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Compressive sensing for cut improvement and local clustering.

Ming-Jun Lai* and Daniel Mckenzie

Abstract. We show how one can phrase the cut improvement problem for graphs as a sparse recovery prob-
lem, whence one can use algorithms originally developed for use in compressive sensing (such as
SubspacePursuit or CoSaMP) to solve it. We show that this approach to cut improvement is fast,
both in theory and practice and moreover enjoys statistical guarantees of success when applied to
graphs drawn from probabilistic models such as the Stochastic Block Model. Using this new cut
improvement approach, which we call ClusterPursuit, as an algorithmic primitive we then propose
new methods for local clustering and semi-supervised clustering, which enjoy similar guarantees of
success and speed. Finally, we verify the promise of our approach with extensive numerical bench-
marking.

Key words. Cluster Extraction, Local Clustering, Cut Improvement, Semi-Supervised Clustering, Community
Detection, Compressive Sensing, Sparse Solution, Graph Laplacian.
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1. Introduction. Finding clusters is a problem of primary interest when analyzing graphs.
This is because vertices which are in the same cluster can reasonably be assumed to have
some latent similarity. Thus, clustering can be used to find communities in social networks
[24, 48, 53] or deduce political affiliation from a network of blogs [5]. Moreover, even data
sets which are not presented as graphs can profitably be studied by first creating an auxiliary
graph (eg. a K- or e-nearest-neighbors graph) and then applying graph clustering techniques.
This has been successfully applied to image segmentation [43, 37], image classification [30]
and natural language processing [19].

We shall informally think of a cluster as a subset of vertices, C' C V with many edges
between vertices in C, and few edges to the rest of the graph, C¢. See Figure 1 for a few
examples. While some graphs may allow a neat partitioning into disjoint clusters (for example
the OptDigits graph in Figure 1), for many graphs this is not the case. Some graphs may
contain background vertices, that is, vertices which do not belong to any cluster (see the
College Football graph in Figure 1). Alternatively, graphs may exhibit clusters at multiple
scales (See the Senate Co-voting graph in Figure 1). In many cases, one has certain a priori
information that could be used to improve clustering. For example in the OptDigits graph,
we may know that some small subset, I' C V, all represent images of ones. It is reasonable to
assume that algorithms which incorporate this additional information (usually referred to as
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2 M.-J. LAl AND D. MCKENZIE

Figure 1: Left: the College Football graph of [24]. Vertices represents colleges fielding (Amer-
ican) football teams in the 2000 season. Vertices are connected if the respective teams played
each other during the regular season. Clusters correspond to the various conferences in which
teams play. Note that there are five schools, denoted in black, which are “independents” ie
they are not affiliated with any conference. These can be thought of as background vertices.
Middle: Senate co-voting for the 97th Congress, created using data from [32]. Vertices repre-
sent Senators and are connected if the respective Senators cast the same vote on a majority of
bills. The two large clusters correspond to the two major American political parties. Notice
how the blue cluster can be visually subdivided into two sub-clusters. Right: The OptDigits
dataset consists of 5620 grayscale images of handwritten digits 0-9 of size 8 x 8. We discuss
how to turn this into a graph in §10. Note that as there are ten digits, we expect this graph
to have ten disjoint clusters.

semi-supervised algorithms) will perform better than ones which do not. With this in mind,
it is convenient to appeal to the following taxonomy of clustering algorithms:

1. Global clustering algorithms assign every vertex to one of k clusters, where the clusters
may or may not be disjoint. Algorithms for this problem may be unsupervised (for
example SpectralClustering [43, 40] or GenLouvain [18]) or semisupervised (for
example the auction dynamics approach of [30], or the regional force based methods
of [54]). This is appropriate for graphs such as the OptDigits graph of Figure 1, where
one expects a clear partition of the vertices into clusters.

2. Local clustering algorithms' take as input a small set of “seed vertices”, I' C V and
return a good cluster containing I'. Algorithms for local clustering are not confounded
by background vertices, as they are not required to assign them to a cluster. One
can further sub-divide local clustering algorithms into strongly and weakly local clus-
tering algorithms. Strongly local algorithms, for Nibble [45, 46], PPR-Grow [1] or
CapacityReleasingDiffusion [52], are characterized by having run time proportional
to the size of the cluster found. This is advantageous when the cluster in question has
much fewer vertices than the graph as a whole. Weakly local algorithms are character-
ized as having run time proportional to the size of GG. In practice they are frequently
faster than strongly local algorithms when finding large or moderately large clusters.

! Also known as cluster extraction algorithms in the statistics literature
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CLUSTER PURSUIT 3

We note that both kinds of local clustering algorithms may take as input a scale pa-
rameter, which dictates the size of the output cluster returned. This is useful when
the graph at hand contains clusters at multiple scales, such as the Senate co-voting
graph of Figure 1.

3. Cut improvement algorithms(cf. [1], [41], [50]) take as input a cut, or subset 2 C V,
which one can think of as an approximation to a cluster C', and refine it to produce a
better approximation. Often cut improvement algorithms are run on the output of a
local clustering algorithm to improve the quality of the output.

The central contribution of this paper is a new cut improvement algorithm which we call
ClusterPursuit, that phrases the cut improvement problem as a sparse recovery problem.
We pair this with a simple local clustering algorithm which we call Random Walk Thresholding
or RWThresh to obtain a two-stage weakly local clustering algorithm that we shall refer to as
CP+RWT. One can iterate this algorithm to find all clusters in a graph; we call this procedure
iterated CP+RWT or ICP+RWT. After presenting some mathematical preliminaries and outlining
the assumptions we place on generative models of graphs in §2, we derive the ClusterPursuit
algorithm in §3 and prove that, given a cut § satisfying |C1 AQ|/|C1| = O(1) ClusterPursuit
returns Cfﬁ satisfying |C] A C#]/|C’1| = o(1). Here, C} denotes the smallest cluster in the
graph. In §4 we discuss the RWThresh algorithm, and show that given a small set of seed
vertices, I' C (1, it is capable of finding an § satisfying |C1 A Q|/|C1| = O(1). This leads
naturally to guarantees of success for the two-stage local clustering algorithm CP+RWT, which
we present in §5. In §6 we briefly discuss ICP+RWT while in §7 we show that CP+RWT and
ICP+RWT enjoy a computational complexity of O(ndmax log(n)) where dpyax is the largest vertex
degree in the graph. In §8 we survey the literature and compare our work with relevant
recent work in the area, while in §9 we show that a popular generative model of graphs with
communities, namely the stochastic block model, satisfies the assumptions outlined in §2.
Finally, we complement theoretical insight with experimental results in §10. In the interest of
reproducibility, we make our code available at: danielmckenzie.github.io.

2. Preliminaries.

2.1. Graph Notation and Definitions. We restrict our attention to finite, simple, undi-
rected graphs G = (V, E), possibly with non-negative edge weights. We identify the vertex
set V' with the integers [n] := {1,...,n} and denote an edge between vertices i and j as
{i,j} € E. The (possibly weighted) adjacency matrix of G will be denoted as A. By d;
we mean the degree of the i-th vertex, computed as d; = > y A;;. For any S C V define
vol(S) = 3 ,cgdi. For quantities such as d; (and later );) that are indexed by i € [n], let
dmax = max; d; and similarly dyi, := min; d;. Denote by D the diagonal matrix whose (i, 1)
entry is d;. By “cluster” we shall mean a subset of vertices, C C V, that is well-connected
but sparsely connected to the rest of the graph. If a graph has clusters we shall refer to them
as C1,...,Ck. We define n, := |C,| and assume that the clusters are ordered by size, so that
ny <ng < ..., < ng. We reserve the letters a and b for indexing clusters, while ¢ and j will
index vertices.

This manuscript is for review purposes only.
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4 M.-J. LAl AND D. MCKENZIE

Definition 2.1 (Laplacians of graphs). The normalized, random walk Laplacian is defined as
L =1— D7 'A. We shall simply refer to it as the Laplacian. The normalized, symmetric
Laplacian is: LY™:= T — D=1/2AD~1/2,

Recall the following elementary result in spectral graph theory (see [49], for example, for
a proof):

Theorem 2.2. Let C,...,C) denote the connected components of a graph G. Then the
cluster indicator vectors 1c,,...,1c, form a basis for the kernel of L.

