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§1. Introduction and statement of main theorem

The purpose of this paper is to prove a maximal theorem for averages taken over suitable

discrete sub-varieties of nilpotent Lie groups.

The simplest instance of this result arises for the group of 3 x 3 strictly upper-triangular
matrices, (the Heisenberg group, H'). In this example one considers averages for functions f

defined on Z? given by

1
(11) Ar(f)(a) = ﬁ Z f(CLl + bl, as + b2, as + albg), with a = (al,ag,ag) c ZS.

b=(by,bg)€Z2
|b|<r

The assertion is then
| SUp A (f) lleezey < Al f lezsy -

We now formulate our general result and describe the background and some of the ideas of the

proof.

a. The main theorem

We start with a simply connected nilpotent Lie group G of step k, with k& > 2. Thus for its
Lie algebra g we have the descending central series g = i; D iy--- D i D i1 = {0}, of ideals i;
with i;11 = [g,1;], and i # {0}. We let N denote the sub-group of G corresponding to i), and set
G' = G/N, with 1 = G — G’ the corresponding projection.



We also suppose we are given a uniform (i.e. discrete, co-compact) sub-group I' of G, and

denote IV = 7(I") the corresponding sub-group of G’.

We note that the ideals {i;} induce a homogeneous structure “at infinity” and a natural cor-
responding family of balls {B,},>1, B, C G; we also set B. = n(B,), and B, C G'.

Finally, we assume that we are given a polynomial mapping R of G’ to G so that:

(1) 7R= identity on G’ (i.e. R is a section).
(2) R: 1" —T.

(3) for some ¢ >0, R : Bl C B, for every r > 1.

Denote B, = B. NI" and let |B]| = the number of points in B,. With these notions specified, we
define for a function f on I' the averages A, (f) by

(12) A (D) = 7 > fla-RG) . a el

beB].
Our result is then:

Theorem
(1.3) sup I O] Ny < AL ey

b. Background

The proof of the theorem above depends in several aspects on that of a previous abelian
analogue obtained by Bourgain [BO, 1-3]. We can formulate that result as follows. Suppose P is a
polynomial on R with values in R? that takes Z to Z?. Then if f is a function on Z¢, the mapping

(14) fr— 312111) |%nzr:1f(m— P(n))|, m € zZ¢

is bounded on ¢?(Z%) to itself, (as well as on 7, 1 < p < o).



Another antecedent, obtained independently by Arkhipov and Oskolkov [AO], can be restated
as a Hilbert transform analogue of (1.4). In effect, they showed that the mapping

(15) f Z/ w

is bounded on ¢?(Z%).

Common to both the results in [BO] and [AO] is the use of techniques related to the circle

method of Hardy-Littlewood-Ramanujan, ideas which will also be important for us.

After these two results it was natural to try to extend the scope of the theory to higher-
dimensional sums and also in the non-translation-invariant setting, thus in this way to obtain
discrete analogues of singular Radon transforms and the corresponding maximal functions. (For
these operators, see [CNSW], and the model situation for nilpotent Lie groups in [RS].) In [SW]
an (2 theory for a class of discrete analogues of singular Radon transforms was developed. Thus
we may view the present paper as a first attack on the other branch of the question - that of the

maximal theorem in this context.

c. Remarks about the proof

Here we want to discuss briefly two aspects of the proof that differ or go beyond the techniques

used in the works mentioned above.

First one decomposes the circle, in the case of Example (1.1), (or the torus T%*) | where d(k)
= dimension of i, in general) into “major arcs” or “minor arcs”. In previous situations this was
done, very roughly, according to whether the corresponding denominators ¢ belonged to either of
the two cases: 1 < g < 7, or r° < ¢ < r*¢. Here we shall need a tripartite decomposition: the

“small” ¢, 1 < ¢ < (logr)?; the “intermediate” ¢, (logr)” < ¢ < r¢; and the “large” ¢, with r¢ < g.

The range for small ¢ is dictated by the need to approximate our operator by appropriate
tensor products, and the resulting necessity in making maximal estimates of choosing common
denominators for those q. These common denominators cannot be too large, requiring a condition
like ¢ < (logr)?. However, once ¢ exceeds this bound, a similar but much simpler analysis allows
us to treat each ¢ at a time. This device works if ¢ is not large (¢ < r¢, for some small €). For the
remaining ¢, r¢ < ¢, the method of Weyl sum estimates (i.e. their operator analogues as in [SW2])

are effective.



