THE IDELIC APPROACH TO NUMBER THEORY

TOM WESTON

1. INTRODUCTION

In classical algebraic number theory one embeds a number field into the cartesian
product of its completions at its archimedean absolute values. This embedding is
very useful in the proofs of several fundamental theorems. However, it was noticed
by Chevalley and Weil that the situation was improved somewhat if the number
field is embedded in the cartesian product of its completions at all of its absolute
values. With a few additional restrictions, these objects are known as the adeles,
and the units of this ring are called the ideles.

When considering the adeles and ideles, it is their topology as much as their
algebraic structure that is of interest. Many important results in number theory
translate into simple statements about the topologies of the adeles and ideles. For
example, the finiteness of the ideal class group and the Dirichlet unit theorem are
equivalent to a certain quotient of the ideles being compact and discrete.

We will begin by reviewing the construction of local fields, first algebraically and
then topologically. We will then prove the basic global results combining all of the
local data, namely the product formula and the approximation theorem. Next we
will define the adeles and the ideles and prove their basic topological properties.
We will then define the idele class group, and relate it to the usual ideal class
group. We will conclude with proofs of the finiteness of the ideal class group and
the Dirichlet unit theorem, using idelic methods.

I have tried in this paper to emphasize the topological details in these construc-
tions, and hopefully have not ignored any important points. We will assume some
familiarity with number fields, at the level of [3, Chapter 1], [4, Chapters 1-3] or [8,
Chapter 1].

We fix the following notation throughout this paper: we let k& be a number field
(that is, a finite extension of Q) of degree n over Q. We let oy be the ring of integers
of k. If p is a prime ideal of 05, with p NZ = (p), we write e, for the ramification
degree and f, for the inertial degree of p over p. That is, e, is the largest power of
p dividing poy, and f, is the degree of the residue field extension oy /p over Z/(p).
If the prime p is clear from context, then we will just write e = e, and f = f,.

Part 1. Classical Algebraic Number Theory
2. LocAL FIELDS : ALGEBRAIC DESCRIPTION

Recall that the local ring 0, C k is a discrete valuation ring. Let 7 be a uni-
formizing element of o,; that is, m generates the unique non-zero prime ideal po,
of 0,. Then any o € k* can be written as o = un™ for a unique integer m and
some unit u of oy. We say that this m is the p-adic valuation v, (a) of a. Setting
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vp(0) = 0o, we have defined a discrete valuation
v=up: k— ZU{o0},

which is easily checked to satisfy the usual properties of a discrete valuation:

(1) vp(aB) =vp(a) +vp(6) for all o, 5 € k;
(2) vp(a+ B) > min{vy (), vy (B)} for all o, B € k;
(3) vp(c) = o0 if and only if @ = 0.

We use the standard conventions for arithmetic with oo, including oo - 0 = co. 0,
is precisely the set of elements of k£ with nonnegative valuation; the units oy are
precisely the elements of k* with valuation 0. We also have

0p/P0p = (0&/P) o, /p = (0k/P) () = Ok/P

since oy /p is already a field.
Note that p = um® for some unit u € oy, so that

Up (p) =6,

where e is the ramification degree of p.
We will now construct the completion of o,. Let A,, = 0,/(7™). Then we have
natural maps

Om Am i Amfl

given by simply considering a residue class modulo 7™ modulo 7™~ !. The A,,
form an inverse system, and we define the p-adic integers o0, to be the inverse limit
of the A,,. That is, 0, is the subset of elements (a1, as,...) of the infinite product

Am

3

m=1

such that
(pm(am) = Qm-1

for all m. It is easy to see that if (a,,) and (b,,) lie in o,, then so do (am, + by,) and
(ambm ), 80 0, inherits a ring structure from anozl A,
Note that we have natural inclusions

0 — 0p — 0,

given by sending « € o, to (&, @, ...) € 0,. These are clearly ring homomorphisms,
so oj and oy, are naturally subrings of o,,.

We would like to have a better way to think of elements of 0,. To do this, first
fix representatives 0 = cg,...,c,r_1 € 0p of the residue classes in the finite field
0,/(m) = og/p. (In the case where 0, /() = IF,, we have the standard representatives
0,1,...,p — 1, but in general there are no such obvious choices.) Now, take any
element a = (ay,) of 0,. There is then a unique ¢;, such that

a1 = ¢, (mod 7).

Next consider a — ¢;, = (am — ¢iy) € 04, The first coordinate of a — ¢;, will be 0,
and thus divisible by m. It follows from the compatibility of the (a,, — ¢;,) under
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the ¢, that each a,, — ¢;, is then divisible by 7. Thus, we can write
a— ¢y = (am — ¢iy)
= (may,)

= m(a,)

/
=Ta

for some o’ = (a},,) in 0,. Repeating this procedure, we can write
a' —c;, =ma"
for some unique ¢;, and some a” € o,.
Continuing this and combining all of the terms, we have

a=ciy+(a—cy)
= ¢, +ma’
= ¢io + 7 (ciy +(a' —¢ciy))
= +opm+ W(ﬁ(ciz + (a" — C,;2)))
=ciy + ey c,m A+

for some uniquely determined ¢;,,¢;,,Ci,, ..., each chosen from our fixed set of
representatives. Further, it is clear that any such expression

o0
Z i, ™"
m=0
corresponds to some a = (a,,) € 0, by setting

— -1
Um =Cijy +Ciym+---+¢, " (mod 7™).

Thus, we can think of the elements of 0, as some sort of infinite power series in the
uniformizing element 7, with coefficients chosen from representatives of the finite
field 0, /() = o /p. We will think of the ¢;,, as the digits of z € o0,.

