangle group A(a,b,c) C SLy(R) with A(a,b,c)/{+1} =

A(a,b,c) C PSLy(R). Let F' = Q(tr A(a,b,c)) be the trace field of A(a,b,c). By Takeuchi

[45, Proposition 2], we have
F =Q(tr A(a, b, c)) = Q(Aaa, Aap, Aac).
Since
Tal = Ve =e— Az
and
Ya Vo T VWYa = A2bVa + A2aM + A2c — A2aAap,

together with the cyclic permutations of these equations, we conclude that the elements
L, Yas b, Ve form a Zpg-basis for the order O = Zg[A] C B = F[A] (see also Takeuchi [45,
Proposition 3]). The elements v, € A(a, b, ¢) for s = a, b, ¢ satisfy the quadratic equations

R
in B where Ay, is defined in (1.6).
Lemma 4.2. The (reduced) discriminant of O is a principal Zg-ideal generated by
B =N+ A3 + AJe + AaaAophoe — 2.
Proof. Let 0 be the discriminant of O. Then we calculate directly that

2 )\Za )\Qb )\20
)\Za A%a -2 _)\20 _)\21;
)\Qb _)\20 )\%b -2 _/\2a
>\2c _)\212 _/\Za )\g —2

C

02 = det ZF = ﬁQZF.
The result follows. O

Lemma 4.3. If P is a prime of Zp with B t 2abe, then P 1 5. If further (a,b,c) is not of
the form (mk,m(k + 1), mk(k + 1)) with k,m € Z, then B 1 5 for all B 1 abc.
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Proof. Let B be a prime of F' such that 9 1 abc. We have the following identity in the field
Q(C2a, Cops Goc) = K

C26C2e ) (CzaCQC ) (CzaCQb ) ( 1 )
4.4 = +1 +1 +1)(———+1).
( ) ﬁ ( C2a CZb CQC C2aC2bCQc
Let q be a prime above 8 in K and suppose that q | 5. Then q divides one of the factors in
(4.4).

First, suppose that q | (CpCoclsp + 1), i-e., we have (oplae = —Coq (mod q). Suppose that
q { 2abc. Then the map (Zy)iors — Fy is injective. Hence (Cac = —(2q € K. But then

embedding K < C by (, — €>™/ in the usual way, this equality would then read

1 1 1
4. —+-=1+- 27.
(15) F+o=1+-€Q/

However, we have
1 1
0<-+-<1<1+-<2
c a

S =

for any a,b,c € Zss U {oo} when a # oo, a contradiction, and when a = oo we have
b = ¢ = oo which again contradicts (4.5).

Now suppose q | 2 but still q { abe. Then ker((Zj )iors — Fgz) = {#1}, so instead we have
the equation (9(o. = £(o, € K. Arguing as above, it is enough to consider the equation
with the +-sign, which is equivalent to

1 1 1

peTw

Looking at this equation under a common denominator it is easy to see that b | ¢, say ¢ = kb.
Substituting this back in we find that (k+ 1) | b so b = m(k + 1) and hence a = km and
¢ =mk(k + 1), and in this case we indeed have equality.

The case where ¢ divides the middle two factors is similar. The case where q divides the
final factor follows from the impossibility of

1 1 1
0=1+-+;+-€Q/2Z
a b ¢
since (a, b, ¢) is hyperbolic. d

Remark 4.6. It would be interesting to analyze the case where p | abc and to characterize
when p is in fact ramified in the algebra B (even if the order O is not p-maximal).

We have by definition an embedding
A= Of ={y€0:nrd(y) =1}
(where nrd denotes the reduced norm) and hence an embedding
(4.7) A= A/{£1} — OF J{*1}.

In fact, the image of this map arises from a quaternion algebra over a smaller field, as
follows. Let A% denote the subgroup of A generated by 72 for v € A. Then A? is a normal
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subgroup of A, and the quotient A/A? is an elementary abelian 2-group. We have [45,
Proposition 5]

{0}, if at least two of a, b, ¢ are odd;
(4.8) AJA* = L 7./27, if exactly one of a, b, ¢ is odd;

(Z/27)?, if all of a,b, c are even or co.
We note that

A/ (AP {£1}) — AJ{+1} = A
(and hence A? < A if all of a,b,c are odd). To ease notation, we abbreviate [+1] =
A% N {£1}.
Again by Takeuchi [45, Propositions 4-5], we have that the trace field of A? is

(49) F(2) = F(CL, b7 C) = Q()\Q A§b7 A%ca )\Qa)\Qb)\Zc) - Q(Aaa )\by Aca )\2(1)\21))\20)7

2a)

where the latter equality holds since A3, = A\ + 2 for k € Z>o U {o0}.

Ezample 4.10. The Hecke triangle groups A(2,n,00) for n > 3 have trace field F' = Q(\2,)
whereas the corresponding groups A? have trace field F) = Q()\,).

Let O® ¢ B® be the order and quaternion algebra associated to A2. By construction
we have

(4.11) A?/[+1] — OB J{+1}.
We then have the following fundamental result.