Suppose that G has clusters C1,...,Cy. By definition, clusters have few edges between
them, and so it is useful to write G as the union of two edge-disjoint subgraphs, defined
as follows: let G = (V, E™) have only edges between vertices in the same cluster, while
GO = (V, E°U) consist only of edges between vertices in different clusters. We emphasize
that this is a theoretical construction, as in practice we of course cannot ascertain whether two
vertices are in the same cluster without first solving the clustering problem, which is precisely
what we are trying to do. Denote by A™ and L™ (resp. A°" and L°%') the adjacency
matrix and Laplacian of G'* (resp. G°%). Similarly, di* (resp. d?"*) shall denote the degree
of the vertex i in the graph G (resp. G°"). For future reference we define the random
walk transition matrices P = AD~! and N := D~Y/2AD~/2. We note that the spectra of
P,N, A, L are related:

Lemma 2.3. For any matriz B with real eigenvalues let \;(B) denote the i-th smallest
eigenvalue, counted with multiplicity. Then A\;(L) = X\ (L%Y™) while \py—i(N) = A\p—i(P) =
1—XNi(L)

Proof. Observe that L = D~Y/2L¥™D1/2 hence L and L™ have the same spectrum.
Similarly P = DY2 (I — L»™) D='/2 hence P and N = [ — L®™ have the same spectrum.
Thus if A is the i-th smallest eigenvalue of L™ it is the i-th largest (and hence the (n —)-th
smallest) eigenvalue of I — L™, [ |

For any S C V, we denote by Gg the induced sub-graph with vertices S and edges all
{i,j} € Ewithi,j € S. By Ag, (resp. Lgy) we mean the adjacency matrix (resp. Laplacian)
of the graph G's. Note that Lg, is not a submatrix of L! For any S C [n] we define an indicator
vector 1g € R™ by (1g); = 1 if i € S and (1g); = 0 otherwise. |S| will always denote the
cardinality of S. For any matrix B, by Bg we mean the submatrix of B consisting of the
columns b; for all 7 € S.

2.2. Compressive Sensing. Recall for any x € R", ||x||o := |[supp(x)| = |{i : x; # 0}] is
the sparsity of x. If ||x||p < n we say that x is sparse. Candés, Donoho and their collaborators
in [20, 9] pioneered the study of compressive sensing, which offers theoretical analysis and
algorithmic tools for finding sparse solutions to linear systems ®x = b, for example by solving
the minimization problem:

(2.1) argmin||®x — y||2 subject to ||x|o < s,

where ® € R™*™ ig referred to as the sensing matriz. Typically, it is assumed that m < n
although this will not be the case in this paper. There are many algorithms available to solve
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CLUSTER PURSUIT 5

Algorithm 2.1 SubspacePursuit, as presented in [17]

Input variables: measurement matrix ®, measurement vector y, sparsity parameter s and
number of iterations J.

Initialization:
(1) SO = £ (@Ty).
(2) x(© = arg min,pgn {||y — @z : supp(z) C SO}
0

(1) 5’(]) SU-Dy L, (q)T (J'—l))
(2) w=arg min{lly - ®all, - supp(a) < 50}

3) S(]) = S( ) and x) = H(u)

Problem (2.1), but the one we shall focus on is the SubspacePursuit algorithm introduced
n [17]. Here £s(-) and #Hs(-) are thresholding operators:

Ls(v) :={i € [n] : v; among s largest-in-magnitude entries in v}

Ho(v)i = { v i€ Ly(v)

otherwise.

In quantifying whether (2.1) has a unique solution, the following constant is often used (see
[21])

Definition 2.4. The s Restricted Isometry Constant (s-RIC) of ® € R™*"  written 05(P),
is defined to be the smallest value of § > 0 such that, for all x € R™ with ||x|lo < s, we have:

(1= ) llx[l3 < |@x[l3 < (1 + ) f1x][3-

If 05(®) < 1 we often say that ® has the Restricted Isometry Property (RIP).

One of the reasons for the remarkable usefulness of compressive sensing is its robustness to
error, both additive (i.e. in y) and multiplicative (i.e. in ®). More precisely, suppose that a
signal y = dx* is acquired, but that we do not know the sensing matrix d exactly. Instead,
we have access only to ® = b+ M , for some small perturbation M. Suppose further that
there is some noise in the measurement process, so that the signal we actually receive is
y = ¥ + e. Can one hope to approximate a sparse vector x* from y, given only &7 This
question is answered in the affirmative way by several authors, starting with the work of [29].
For SubspacePursuit, we have the following result (cf. [33]):

Theorem 2.5. Let x*, y ¥, ® and ® be as above and suppose that |x*lo < s. For any
€ [n], let 6; := 6;(P). Define the following constants:

ey = llella/[1§1l2 and & = | M]S| &[5

This manuscript is for review purposes only.
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6 M.-J. LAl AND D. MCKENZIE

where for any matriz B, HBH;S) :=max{||Bs|2: S C[n] and |S| = s}. Define further:

p:@ and T:M(l—5gs)(1—p)+ 2v2+1
(1 —d35)(1 = p)

1_5?%8 \/1_55‘%3

Assume 035 < 0.4859 and let x(™ be the output of SubspacePursuit applied to Problem (2.1)
after m iterations. Then:

||X* _X(m)H? m V1+9s s

— S p T ——(€p +€&).
L g @t
Proof. This is Corollary 1 in [33]. Note that our convention on hats is different to theirs

— our P is their ®, hence our p is their p and so on. |

Next it is easy to obtain bounds on the quantity HB||§S) ‘= maxsc ||Bg/|2:
|S|=s

Lemma 2.6. For any matrix B and any 2 < s < n we have that 0s_1(B) < HBH&S) <
Omax(B) = || B||2, where 0j(B) denotes the j-th smallest singular value of B.

Proof. Observe that, for any matrix B,

(s) _ _
IBlly" = g}?ﬁ | Bsll2 = g}?ﬁ Omax(Bs),

|S|=s |S|=s

where opax(Bg) denotes the maximum singular value of Bg. Because oymax(Bs) = 0s(Bg), by
the interlacing theorem for singular values (cf. [47]) 05-1(B) < 0max(Bs) < 0max(B). [ ]

2.3. The Data Model. For conceptual clarity, we shall take an asymptotic viewpoint,
and consider graphs G € G,, as n — oco. Note that the graphs under consideration may be
weighted or unweighted. We say that a graph property P holds almost surely for G, if the
probability of a G drawn from G,, not having P is o(1).

Assumptions 2.7. Suppose that there exist €; = o(1) as n — oo for i = 1,2,3 such that for
all G € Gy:

(A1) V = C1U...UC} where the C, are disjoint, planted clusters and k is O(1) as n — .
(A2) For all a € [k] we have that Ao(Lg., ) > 1 — €1 and Ay, (Lae, ) < 1+ €1 almost surely.
(A3) Letting r; := d?"*/di®, r; < € for all i € [n] almost surely.

(A4) If dt := E[d"] then diB, < (1+ €3)d2 and d% > (1 — €3)d% almost surely.

Note that we can think of (A1l)—(A4) as “regularity” requirements for graphs; as they
insist that degrees do not vary too wildly, and that the eigenvalues are well behaved. In
89 we verify that a common model of unweighted graphs with clusters—the stochastic block
model—satisfies these assumptions, so they are certainly not too restrictive. It seems probable
(and indeed supported by the numerical evidence of §10) that reasonable models of random

weighted graphs satisfy these properties too, although we leave this for future work.