Writing elements of o, in this form, it is now clear how to extend our discrete
valuation v, to 0,: given any element

2
a=Cjy+cpm+ e+

of 0,, we define v,(a) = m, where 7™ is the first power of 7 with a non-zero

coefficient. It is easy to see that v, agrees with our original discrete valuation on
the image of o, in 0,, and that it still satisfies the axioms of a discrete valuation.
Therefore, 0, is a discrete valuation ring. The maximal ideal p, of o, is generated
by any element of valuation 1; for example, our original uniformizer w. Thus,
P, = po,. Further, it is clear from our expansion of elements of 0, in terms of 7
that
0y/Py = 0p /POy = 01 /P,

so that all of the residue fields coincide.

The units o} of o, are precisely those elements of o, of valuation 0, and the
non-units p are precisely those elements of 0, divisible by 7. Since any element of
0, can be written as un™ for some u € 0} and some nonnegative integer n, the field
of fractions of 0, is obtained simply by inverting m. We write k, for this field; then
we have

ky = 0,[7 7).
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Therefore, elements = of k, have the form

oo
T = ci, ™"

for some integer mg. If we require that ¢;,, # 0, then my is just vy ().
Since k is the field of fractions of o,, and o, embeds in o0,, £ must embed in k&,.

3. LocAL FIELDS : TOPOLOGICAL DESCRIPTION

We remain in the situation of the preceding section; that is, we have a number
field k and a prime p of the ring of integers oy, lying over a prime p of Z, and we let
v = v, be the corresponding discrete valuation on k. In this section we will give a
topological description of the completion k,, in terms of the valuation vy.

First, observe that the valuation v induces a norm || - ||, on k by

[ allo= p_fv(a)-

(We could have set || a||,= ¢*(®) for any real constant ¢ between 0 and 1; it does not
matter for the purposes of this section. However, the choice ¢ = p~/ is necessary for
the product formula of Section 4. For the moment, note that the residue class ring
0p/ () has size 1/ || a||,, so this choice of ¢ has at least something recommending
it.) It follows immediately from the axioms of a discrete valuation that || - ||, satisfies
the axioms of a norm :

(1) [lepllo=llallul Bl for all a, 3 € k;
2) la+Bllo<lallo + |8l for all a, 5 € k.

In fact, ||-||, satisfies the stronger axiom
@) lla+ o< min{llell, [ 5]} for all , 5 € k.

For this reason we call ||-||, a non-archimedean norm.
We can now in the usual way use ||-||, to give us a metric on k, defined by

dv<a76) :HOé - ﬁH’U .

This then gives us a topology on k. One can now define the completion of k£ with
respect to v to be the usual completion of a metric space, in terms of equivalence
classes of Cauchy sequences. This in fact gives rise to exactly the field k, we
constructed in Section 2. We will not go through the construction here; for a
detailed exposition of it, see [2, Chapter 1, Section 4]. We will instead show that our
algebraically constructed field of Section 2 has the necessary topological properties.

Note that we can use the discrete valuation on our field k, of Section 2 to define
a metric on it, which will agree with the metric defined above on the subfield k.
We will show that under this topology k, is a complete, locally compact topological
ring, with compact subsets o0, and o).

Let us describe the basic open sets on k,; these are simply the open balls

B(z,r) ={y € ku; ||z — yllo< 7}

First, note that since our metric takes on only a discrete set of values, for any r
there is some small € so that

B(z,r) = B(z,r —¢),
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if € is chosen small enough so that the metric does not take on any values between
r —e and r. Thus every basic open set is also closed. (Of course, it does not follow
that every open set is also closed.)

Next, let us consider in more detail the open balls around 0 € k,. It is enough
to consider the balls

B(0,p~7*)

for integral s, since these are the only values the metric takes. An element y of &,
satisfies ||y — 0||,< p~/* if and only if v,(y) > s; that is, if and only if y has the

form
o0

Z Cipn ™.
m=s—+1
Thus, the ball B(0,p~7*) consists precisely of those 3 which have coefficients 0
up to (and including) the coefficient of 7°. In the same way, for any x € k,, the
ball B(x,p~f*) consists of those y € k, agreeing with  up to (and including) the
coefficient of 7°.
In particular, we see that
0y = B(Ovpf)
and
Py = B(07 1)
are open and closed subsets of k,. Then
0:; =0y — Po
is open and closed as well.
We can actually describe the induced topology on ¢, in a different way. Recall
that we defined o, to be a subset of an infinite product

i
m=1

Each set A,, is finite, and we give it the discrete topology. We then give []°_; A,
the product topology, and o, the topology it inherits as a subspace.
Let us now try to describe the basic open sets in this topology. They have the

form
o0
II Bnnos
m=1

where B,, is any subset of A,,, and B,, = A,, for all but finitely many m. Equiv-
alently, they are the sets of the form

(1) (ﬁBmx 11 Am>mov

for positive integers mg, where the B,, are any subsets of A,,. Now, consider any
set U of the form (1), and pick any point x in it. It is then clear that

x € B(z,p /™) CU,

so that U is open in the metric topology on o,,.

Conversely, consider any open ball B(x,p~/*) in the metric topology. Such a set
is actually of the form (1), taking mo = s 4+ 1 and the first s + 1 B,, to be a single
point. We therefore have established:
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Proposition 3.1. The two topologies we have defined on o, are the same.
We are now ready to give the fundamental topological description of k,.

Theorem 3.2. k, is a locally compact, complete topological field, with compact
open and closed subsets o, and o}.

Proof. To say that k, is a topological field is to say that addition, negation, multi-
plication and inversion are all continuous maps. The proofs of these facts are nearly
identical to the proofs of the corresponding facts for the real numbers R; in fact,
the non-archimedean nature of our norm makes the proofs even easier.