Proposition 4.12. The image of the natural homomorphism
~.. Of _ Ng(0)
— —
{£1} Fx

lies in the group Npe (O@*)/F@> yig

X N5 (0%) _ Ny(O)
(4.13) F@)x X

Vo= e +1

where k = a,b,c and N denotes the normalizer. The map (4.13) extends the natural embed-
ding (4.11).

Ezample 4.14. The triangle group A(2,4,6) has trace field F = Q(v/2,v3). However, the
group A(2,4,6)? has trace field F® = Q and indeed we find an embedding A(2,4,6) —
Ny (0®)/Q* where O? is a maximal order in a quaternion algebra B® of discriminant
6 over Q.

Proof of Proposition 4.12. In B we have
(4.15) 241 = Aayvs.
This implies that 2 + 1 has order k in B®*/F®)* ¢ BX/F* and that
(V2 + 1) (% + 172 +1) = MaadmdactraT e = —A2adapAoe € F

so the map (4.13) indeed defines a group homomorphism A — B®>*/F2)*_ The image lies
in the normalizer Npe (O®) because A? generates O and A normalizes A2,



CONGRUENCE SUBGROUPS OF TRIANGLE GROUPS 13

Finally, we have
(72 +1)" = M0% € FO[AT)
so the map extends the natural embedding of A?/[+1]. O
Corollary 4.16. We have O®) ®2, 0 Lr = O. A primep of F® with p § 2abc is unramified
in B@,
Proof. This statement follows from (4.15) since we have the obvious inclusion 0(2)®ZF o Lr =

ZF<2> [AQ} C ZF[A] O

We now define congruence subgroups of triangle groups. Let B be a prime of F' with
B 1 2abe. Then by Lemma 4.3, we have that B is not ramified in B hence we have a splitting

(4.17) O — O ®z, Lry = My(Zpsy)
where Zp gy denotes the completion of Zp at B. Let
OP) ={y€0:y=1 (mod PO)}.
Then O(P); is normal in O and we have an exact sequence
1= O(P){ — O /{x1} — PSLy(Fy) — 1,
where Fgz denotes the residue class field of . Let
INCHENICCi

Then we have an embedding

A O J{=£1} |
(4.18) =5 omr > PSLy (Fy).

We conclude by considering the image of the embedding (4.18). Let p be the prime of
F® = F(a,b,c) below P and define O@(p) analogously. Then by Proposition 4.12, we have
an embedding

Ny (0?) B@)x B@X

A P~ (2)
(4.19) A — o T Fox PO PGLy(F,”).
P

The image of A in this map lies in PGLy(Zp ,) since Ay € Z;«z) , for k = a,b,c (since

p 1 abc). Then reducing the image in (4.19) modulo p, we obtain a map
A — PGLy(F,).

This map is compatible with the map A — PSLy(Fsy) inside PGLy(Fg), obtained by com-
paring the images in the reduction modulo B of B*/F*, by Proposition 4.12.
We record this result in the following proposition.

Proposition 4.20. Let a,b,c € Zso U {o0}. Let B be a prime of F with Pt 2abe, and let
p be the prime of F(a,b,c) below P. Then there exists a homomorphism ¢ with

¢ : A(a, b, c) — PSLy(Fg)

such that tr¢(7,) = £X9s (mod p) for s = a,b,c. The image of ¢ lies in the subgroup
PGLy(F,) N PSLy(Fy) € PGLy(Fyy).
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5. WEAK RIGIDITY

In this section, we investigate some weak forms of rigidity and rationality for Galois covers
of P'. We refer to work of Malle and Matzat [24] and Serre [33, Chapters 7-8] for references.

Let G be a finite group. A tuple for G is a finite sequence g = (g1, . .., g, ) of elements of G
such that ¢g; - - - g, = 1. (In our applications we will take n = 3, so we will not emphasize the
dependence on n.) A tuple is generating if (¢1,...,g,) = G. Let C = (C4,...,C,) be a finite
sequence of conjugacy classes of G. Let X(C') be the set of generating tuples g = (g1, ..., gn)
such that g; € C; for all i. B

The natural (diagonal) action of Inn(G) = G/Z(G) on G™ stabilizes 3(C) and thus gives
an action of Inn(G) on X(C).

From now on we assume that G has trivial center, so Inn(G) = G, and that g is generating.
Suppose that X(C) # 0. Then the action of Inn(G) on X(C) has no fixed points: if v € G
fixes g, then 2 commutes with each g; hence with (gy,...,9,) = G, s0 g € Z(G) = {1}.