This manuscript is for review purposes only.
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3. The ClusterPursuit Algorithm. The motivation for our algorithm is the following
observation. Suppose for a moment that one had access to L'™. Suppose further that one is
given a cut {2 “near” a cluster of interest, C,, which we shall take quantitatively to mean that
|Co A Q| = €|Cyl|, where A denotes the symmetric difference, i.e C A Q = (C\Q) U (Q\C) and
€€ (0,1). Letting U = C, \ Q and W = Q \ C, one observes that:

lo=1¢, +1w -1y
— Linlg = Linlca + » (]_W — ]_U)
— LM™qg=0+L"(1y —1y) (by Theorem 2.2)
=y =L" 1y —1y) (if y™:= L")
Solving the linear system y'™ = L"x is unlikely to yield x = 1y — 1y, as L™ has a large

kernel (Theorem 2.2). However, Theorem 3.2 will show that one may recover 1y — 1y as the
solution to the sparse recovery problem:

(3.1) arg min {|[L"x — y™ |2+ [[xlo < s}
xeR™

where s =~ |C, A Q|. Of course, one will not in practice have access to L'®, only L. Thus one
needs to consider a perturbed version of (3.1):

(3:2) arg min {||Lx —y|l2 : [x[lo < s}
xeR”

where y = L1g. Theorem 3.4 will show that the solution x# to the minimization problem
(3.2) found by SubspacePursuit is a good enough approximation to 1y — 1y, hence one
may infer U and W from the signed support of x#. Clearly, if one knows ©, U and W one
may reconstruct C, as Cy = (2 \ W)U U. This is the essence of ClusterPursuit, which we
present as Algorithm 3.1.

Algorithm 3.1 ClusterPursuit
Input: Adjacency matrix A, initial cut 2, estimate s ~ |2 A Cy| and R € [0, 1).
(1) Compute L =1 — D 'A andy = L1g.
(2) Let x7 be the solution to

(3.3) argmin{|[Lx —y|[2 : [Ix[lo < s}

obtained after m = O(log(n)) iterations of SubspacePursuit.
(3) Let U# = {i : 2 < —R} and W# = {i : a:f& > R}.

i

Output: CF = (Q\W#) uU#.

Remark 3.1. ClusterPursuit requires as an input an estimate of | A C,|, which might
not always be available. This is less of an issue than it might first appear as:

This manuscript is for review purposes only.
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8 M.-J. LAl AND D. MCKENZIE

1. Theorem 3.4 will show that as long as |[QACy| < s < 0.13|C,| ClusterPursuit works
well.

2. If no knowledge of |2 A C,| is available, one may run ClusterPursuit for various
values of s and keep the returned cluster with lowest conductance.

3. Alternatively, one could consider the Lasso form of problem (3.3):

(3-4) argmin {[|Lx —yllo + Allx|[1} = argmin {||Lx — y}2 + Allx]lo}
as the sparse solution is the cluster indicator 1y — 1y which satisfies [|x]jo = ||x]|1-

We do not analyze this further here.

Theorem 3.2. 1y — 1y is the unique solution to Problem (3.1), for any graph G with
clusters Cy,...,Ck, as long as |Cy A Q] < s <mny/2.

Proof. One can easily verify that 1y — 1y is a solution to (3.1), thus it remains to show
that it is the unique one. So, suppose that v satisfies L™v = y'™ and that v # 1y — 1p.
Because y'™ = L"1q:

k
L'v —[Mg=0 = v—1g €ker(L™) = v—1g = Z aple, ( by Theorem 2.2)
b=1
k k
— VvV = Zablc’b\ﬂ + Z(ab + 1)lcme
b=1 b=1
Now if gy = —1 and o = 0 for all b # a then v = 1y — 1y, which we are assuming is not

the case. Hence either o, # —1, in which case ||v]jo > |C, N Q| > |Cy| — |Co A Q| > 1y /2, or
ap # 0 for b # a in which case ||v|lo > |Cy \ Q| > |Cp| — |Cy A Q| > np/2 as we are assuming
that |Cy A Q| < n1/2 and ny = ming np. By assumption, s < n1/2 hence in either case v is
infeasible for Problem (3.1), as it does not satisfy the constraint ||v|lp < s. [ ]

Henceforth, we shall focus on recovering the smallest cluster, C';. We do this to avoid a
technical complication in the estimation of é,,, (L) for a > 1 (see Theorem 3.3 and Remark
A.3). We note that as long as n, ~ nj this is not really an issue, and the proof of Theorem
3.4 will extend to this case, albeit with a tighter bound on e.

Let us now quantify the size of the perturbation in moving from (3.1) to (3.2). Define
M := L — L™ and e := y — y'™. Recall from Theorem 2.5, that the three key parameters in
perturbed compressive sensing are the restricted isometry constant of L and:

35) ., — lel: o I
ly™l2 [Ln)$

as well as two secondary quantities, p and 7. We prove the following:

Theorem 3.3. Suppose that G, satisfies (A1)-(A4) and that |Q A C1| < 0.13n;. Then for
any v € (0,1) the following hold almost surely:

1. ey =o(1) and €]"" = o(1).

This manuscript is for review purposes only.
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CLUSTER PURSUIT 9

2. 8oy (L) < 7+ of1).
3. If d35(L) < 0.45 then p < 0.8751 and 7 < 55.8490 for any s € (0,n1/3).

Proof. Part (3) follows by direct computation. For parts (1) and (2) see Appendix A. W
We now prove the main result of this section:

Theorem 3.4. Suppose that A is the adjacency matriz of G ~ G, satisfying assumptions
(A1)-(A4), and that Q satisfies |C1 A Q| = eny with e < 0.13. If C# is the output of
ClusterPursuit when given inputs A, 2, en; < s <0.13n; and R = 0.5 then:

‘01 A Cﬂ
~——— =o0(1) almost surely.
|C1l

Remark 3.5. s < 0.13n; is a conservative upper bound on s for which the guarantees from
§2.2 will hold. If one has no further information on |C; A Q| we recommend using this as
the default value of s. Empirically (see §10.1) we still observe excellent performance when
s> 0.13n;.

Proof. Recall x* is the solution obtained by m = O(log(n)) iterations of SubspacePursuit
on Problem 3.2, which we are regarding as a perturbation of Problem 3.1. Clearly, 0.13n; <
n1/2, hence by Theorem 3.2 1y — 1y is the unique solution to (3.1). By Theorem 3.3 part (2)
we get 05(L) < 0.13+ 0(1) < 0.15 almost surely, for large enough ny. Similarly d35(L) < 0.45,
again almost surely for n; large enough. It follows from Theorem 3.3 part (3) that p < 0.8751
and 7 < 55.8490. We now appeal to Theorem 2.5 to obtain:

1y — 1) — x*# V1+96
||( U W) X ||2 _pm+T + S(E(sl)—i-ﬁy).
1y — 1wl2 1 —e€3

The second term on the right-hand side is o(1) by Theorem 3.3. As long as m > log,(1/n) =
O(log(n)), we obtain that p™ = 1/n = o(1) too. Thus:

(1 — 1w) — x7#|2
1r — 1wl2

(3.6) <o(l) = ||(ly — 1w) — x*|a < o ([1y — 1w |l2) = o(y/n1)

As |1y —1wll2 = /|U| + |W| = \/ény. In Lemma 3.6 below we show that, because 17 — 1y is
a difference of binary vectors, equation (3.6) implies that |[U A U#| = o(ny) and |[W AW#| =
o(n1), and hence |C; A C’ﬁ = o(ny), as required. [ ]

Lemma 3.6. Consider disjoint Th,T> C [n] and any v € R™. Define Tl# ={i: v; > 05}
and TQ# ={i: v; <—=05}. If || (1, — 11,) — vl]j2 < D then:

Ty ATH| + Ty A TY | < 4D,

Proof. Let T3 := [n] \ (T1 UTy) and write v = v + v(? 4 v where v(¥) denotes the
part of v supported on T;. Observe that:

D2 > ||(1T1 - 1T2) - VH% = H]'Tl - V(l)H% + H - 1T2 +V(2)”% + ”V(3)||2

This manuscript is for review purposes only.
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10 M.-J. LAl AND D. MCKENZIE

One can easily verify that:

1
117 = VOIS = gy g = VOl P+ 1y e = Vi e 1B 2 (05173 \ T

Similarly, || — 17, + v |2 > (0.5)2|T3 \ 7§, and:
VOB = 11 e 17 4 11V L g I = (05)IT \T1| + (05T \ T
Putting this all together we get that:

D? > (0.5) (|T1 \TF |+ |\ T | + |77 \ Ty | + |75 \T2|) =0.25 (|T1 AT]| + |y AT2#|)

4. The RWThresh algorithm. Here, we introduce a simple, diffusion-based local cluster-
ing algorithm which we call RWThresh (see Algorithm 4.1). We note that RWThresh is some-
what similar to other more sophisticated diffusion-based local clustering algorithms, such as
PPR-Grow, HK-Grow and CapacityReleasingDiffusion. We do not claim that RWThresh
outperforms similar existing algorithms; its main utility lies in the fact that it reliably (and
provably) produces approximate cuts, €2, that are of a high enough quality to be used as an
initialization for ClusterPursuit.