Next we will show that o, is compact. This is easy, using our alternate description
of the topology on o0,: each finite set A,, is compact, so by the Tychonoff theorem,
[15°_, Ay is compact. Thus it is enough to show that o, is closed as a subspace

m=1

of [I,°_, Am. So take (a,) ¢ 0,. Then there is an mg with @, (ame) # Ame—1-

Consider the set
{a1} x {az} x -+ x {am,} x H Ap.
m>mgo

This is open in the product topology, and it is disjoint from o, since every point in
it has the same incompatible beginning. Thus, the complement of o, is open, so o,
is closed, and thus compact.

Since o} is a closed subset of the compact set o,, it is also compact. In fact,
every basic open subset of k, is compact, since we have a homeomorphism

P B(m,p_fs) — B(O,pf) =0,

given by ¥(y) = 7=~ 1(y — z). (¥ is continuous since k, is a topological field, and
it is easy to see that it is bijective.) This shows that &, is locally compact. Finally,
since k, is locally compact, it is complete. O

Proposition 3.3. o}, 0, and k, are the topological closures of o}, o}, and k respec-
tively.

Proof. Since we clearly have o} C o}, 0, C 0, and k C k, and the larger sets
are all closed, it is enough to show that any element of the larger set can be
arbitrarily closely approximated by an element of the smaller set. But this is clear;
for example, if we pick our representatives ¢; to all lie in o) (which we can do since
0p/pop = 04/p), as well as 7, then given x = >~ ¢; 7™ € 0,, the sequence

2
(CiO,CiO + ¢ T, Ciy +C T Ci T, )
of elements of 0; converges to x. O

*

b and

Note that since o}, C o

op = 0y-.

C o} and o C 0, C 0,, we also have @ = o}

4. GLOBAL FIELDS

We will now consider the description of k in terms of local data. Each prime
p gives rise to a valuation v, on k, and thus to a non-archimedean absolute value
|- [lo, on k. We also have archimedean absolute values arising from the embeddings
of k£ in C. Precisely, if
oc:k—C

is an embedding, then we have an absolute value || ||, on k given by

[ello= lo(a)l,
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where | - | is the usual absolute value on C.

Lemma 4.1. If o1 and oy are two different embeddings of k into C and || a ||+, =||
allg, for all o € k, then o1 = 3.

Proof. Pick a € k such that k = Q(«). Set 0;(«) = 2; + y;¢. Then, since |o1(a)| =
|oa(a)|, we have

ot +yi = a5 + 3.
Further,

lo1(a+ 1) = |oa(a + 1)
|o1(a) + 1] = |oz(@) + 1]
(1 + 1) +yi| = [(z2 + 1) + p2i
22420 + 1497 = a2+ 220 + 1 + 92
Combining these two equations, we have
201 +1=2x9 + 1,

so that x1 = x2. Therefore y; = +y-, and since o1 # 02 we must have y; = —ys.
Since a generates k over Q, this implies that o1 = 73, as desired. ([

Now, if o is a real embedding of k (meaning that the image of o lies in R),
then ¢ = @, so we get exactly one absolute value from this embedding. If o is
complex (meaning that the image of o is strictly larger than R), then o and & are
distinct embeddings of k into C, giving rise to the same absolute value. Lemma 4.1
guarantees that this is the only situation in which this can happen. Thus, if k& has
r1 real embeddings and ro pairs of complex conjugate embeddings, then we have
r1 + 2ro = n, but we get only 1 + ro distinct absolute values.

We define the canonical set M), of k to be the set of all of these absolute values
: one non-archimedean absolute value for each prime p (normalized as in Section
3), one archimedean absolute value for each real embedding and one archimedean
absolute value for each pair of complex conjugate embeddings. We denote by S, the
subset of M}, of archimedean valuations. These absolute values are all independent,
in the sense that they induce different topologies on k. We will prove this fact later,
while proving the approximation theorem.

To simplify notation, we will use v for both embeddings and valuations, so that
we can write || - ||, for any of the absolute values of My, not just the non-archimedean
ones. We will also say valuation even when we more properly mean absolute value;
in particular, we will often use v € My, to mean ||-||,€ M.

Note that if v is a real embedding, then the (topological) completion k, of k with
respect to ||+ ||, is R, since Q C k C R, and the completion of Q is R. Similarly, if
v is a complex embedding, then the completion k, of k with respect to |||, is C.
If we let v1,...,v,, be the real embeddings and vy, 41,Ur, 41, - - s Ury 41y, Ury 415 DE
the complex embeddings of k, then, thinking of each C as R?, we have

ri+re 1 T1+T2
=1 =1 1=r1+1

Since k embeds in each k,, k has a natural embedding in this R™. It is this
embedding which is used classically.
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We will now prove the product formula, which is an important relation between
the absolute values in M. We will need a lemma.

Lemma 4.2. Let py,...,p,m be the primes of oy lying over p € Z. Let vy,...,0m
be the corresponding valuations on k, and let v be the p-adic valuation on Q. Then
for any o € k¥,

Vi

IN(@) o= [T I
i=1
where N is the norm from k to Q.

Proof. By unique factorization of fractional ideals we can write
m
(a) = H pliox I’
i=1

for some fractional ideal I’ prime to p, . . ., P,n. Then n; = v;(), so || a ||, = p~ ",
where f; is the inertial degree of p; over p. Therefore,

m
[Ila
i=1

Now, since the norm is multiplicative and N (p;) = p’?, we have

N(a) = p=ia e N(T).

Vi

N(I') is prime to p, so this has p-adic absolute value
p~ Zity fini

which proves the lemma. (I

Note that if o € k, then
N@)= [ le@i= TI lel.- 11 lal? -
o:k—C VE S ,v Teal VESeo,v complex

If we define n, = 1 for v real (and also, for later use, for v non-archimedean) and
n, = 2 for v complex, then this takes the form

N(@) = ]T llel
VES
Theorem 4.3 (The Product Formula). For all o € k*,

[T lafz=1.

vE My,

Ny
v -

(Note that this infinite product makes sense, since v(a) =0 (and therefore || a||,=
1) for all but finitely many v € My.)