We say that C is rigid if the action of Inn(G) on X(C) is transitive. By the above, if
¥(C) is rigid then this action is simply transitive and so endows ¥X(C') with the structure of
a torsor under G = Inn(G). We say that C is weakly rigid if for all g, ¢’ € ¥(C) there exists
¢ € Aut(G) such that p(g) =¢'. -

Let m be the exponent of G. Then the group (Z/mZ)* acts on G by s-g = ¢° for
s € (Z/mZ)* and g € G. This action induces an action on conjugacy classes. If C is rigid
and s € (Z/mZ)* then C* = (C5,...,C?) is rigid [33, Corollary 7.3.2]. Pulling back by the
canonical isomorphism Gal(Q((,)/Q) = (Z/mZ)* gives an action of Gal(Q((,,)/Q) and
hence also Gal(Q/Q) on the set of conjugacy classes of G. If H,,y C Gal(Q((,)/Q) is the
kernel of this action, then the fixed field F.(G) = Q((,, ) is called the field of rationality
of G. The field F,(G) can also be characterized as the field obtained by adjoining to Q the
values of the character table of G [33, §7.1].

Let H(C) C (Z/mZ)* be the stabilizer of C' under this action, i.e. the subgroup of
s € (Z/mZ)* such that C? = C; for all i. We define the field of rationality of C to be

Frat(Q) = Q(Cm)H(Q)
Similarly, let Hyiat(C) denote the subgroup of s € (Z/mZ)* such that there exists ¢ €

Aut(G) with ¢(C) = C®. We define the field of weak rationality of C to be the fixed field
Foirat (C) = Q(¢) Twerat(©) - Evidently we have

karat(Q) C Frat(g) C Frat<G)'

Proposition 5.1 (Weak rigidity-weak rationality (WRWR)). Let G be a group with trivial
center. Let g = (g1,...,9n) be a generating tuple for G and let C = (Cy, ..., Cy), where C;

1s the conjugacy class of g;. Suppose that C' is weakly rigid. Then the following statements
hold.

(a) There exists a curve X (over Q) and an embedding G — Aut(X) such that the map
f:X—X/G=P!

1s a branched covering with ramification type C'. The curve X together with the
subgroup G C Aut(X) is unique up to (nonunique) isomorphism.

(b) The curve X can be defined over its field of moduli which is equal to the field of weak
rationality Fyai(C).



CONGRUENCE SUBGROUPS OF TRIANGLE GROUPS 15

(¢) There is a canonical bijection between the Gal(Q/Q)-orbits of X and the orbits of C.

(d) There is a (unique) minimial field of definition K for (X, G). We have Fyywat(C) C K
and the group Gal(K/F yiat) embeds into the stabilizer of C by the group Out(G).

Proof. The proof can be extracted from work of Volklein [49, Remark 3.9, Proposition 9.2(b)].

[QQ TO DO : Write out proof. Maybe not here, but in some other document for our reference.
0J

Remark 5.2. [QQ TO DO : What are the field of definition of the branch points of the map
f: X — X/G? The ramification divisor of f itself?

Remark 5.3. [QQ TO DO : Insert remark here about the consequence that only PSLy(F,)
with [F, : F,] < 3 can occur as the Galois group of a Wolfart map X — P! with (X, Aut(X))
defined over @.]

6. Basic THEORY OF GLy(F,)

Let p be a prime number and ¢ = p" a prime power. Let F, be a field with ¢ elements
and algebraic closure Fq. In this section, we record some basic but crucial facts concerning
conjugacy classes and automorphisms in the finite matrix groups derived from GLy(F,).

First let g € GLy(FF,). By the Jordan canonical form, either the characteristic polynomial
f(g;T) € F,[T] has two repeated roots (in [F,)—and hence g is a scalar matrix (central in

GLy(F,)), or g is conjugate to a matrix of the form (3 1) for t € F¥ in which case we say

g is unipotent—or f(g;T) has distinct roots (in F,) and the conjugacy class of g is uniquely
determined by f(g;T'), and we say g is semisimple. B
Now we consider the reduction g € PGLy(F,) = GLy(F,)/F;. If g is scalar then g = 1. If

1

0 1
the conjugacy classes associated to f(g;T) and f(cg;T) = *f(g;c™'T) for ¢ € F? become
with z € F;\ {1},

g is unipotent then ¢ is conjugate to ) If f(g;7T) is semisimple, then in the quotient

identified. If f(g;T) factors over F, then g is conjugate to a matrix <(1)

and we say that g is split. The set of split semisimple conjugacy classes is therefore in bijection
with the set of classes [z] with z € F}\ {1} where we identify  with 27'. The set of nonsplit
conjugacy classes are in bijection with equivalence classes [y] with y € (]F’:;2 \ F,)/F; where
we identify y and 9.

Now let g € SLy(F,) with g # £1. Suppose first that f(g;7) has a repeated root,
necessarily 1. Then g is conjugate to either U(u) = (é 1{) or —U(u) for some u € Fy.
The matrices U(u) and U(v) are conjugate if and only if uv™" € Fy. Thus, if ¢ is odd there
are four nontrivial conjugacy classes associated to characteristic polynomials with repeated
roots, whereas is ¢ is even there is a single such conjugacy class.
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Otherwise, g is semisimple and so g is conjugate in SLy(F,) to the matrix ((1] tr_(;)>’

and the trace map provides a bijection between the set of conjugacy classes of semisimple
elements of SLy(F,) and elements a € F, with o # £2.