A second departure relates to the estimates of certain exponential-sum operators that occur.
We describe this in a situation which is simpler than in the applications below, but yet illustrates

the main point.
Consider the one-dimensional operator, S, mapping *(Z) to itself, given by

(16) S2(F)m) = = 3 o fn).

1<n<r

The trivial estimate for SY is of course || SY ||= O(1), and as r — oo this is best that can
be said as long as 6 is “small”, that is |0] < 1/r% Also, when @ is “large”, e.g. |0] ~ 1 one
does obtain cancellation, || S? ||= O(r=?) for some § > 0, when @ satisfies the usual arithmetic
conditions arising in Weyl-sum estimates. However, beyond these standard phenomena, there is

an intermediate range: here a (non-arithmetic) cancellation occurs and one has
(L.7) || S¢{|= O (1/|r?6|"/?), when say 1/r* < |0] < 1/r*<.

d. Organization of the paper

Given the complexity of the proof of the theorem, we begin in Section 2 by sketching the proof
in the special case corresponding to (1.1). This allows us to explain the basic scheme in this simpler
case. The goal of Sections 2 to 6 is to reduce the abstract and general form of the averages A,
given by (1.2) to a concrete version given by (5.1). As a result, we get an operator on ¢*(Z?), with
summation taken over Z% (with d = dim(G), d’ = dim(G")), and where all polynomials that occur
have integer coefficients. An important fact here is the observation of a certain non-degeneracy
of the polynomial P, which polynomial arises from the multiplication law. The reduction to
the concrete picture is made possible by considering an appropriate Malcev basis for a rational

structure of the Lie algebra g.

In Section 7 we decompose the averages A, into three parts, corresponding to the division of
the sizes of the denominators ¢ mentioned above. Section 8 begins our analysis when ¢ is small,
and the corresponding grouping of terms with common denominator (). The relevant maximal
operator that arises is treated in Section 9 by the use of Lemma 9.1, which gives the estimate
(1.7) in the general case. Section 10 deals with a Gauss-sum-like operator that arises in the tensor

product decomposition.



Finally, Section 11 takes up the estimates for denominators ¢ of intermediate size, and Section
12 for the rest.

We make some additional remarks.

1. It seems reasonable to suppose that it is possible to reformulate our result so as also to contain
the full abelian case (1.4), when p = 2. However, we have not attempted this because it
would not seem to shed further light on the (non-abelian) issues we have dealth with; also

because our techniques at present do not give results for p < 2.

2. However one can prove the maximal theorem for averages (1.2) for all p, 1 < p, in the special
case when the group G is of Step 2. (See [IMSW]). This uses ideas in the recent work of
[IW] that gives the % boundedness, for 1 < p < oo, of the Hilbert transform (1.5) and its

higher-dimensional abelian analogues.

3. The special case of the main theorem in which I' is the group of strictly upper-triangular
matrices with integer coordinates has been presented at several conferences by the authors,

and has been announced in [M].

§2. A special case

Here we sketch the special case where G is the group of 3 x 3 the upper triangular matrices

with ones on the main diagonal.

We let ' be the discrete subgroup

1 a1 as
I'=<aecelG: a= 0 1 as
00 1
1 b 0
with ay, as and as integers. We then put 3 = 01 b ,
00 1



where b; and by are integers. Our averaging operator is, for a special choice of R, then

Af@) =~ S fa @)

B'=(b1,b2)
[bp|<r
[bg|<r

for f a function on I' and « a point in I'. In this case our main theorem asserts the following

estimate.

I sup |AF] ey < CHLE e

The outline of the proof of this special case is as follows.

Let 1 be a smooth function on R? which is compactly supported and is one in a neighborhood

of the origin. Put

s = st v ()

where we identify the matrix 3 with the point 3’ = (b1, bs) in Z2. It then suffices to prove
(2.1) | sup [M;f| lle < C | f [le=-
j

We take the Fourier transform in the as variable. That is we define

E 27ria30
CL1,CL27 f ay,as, a .

as€Z

Then with

a = (a17a27a3) - (a7a3)

1

(2.2) M; f(a) = /e—m:ﬁ S?f(+,0)(a)do.