Proof. We first prove this formula in the case £k = Q. In this case it is enough to
check it for & = p a prime number, since both sides are multiplicative. But then
| alo,= 1 for ¢ # p, so the only two terms which contribute to the product are
| flo,= 1/p and the standard absolute value || = p, which multiply to 1. This
proves the formula for k = Q.
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Now let k£ be any number field. Then

IT teli-=II el IT el

vEM}, VEM)—Soo VESo

=T llel, -N@)
p
=TI el -N(a)

P plp

=115 ., -N(a)
= II 15@IL.

v€E Mg
=1
since we know the product formula for Q. ([
We chose the normalization we did on the absolute values || - ||, in order to get

the product formula to work out.

Next we will need some way to find elements of k satisfying certain local condi-
tions. The standard result along these lines is the approximation theorem. We will
prove it through a sequence of lemmas.

Lemma 4.4. For any distinct v1,v2 € My, there exists a € k with ||« |, > 1 and
[[eflv, < 1.

Proof. If both v, and v, are non-archimedean, say v; = vy, and v = vy,, then pick
« € py—py and B € p; —po. (These must exist since p; and ps are maximal ideals.)
We must have |||y, > 1, ||a]lo, < 1, || Bllo,< 1 and || B, > 1. If |||y, # 1, then
a will work; if || B ||y, # 1, then 81 will work. If || a||,,=|| B]lv,= 1, then af~! will
work.

If vy is archimedean and vy is non-archimedean, say v = v, then any non-zero
element of pNZ will work. In the opposite case, the inverse of any non-zero element
of p N Z works.

This leaves the case where both v; and vy are archimedean. By Lemma 4.1 we
know that there is o € k with || ||y, #|| @ |lvs - Suppose that ||« ||y, >|| & ||v, - Pick
some rational number r in between. Then «/r will satisfy the conditions of the
lemma. If we have the opposite inequality, then r/« will work. O

Corollary 4.5. Any two distinct v1,ve € My, induce different topologies on k.

Proof. Note that for any absolute value || -||,, the ball B(0,1) is precisely the set of
a € k with lim,, . a™ = 0. Thus B(0,1) depends only on the topology, and not
on the metric. But by Lemma 4.4, B,,(0,1) and B,,(0,1) are different, so v; and
v9 must induce different topologies. ([

Lemma 4.6. Let vy, v be distinct elements of My,. Suppose o € k satisfies || ||, >
1 and ||a|ly,< 1. Then the sequence

am
- 1+am

converges to 1 with respect to v1 and converges to 0 with respect to vs.

Zm
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Proof. This is intuitively quite clear, since the denominator is dominated by a™
with respect to vy and by 1 with respect to v3. We will leave the details to the
reader. (]

Lemma 4.7. For any distinct vy, v, ...,vs € My, there exists a € k with || o[y, > 1
and || ey, < 1 fori=2,...,s.

Proof. We prove this by induction on s. The case s = 2 is Lemma 4.4. Now,
suppose we have o € k with || a|[,,> 1 and || o ||p,< 1 for i = 2,...,s — 1. If
|l allv.< 1, then we are done. If || ||,,= 1, then pick y € k with ||y |l,,> 1 and
|y |lv.< 1. Then for large enough m, o™y will satisfy the necessary conditions,
since ||a™||,; can be made arbitrarily small for i =2,...,s — 1.

This leaves the case where || a||,,> 1. By Lemma 4.6 the sequence

am

14+ a™
will converge to 1 with respect to v; and v,, and will converge to 0 with respect
to va,...,vs—1. Using Lemma 4.4 to pick y € k with ||y|,,> 1 and ||y |l,.< 1, we
then see that for sufficiently large m the element z,,y will satisfy the conditions of
the lemma. O

Zm

Theorem 4.8 (The Approximation Theorem). For any distinct vy, va,...,vs €
My, ay,...,a5 € k and € > 0 there exists a € k satisfying

o =iy, <e
for all i.

Proof. By Lemma 4.7 we can find y; € k with |[y; ||,,> 1 and [/ y; [|l,,< 1 for j # i.
Then using Lemma 4.6 we can find 21,...,2, € k with z; arbitrarily close to 1
with respect to v; and arbitrarily close to 0 with respect to vj;, j # i. The element
a = ziaq + -+ + zga will then satisfy the conditions of the theorem, since

lo = aillo;<ll 21 llo;ll e llo; -+ [z0 = Lo T llo; +- -+ 125 o s llo;

which we can make arbitrarily small. O

Part 2. Adeles and Ideles
5. ADELES

We continue to let & be a number field of degree n over Q. Let Mj be its
canonical set of absolute values. In analogy with our embedding of k into R™ in
the previous section, we would like to embed k into the product of its completions
k, at all v € M. However, we need to restrict this product somewhat, in order to
respect the important property that any o € k is a p-adic integer for all but finitely
many primes p of og.

We will do this as follows: First, consider the usual direct product

IT %
veE My,

We define the adeles A to be the subset of this direct product consisting of a =
(av)venr, with a, a p-adic integer for all but finitely many of the non-archimedean
valuations v,. (We do not impose any restriction on the components of a, at
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archimedean valuations.) However, we do not give A the subspace topology; we
take as our basis of open sets sets of the form

I1 v

vE My

where U, C k, is open in k, for all v € M}, and U, = o, for all but finitely
many v € M. (We will always assume that in any such condition the archimedean
absolute values are included in the finite excluded set.) We can write such a set as

(2) HvaHoy

veS vgS

where S is some finite subset of M}, which we take to include S, and each U, is
an open subset of k.