Algorithm 4.1 RWThresh

Input: Adjacency matrix A, a thresholding parameter € € (0, 1), seed vertices I' C C1,n1 =
n1 and depth of random walk ¢.

(1) Compute P = AD~! and let v(¥ = D1r.

(2) Compute v = Pty(0)

(3) Define Q2 = ,/3(1+5)ﬁ1 (v®).

Output: Q=QUT.

Here £;(+) is a thresholding operator, similar to £;(-), but that returns the indices of the ¢
largest, not largest-in-magnitude, components of a vector. To motivate RWThresh we observe
the following. If G,, satisfies assumptions (A1)—(A4) then:

1. G, is sufficiently densely connected that after ¢ steps the random walk has a fairly
large probability of visiting every i € C1.
2. (1 is sufficiently weakly connected to V' \ C that the probability of the random walk
leaving C after t steps is fairly small.
Hence Algorithm, 4.1 which runs a short random walk starting on I'" and takes 2 to be the
set of vertices most likely to be visited, should produce an  which is close to our intuitive
notion of a good cluster. Let us quantify this as Theorem 4.1.

Theorem 4.1. Let G ~ G, satisfy Assumptions (A1)-(A4) and let A denote the adjacency
matriz of G. Let Q denote the output of RWThresh with inputs A, any e € (0,1), anyt = O(1),

f1 = n1 and T C Cy with |T| = ge3™'ny for any constant g € (0,1), where €3 is as in
Assumption (A4)). Then |Q A Ci| < (e +o(1))n1 almost surely.
Proof. The proof is left to Appendix B. |
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We note that there are many local clustering algorithms, for example the PPR-Grow and
CapacityReleasingDiffusion algorithms discussed in §8, that require only |T'| = O(1).
However, these algorithms tend to return small clusters, typically of size |C| = O(1). If
es = O(1/1og(n)), as it is in the numerical experiments of §10.1, then Theorem 4.1 requires
that |I'| = O(ny/polylog(ni)), which seems to be a reasonable assumption when finding a
cluster of size O(n). In practice, we find it suffices to take |I'| = 0.01ny or |T'| = 0.02n;.

5. Using ClusterPursuit for local clustering. As mentioned earlier, using RWThresh to
quickly generate a rough approximation to C1, namely €2, and then using ClusterPursuit to
then refine this cut leads to a (weakly) local clustering algorithm. Here we verify that this
approach, presented below as algorithm 5.1, works well for our model of graph.

Algorithm 5.1 CP+RWT
Input: Adjacency matrix A and seed vertices I' C C4. Parameters € € (0,0.13), s = enq,
R e [O,l), ny~ny,teZy
(1) Let Q = RWThresh(A, e, ', n,1)
(2) Let C’# = ClusterPursuit(4, s, R)
Output: Cfé

Theorem 5.1. Let G ~ G, satisfy Assumptions (A1)—-(A4) and let A denote the adjacency
matriz of G. Let Cfﬁ denote the output of CP+RWT with inputs A, € € (0,0.13), R = 0.5,
71 = n1, any t = O(1), any s satisfying ¢ < s < 0.13n; and T C Oy with |T| = ge3 'ny for

any constant g € (0,1), where €3 is as in Assumption (A4). Then:

’C’l Acﬂ
o o(1)

almost surely, for large enough n;.

Proof. By Theorem 4.1, the call to RWThresh in Step (1) of CP+RWT almost surely returns
an Q satisfying |Q A Cy| < (e + o(1))n; for input parameters with the given values. For large
enough n1, we have that (e+0(1))n1 < s < 0.13n;, hence the call to ClusterPursuit in Step

(2) of CP+RWT returns C# with ’Cl A C’ﬂ /|C1| = o(1) by Theorem 3.4, again almost surely.l

Remark 5.2. In practice (see §10) we find it generally suffices to take ¢ = 3. If C} is
densely connected, one might consider a smaller value of ¢, and conversely one might choose
a larger value (say t = 5) if C is sparsely connected.

6. Using ClusterPursuit for semi-supervised clustering. In the (global) semi-supervised]]
clustering problem, one is given a small set of seed vertices I'y; C C, in each cluster, usu-
ally referred to in this context as “labeled data”. The goal here is to find a partition into
disjoint sets: V = Cfﬁt U C# U...u C’;f that closely resembles the ground truth partition
V=CiUCyU...UC. An iterated version of CP+RWT, which we call ICP+RWT, can be used
to solve this problem. ICP+RWT is presented as algorithm 6.1. Note that in the second line
of the for loop we use the shorthand G+ = G(@) \C’f to denote the graph formed from
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G(@ by removing the vertices C¥. We do not analyze the theoretical performance of ICP+RWT
here? but we provide numerical evidence that ICP+RWT is competitive with state-of-the-art
semi-supervised graph clustering algorithms in §10.3.

Algorithm 6.1 ICP+RWT

Input: Adjacency matrix A, labeled data I', C C, for a = 1,..., k. Parameters e € (0,1),
Re[0,1), ng = ng and s, x eng fora=1,...,k, and t € Z,
Initialize: G = G and AV = A.
fora=1,...k do
Let C7f = CP+RWT(A@ Ty, €, R, 54,7, 1)
Let G@D) = @\ ¢F and let AT be the adjacency matrix of G(+1).
end for
Output: C#, e C’,fé

7. Computational Complexity. In this section we discuss the run times of the algorithms
introduced in this paper. Let 7T, denote the cost of a matrix-vector multiply with A, L or P
(they are all of the same magnitude).

Theorem 7.1. RWThresh requires O(nlog(n) + tT,,) operations, where t is the depth of the
random walk.

Proof. Computing v() requires ¢ matrix-vector multiplies and hence requires O(tTm) op-
erations. Sorting v(*) in order to find Q requires O(n log(n)) operations. [ |

Let us now analyze the complexity of ClusterPursuit
Theorem 7.2. ClusterPursuit requires O (T,, log(n)) operations.

Remark 7.3. Note that if A is stored as a sparse matrix then 7, = O(ndmax) in which
case the run time of ClusterPursuit becomes O(ndmax log(n)).

Proof. The run time of ClusterPursuit is dominated by the cost of the call to SubspacePursuit]]
(see Algorithm 2.1) in step (3) which costs m times the cost of each iteration. We now bound
the cost of each iteration. The cost of the j-th iteration is dominated by the cost of solving
the least squares problem:

arg min{HLz —ylly: supp(x) C S'j} :

zcR™

(step (4) in the “for” loop of Algorithm 2.1). Because of the support condition, and because
|S7| = 2s < 0.26n1, this is equivalent to the least squares problem:

(7.1) arg min {||Lg,z — y/[,}
zER2s

We recommend using an iterative method, such as conjugate gradient (in our implementation
we use MATLAB’s 1sqr operation). Fortunately, as pointed out in [39], the matrix in question,

2There is a minor technical difficulty: one needs to show that if G is drawn from a model satisfying
assumptions (A1)—(A4) then each G'® is also drawn from a model satisfying assumptions (A1)—(A4).
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330 Lg; is extremely well conditioned. This is because d25(L) < d35(L) < 0.45, as shown in the
331 proof of Theorem 3.4. By [39], specifically Proposition 3.1 and the discussion of §5, this
332 implies that the condition number is small:

-
Amax(Lg; Lg) 14 6y,

)\min(ngLS‘j) 1 — b9

333 K(LSTjLSj) = <2.64

334 The upshot of this is that it only requires a constant number of iterations of conjugate gra-
335 dient to approximate the solution to the least-squares Problem (7.1) to within an acceptable
336 tolerance. Indeed, Corollary 5.3 of [39] argues that three iterations suffices. We play it safe
337 by performing ten iterations. The cost of each iteration of conjugate gradient is equal to (a
338 constant times) the cost of a matrix vector multiply by L or L] , which is Ty,. Hence the