Finally, we give the corresponding description in PSLy(F,) = SLo(F,)/{£1}. When p =
2 we have PSLy(F,) = SLy(FF,), so assume that p is odd. Then the conjugacy classes
of the matrices U(u) and —U(u) in SLo(F,) become identified in PSLy(F,), so there are
precisely two nontrivial unipotent conjugacy classes, each consisting of elements of order
p. If g is a semisimple element of SLy(F,) of order a, then the order of its image +g €
PSLy(F,) is a/ged(a,2). We define the trace of an element +g € PSLy(F,) to be tr(+g) =
{tr(g), —tr(g)} C F, and define the trace field of £g to be F,(tr(xg)). The conjugacy class
of a semisimple element of PSLy(FF,) is then again uniquely determined by its trace.

We now describe the outer automorphism group Out(PSLy(F,)) (see e.g. Suzuki [42]). The
p-power Frobenius map o, acting on the entries of a matrix by a — aP, gives such an outer
automorphism. When p is odd, the map 7 given by conjugation by an element in PGLy(FF,) \
PSLy(FF,) is also such an automorphism. In fact, these maps generate Out(PSLy(IF,)):

) (o,7), ifpisodd;

(6.1) Out(PSLy(F,)) = {<a>, it p— 2

In particular, the order of Out(PSLy(F,)) is 2r if p is odd and r if p = 2. From the
embedding PGLy(F,) < PSLy(F,2), given explicitly by +g — =£(det g)~'/2g, we may also
view the outer automorphism 7 as conjugation by an element of PSLy(FF2). The stabilizer in
Out(PSLy(F,)) of a unipotent conjugacy class is equal to (o). For the semisimple conjugacy
classes, we note that if g is semisimple then (diagonalizing over F,) we see that o(g) = ¢?,
and since f(g?;T) = f7 (g;T) where ¢ acts on the coefficients of f, we see directly that
the stabilizer of a semisimple class is (0%, 7) where F. is its trace field if p is odd and (o®)
if p=2.

In a similar way, we have simply Out(PGLy(F,)) = (o). Here again the stabilizer of a
unipotent conjugacy classes is (o). If C' is a split semisimple conjugacy class corresponding
to [x] with = € F; \ {1} then the stabilizer of C' is equal to (0*) where Fys = F (z). If C
is nonsplit and semisimple then we claim that its stabilizer is trivial. Indeed, suppose the
class corresponds to [y] with yFy € (Fy, \ Fy)/Fy, then [y] = [y*] implies that y*~' € F} or
y¥/P=1 € F;. Without loss of generality (replacing o by 6~') we may assume that y*~* € F}.
Then y?~' € F, which is a contradiction since then tr(y) € yF, ¢ F,. A similar argument
for the powers of o then proves the claim.

We conclude this section by describing the field of rationality (as defined in §5) for these
conjugacy classes. For an odd prime p, we abbreviate p* = (—1)®~Y/2p_ Recall that ¢ = p.

Lemma 6.2. Let £g € PSLy(F,) have order s. Then the field of rationality of the conjugacy
class C of g is

Q(As), if g is semisimple;
Frat(C) = < Q(\/p%), if g is unipotent and pr is odd,

Q, otherwise.
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The field of weak rationality of C' is

Q(Ns)Fob) - if g is semisimple;
Q, otherwise,

karat(C) — {

where Frob, € Gal(Q(\;)/Q) is the Frobenius element associated to the prime p.

Proof. We first prove the result for g € SLy(IF,) and then use this to derive the result for
+g € PSLy(F,). If g = £1, the result is clear.

First, suppose g = U(u) is unipotent with u € F)*. Then for all s € Z prime to p, we have
g° is conjugate U(su). Thus, the subgroup of (Z/pZ)* = F stabilizing C is precisely the
set of elements of F; which are squares in F . Thus if p = 2 or r is even, this subgroup is
all of F so that the field of rationality of C' is Q, whereas if pr is odd this subgroup is the
unique index two subgroup of F)* and the field of rationality is Q(/p*).

Next we consider semisimple conjugacy classes. By the trace map, these classes are in
bijection with A € F, \ {£2}. The induced action on the set of traces is given by A =
t+ 1/t — t™ + 1/t™ for m € (Z/sZ)* where t + 1/t = X and ¢ is a primitive sth root of
unity. From this description, we see that the stabilizer of A is (—1) C (Z/sZ)*. The result
then follows for SLy(F,).

For PSLy(F,), we may assume that p is odd. We then have instead an action on traces
+\. If s is odd then £g¢ also has order s and the stabilizer is again (—1) C (Z/sZ)*. If
s is even, then +¢ has order s/2; since then /2 = —1, we see that the stabilizer of 4\ is
(—1,5/2+1) C (Z/sZ)* with fixed field Q(),/2), as claimed.

A similar analysis yields the field of weak rationality, where here if C' is semisimple we
have the stabilizing automorphism ¢ which has ¢(C) = C?, whereas if C' is unipotent then
7 identifies the two unipotent conjugacy classes. 0

Corollary 6.3. The field of rationality of PSLo(FF,) is

Q(Ag2—1)/2: VD), if pris odd;

Frat(PSLa(Fy)) = {Q()\(qzl)/z), otherwise.