A is said to be the restricted direct product of the k, with respect to the o,.
A inherits a ring structure from the direct product, so that operations are done
componentwise.

Note that we can actually take our basis of open sets to be sets of the form (2)
with each U, a basic open set of k,. The simplest such sets are the sets

AS:HkUXHO”’

vES vgS

where S is some finite subset of M} containing S.,. The product Hmz g0y is a
product of compact sets, and thus compact by the Tychonoff theorem. Ag is
therefore a finite product of locally compact sets, and thus is locally compact.
Since any = € A certainly lies in some Ag (take S to be the finite set of valuations
v at which z does not lie in 0,), it follows that the space A is locally compact. This
would not be the case if we had given A the subspace topology.

The sets Ag are actually closed as well; given any a ¢ Ag, we must either
have a,, ¢ Uy, for some vy € S, or else a,, ¢ 0y, for vo ¢ S. In the first case
take a neighborhood of a with vp-component disjoint from U,,; in the second,
take a neighborhood of a with vy-component disjoint from o,,. This gives us a
neighborhood of a disjoint from Ag, so Ag is closed.

Proposition 5.1. The adeles A are a topological ring.

Proof. We will show that addition is continuous; negation and multiplication are
similar. So, let f: A x A — A be defined by f(a,b) = a+b. Let U be some basic

open set of the form
H B(cy, 1) X H 0y
veS vgS

where S is some finite subset of M}, containing So.. We must show that f~1(U) is
open in A x A.
Pick (a,b) € f~1(U). Then

”av + b, — ¢y ||v< Ty
for all v € S. Now, define sets Uy,Us € A by

U1=HB(%7%)><H%

veES vgS
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and .
U =] B (b0 ) x I oo
veS vgS
Then U; and Uy are both open in A, so Uy x Us is open in A x A. The v-component
of f(Uy xUy) is just o, for v ¢ S, and is contained in B(a,+by, 7,/2), which in turn
is contained in B(c,,7,), for v € S. Thus (a,b) € Uy x Uy C f~1(U). Therefore
f71(U) is open, and f is continuous. O

Note that we have a natural embedding of k£ into A, sending each o € k to the
vector (o, a...) € A. This is well-defined, since any « € k is a p-adic integer for
all but finitely many primes p. We give k the subspace topology.

Proposition 5.2. k is embedded as a discrete subring of the adeles A.

Proof. k is a topological subring of A since we have given it the subspace topology.
It remains to show that it is discrete. We will show that 0 has a neighborhood
disjoint from k — {0}, and the general case follows by translation.

Define a set U = HUGM;C U, by taking U, = o, for all non-archimedean v € My,
and U, = B(0,1/2) for all v € Ss. Then U is a basic open neighborhood of 0.
Suppose there is a non-zero o € U N'k. Then ||«a||,< 1 for all non-archimedean v,
and || a||,< 1/2 for all archimedean v. Thus,

1
IT lel< .
VE My
But this contradicts the product formula, since this product is always 1 for non-
zero o. Thus, U Nk = 0, which shows that {0} is open in k, and thus that k is
discrete. O

We also have embeddings of &, into A for each v € M}, given by sending x € k,
to (0,...,x,...) € A, with the z in the v-component.

Proposition 5.3. This embeds k, as a closed subring of A, and the topology k.,
inherits as a subspace of A is just the usual topology on k,.

Proof. 1t is clear that k, inherits its usual topology, since U, X HU,GMMU,#U 0, 1S
open in A, and for any basic open set U of A (and thus for any open set of A),
U Nk, will be an open set of k,.

It remains to show that k, is closed in A. So take a € A — k,. Then there is
some v’ # v with a,» # 0. The open set

B I e T

0" € My —Soo 0" #v' V" €S

will then be an open neighborhood of a disjoint from k,,. Thus k,, is closed in A. O

Note that the embedding k, <— A induces an embedding k — A, inducing the
v-adic topology on k. Thus, in A we have copies of k with each of our topologies
from Mj,, together with a copy of k£ with the discrete topology.

Of course, A is not an integral domain. The units A* are the elements a = (a,)
with a, € k for all v € My, and with a, € o} for all but finitely many v € M. (If
there are infinitely many a, ¢ o, then the inverse a=! = (a, ') is not an adele.)
Such an element is called an idele. Unfortunately, the ideles are not a topological
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(multiplicative) subgroup of A, since inversion is not continuous. We will leave the
demonstration of this to the reader.

Since k is an additive subgroup of A, it makes sense to consider the quotient A/k
as a topological group in the quotient topology. We will show that A/k is compact.
We will first need a lemma.

Lemma 5.4.

k+ ASOO = A,
in the sense that any adele can be written as a sum of an element of k and an
element in the basic open set Ag__.

Proof. This means precisely that for any adele a, there is some a € k such that
a — « € 0, for all non-archimedean v € My, since Ag__ is just the set

Hkvx H 0y-

VES v S

We find such an « as follows: First, find an integer ¢ € Z such that ca € o, for all
v ¢ Se. We can do this since a, € o0, for all but finitely many v ¢ S, so we can
just take some ¢ highly divisible by the finitely many primes of Z lying under the
p with a, ¢ o,,.

Let S be the set of primes of o; dividing coy; this is finite, but may be larger
than the set of primes with a,, ¢ 0,,, since more than one prime of o, can divide
p € Z. Now, by the approximation theorem we can find « € o with

a=ca, (mod p™)

for all p € S and some large m.
I claim that @ — «/c satisfies the conditions of the lemma. First, if p ¢ S, then
¢ is in o}, so a/c € 0, and a, — a/c will still be in 0,. If p € S, then so long as

we took m larger than the power of p dividing ¢, a, — /¢ will still be in 0,. This
completes the proof. (I

Theorem 5.5. The group A/k is compact.