Sj Sj’
339 total cost of step (3) of ClusterPursuit is O(m7T,,) = O(log(n)T,,) because we are taking
340 m = O(log(n)). |
341 As a direct consequence of Theorems 7.1 and 7.2, we get that CP+RWT runs in time

312 O((ndmax log(n)). If the number of clusters, k, is O(1), we get that ICP+RWT also runs in
343 time O((ndmax log(n)).

344 8. Comparison with Existing Literature. ClusterPursuit can naturally be compared
345 with other cut improvement algorithms such as FlowImprove [2], LocalFlow [41] and SimpleLocall}
346 [50]. We note that the performance guarantees for these three algorithms are of a different
347 flavor to ours. Specifically, and translating into the notation of this paper, they bound the
348 conductance of the improved cut, Cfﬁt , by some function of the original cut, £2. In contrast,
349 our performance guarantees for ClusterPursuit are of a more statistical nature. In terms
350 of run-time, LocalFlow and SimpleLocal are strongly local, so have run times O(vol(2)®)
for « > 1. While this is certainly better than ClusterPursuit for finding small clusters, ie
when [Q] = O(1), these run times become less attractive for even moderate sized clusters, eg
|C1] = O(y/n). In §10 we demonstrate that ClusterPursuit is several orders of magnitude
faster than FlowImprove and SimpleLocal in the regime |C1| = O(n).

w W
e

w oW w
S B N JUREC

>

The idea of combining a fast, diffusion based clustering algorithm with a refinement pro-
cedure to create a local clustering algorithm is not new. See, for example, the algorithms
LEMON [27, 35], LOSP and LOSP++ [34], LBSA [44], and FlowSeed [51]. We compare CP+RWT to a
selection of these algorithm in §10. We note that there exist many diffusion-based local clus-
360 tering algorithms that may find better approximations to C; than RWThresh. See for example,
361 PPR-Grow [6], HK-Grow [31] or CapacityReleasingDiffusion [52]. We emphasize that the
362 main advantage of RWThresh is that it rapidly and provably finds good enough initial cuts, 2,
363 to be fed into ClusterPursuit. We show in §10 that the combination CP+RWT typically out-
364 performs these diffusion-only approaches, particularly for large, sparsely connected clusters.
365
366 The analysis of CP+RWT contained in §3-5 can be compared to the recent works [52] and
367 [26]. In both the performance of a local clustering algorithm on graphs drawn from a certain
368 probabilistic model is studied. In both papers, the model is more general in one sense: there
369 is no restriction on the structure of V' \ Cp, but more restrictive in other senses: the ratio
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d°"* /d™ must be at most O(1/log?(n;)) in [52] while the results in [26] are most meaningful
when n; = O(1) and d°"* = O(1). In contrast, our results tackle the regime where n; = O(n)
and d°"*/d™ can be bounded by an arbitrarily slowly decaying function of n;.

Finally, we mention several recent works that combine notions of sparsity and local clus-
tering. In particular, we mention the works of Fountoulakis, Gleich, Mahoney et al [25, 22, 26]
which introduce and study the ¢; regularized page rank problem. The algorithms LOSP and
LOSP++ also set up and solve a sparse recovery problem, although with an additional non-
negativity requirement. However, to the best of the authors’ knowledge, ClusterPursuit is
the first algorithm that explicitly phrases the problem of improving a cut, €2, as the problem
of finding a sparse change to the indicator vector 1q.

9. Which Probabilistic Models Satisfy our Assumptions?. First, we verify that a well-
studied model of graphs with clusters, namely the stochastic block model, satisfies Assump-
tions (A1)—(A4) of §2.3. We first remind the reader of the simpler Erdés - Renyi model:

Definition 9.1. We say G = (V, E) is drawn from the Erdds - Rényi model on n vertices
with parameter p (and write G ~ ER(n,p)) if V = [n] and P[{i,j} € E] =p fori,j € V, with
all such probabilities being independent.

Definition 9.2 ([28, 3|). Let n = (n1,...,nx) be a vector of positive integers, and let P be
a k x k symmetric matriz with entries Py € [0,1] for all a,b. We say a graph G = (V, E)
is drawn from the Stochastic Block Model (written G ~ SBM(n, P)) if there exists a partition
V =CiUCy...UCy with |Cy| = ng such that any vertices i € Cy and j € Cy are connected
by an edge with probability Py, and all edges are inserted independently.

Note that if G ~ SBM(n, P) then each G¢, ~ ER(ng, Pas). Without loss of generality,
we shall assume that n; < ns < ... < ng. In an appendix, we shall prove the following:

Theorem 9.3. Suppose that ny = O(n) — oo, P, = wlog(n)/ng for any w — oo and
Py = (B +0(1))log(n)/n for any a # b where B > 0 is a constant. Then SBM(n, P) satisfies
assumptions (A1)-(A4).

Proof. See Appendix C. |

As a consequence of this theorem we have that, given a small fraction of vertices in Cf,
CP+RWT will reliably return a C# with |C7 A Ci| = o(n1). We experimentally confirm this
in §10 for w ~ log(n). In this regime we have that dpya = O(log?(n)) with high probability,
hence the run time of CP+RWT is O(nlog®(n)) by Theorem 7.2.

It is interesting to contrast this result with what is known for the global clustering problem
for the stochastic block model. There are several unsupervised algorithms, see for example[4]
and [38], that return a partition V = C# U C;# Uu...u C,fé such that C¥ = €, with high
probability. However these approaches either have impractically high run times [38] or are
tricky to implement in practice [4]. In contrast, CP+RWT has a low run time, in theory and
in practice, and can be implemented in a few lines of code. In addition, the “one cluster
at a time” nature of CP+RWT affords an additional flexibility that may be useful in certain
circumstances.
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On the other hand, we have had less success with using CP+RWT for certain random geo-
metric graphs arising as K-NN graphs of point clouds in R%. We note that CP+RWT is most
effective when the adjacency matrix of the K-NN graph is sparse but has its non-zero en-
tries uniformly distributed. In contrast, for certain artificial data sets, for example points
drawn from a thickened line or sphere embedded in a high dimensional space, this adjacency
matrix tends to exhibit a banded structure—at least when nearest neighbors are determined
using the Fuclidean metric. Experimentally, we have observed that CP+RWT performs poorly
on these data sets. However, this problem is to a large extent particular to the use of the
Euclidean metric. In particular, when a data-driven metric such as those detailed in [36] is
used to construct the K-NN graph, CP+RWT performs much better. Moreover, even when using
the Euclidean metric CP+RWT still performs extremely well on real data sets, such as MNIST,
COIL and Optdigits, which are frequently thought of as consisting of data points drawn from
a low-dimensional manifold embedded in a high dimensional space (see §10.3).

10. Numerical Experiments. We compare the algorithms ClusterPursuit, CP+RWT and
ICP+RWT to the state of the art on the various problems they are designed to solve. Specifically,
in §10.1 we compare the performance of ClusterPursuit on the cut improvement task to
two baseline algorithms, namely FlowImprove and SimpleLocal, for graphs drawn from the
stochastic block model. We also compare CP+RWT to the local clustering algorithms HK-Grow,
PPR-Grow and LBSA for the same data.?. In §10.2 we repeat this experiment for social networks.
We take care to choose our data sets and performance measures to allow for easy comparison
with similar work in [52]. In §10.3 we test the performance of ICP+RWT on two data sets
commonly studied in the machine learning community—MNIST and OptDigits. We provide
a detailed description of the implementation of all algorithms considered in the supplementary
material.

10.1. Synthetic Data Sets. We consider graphs drawn from SBM(n(®, P®)) for two
different sets of parameters. The first set: n) = (n1,1.5n1,2.5n1,5n;) and PW with
Py, = log?(n)/2 and P,, = 5log(n)/n for all a # b is designed to satisfy the conditions
of Theorem 9.3 while presenting a challenge to existing clustering algorithms. The second set:

n? = (n1,10n1) and PR = [21125(275’;% " igiz;?z goes beyond the assumptions of Theorem

9.3 and is essentially the planted cluster model studied in [26] and elsewhere. For both sets
of parameters we perform two experiments. In the first we test the performance of the three
cut improvement algorithms when initialized with an € “close” to C7. This 2 is found using
RWThresh. In the second we compare the performance of CP+RWT with the performance of the
local clustering algorithms mentioned above. For both experiments we report both run time
and accuracy, as measured by the Jaccard Index in Figure 2 and in Figure 3, respectively.