0



Here SJQ takes functions on Z? to functions on Z?2, and is defined for w, a function on Z2, by

1 b —27mia1 ba
SJQ'UJ(OQ,CLQ) = 27] (Z )1/} (27) e 2 bew(bl+a1,b2+a2).
b=(b1,b2

We want to analyze the integral in (2.2) by the circle method of Hardy, Littlewood and Ramanujan.
To this end, choose a smooth even function y(€) which is one for —1 < 6 < 1 and is supported in
—2 < 6 < 2. We then write for (¢,q) =1,1 < /(¢ <gq,

(2.3) M f(a) = /6_2”“30X(2(2_6)j(9— =) S5 f(-,0) (a)do,

for a suitable small fixed e.

We collect together those terms for which 2% < g < 2571, Set

Next we choose a number v with 1 <+ < 2. Then we put

(24) M} = > M,

2 < j7
and
(25) M2 = > M.
JY<2m < 2¢
Then

(26) M; = Mj + M? + E;. Here

() = / e 27050 B(6) SUF (- 6)(a) df

&j



where B(6) = B;(0) is a function bounded informly in j, while each # in £; has an approximation
by a rational ¢/q with (¢, q) = 1 such that
‘ E’ < 12—(2—5)j7 20 < g < 20797
=y <gq=

g — -
q

This can be seen as follows. Recall Dirichlet’s approximation, whereby for any real # and

positive integer N, there is a fraction ¢/q, with (¢,q) =1 (or £ =0, and ¢ = 1), such that

1
|9—€/q[§—N, and 1 < g < N.
q

We now apply this with N the greatest positive integer not exceeding 297, and consider the
intervals that arise in this way divided in two cases: either with ¢ < 29, or with 29 < ¢ < 22797,
Note that in the former case, any two such intervals are disjoint for large j, because if this were not
the case, we would have | /q; — f5/q2| < 2-272~97. But then ﬁ < |0 )q —la)qe| < 2-27(R797
which contradicts the fact that ¢, < 29 and g, < 29. (Here we use the fact that 229 < 202797,
which happens when € < 2/3.) Now the intervals in M ]-1 are those for ¢ < j7, and the intervals for
M j2 are those for j7 < ¢ < 29. The complement in [0, 1] of the union of the intervals arising for
both M} and M? is the set £. Also B(0) =1—> x(2*7(0 — (/q)).

We next point out that for 6 € £;, we have the “Weyl-sum” estimate
) o
27) 155 1< 2

for some n > 0.

The estimate (2.7) is contained in [SW3], but it can also easily be seen directly; (see also
Section 12).

Given (2.7) we may apply Plancherel’s theorem to see
| B < o2,

Then a square function argument (sup |E; f| < (Z|E] f1%)Y?) disposes of sup |E;| .
j - J

Let us turn to the most difficult term in (2.6), M ].1. To treat this term, we will prove

8



(2.8) [l sup [ My, fl < €27 | ]

2K < 57

for some 1 > 0. To treat the various denominators ¢, 2% < ¢ < 2!, that arise in M, it would be
convenient to have a common denominator and for this reason we begin by taking () = H q.
26 < g < 2ntl

Next it is easy to see that the subgroup QI of T" is a normal subgroup. (QI" consists of those
a € T whose coordinates are multiples of @)). For any o € I', we may write « = (u@) - o
where the coordinates of o are between 0 and @ — 1. We then wish to write M, = N; o H+
small error, where N is an operator acting on the p@ variables, and H acts on the o variables.
In order to approximate M, by N; o H, it would be necessary to know that for any n > 0,
Q < C,2%. Unfortunately, this is not the case. So, following Bourgain [BO1], we divide the
¢’s with 2 < ¢ < 2°! into groups F, with each group containing at most 2°% elements where

3 <6< 1/v. If we now define Q = ]1 q then one can see that for any n > 0
qe

Q = Hq < o) 2% (jwl)jw < 9C(logj) 7 C,y 2
qeF
since 76 < 1. Also the number of such groups we need to cover all ¢’s with 2% < ¢ < 2¢"1 is at

most 20797, So to obtain the estimate (2.8) it will suffice to obtain the estimate

C
(2.9) || sup M7, f ||I< zoz IF L
2n 24
where
- (¢.a)
(210) M7 = > MF?.
qeF a=1

(u,q)

Note that in the integral (2.3) for M;@,q) we may insert a factor y(c2%(6 — 5)) for ¢ a large

fixed constant, since 2 < j7. Thus in the expression for M;{,q) f we may replace f by f%9 where

e (9) = (2 (e - 5)) 7).