Proof. First, recall that we had an embedding
ke [] ko =R"

VESeo

Under this embedding the integers oy form a lattice. If aq, ..., a, is a Z-basis for
0, then the images of the a; in R™ will still be linearly independent. (This is
because the computation to check this is essentially just the computation of the
discriminant, which is non-zero; for details, see [9, Chapter 8].) This shows that
this lattice has rank n.

Let P € R™ be a fundamental parallelotope for the lattice 0. Then, since the
lattice o; has the same rank as the dimension of the space R™, P is bounded, and
therefore P is compact. Also, note that

As, = H 0, X R™,
v Seo

Now, given any a € A, we first take a € k such that a —a € Ag_ . Next we take
some [ € oy such that

a—a—p€ H 0, X P.

V¢ Soo
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We can do this since P is a fundamental domain for o;. Call this set Q. It is a
product of compact sets, and thus is compact. Therefore translation by the element
—(a+ B) € k takes a into a compact set. Therefore A/k = Q/(k N Q), which is a
quotient of a compact space and thus is compact. (I

6. IDELES

Recall that we defined the ideles to be the units A* of the adele ring A. However,
as we observed, inversion is not continuous on A* with this topology. So A* is not
a topological group, at least when viewed as a subspace of A. To remedy this we
will give A* a different topology, which we can describe in two different ways.

The first is in analogy with the restricted direct product topology on A. We
define the ideles J to be the subset of the direct product

Il
VE My
consisting of those elements for which all but finitely many components lie in
ok. That is, a = (a,) € J if and only if a, € o} for all but finitely many non-
archimedean valuations v. (Again, we impose no restriction on the values a takes
on at archimedean v.) Then, as sets, J is just the units A* of A. However, we take
for a basis of open sets of J the sets of the form

II v
veEMy

where U,, C k is open in £}, and U,, = o, for all but finitely many non-archimedean
valuations v. (We give k¥ the topology it inherits as a subspace of k,.) As with
the adeles, we can write such a set as

3) [Toex]]e:
veS vgS

where S is some finite subset of M}, containing S, and U, is open in k; for each
v € S. As with the adeles, we can actually take our basis to consist of sets of the
form (3) with each U, a basic open set of k.

There is another way to define this topology. First, consider the product set
A x A, with the product topology. We then have a map

p:J—=>AxA

given by p(a) = (a,a™t). We claim that this is a topological embedding. It is clear
that ¢ is injective, so we must only show that it is bicontinuous.
First, note that if

U:(HvaHov,HU;xHov>
veS vgS veS vgS

is a basic open set in A X A (we can take the same set S in each factor simply by
taking some of the U, and U] to be all of 0,), then

Une(J) = (H @)™ x [Tos ] W @™ <[] o;§> .

veS vgS veS vgS
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This is the image of
1T Wen@)=") = I o,
veS vgS
which is open in J since inversion is continuous in each k. This implies immediately
that ¢ is bicontinuous.
With both of these descriptions of the topology on J in hand, it is now easy to
prove the basic facts about its topology. First, as with the adeles, we define sets

Js =[] ks> o:
veS vgS

where S is some finite subset of M} containing S.,. Then Jg is open and locally
compact, so J is locally compact. As in the adelic case, Jg is also closed, as is easy
to see.

Proposition 6.1. J is a topological group.
Proof. Viewing J as embedded in A x A, it is clear that inversion is continuous,
since it is just the natural map reversing the order of the direct product. It is also
clear that multiplication is continuous, since the map from A x A x A x A given by
(ala az, as, a4) = ((110,3, (120,4)
is continuous, and this restricts to give precisely multiplication in J. (]
We have natural embeddings k* — k}; — J, along the v-component, and k* — J

along the diagonal. An element of k* viewed as an idele in this second way is called
a principal idele.

Proposition 6.2. £* is embedded along the diagonal in J as a discrete subgroup.

Proof. This is essentially the same as the proof for the adeles, taking neighborhoods
B(1,1/2) for the archimedean valuations and using the product formula to derive
a contradiction about a — 1 for a € k. (]

Proposition 6.3. & is embedded as a closed subgroup of J.
Proof. This again is essentially the same as the adelic case. (I

Summarizing, we have shown that the ideles J are a locally compact topological
group, containing k* as a discrete subgroup along the diagonal, and in the v-adic
topology for each v inside of £k — J.

7. THE IDELE CLASS GROUP

The ideles possess two important natural homomorphisms into other multiplica-
tive groups. The first is a map

-l : T —RT
defined by
lall= TT llaully
veEMy

This makes sense, since for any idele a all but finitely many of the terms in the
product are 1. This map is also continuous; to show this, we must show that the
preimage of an open interval (bg,b;) C R* is open in J. So take any a € J with
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la || € (bo,b1). Pick one archimedean valuation v, let S be the set of valuations
at which a is not in o, and consider the open sets

U= J[ Blaw1)x ] o} x Blay,r)
vES,vF#vy vgS
where we let r vary. Then these open sets contain a, and we can make r sufficiently
small to force || U, || to lie in (bg, b1). This shows that ||- || is continuous.

Since {1} is closed in RT, the kernel of ||- || (which is just the preimage of {1})
is closed in J. We denote this by J° Note that the product formula shows that
k* C J°, and is a discrete subgroup.

The second natural homomorphism is given as follows: Let Z be the multiplica-
tive group of fractional ideals of k, and let P be the subgroup of principal ideals.
We define a map

J—-T

by associating to a € J the fractional ideal

H p”p (av) ,

Vp EMp—Soo

which we will denote (a). This is a fractional ideal, since only finitely many of
the vy(a,) are non-zero. This is clearly surjective, with kernel Jg_. Further, if
a € k* C J, then () is just the usual principal ideal generated by «. Thus
(k*) € P, so that we obtain an induced surjective homomorphism from J/k* to
the ideal class group Z/P. We call J/k* the idele class group, and write it as C. It
contains the closed subgroup C° = JO/k*.