10.2. Social Networks. The well-known facebook100 dataset consists of anonymized
Facebook friendship networks at 100 American universities, and was first introduced and
studied in [48]. Certain demographic markers (year of entry, residence etc.) were also collected

3While there are certainly other worthy local clustering algorithms that deserve to be included, such as
CapacityReleasingDiffusion [52] and FlowSeed [51], we stick to algorithms with a freely available MATLAB
implementation
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Figure 2: Top row, left to right: Stylized representation of the adjacency matrix of graphs
drawn from SBM(n™), P(), Jaccard index for results of cut improvement (SimpleLocal and
FlowImprove always have the same Jaccard index) and(log. of) run time for the three cut
improvement algorithms. Note that ClusterPursuit is at least an order of magnitude faster
than the other two, even though FlowImprove is implemented in C. Bottom row, left to right:
Jaccard index for local clustering (The poor performance of the other methods is not an
implementation issue. Rather, it is a consequence of the small gap between P,g) and Pé;) ).
(Log. of) run time for local clustering. Box plot of Jaccard index for CP+RWT.

in an anonymized format. One can think of vertices sharing the same marker as defining a
ground truth cluster, although some of these clusters are extremely noisy. We focus on four
clusters identified in [52] as having good (ie low) or moderately good conductance scores,
namely Johns Hopkins class of 2009, Rice University dorm 203, Simmons College class of
2009 and Colgate University class of 2006. The details of these clusters are displayed in Table
1. For ease of comparison with the results of [52] we report accuracy using precision and recall
scores. We remind the reader that, in the notation of this paper, precision = |C} N C’# |/ |C’I{?é |
and recall = |C1 N Cf’k |/|C1]. It is desirable to have both of these values as close to 1 as
possible. For all four experiments we take I' to be selected uniformly and at random from
Cy, with [I'| = 0.02n;. We average over fifty independent trials. There results are shown in
Figure 4.

10.3. Machine Learning Benchmarks. We consider two venerable benchmark data sets:
OptDigits. This data set consists of grayscale images of handwritten digits 0-9 of size

8 x 8. There are n = 5620 images and the clusters are fairly well balanced with approximately
560 images of each digit.
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Figure 3: Top row, left to right: Stylized representation of the adjacency matrix of
graphs drawn from SBM(n®, P?))  Jaccard index for results of cut improvement (again,
SimpleLocal and FlowImprove always have the same Jaccard index). (log. of) Run time
for the three cut improvement algorithms. Bottom row, left to right: Jaccard index for local
clustering (Again, the poor performance of the benchmark methods is a consequence of the
challenging SBM parameters chosen). (Log. of) run time for local clustering. Box plot of
Jaccard index for CP+RWT.

School Cluster Size of graph Size of Cluster Conductance
Johns Hopkins Class of 2009 5180 910 0.21
Rice Dorm. 203 4087 406 0.47
Simmons Class of 2009 1518 289 0.11
Colgate Class of 2006 3482 557 0.49

Table 1: Basic properties of the four social networks studied.

MNIST. This data set also consists of grayscale images of the handwritten digits 0-9
although here there are n = 70 000 images, all of size 28 x 28. There are approximately 7 000
images of each digit.

For each data set we form a k-NN graph using the procedure presented in [30] and described
in detail in the supplementary material. The labeled data, I',, was sampled uniformly at
random from C,, and each is of size g|C,|. The accuracy of the classification given by ICP+RWT,
for increasing g, is presented in Table 2. All results are averaged over twenty independent
trials.
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Figure 4: Precision and Recall for various local clustering algorithms on the social networks
described in Table 1. Clockwise from top left: Johns Hopkins, Rice, Colgate and Simmons.
Note that CP+RWT consistently achieves high precision without sacrificing recall.

% Labeled Data

Data Set 0.5 1 1.5 2 2.5
MNIST 96.41% 97.32% 97.44% 97.52% 97.50%
OptDigits 91.88% 95.47% 97.16% 98.06% 98.08%

Table 2: Classification accuracy, as a function of amount of labeled data, for ICP+RWT on two
well-studied benchmark data sets.

Method Labeled Accuracy
TVRF [54] 600 96.8%
ICP+RWT 700 97.32%
Multi-Class MBO with Auction Dynamics [30] 700 97.43%
ICP+RWT 1050 97.44%
Ladder Networks [42] 1000 99.16%

Table 3: Comparing ICP+RWT to other, state-of-the-art, semi-supervised methods on MNIST.
TVRF and Multi-Class MBO are graph-based, and have similar run times to ICP+RWT. The
Ladder Network approach uses a deep neural network and hence requires training (~ 2 hours
on a GPU) before it can be used for classification.
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603 A. Restricted Isometry Property for Laplacians. In this section, we prove parts (1) and

604 (2) of Theorem 3.3. We proceed via a series of lemmas.
605 A.1. Restricted Isometry Property for L".

606 Lemma A.1. Let G be any connected graph on ng vertices, and let s < ng. Let \; := \;(L)
607 denote the i-th smallest eigenvalue of L. Then:

608 0s(L) < max{l — )\% (;lmin _ Zmax 7;9> 7>‘12nax — 1)
max min 70

609 Proof. Recall that the s-Restricted Isometry Constant ds(L) is the smallest § such that,
610 for any v with ||v]jp < s and ||v]2 = 1: (1 =) < ||Lv||3 < (1 +§). The RHS bound is
611 straightforward since

612 ILv |2 < |IL||2]]v]l2 = Amax I = Amax-

613 The LHS bound requires some work. Recall that L = I — D~ A. This matrix is not symmetric,
614 but LY™ = — D1/24D~1/2 is. By Lemma 2.3 L and L%™ have the same eigenvalues. Let
615 Wi,..., Wp, be an orthonormal eigenbasis for L¥™. These eigenvectors are well studied (see,
616 for example, [11]) and in particular w; = —=~—D'/21 where 1 is the all-ones vector. Observe

vol(G)
617 that:
618 Lv = D 1/2 (DWLD*/?) D2y — D12y pl/2y — p=1/2psymy,

619 where z := D/2v.. Tt follows that:

1
620 (A.1) |Lv]|s = |D~Y2L¥™g||, >

L™zl
max

This manuscript is for review purposes only.



621

622
623
624

625

626

627

628

629

630

631

632

633
634

635

636

637

638

639

640

641

642

643

22 M.-J. LAl AND D. MCKENZIE

Express z in terms of the orthonormal basis {wy,...,w,}, namely z = Y 1, o;w;. Then:
no no no
L2 = 1> cadiwi]3 = | > cidiwi]|3 > A3 (Z a?)
i=1 =2 =2
and > 1% o? = ||z|3 — af. We now bound ||z2 and «.
2
23 = DY 2 (V/emin ) V1 =
while:
a1 = (z,wi) = (DVv, D21y = — (v p1) < Iy ),
\/vol(G) /vol(G) \/vol(G)
We now use the assumptions on v. Specifically (v, 1) < ||v]|1 < v/s||v||2 = /s and so

< dmaXL < dmax \/g = dmaX \/g .
VO](G) \/dminnﬂ \/dmin V10

Returning to equation (A.1):

aq

1 1 .. s i d s
Lv 2 > = ||[SYmy 2 > )\2 <d . “max > — )\2 ( min  “max ) '
ILVIB 2 Lo 2 - (dn — G ) =g (i Gex L
These yield the desired estimate. |

Theorem A.2. Let G ~ G, with G, satisfying (A2) and (A4). Then for any v € (0,1), we
have that 8y, (L™) < ey +o(1).