Proof. The exponent of SLy(F,) is m = (¢* —1)p/2 if pis odd and m = (¢*—1)p if p = 2. By
the above, there exist g € SLy(F,) with orders ¢+ 1, ¢ — 1, so the stabilizer of all semisimple
conjugacy classes is (—1) C (Z/(m/p)Z)*. The corresponding elements of PSLy(IF,) for ¢
odd have orders (¢ +1)/2,(¢ — 1)/2 but now lem((¢ + 1)/2, (¢ — 1)/2) = (¢* — 1)/2 so the
result again holds. 0

[QQ TO DO : In §5, you say that according to §7.1 of Serre, this field of rationality is also

the field obtained by adjoining to Q the values of the character table. | couldn’t find this exact
statement. Anyway, something is wrong with either this remark or the above corollary. Already
the character table of PSLy(IF5) = Ajs for example has values in Q(v/5), whereas the above
corollary gives its field of rationality as Q(v/5, \12) = Q(v/5,v/3). | don't think it’s just a factor

of 2 off...]
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Lemma 6.4. Let g € PGLy(F,) have order s. Then the field of rationality of the conjugacy
class C' of g is

Q(Xs), if g is split semisimple;
Frat(C) = < Q(&) P if g is nonsplit semisimple;
Q, if g is unipotent

where Frob, = Frob) € Gal(Q((,)/Q) denotes the Frobenius associated to q. The field of
weak rationality of C' is

Q(A,)(Frobe) i g is split semisimple;
Fiaat (C) = § Q(¢,)FPe) - if g is nonsplit semisimple;
Q, if g is unipotent.

Proof. The power of a unipotent conjugacy class is unipotent (or scalar) so its field of ra-
tionality is Q. If C' is split semisimple, corresponding to [z] with z € F}, \ {1} then x > 2°
for s € (Z/aZ)* and the stabilizer is (—1) C (Z/aZ)*. If C is nonsplit, corresponding to
ly] with yFy € (Fp, \ F;)/F; then again y — y™ for m € (Z/sZ)* and the stabilizer is
(q9) C (Z/sZ)*.

A similar proof gives the field of weak rationality, where now o(C') = CP. U

7. SUBGROUPS OF PSLy(F,) AND PGLy(F,) AND WEAK RIGIDITY

The general theory of weak rigidity for triples (§5) can be applied to the groups PSLy(F,)
(and consequently PGLy(F,)) using celebrated work of Macbeath [22], which we recall in
this section. See also [20], who gives an exposition of Macbeath’s work in our context.

We begin by considering triples g = (g1, g2, 93) with g; € SLo(F,), so gi1g295 = 1. For
t =t €, let T(t) denote the set of triples g such that tr(g;) = ¢; for i = 1,2,3. The group
Inn(SLy(F,)) = PSLy(F,) acts on T'(t) by conjugating triples.

Proposition 7.1 (Macbeath [22, Theorem 1]). Let t € F3. Then T'(t) is nonempty.

Since the trace of an element of SLy(FF,) determines its order, to each [ -triple ¢ we
associate an order triple (a,b,c) such that for any triple g € T'(f), the order of £g; €
PSLy(F,) is a, the order of £g, is b and the order of +gs is c.

Without loss of generality, as in the definition of the triangle group (1.2) we restrict to
order triples (a,b,c) with a <b < c.

An F-triple t is commutative if there exists g € T'(t) such that the group £(g1, g2, g3) C
PSLy(F,) is commutative. Macbeath proves that a triple ¢ is commutative if and only if the
ternary quadratic form

22+t + 22 tyz 4tz + sy
is singular [22, Corollary 1, p. 21], i.e. if
2412 12—ttt —4 = 0.

For the sake of simplicity we will content ourselves with the following necessary condition
for commutativity in terms of the order triple (a, b, c).
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Lemma 7.2. Let g and h be commuting elements of a finite group. Let a, b and ¢ be the
orders of g, h and gh, respectively. Then
lem(a, b)
7.3 — 1 b).
( ) ng(CL,b) | Cl Cm<a7 )
An F-triple t is exceptional if the associated sequence (a, b, ¢) of orders is equal to (2,2, ¢)
with ¢ > 2 or one of the following:

(7.4) (2,3,3),(3,3,3),(3,4,4),(2,3,4),(2,5,5),(5,5,5),(3,3,5),(3,5,5), (2,3, 5).

The exceptional triples are precisely the orders of triples of elements of SLy(F,) which gen-
erate finite spherical triangle groups in PSLy(IF,).

A subgroup of PSLy(FF,) is projective if it is conjugate to a subgroup of the form PSLy(k)
or PGLy(k) for k C [F, a subfield. A triple t is projective if for any g = (g1, g2, 93) € T(1),
the subgroup £(g1, g2, g93) C PSLs(F,) is projective.

Proposition 7.5 ([22, Theorem 4|). Every F,-triple t is either exceptional, commutative or
projective.