The advantage is that the functions f (£:9)(9) have disjoint support, and thus the f»@ are orthogonal
at least for 2% < ¢ < 2°*!; the disjointness of the supports is due to the fact that $ < (c2%)7L

9



Now in the integral (2.3) we expand the periodic extension of y (22~ (4 — g)) in a Fourier

- 14 1 b - ¢
(2—¢) _ _ % 3 2mib (6_5)
X0 - ) = 3 ot % ()

q b

series. So

where { is the Fourier transform of x on R. We also expand f(by, by, ) in its Fourier series and

then perform the @ integration. If we identify (by, be, b3) = (b, b3) with the matrix

1 by b3
ﬁ = 0 1 b2 )
0 0 1

we find

(£,q) B 1 —oiby L b\ ~ bs )
M @) = Gapaas > ey (E) X (2(2_e)j) fro (e 8).

With ) as above, we write

a=uQ - o
and
B=1Q 7
We use the notation
% = (mlam27m3> = (m7m3)7
g - <817827S3> - (8783) ;
1% - (77’17”2’”3) - (n7n3)
and
T — (t17t27t3) - (tat?)) .

We will then have 0 < s; < @Q —1and 0 < t; < @ — 1. Since ¢|Q, the factor e 2mibs equals

_9mita £
e 2mits P

. This will be essential in approximating M]f by N; - H.

Now with a little care, we can show that except for a small error

11 . Comital
MI(1Q0) = o5 sy 2 w@—?) X (27—62)) > e (uQ - vQ - {o - 7))
)

vQ=(nQ.n3Q ta

T=(t,t3)

10



where {0 - 7} is in the residue class of (o - 7) mod Q. That is, 0 -7 = {0 - 7} mod @ and more
particularly the coordinates of {o7} are between 0 and @ — 1. To control the error, as we have
said before, it is crucial to use the fact that for any > 0, Q < C,2". The analysis of the error is

carried out in the general case at end of Section 8.
Once this error is controlled, we have succeeded in getting, up to a small error that
Mf(ua~a):,/\fj-HU,

where for F' a function on QT

1 1 ~
MF(MQ)ZZﬁmlﬁ(Z—?) (%) F(p@Q - vQ),
vQ

and

H Q) = > Y Y e i fl(uQ - {o - 1}).

=(t,t3) qeF =1
T=bts) 47

This plays the role of a crucial “tensor product” decomposition. Then to obtain the estimate (2.9),

it will suffice to prove
(2.11) || sup Nj F [leiory < & I F lleecar)
J

and

C 6
(212) D S HO(uQ)P < 2—% I f [y

o uQ
Let us begin with the estimate (2.11). Let
B ={geG: |r1] <2, |z, | < 2, |x3] < 2%}.

It is well known that (group) translates of the balls B, form a standard Vitali family of balls on
G. It follows that translates of the balls on QI' defined by

BY = {uQ € QT : mQ| < 2, maQ| < 27,|myQ| < 2%}

11



forms a standard Vitali family of balls on QI" with all constants uniform in (), since BJQ = B,NQr,

and |BQ] 24] . It therefore follows by a well known argument that
0 C
| sup [N} F| legr) < o | F lle2qry -
J

So we must now consider the difference N; — N?. To obtain (2.11) we have to show

I'sup [N;F = NP F[ < S I FI-
J

Q?)

We will estimate N —./\/JQ by using Fourier analysis on the group (Z, and we shall see the gain
of 2% in (2.12) will come from an oscillation arising due to the “twist” of the group multiplication.
For F' defined on QZ, we set

_ ZF(nQ) eQﬂ'inQG )
Then )
F(nQ) = Q/2Q 672””(‘99}3’(9)d9,
and
1/2Q
> IF(nQ))? 0)|2do .
%

In particular, we point out that

1
1 . ’rLgQ o 2Q —2min3 Q0 (2—€)j

Thus the QZ Fourier transform of 2(2 57 X <(22 %]> equals o x(22-999) . Now

W
3~

V)
-

F(uQ) = Q / 62”2’”3@9@539 F(mQ ., 0)do

N
3~

where for a function w defined on Q)Z
5/0 22] Z (8 ( ) 6_2m0m1mQ2 w(mQ + nQ) .