Proof. Firstly, observe that L™ is block diagonal with blocks LGcb' For any block diagonal
matrix we have that §s(L™) = max, 0s(LG, ). By Lemma A.1 we have that:

) din_ din s )

A2 0s(L < 1— (L —mm o A ) A ax (L —1}.
(A2 8illog,) < mp) = (L (G2~ B0 hlg, )P - 1)
From assumption (A4) we get that:

din. 1— din 1
Gmin _ 278 _y_41) and  max _ 1S g
d%ax 1+ €3 dﬁin 1—e€3

From assumption (A2) we get that:
Xo(Lge,)? > (1—e)® =1—261 + ¢ =1 —o(1)

and similarly )\maX(LGcb)2 — 1 =0(1). Plugging this in to (A.2) with s = yn, gives:
|

(L) < max { T 4 o(1),o(1)} <57 4o(1) = (L) <47 +of0)
Ny niy ni
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Remark A.3. We note that the RIP is only meaningful for ¢,,, < 1. Hence the above
theorem is only meaningful for v < Z—i —o(1). To avoid this complicating technicality, we
henceforth assume that a = 1, i.e. that the target cluster is C'.

A.2. Bounding the size of the Perturbation.

Theorem A.4. Suppose that G ~ G, with G, satisfying (A3). If L denotes the Laplacian
of G and M := L — L™ then |M|2 < o(1).

Proof. Letting d;; denote the Kronecker delta symbol, observe that

1 1

Lij = 5ij — CZAU = AOUt) .

i = gy g (A5

Earlier we defined r; = d?"*/di®. We now use the following easily verifiable identity:

1 1 1 i
dn+dgt  din dr \r 1)

Thus:
1 1 T "
Li]’ = (5” - <dm - ﬁ (T‘Z T 1>> (Aln +A0u )
1 T
¢y t
- (5”' d Am) B ﬁAou dn < T 1> (4 + A7)
— Lm _ 1 1" Aout + 1 "i ) gin
din r; +1 dn \ri+1) "
1 1 1 T :
== Lll’l — = AOUt e 71 Aln.
i gin <n~+1> ugm <ri+1) i
That is, M;; = —d% (Tifﬂ) AOllt + dT" (T +1> Am To bound the spectral norm we use Gersh-

gorin’s disks, noting that M;; =0 for all i:

[[M ]2 = max{|u;| : p; eigenvalue of M} < maxz m
= max —— — me ZA
4 dll’l TZ + 1 dln .

1 1 1 T .
— dout — 7 dl’n
mE‘“{le( + 1 >( Hd;n (m+1>(1)}
- <2 < 26y = o1
mfx{(n“) <n+1>} mgacrs < 26 =o{1)

by (A3). m

Theorem A.5. Suppose that G ~ G, with G, satisfying (A1)-(A4). If L denotes the Lapla-
cian of G and |C1 A Q| = eny with € < 0.13 then ey = o(1) and €] = o(1) for any v € (0,1).
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lellz 4 e _ 1M1
Iyl =

672 isometry constant of L™ from Theorem A.2 we have:

671 Proof. Recall that e, =

= ——=——. Using the bound on the restricted
| Lin§m)

673 ™13 = 12" (1w = 1) I3 = (1 = deny (L)) 1w — Lol
(74 > (e —0(1))[|C1 A Q| = (¢ — 0(1))ny [ ]

Thus |ly™ +z"|]2 > /e — o(1)\/n1. On the other hand:
lell =y = ¥™[l2 = [[L1a = L™ 1ol = [M1all2 < [M]l2]1a]2 < o(1)v/(1 + e)n1

Thus:

Ezuw2<om¢u+aWH:dD
o lymlle T (& - o1))yin

as € is a constant, i.e. independent of n;. The bound on e}im is easier. By Lemma 2.6 and
Property 3:
JZPE™) 2 01 (L) = Ay -1 (L) 2 Aya (L)

as long as yny > k + 3, which is certainly the case for large enough n;. Because /\1(LGCI) =

e )q(LGCk) = 0 and the spectrum of L™ is the union of the spectra of the Lg,,, it follows

that:
. k
N1 (L) = min A (Lgg,) >1—ea =1-0(1)

a=

by (Al). By Theorem A.4 and Lemma 2.6 ||M|]§Wl) < ||[M||]2 = o(1). It follows that:

1M o(1)

e = = =o(1).
L HLianvnl) 1—0(1)
676 A.3. Restricted Isometry Property for L. Finally, we extend from d,(L™") to §5(L) using

677 the following result of Herman and Strohmer (cf. [29]):

678 Theorem A.6. Suppose that & = d+ M. Let 55 and és denote the s restricted isometry
679 constants of ® and ® respectively. Then:

630 6s < (1+65) (1+¢€3)? — 1.

681 Corollary A.7. Let L denote the Laplacian of G ~ G, satisfying (A1)-(A4). Then we have
682 Oyn, (L) < v+ 0(1) for any v € (0,1).

Proof. By Theorem A.6 we have that:
Sy (L) < (14 Gy (L)) (14 €5™)? = 1.

633 Substituting the values of &, (L") and €]"* from Theorems A.2 and A.5 yields the claim. W
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B. Proof of Theorem 4.1. Before proving this theorem we prove the a series of lemmas.
We first note that Assumptions (A3) and (A4) easily allow us to bound vol(S), which will be
required in the proof of Theorem 4.1:

Lemma B.1. Suppose that G, satisfies (A3) and (A4). For any S C V define vol™(S) =
>, d™. Then for any G € G, we have that:

(1) (1 - 63)|S\dfﬁ, < volm(S) (1+ 63)|S|d,w, and (2) volm(S) <wol(S) < (1+ 62)Uoli”(5’).
Proof. For part (1), observe that:

vol(§) = S d > |S|di%, > 5](1 - es)di

av’
1€S

where the final inequality is from (A4). The bound vol™(S) < (1 + 3)|S|d% follows similarly.
For part (2) we note that by assumption (A3) d; = d® + d%" < d® + eadl® = (1 + €2)d™.
Hence:

vol(S) =) di <) (14 €2)d" = (14 ez)vol™(S)

€S €S
while the lower bound follows simply from the fact that d; > di". |

Lemma B.2. Let G € Gy salisfies Assumptions (A1)-(A4). If N¢., = Dg 1/2A DGZQ
and U,I" C C} then:

vol™(U)wol™(T")
’UOlm(Gcl )

]<Dé,/j 1y, Né,, Dl 1r) - ’ < &/ vol(U)vol™(T)

Proof. From the proof of Lemma 2 in [14] (note that they use Mg, instead of Ng,, ) we
get that:

lin U lin T - -
‘<D1/2 1U7NGC D1/2 11"> VO ( )VO ( )‘ < )\mfl(NGc )t\/VOIm(U)VOIm(F)
vol™ (G, ) :
By Lemma 2.3 and (A2) we get that Ay, —1(Neg, ) =1 — Xa(Lag,) < e [ ]

Proof of Theorem /.1. Asin §3,1let U = C1\Q and W = Q\ C. Let |U| = unq, in which
case |W| = (e4+u)n;. We shall prove that u = o(1). By definition, (2 is the set of the (14 €)n;

largest entries in v(!) :== P*D1p. Because U is not in €, but W is, we must have v(t) < v(t)

for every ¢ € U and j € W. We sum first over j € W and then sum over ¢ € U to obtam
vZ@ < v](-t) = (e+ u)nlvi(t) < Z vj(-t) = (e+u)ny ngt) < uny Z U](t)-
JEW el Jjew
It follows that:

) u () ()
(B.1) DI D DL LD DR i
eU JjeEwW jew
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Looking ahead, we shall show that if inequality (B.1) holds then u = o(1).

We first show that the term on the left-hand side of inequality B.1, i.e. the sum over the
vertices in C] that were missed by 2, is necessarily quite large. We do this by relating P to
P the random walk transition matrix for the graph G™. Note that G is a disjoint union
of the graphs G¢,. For every i € [n], define ¢; := di"/d;. Observe that 1/d; = ¢;/d® and thus
D™ = D;llQ where @ is the diagonal matrix with (7,4)-th entry ¢;. Now:

P = AD—l — (Ain +A0ut) D—l _ Ain (D;IQ) + AoutD—l — PinQ —|—AOUtD_1.

Observe that P, PQ and A°*D~! all have non-negative entries. It follows that for any
non-negative vector x: Px and P™(Qx are also non-negative and Px > P™(Qx, where the
inequality should be interpreted componentwise. One can the extend the inequality by iterated
multiplication:

Pix > (PPQ) x 2 yn (P7)' %
and again the inequality should be interpreted componentwise. Now:
S ol = 1y, v®) = (1y, P'D1r) > (1y, ¢y, (P™) Dir)
€U
= ¢hn (Lo, (P™)' Dinlr) = ¢hn(lu, (PGq)t D¢, 1r),
where the final line follows as U,I" C C}.