Since the kernel of the map J — Z/P is k*Jg_, we have an isomorphism

J/k*Js =T/P.

Thus we have expressed the ideal class group as a quotient of the ideles.

We can generalize this construction somewhat. For any finite subset S of Mj
containing S, we will call

ks = JsNk*

the S-units of k. Tt is clear that this coincides with the usual notion of S-units,
which are those elements of k* which are units in each o, for v ¢ S. kg__ is just the
global units o7. Since k* is a discrete subgroup of J, ks is a discrete subgroup of
Js. We call the quotient Jg/kg the group of S-idele classes, and denote it by Cg.
We set J2 = JsNJ°, and C% = J2 /ks.

For each such S, we have a natural inclusion

Cs‘—>C

embedding Cg as an open and closed subgroup of C, since Jg is open and closed
in J. Similarly, the natural inclusion

CY — C°
embeds CY as an open and closed subgroup of C°.
We return to the ideal map defined above. We had a surjective map
C—-I/P

with kernel Cs_. Even if we restrict this map to C© it is still surjective, since if
I is a fractional ideal and a an idele with (a) = I, we can modify a at one of the
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archimedean valuations to get some a’ € J° with (a’) = I. The kernel of this map
is just C’goo, so we have an isomorphism

Cc/CY_ =T/P.

We must now show that C° is compact and discrete. This will turn out to
be equivalent to the finiteness of the ideal class group of k£ and the Dirichlet unit
theorem. We will first need a stronger approximation theorem, which we will prove
in the next section.

8. ANOTHER APPROXIMATION THEOREM

In order to prove the compactness of the idele class group we will need to exhibit
elements of k satisfying conditions at all v € M}. The approximation theorem is
not strong enough to deal with this situation, so we will need to prove a new result.

Given any idele a, we define the set L(a) C k to be the set of all a € k satisfying

lallo < llav

for all v € Mj. We write A(a) for the order of L(a). We wish to show if | a || is
sufficiently large, then L(a) is non-zero.
First, note that for any a € k* L(a) and L(aa) are in canonical bijection, by

T — ac.
Thus, A(a) = A(aa).
Theorem 8.1. Let k be a number field. Then there is a constant cy, depending
only on k, such that for any idele a,
Aa) = co [lall -
Proof. Let n be the degree of k over QQ, and pick an integral basis wy,...,w, for

0. Set
co=n sup {[will}-

VESno i
Now, by the approximation theoren€1 we can find « € k* satisfying
c1 2c1
llalle = = Tall
for all v € S,. We can also pick an integer m € Z such that
[maal,<1

for all v € My, — S, by taking m highly divisible by the prime numbers correspond-
ing to the finitely many valuations v for which ||aa|, > 1. Now, for all v € S,
we have
mey < ||maall, < 2me;.
Since A(maa) = A(a) and ||maal||=||a||, we may replace a by maa. This allows us
to assume that
lafl, <1
for all v € My — S, and that there is some rational integer m for which
mey <|lall,< 2mey

for all v € S4.
Now, let A be the set of elements of 0 of the form

blwl + +bnwn
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with b; € Z and 0 < b; < m. Then A contains (m + 1) > m"™ elements. Now, by
our normalization above, the fractional ideal (a) associated to the idele a is actually
an ideal, so it makes sense to consider the quotient map

o — og/(a).
The image has size N(a), so there must be a subset A’ C A containing at least

m’fL

N(a)

elements of A, all mapping to the same class in 0y /(a).
Fix some x € A’, and pick any other y € A’. Then

r=y (mod (a)),
so that
||$ - y”USHGU Hv
for all non-archimedean valuations v. If v is an archimedean valuation, then
||SL’ - va = walwl +-+ ba:nwn - bylwl — bynwn ||U
= H (buLl - byl)wl +---+ (buLn - byn)wn Hv
<mflwrllo +- -+ m f|wn o

<mec
< laylw -

Thus  — y € L(a). Therefore,

However, we also have

Finally, since

lal= I laolo- IT Nawllir=N()™" IT llauli,

VEM)—Soo VESoo V€S
we have
Aa) 227" " [lall -
This proves the theorem, with ¢g = 27"¢] ™. O

In fact, it is possible to get a much more precise statement. If we let r; be the
number of real embeddings of k, ro the number of complex embeddings of k£ and
D, the absolute value of the discriminant of k, then

A(a)z%”a”.

See [3, Chapter 5, Section 2, Theorem 1].
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9. THE COMPACTNESS OF THE IDELE CLASS GROUP

We are now in a position to prove the compactness of the idele class group. We
will need a lemma. Throughout this section we let ¢y be the constant of Theo-
rem 8.1.

Lemma 9.1. Let a be an idele with || a ||> 2/co. Then there exists a € k* such
that
1< laayllo < lall

for all v € M.

Proof. By Theorem 8.1 there is some non-zero (3 in L(a). This  satisfies || 8|, < |
ay ||» for all v, so if we set @ = 37!, then

1< [laay |
for all v € Mj. Also, we have

H reM ||04%Hv a
s [lo= e <Mlel_yqy,

HU’GMk,v’yév ||Oé(lv Hv -1

which completes the proof. O

Theorem 9.2. C° is compact.

Proof. Let ¢ : J — RT be defined by ¢(a) =| a || . For any a € k* we have
Y(a) =1, so we get a well defined map
Y :C — RT.