We will show that for 27% < § < 2-(2=97,

12



(213) | ¢ 1< C (grarr)

Let us assume (2.13). Then
> WG = A7) Fu@)f

m3Q

- g / (227996) — x(2%96) 2 |8 F(mQ. 6)[%db .

So
SN = N F(uQ)P <
e
¢ 1 (2—€)j 2J 2
Thus

DIV, = A7) F(u@)P
1
< C@%(F

1 ,
This is because the sum Z w is bounded as j ranges over 2% || > c.

Thus by using a square function argument, we arrive at (2.11). So the estimate (2.13) implies
(2.11), and we turn to a sketch of the proof of (2.13). To simplify the writing we shall assume
@ = 1 here. In proving (2.13), it suffices to consider functions w that are supported in a ball of

radius 27, {n : |n — k| < 27}, for an arbitrary center k.

Thus we replace the free variable m by m + k and we are led (up to a factor of e2™0mzk1) to

estimating the sum

i 302 )

where wy(u) = e 2Rz (y + k’), and now wy(u) is supported in the ball |u| < 27, and this

restricts m to the ball [m| < 2 - 27.

We can then compare the above sum with the integral
227 / Y(y/27) ePTmE f(a+y) dy,

13



where f is defined by f(y) = wi(n) if y belongs to the unit cube centered at n.

Since |y| < 27 and |z| < 2 - 27 the error committed by this comparison gives a bound
O(027) + O(2779), the first coming from the variation over each cube of e=2¥1%2 and the sec-
ond from the variation of ¥ (y/27). Moreover, by rescaling and using stationary phase one can
observe that the integral operator has a norm which is O(|62%|71/2). Altogether, this gives (2.13),
since § = O(2=(2=97). (In the setting of more general nilpotent Lie groups as in Section 9, where
the multiplicative twist is not bilinear, it is harder to approximate S;.(’ by an integral operator.

However, this approximation can be made instead for the operator (S¥) (S7)*.)

We turn to the proof of (2.12), that is the estimate for H?(uQ). After a change of variables,

we see

—27i(t3—s3—s L
HO(pQ) = 3, e fu(uQ ).

7= (t1,t2,t3)
0<t; <Q-1
L,q

For w a function on Z?/Q, define

Tw(sy,s2) =

1 Q-
Z 27rzs1t2— tl tg)

i MQ

The main step in establishing (2.11) is to show
4
(2.14) || Tw |17 22/Q) = Q | w % (22/Q)"

This is an operator “Gauss sum” estimate of the kind considered in [SW3].

Granting (2.14), we see

2

Z e—27ri(t3—51t2) g f(é,q) (,UQu T)

s3 l,q T
Q | @ Q 2
S 90 D) 9D LN
lq tz3=1 |t1=1 ta=1

So using (2.14), we find
SIH Q) <& TR

14



Thus 5
SNIHWQ)? < %Y 1fYuQ - )P

o,uQ Q.

IN

6
< CF |l e
Since | Z fo | < C |f| and the % have disjoint supports, we arrive at (2.12).

To prove (2.14), let us denote by k(s, s’) the kernel of TT*. Then

Q-1 Q-1 | Q-1Q-1
2mi(s1—s} ) ta £
§ k(s,s)] < e2milsi=si)te
s s1=0 s2=0 | t1=0 t2=0
C94q1t171 g—1 ¢-1
_ 62 i(s1—s)) tQ;
q4
51=0 s2=0 | t1=0 t2=0

The sum on ¢ is 0 unless s; = ).

Thus

> ks, s)| < @

Similarly
4
> Jk(s. ) < &
This gives (2.14) and completes our discussion of M.

The treatment of M ]2 is similar to but much easier than the argument for Mjl. In discussing

M? it suffices to show that for each s with j7 < 2% < 29,

| My |l < G272

uniformly in j. In fact, then || sup M.l 17 < Z | M. [°< CZ] 7 < oo, since vy > 1.

Jy<2s J=1

§3. Some preliminaries on uniform subgroups, canonical coordinates and
corresponding balls

We now turn to the general situation.

15



The main facts we need to know about uniform subgroups are summarized in the following

proposition. For the background material needed we shall refer to [CG].