Proposition 7.6 ([22, Theorem 3, p. 28]). Let t be a projective F-triple.

(a) For any g € T(t), the group +(g1, g2, g3) is conjugate to either PSLy(k) or PGLay(ko),
where k = Fy(t1,ta,t3) and [k : ko] = 2 (independent of g).

(b) The number of orbits of PSLy(F,) on T(t) is 2 or 1 according as p is odd or p = 2.

(c) Forall g,g' € T(t), there exists m € SLy(F,) such that m™'gm =g

We say that a conjugacy class C' with associated trace triple ¢ is of PSLa-type (resp.
PGLy-type) if there exists g € T'(t) such that £(g1, g2, g3) is conjugate to PSLy(k) (resp.
PGL2(ko)); by Proposition 7.6(a), the type is independent of the choice of g and so depends
only on t. If a triple t is of PGLy-type, then necessarily it is irregular, which is defined as
follows: the subfield I, (¢) is a quadratic extension of a subfield k with [F,(¢) : k| =2, ¢, € k
for some i and ¢; for j # i are zero or squareroots in F,(t) of nonsquares in k.

We now transfer these results to the projective groups PSLy(F,). The passage from SLy(F,)
to PSLy(F,) identifies conjugacy classes whose traces have opposite signs, so associated to a
triple of conjugacy classes C'in PSLy(F,) is a trace triple (£¢;, o, t3), which we abbreviate
+t (remembering that the signs may be taken independently). We define T'(£t) to be the
set of triples £g = (£g1,£g2, £g3) with £g; € PSLy(F,) such that £g19295 = £1 and
tr(+g;) = *t; for i« = 1,2,3. We say that a trace triple £t is commutative if there exists
+¢gT(+t) such that +(g1, g2, 93) is commutative, and analogously define ezceptional and
projective (as well as the type).

Corollary 7.7. Let C be a conjugacy class triple in PSLa(F,) with 3(C) # 0. Let £t be the
associated trace triple and suppose that F, =F,(t). Then C is weakly rigid.

Moreover, if p is odd and C is of PSLy-type, then the action of Inn(PSLy(F,)) on X(C)
has exactly two orbits; otherwise, C' is in fact rigid.

Proof. 1If p = 2, then PSLy(FF,) = SLy(F,) and the corollary is a restatement of Proposition
7.6(b).

So suppose that p is odd and first suppose that C is of PSLy-type. Let +g,+g" € %(C).
Choose signs appropriately so that g, g’ are triples in SLy(F,) (and such that tr g; = tr g; for
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i =1,2,3). Then by Proposition 7.6(c), there exists m € SLy(IF,) such that m conjugates g
to ¢’. Since the elements of £¢ generate PSLy(F,) and the elements of +¢’ lie in PSLy(F,),
it follows that conjugation by m induces an automorphism of PSLQ(FJ, so C' is weakly
rigid. Since Inn(PSLy(F,)) = Inn(SLy(F,)), from Proposition 7.6(b), we see that there are
two orbits of PSLy(F,) acting by conjugation on X(C). It is not hard to see that 7 €
Out(PSLy(F,)) identifies these orbits: they are identifed by some element of Out(PSLy(F,))
but since F, = IF,(¢) the stabilizer of (o) acting on ¢t is trivial.

The same argument applies if C' is of PGLy-type. In this case, conjugation by m induces
an automorphism of PGLy(F, 5) C PSLy(F,). But now Out(PGLy(F 5)) = (¢) and from
the analysis following (6.1), if F, = F,(¢) then the stabilizer of (o) acting on ¢ is trivial, and
hence the orbits must be already identified by conjugation by PGLy(F,). 0

We are now in a position to prove Theorem A.

Proof of Theorem A. Let a,b,c € Z>y, and let X — P! be a G-Wolfart map with ramification
indices (a,b,c). First suppose that G = PSLy(F,) with ¢ a power of a prime p. Let £g =
(£91, 92, £g3) be the images in G of the monodromy at the three ramification points.
Choosing signs appropriately, lift &g to a triple g with g; € SLy(F,). Let ¢t = trg. Then by
Proposition 7.6(a), we have F, = FF,(£), and this is independent of the choice of lift g. Now
r = log, q is the least common multiple of the orders of p in (Z/2sZ)* /{£1} for s = a,b,c,
which is the order of Frob, in Gal(E(2a,2b,2¢)/Q), as claimed.

Now let C' be the corresponding conjugacy class triple in G. By Corollary 7.7, the triple C
is weakly rigid and so Proposition 5.1 (WRWR) applies. By Proposition 5.1(b), the field of
moduli of X is equal to the field Fyirat(C) of weak rationality of C', and it follows from Lemma
6.2, that Fluat(C) is equal to E(a,b,c;p), the fixed field under Frob, of the compositum
of Q(Xs) for s € {a,b,c} with pts. Finally, part (d) of this Proposition and Corollary 7.7
yields that the minimal field of definition K of (X, Aut(X)) satisfies [K : E(a,b,c;p)] = 2
when p is odd and K = E(a,b,c;p) if p = 2.