¢
Our goal now is to bound the quantity (1, (PGol) D¢, 1r). One can rearrange the
iterated matrix product slightly:

t t
-1 —1 —1 -1
(chl) - (AGO1 DGl ) = Age, DGl Ace, DGl - Ace, DGl
_ pY/2 (p-l2 —1/2 ~1/2 —1/2 Dol p-U2) p-1/2
o DGC1 ( Gey A D ) <DG01 AGCl DGCl ) T < AGCl Gey >DGC1
L N1)2 —1/2
= D¢l Nb,, D

Gcl ?

Hence, we have

: .
(177, (PGCI) D 1r) = (17, (Dl/2 Nb, Dg 1/2> D, 1r)

1/2 1/2 vol™ (U)vol™(T) n in
= (Dd., / 1U7NGC DG/C1 1r) > ol (Go) - eﬁ\/vol (U)vol™(I),
1

where the final inequality follows from Lemma B.2. Returning to (20):

(B.2) >0 2 G <VOPH(U)VOPH(F) — vl (U )Volin(f‘)> .

T vol™(G ey )

We now consider the right hand side of (B.1), i.e. the sum over W. Because W C V' \ Cy we

have that:
Sl < 3l = vl

JjewW JjeEV\Cy
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Thus it remains to bound HVV\C ||1. Observe that:

(t) in (t— 1) out y—1,(t—1)
VV\Cl_A D~ VV\C (A D™ v )V\Cl'

Clearly
H (Aouthlv(t71)>

< HAouthlv(tfl) H

V\C1 1

1

and so va)\Cl”l <

i — (t—1 _ _
HAnD VV\C H —l—”AOUtD Vt 1) ”1 < ”AIHD 1” HVV\CiHl-{—HAOUtD 1||1”V(t 1)”1

Q‘.

Moreover: ||AinD_1||1 = = mandi‘_ S 1 and Similarly ||A0utD—1||1 =
J

dout
< max;r; < e by assumption (A2) Thus va)\c1

t—1 _
I < 1viEll + e v D

max;
J
Solving this recursion relation we obtain:

WOl < e2 2 VO + v,

720 Because v(?) = D1p and T' C (4, it follows that HvV\C 1 =0 and [|[vO|; = vol(T'). Because
721 ||P|ly = 1 it follows that |[v(®)||; = ||[v(@||; = vol(T) for all s. Thus:

722 (B.3) S ol < vide, It < teavol(T) < tea(1 + e2)vol™(I),
JjEW

723  where the final inequality follows from Lemma B.1. Now let us put this all together. Returning
724 to (B.1) with (B.2) and (B.3) in hand:

lin lin T - - )
Yo VOEZ)(Z)Q )( ) _ e \/Volm(U)Volln (F)) < tea(1 4 e9)vol™(T)

vol™ (1)) _ vol™ (1))
vol™(G¢,) ! vol™(T")

725 (B4) q}tnin <

726 (B.b) =i < ) <tex(1+ €2).

727
728 From Lemma B.1 and the assumptions on |U| and |T'|:

vol™ (U) S (- e3)di|U|l _ (1 —eg)um _ 1- €,
vol™(Gey) — (L4 e)dy|Ci]  (I+e)n 146

Voli“(U)<(1+63)din|U] (1+e) u
t—1

730 :
;31 vol () — (1 —e3)dn|T| = (1 —€3) ge]

Finally because ¢; = 1 — r; it follows that gmin > 1 — €. Putting this all into equation (B.5):

(1_62)t (1_6314—61/2 (1+€3)u> St62(1+62)

1+ e 1 (1—€3)9
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At this stage it is illuminating to use the assumption that €;, €2, €3 = o(1). Observe that:

1—o0(1)
1+o(1)

1+o0(1)

T—o@ = L+o), and (1- o(1))' =1-o(1)

=1-o0(1),
where the final equality follows as t is constant with respect to n. Hence:
(1 —o(1))u—o(vu) <o(1) = u < o(1) + o(u).

This is only possible if u = o(1). It follows that |C1 AQ| = |U|+|W| = (e+2u)n1 = (e+o(1))n1
as stated. |

C. Showing the SBM satisfies our assumptions. Let us verify that SBM(n, P) satisfies
the assumptions (A1)—(A4), under the hypotheses of Theorem 9.3. Recall that our assumption
is P,y = (B4 0(1))log(n)/n for a # b, and that P,, = wlog(n)/n, fora=1,... k. As we also
assume that n; = O(n) — oo, and n; is the size of the smallest cluster, we get that k = O(1),
i.e. (A1) holds.

Theorem C.1 (see [7, 8]). Let G ~ ER(n,q) with ¢ = (8 + o(1))log(n)/n. There exist a
function n(B) satisfying 0 < n(B) < 1 and limg_,o n(B8) = 0 such that

dmaz(G) = (1 +n(B))Blogn + o(1) < 2flog(n) + o(1) a.s.

Theorem C.2 (see [23], Theorem 3.4 (ii)). If G ~ ER(ng,p) with p, = wlog(n)/n, where
w — 00, then dmin(G) = (1 — o(1))wlog(n) and dmax(G) = (1 + o(1))wlog(n) a.s.

Theorem C.3. Suppose that G ~ ER(ng,p) with p = wlog(n)/n, where w — co. Then we
have almost surely |\;(L) — 1| = O(w™'/2) = o(1) for all i > 1.

Proof. Theorem 4 in [15] shows that

6log(2n,)

A(LY™) — 1] < :
A (L) =1 olog(n)

By Lemma 2.3 L™ and L have the same spectrum. The result follows as log(n) > log(n,)l

As each G¢, ~ ER(ng,p), it follows from Theorem C.3 that:

Corollary C.4. SBM(n, P) with parameters as in Theorem 9.3 satisfies assumption (A2)
with €; = O(w™1/2).

We now discuss the remaining two assumptions. Let G'™ and G°" be as in §2. If G ~
SBM(n, P) then G'™ consists of k disjoint Erdds - Reényi graphs, G¢, ~ ER(ng,p). The graph
G°" is not an Erdds - Rényi graph, as there is zero probability of it containing an edge between
two vertices in the same cluster (because we have removed them). However, we can profitably
think of G as a subgraph of some G°" ~ ER(n, ¢). In particular, any upper bounds on the
degrees of vertices in G°Ut are automatically bounds on the degrees in G°". Thus, we have
the following corollaries of Theorems C.2 and C.1:

Corollary C.5. If G ~ SBM(n, P) with parameters as in Theorem 9.3 then d%% (G) <
28logn +o(1) a.s.
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Proof. Consider G°" as a subgraph of Gout ~ ER(n, q) and apply Theorem C.1 [ |

Corollary C.6. If G ~ SBM(n, P) with parameters as in Theorem 9.3, then d' (G) >
(1 —o(1))wlog(n) and d, . (G) < (1+ o(1))wlog(n) a.s.

Proof. If i € C, then di® = d;(G¢,), where G, ~ ER(ng, p). Clearly:

in
dmax

(G) = max d™ = max dmax (Gc,)
(2 a
By Theorem C.2, diax(Gq) = (1+0(1))wlog(n) a.s. Note that the diax(Ge,) are independent
random variables, and since we are taking a maximum over k = O(1) of them, it follows that
max, dmax(Ge,) < (14 o(1))wlog(n) a.s. too. The proof for d% (G) is similar. [ |
Corollary C.7. SBM(n, P) with parameters as in Theorem 9.3 satisfies assumption (A3)
with eo = O(w™1).

Proof. First of all, it is clear that for any i, d?ut/di* < d3%% /d™", . From Corollaries C.5
and C.6 we have:

B _ Wlogn+o(l) _ 2W+o) _
an = = o()wlogln) — (L—o())w 0 ) N

Corollary C.8. SBM(n, P) with parameters as in Theorem 9.3 satisfies assumption (A4).
Proof. Observe that di = wlog(n). The result then follows from Corollary C.6. [ ]
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