Proposition 3.1: Let I' be a uniform subgroup of a simply connected nilpotent Lie group G. Then

g, the Lie algebra of G has a basis

xXtooxPW o xk X

°

such that

(a)
Xoooxdw X

15 a basis for the ideal i,.

(b)

r— {a €G: a = explalX}) - exp(a2X?) ... exp(af“)Xf“))
coexplar X} ... exp(az(k)Xg(k))

where the a, are integers}.
(c) [X;j, X;ﬂ is a finite linear combination of the X with rational coefficients.

The ideals i, are defined in §1 and are the span of all commutators in g of length > w.

In particular, if s, is the subspace of g spanned by X! X2 .. X% then the ideal i, equals

Sy, D Syp1 - D Sg; also d(u) is the dimension of s,.

The proof of Proposition 3.1 is contained in [CG]. For the convenience of the reader, we restate

the definitions and results in [CG] which imply this proposition.

Let g be a real nilpotent Lie algebra. A basis { X, X,,} for g is called a strong Malcev basis
if for each m, 1 < m < mn, the span of {X,--- X,,} is an ideal of g.

Suppose h; C hy C --- C by = g is a nested sequence of ideals in g, and that {Xy,--- X,,}
is a basis for g. We say {Xi, -+ X, } is a strong Malcev basis for g passing through by, - - - by if

16



{X1,--- X, } is a strong Malcev basis for g, and for each j, 1 < j < k, there is a positive integer
m; such that {Xi,--- X, } is a basis for h;. Theorem 1.13(b) asserts that for any nested sequence
of ideals h; C hy C --- C bhr = g, there is a strong Malcev basis passing through by, - hi. (See
also the second note after the proof of Theorem 1.13(b) in [CG].)

To say that g has a rational structure means that g has a basis { Xy, - - - X, } such that [X;, X;| =
Y C; ;1 Xy with C; ;  rational. Then gg = span of { X, - - - X, } over the rationals is called a rational
structure for g. (See Lemma 5.11 (a)). Let b be a subalgebra of g. (For us h will be an ideal). Let
go be a fixed rational structure, and put ho = h N gg. Then b is said to be rational if the span of
ho over the reals is h. (This definition is given between Lemmas 5.1.1 and 5.1.2 in [CG]). Let G
be a connected, simply connected, nilpotent Lie group, and suppose H is a closed subgroup. H is

said to be rational if the Lie algebra of h is a rational subalgebra of g.

Assume G is a connected, simply connected Lie group with Lie algebra g, and suppose I' is a
discrete subgroup of G. A strong Malcev basis {X7,--- X,,} of g is said to be strongly based on I'
if

I'={yeG:y=expmX; - expmeXy --- expm,X, , with m; integers}

Theorem 5.1.6 in [CG]| asserts, among other things, that if T is a uniform subgroup of G, g
has a strong Malcev basis strongly based on I'. In the proof of Theorem 5.1.8 (a), it is shown
that for any such basis [X;, X;] = £ C; ; x X, with C; j; rational. Thus any such basis determines
a rational structure, gg, for g. Namely, g¢ is the rational span of {X; --- X,,}. Denote the
inverse of the exponential mapping from g to G by log. Then by the Campbell-Hausdorff formula
logy € gg for every v € I'. Also, for any such basis exp X; € I'. Thus, gq is the rational span
of logvy, v € T', so gg is determined by I". We call this gg the rational structure of g determined
by I'. Corollary 5.2.2 asserts that the ideals i, of the descending central series of g are rational
subalgebras, or equivalantly, if {i,} are the closed normal subgroups of g corresponding to {i,}, the
{i.} are rational subgroups. Thus Proposition 3.1 is implied by the following statement contained
in Proposition 5.3.2 of [CG].

Statement: Let I' be a uniform subgroup of a connected, simply connected nilpotent Lie group
with Lie algebra g. Let H; g Hgg ng = G be closed normal subgroups of G. Denote the

Lie algebra of H; by h;, 1 < j < k. Suppose the H; are rational subgroups of g (with respect to

the rational structure determined by I'). Then there exists a strong Malcev basis for g strongly

17



based on I' passing through h;, 1 < j < k.

We now fix some important notation. With d(j) as in the statement of Proposition 3.1, then
d =d(1) + -+ d(k) is the dimension of g, and d' = d(1) + --- + d(k — 1) is the dimension of
g = g/ix. We also set
D = d(1) +2d(2) + - + kd(k)

and
D'=d(1)+2d(2)+ -+ (k—1)d(k—1).