The same reasoning applies in the case G = PGLy(FF,), where now we apply Lemma 6.2
and find that the cover is in fact rigid, so K = E(a,b,c;p). O

8. FIELDS OF DEFINITION

In this section, we combine the results of the sections §4-7 in the cases relevant to our
application.

Let (a,b,c) be a hyperbolic triple, so that a,b,c € Z>s U {o0} satisfy a < b < ¢ and
1/a+1/b+1/c—1<0. Let P be a prime of the field

F = Q(A2a; A2p, Aae)
and let p be the prime of
F(a,b,c) = Q(Aa, Ao, Ay AagAopAac)
below 3. Suppose that 9B 1 2abc. Then by Proposition 4.20, we have a homomorphism
¢ : A(a,b,c) — PSLy(Fyp)
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with tr ¢(7,) = £Xos (mod p) for s = a,b, ¢ whose image lies in the subgroup PSLy(Fg) N
PGLy(Fy). We note that [Fg : Fy] < 2 and that this intersection is given by

PSLy(F,), if Fy = Fy;

(8.1) PSLy(Fy) N PGL(Fy) = {PGLQ(IF;:) if [Fyp: Fy] = 2

We note from (4.8) that Fyy = F, if at least two of a,b, ¢ are odd

Let A(a, b, c;p) be the kernel of the homomorphism ¢ : A(a, b, ¢) — PSLy(Fg).

The generators 7, of A (for s = a,b,c) give rise to a triple g = (g1, 92, 93), namely
g1 =0(7,), 92 = 0(7), 93 = ¢(7,), with trace triple

+t = (£ty, £to, £t3) = (£X20, EAp, £Aoe)  (mod P).

The Riemann surface X = X (a,b, ¢;p) = A(a, b, ¢;p)\$ is a Wolfart curve by construction.
We now prove Theorem B, which we restate as the following proposition.

Proposition 8.2. If (a,b,c) is mazimal and not exceptional and +t is noncommutative,
then Aut(X(a,b,c;p)) = PSLy(F,) or PGLy(F,) according as in (8.1).

Remark 8.3. We recall that £¢ is noncommutative for example if the condition (7.3) is
violated and that (a, b, ¢) is not exceptional if it is not one in the list (7.4).

Proof. First, by Proposition 7.5 we conclude that the triple g is projective. Then, by Proposi-
tion 7.6(a), we have that the image of ¢ is equal to PSLy(Fg) or PGLo (k) where [Fy : k] = 2.
If [Fg : Fy] = 2 then by (8.1) we have already that the image is contained in PGLy(F,) so

we have the second case with k£ = F,. If Fg = F,,, i.e.
F,(t1,ta, t3) = F,(t], 13, t3, titats)

we must rule out the possibility that the image is of PGLy-type. Let £ be the subfield of F,,
with [Fy : k] = 2. Then we have

F,(t*) = F,(t3,43,t3) C k C Fy(t1,ta,t3) = F,

but the extension [Fy : F,(¢?)] < 2 so we must have k = F,(¢?). If now the triple ¢ is irregular,
then without loss of generality (in this argument) we may suppose that t; € k and o, t3 are
square roots of nonsquares in k. But then t,t5t3 € k, so

k=TF,(t%) = F,(t* titats) = F,(t1,ta, t3),

a contradiction.
Finally, by the results of Section 2, since (a, b, ¢) is maximal we have

. -~ N(A(a,b,c;p))  N(A(a,b,c)) ~ Ala,b,c)
Aut(X(a,b, c;p)) = A(a, b, c;p) N A(a, b, c;p) N A(a, b, c;p)

and the result follows. O

Corollary 8.4. We have

1, ZmeIIFp,

[A:A(p)] = [0F /{£1} : O1(P)"] - {2 if [Fos : Fy) = 2.
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9. EXAMPLES

Ezample 9.1. Finitely many families of curves X(a,b, ¢; p) correspond to Shimura curves,
where the groups A(a, b, c) are arithmetic, associated to unit groups of maximal orders in

quaternion algebras over totally real fields. [QQ TO DO : Cite Takeuchi. Check the canonical

models of these Shimura curves.}

[QQ TO DO : Galois descent for triangle Shimura curves which | used and that PSLy(Fg)
example guy.]

Ezample 9.2. Suppose that the triple (a, b, ¢) has p | abe. There are two unipotent conjugacy
classes of order p, [QQ TO DO : Analysis here]

As a special case, we consider the case (a,b,c) = (2,3,p) with p > 7. There are two
unipotent conjugacy classes which are in the same Gg-orbit (taking the ith power moves
from quadratic residues to nonresidues) and so the field of rationality of such a conjugacy
class is the quadratic subfield K = Q(\/p*) C Q((,), where p* = (—1)P=Y/2p. Since the
other two conjugacy classes representing elements of orders 2 and 3 are QQ-rational, the
field of rationality of C is F(C') = K. As above, the outer automorphism 7 interchanges
the two unipotent conjugacy classes, s0 Fiyirnt(C) = Q. Hence we obtain a PSLy(IF,)-curve
X (2,3, p; p) which is defined (noncanonically) over Q and with (X (2,3, p; p), Aut(X)) defined
over K.