The kernel of this map is C°. Now, note that for any p € R*, ¢~1(p) is homeomor-
phic to C°. To see this, let a, be any idele with | a,|= p. (We can always find such
an a, by adjusting the archimedean valuations.) Then we have P 1(p) = apCO,
and this is a homeomorphism since J is a topological group. Thus, it will suffice to
show that 1)~1(p) is compact for some p € RT.

Fix some p with p > 2/cq, and pick some a € 1»~*(p). Then by Lemma 9.1 there
is some «, € k* with

1< Haaav”v <p

for all v € M. However, since a non-archimedean valuation v, takes on no values
between 1 and Np, and only finitely many primes p have Np < p, we must have

| aay ”vp =1

for all but finitely many primes p, independent of a. Thus there is some finite set
S of valuations (including Ss) such that

1 <||agay v < p, ves
| gy ||y = 1, végS.
Define
T = H(me(O,l)) X Hof,.

veS vgS
Then by the Tychonoff theorem T is compact, since each factor is. Further, by
what we have shown above, T maps onto ¥ ~!(p) under the quotient map

J— C.
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(This is because we can always modify an element of 1~!(p) by an element of k* to
get it in T.) The image of T is compact, so 1) ~!(p) is a closed subset of a compact
space, and thus compact. This completes the proof. O

Corollary 9.3. C’g is compact for any finite set S containing Seo.

Proof. C% is a closed subset of the compact space C°, and thus is compact. O

10. APPLICATIONS TO ALGEBRAIC NUMBER THEORY
The finiteness of the ideal class group is now an immediate corollary of everything

we have done.
Theorem 10.1. For any number field k, the ideal class group T/P is finite.

Proof. Recall that we had a group isomorphism
c/Cy_ =I/P.
The space C°/ Cgm is a quotient of a compact space, and thus compact. Also, Cgm
is an open subgroup of C?, so this quotient is also discrete. (This is because each
coset of C%_, which become points in C°/C%__, is open.) Thus, the space C°/C%_
is compact and discrete, and thus finite. Therefore Z/P is finite as well. O
The Dirichlet unit theorem will require a preliminary result.

Lemma 10.2. Any discrete subgroup A of R® is free abelian, of rank dimRA. (Here
RA is the R-vector space spanned by A.)

Proof. We prove this by induction on the dimension of dimRA. If dimRA = 1,
then, since A is discrete, there must be some A € A closest to 0. It is then clear
that A = Z\, since otherwise we could construct an element of A closer to 0 than
A
Now, suppose dimA = m. Let A1,..., A, be a R-basis for RA. If Ay is the

subgroup of A spanned by A1, ..., Ap_1, then by the induction hypothesis

N =Z\ B - B ZLAp—1.
Now, consider the set A’ of A € A of the form

)\:alA1+"'+amAm7

with0<a; <1lfori=1,...,m—1, and 0 < a,,, < 1. (We do not require that
the a; be integers.) This is a bounded subset of a discrete set, so it is finite. Pick
A € A’ with minimal non-zero coefficient of \,,, say

N =a\ 1+ +a,Am-

Now, if A is any element of A, then we can find some integer ¢ such that the
coefficient a,, of A, in A — t\ satisfies 0 < a,, < a/,,. We can then further modify
A —t) by some A\g € Ag to get A —t) — Ao € A’. But since a/,, was the minimal
non-zero coefficient of \,,, in A’, we must have a,, = 0. This implies that

A—t\N — X =0,
which, together with linear independence, shows that
A=Z\ D - DL\,
as desired. (I
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Theorem 10.3 (Dirichlet Unit Theorem). For any set finite set S € My, of size s,
containing So, the S-units ks have rank s — 1.

Proof. Let vq,...,vs be the elements of .S, ordered so that v, is archimedean. We
define a group homomorphism

log: Js — R*®
by
log(a) = (10g || av, [[v*- -, log [|ay, [[5*)-

This is continuous since it is continuous in each coordinate. Since any a € Jg. has
la||=1, and || ay |l,=1 for v ¢ S, the image of J3 under this mapping lies in the
hyperplane

it b, =0,
where x1,...,zs are the usual coordinates on R®. Call this hyperplane H. Note
that JY generates H over R, since log(J2) contains the s — 1 linearly independent
vectors

(Cl, 0,0, “e ,0, —Cl)

(0,02,07 e ,O7 —02)

(03 Oa 07 sy Cs—1, 765—1)7
where the ¢; are some non-zero constants depending on v;.

Now, consider the S-units ks = k* N JJ. The set log(ks) is in fact discrete.
To see this, note that the elements of log(kg) in any bounded region of R® have
bounded archimedean absolute values, which in turn bounds the coefficients of the
polynomials of these elements over Z. Since the degree is bounded by [k : Q], there
are only finitely many such polynomials having bounded coefficients. Therefore
only finitely many elements of k& can map into any bounded region of R*, so log(ks)
is discrete. Thus, by Lemma 10.2, log(ks) is a free abelian group. Note that the
kernel of log |, is just the roots of unity of k (since any algebraic integer which
always has archimedean absolute value 1 is a root of unity, by an argument similar
to the one just given), so it will be enough to show that log(ks) has rank s — 1.

Let W be the subspace of H generated by log(ks). Then we have an induced
continuous homomorphism

log : J2/ks = CS — H/W.

The image of this map generates H/W as an R-vector space, since J2 generates
H. The image is also the image of the compact set C%, and thus compact. But if
H/W is non-trivial it has no non-trivial compact subgroups (it is just R™ for some
n), so we must have H/W = 0, and H = W. Thus log(ks) generates all of H, so
it has rank s — 1. (]

Corollary 10.4. The group of global units of a number field k is isomorphic to
W x zritrz=1

where W is the subgroup of roots of unity, r1 is the number of real embeddings of k
and ro is the number of complex embeddings of k.

Proof. We simply take S = S, in the preceding theorem. O
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