D and D' are called the homogeneous dimensions of G and G’ respectively.

For g and h in G we write g - h or gh for their product. If ¢’ and h’ are elements of G’, we use

the notation ¢’ o A’ for their product in G’.

Suppose 7, = (21, ... 24") is a point in R4 We write X, for (X!,... X{™), and z, - X, for

u?

Xy +---+ ﬂﬁg(u)Xg(u); also we set
exp(zy * X,) = eXP(«’EQILXi) : eXp(%iXS) exp(xz(“)Xg(“))_

Since G is a simply connected nilpotent Lie group, every g € G' can be written uniquely in the

form
(31) g = exp(z1- X1+ + 2 - Xp)

with z, € R4, The z,. ..z, are called canonical coordinates of the first kind.

In view of part (b) of proposition (3.1) it is useful to see that each g in G can be written in
the form
(3.2) g = exp(zy * X1) exp(xe * Xa) ... exp(zy * Xy)
and to try to clarify the relation between the z’s in (3.2) and the 2’s in (3.1). The 2’s in (3.2) are
called canonical coordinates of the second kind.

For this purpose it is convenient to introduce the notion of the homogeneous degree of a

polynomial, and consider the associated R? and its corresponding homogeneity.
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Suppose we are given a gradation of R%. That is, each € R? can be written x = (z1, ... 23)

with each z, = (z1,...#%") a point in R™™_ If ¢, = (e, ... ei™) with each e’ a non-negative

: . (u)
integer, we write z¢ for (zl)e ... (xZ(U))eZ . Also, we put

u

If P(x) is a monomial so that

P(x) = Axf ---ak

with A # 0, we say that P has homogeneous degree j if |e1| + 2|es| + - - klex| = j. If
Pla) = 3 Me(a)
3

is a finite sum of non-zero distinct monomials we say that the homogeneous degree of P is the
maximum homogeneous degree of the M¢(z). We write the non-isotropic dileation x — Ao x as
Nox = (Axy, N2x9, -+, Ay,).

We collect some useful facts about homogeneous degrees of polynomials in the following lemma.

Lemma 3.2:

(a) Suppose P(x1,...xx) is a polynomial of homogeneous degree j with j < k. Then P is a
function of xy,...x;.

(b) If P(x1,...x%) is a polynomial of homogeneous degree j, then for every x, P(Aox) is a
polynomial in \ of degree at most j.

(c) Let P(xq,...xx) be a polynomial of homogeneous degree j. Then for at least one x, with

lzl| < 1, for all w and v, P(Aox) is a polynomial in \ of degree j.
(d) Assume P(x1,...xx) is a polynomial of homogeneous degree j. Let

Q, = ( i,...Qﬁ(u)) A< u <k

and set
Then if each Q¥ as of homogeneous degree at most u, P'(x) has homogeneous degree of most
7.
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Proof: The statements (a) and (b) are obvious, and we turn to (c).

Suppose

P(x) = ) Me(x)
3
with the M, distinct monomials. If M¢(x) has homogeneous degree r, then
Me(Nox) = N M(x).

Thus, it suffices to observe that there is at least one x with |z%| < 1 such that

> M(w)

¢
deg J\/I£ =A
1s not zero.
To prove (d) we may assume P(x) is a monomial
— €1 €k
P(x) = aft - -apF.

P'(Nox) = Pi*(Aox) ---PF(Aox).

Now each P! has homogeneous degree at most u. So each PY(A o x) has degree at most u in A.

Thus P5+(A o x) has degree at most ule,| as a polynomial in A. So the degree of P'(Aox) as a

polynomial in A is at most |e1|+ 2|ea| + - - - + |k|ex| which is at most j. Conclusion (d) now follows

from conclusion (c).

We shall also use the same notion of homogeneous degree for polynomials in two variables x and

Y.

Thus if M(x,y) is a monomial with M(z,y) = x7* --- xzkyfll e yZ;“, we say the homogeneous

degree of M(z,y) is |e1| + |€}]| + - - - klex| + E|ef].

We now relate the coordinates of the first and second kind.