In fact, the classical modular cover j : X (p) — X(1) is also a PSLy(F,)-Wolfart map, with
the three ramification points being 0, 1728, 0o, and so it follows that X (2,3, p;p) = X (p) over
Q. In particular, it follows from the above analysis that PSLy(FF,) is the full automorphism
group of X (p) [26] and that the minimal field of definition of (X (p), Aut(X(p)) is K. In
particular, we note that this interpretation is quite different than the moduli interpretation
of “naive” level p-structure [17] for X (p) which gives a model of Q((,). Indeed, this model

is used by Shih [35] to show that PSLy(F,) occurs regularly as a Galois group over K [QQ
TO DO : And do we want to mention that by twisting he gets it as a Galois group over Q
subject to congruence conditions on p?]

As further example, we mention the case p = 7 is the Klein quartic curve X (2,3,7;7) =
X (7) of genus 3 given by the equation 2%y + y32 + 232 = 0 in P? (see Elkies [11] for further
detail).

Ezample 9.3. Consider the case of (odli) Hecke triangle groups treated by Lang, Lim, and
Tan [19], the groups with A(a, b, ¢) = A(2, ¢, 00) with ¢ odd. Then we have

E(47 2(], OO) = @O“lv )\2q> >‘OO) = Q(AQQ> = Q()‘Q) = E(27 q, OO),

since ¢ is odd. It follows from our analysis that Fg = Iy, so for all primes p of Q(\,) we
have A/A(p) = PSLy(F,). Note that when ¢ # p we have that [F, : F,] is indeed equal to
the smallest positive integer 7 such that p” = 1 (mod g), or equivalently the order of Frob,
in Gal(Q(),)/Q).

In their Main Theorem, part (iii), they obtain a group of PGLs-type in the case that r is
even and [F,(¢) : F,(t?)] = 2, where t = A, (mod p). But this latter equality cannot hold by
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elementary considerations: the map (, — Cg is a Galois automorphism of Q(¢,) and restricts
to the automorphism A, = A2 — 2. It follows then that I, (t) = Fy(¢*).

Ezample 9.4. Consider the case (a,b,c) = (2,3,7) with p = 2. Then G = PSLy(Fs) and
X = X(2,3,7;2) is the Fricke-Macbeath curve [21] of genus 7, the second smallest genus
for a curve uniformized by a subgroup of the Hurwitz group A(2,3,7). The curve X has
field of moduli equal to Q and the minimal field of definition of (X, G) is Q(A7). Macbeath
shows that the Jacobian J of X is isogenous to E7, where E is a non-CM elliptic curve with
rational j-invariant.

We could equally well consider the curves X = X(2,3,p;2) for p > 7 prime, which can
be defined over Q. If r is the order of 2 in (Z/pZ)* /{£1} then Aut(X) = PSLy(F,-) and
(X, Aut(X)) is defined over Q(\,)*. Unfortunately, already p = 11 gives a curve of genus

1241 so these curves are not amenable to explicit computations as in the case p = 7. [QQ
TO DO : What about other intermediate values of p which are not prime? The case p =9 is a

Shimura curve...]

To give further examples, we list all PSLy(F,)-Wolfart curves with a, b, ¢ # oo by increasing
genus. Using the Hurwitz bound (Remark 2.7), which follows from (2.6), we can bound #G
(equivalently ¢) in terms of g and then for each group G there are only finitely many triples
of possible orders (a, b, c). The curves of genus g < 24 are listed in Table 9.5.

g || (a,b,¢) | q
302,37 7
41(2,5,5)|4,5
50 (3,3,5) 4,5
712,37 8
8 [ (3,3,4)] 7
9 | (3,5,5)]4,5
10 (2,4,7)] 7
10 || (2,4,5)| 9
13 || (5,5,5) | 4,5
15| (3,4,4) | 7
15 (2,3,9) | 8
16 | (3,3,4) | 9
191/ (2,5,5) | 9
24 | (3,4,7)| 7

Table 9.5: PSLy(F,)-Wolfart curves of genus g < 24

Note there is an exceptional isomorphism PSLy(F4) = PSLy(F5) = A;. We also note that
all of the curves in this table are arithmetic (Shimura curves) with the exception of the last
curve, a curve of genus 24 with Galois group PSLs(IF;) and associated triple (3,4, 7).

Equations for these curves can be found using the methods of Streit [38].

[QQ TO DO : It might be fun to compute equations for the curves of genus 4 and 5, if

they're not already known? They'd have plane models as quintics with either two or one nodes.
Elkies finds these curves by finding them modulo a prime of good reduction of the curve and then
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lifting p-adically, which is possible by rigidity. Or we could just make a remark about this and

leave it for future work...

Remark 9.6. [QQ TO DO : Remark about other groups G for which the G-Wolfart curves

have nice properties? Like G abelian?}

1]
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