Proposition 3.4: Let g € G with

g = exp(z1 * Xi) -+~ exp(zy, * X).
Then
g=-exp(z - Xy +-+ 2z - Xy)
with
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(3.3) 20 =2l + ¢ (21, .. Ty1), 1 < u < k.

u

Here each ¢ is a polynomial of homogeneous degree at most u. Moreover, ¢, has rational

coefficients and ¢,(0) = 0.

Conversely, if
g=exp(z - Xy +-+ 2z - Xg)

g has a unique representation
g = exp(zy * X3) - exp(xg * Xi)

with

(34) 2o = yu + ¢(Y1s- - Yu1)

where each ¢’ has homogeneous degree of most u, rational coefficients and ¢/,(0) = 0. In particular,

each g € G has a unique expression of the form (3.2).

Proof: We first note that
[iwiu/] - iquu/ .
This is because i, consists of all elements of g which are finite linear combinations of commutators

of length at least u.
By the Campbell-Hausdorff formula
exp(z1 * Xi) - exp(ze * Xo) -+ exp(zy - Xi)

= exp{oy - Xy + o+ @ X + > M}
13

The sum on £ is finite, and for each &

Me = Agx)t o ooxyr (X0 [ X2, (X L]

uy? u2’

where the A, are rational, and » > 2. Each M, has homogeneous degree u; + --- + u, and

(Xt [X2 . [Xpr-t, Xpr] .. ] belongs to iy, ... 4y, and so can therefore be written as

§ : v v v
Au,v Pu,v (xull yoc e xu:) Xu

u>uy + - +ur

21



with A, , rational. Since u; + -+ +u, < w and r > 2 each u; is strictly less than u. Also,
Pu(0) = 0. This gives (3.3). (3.4) now follows from (3.3) by inductively solving for z, in terms

of z, and using Lemma 3.3.

We now turn to the description of multiplication in exponential coordinates of the second kind.

Proposition 3.5: Suppose g and h are in G with

g = exp(y1 * X1) ... exp(yr * X)

and
h = exp(z; * X1) ... exp(xp * Xg).
Then
g -h = exp(z * X7) exp(za * Xo)...exp(zr * Xg)
where
21 =+ T
and for u > 2

Zu = Yy + Ty + Pu(yl,...yu,l,ml ...xu,l).

P, = (Pl ... Pj(“)) are polynomials having the following properties:

(a) P,(0,2) = P,(y,0) = 0; P, has rational coefficients; and each P! has homogeneous degree

(in x and y) at most u.
(b) Let
Py = (P.,... P!y

then for 1 <wv < d(k)
Py, z) = Z Al f Yo 1x1

1<e<d(k 1)
1<f<d(k)

+ a polynomial not involving yr_1 or Tp_1.

(c) The d(k —1) - d(1) by d(k) matriz (A7 ;) with rows parameterized by e and f and columns

parameterized by v, has a left inverse. That is, the matriz has rank d(k).
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Note: While conclusions (a) and (b) are more-or-less standard facts, the rank property expressed

in (c) is of crucial use in Section 9 below.

Proof: Note first that
g h=exp(z1 Xy + -+ zXy)

with
Zy = Yu + Ty + P;(yly---yu—l7~T17"'xu—1)

with P/ satisfying conditions (a). This is proved by using the Campbell-Hausdorff formula in the
same way that (3.3) was proved. The conclusions (a), (b) and (c¢) now follow from (3.4) and part
(d) of Lemma 3.2.

We turn to the proof of (b). We assume k& > 3. The proof in the case k = 2 is easier but

requires a slight change in the argument.

Let
w = exp(yr_1 * Xp_1) - exp(x; * Xy) - exp(—yp_1 * Xp_1).

w = exp(z; * Xy) - epoyzflx{[X,jfl,X{] = exp(z,* X1) - '
e.f
with
w' = exp Yy @] [Xi, X{].
e.f
In particular, w’ is in the center of g. Thus

g-h =-exp(yr * X1) - exp(yp_2o * Xp_2) - w - [exp(—yr_1 * Xk,l)]’l exp(zy * Xo). ..

exp(xrr_1 * Xg_1) exp(yr * Xi) exp(zr * Xy)
= exp(y1 * X1) ... exp(Ys—2 * Xg-1)
- exp(xy * X7)(exp(—yg_1 * Xk,l))’l exp(xg * X3) ...exp(zr_1 * Xp_1)

© exp ZXk Y + ) + ZAefyk 7))
where AY ; is defined by the relation

X, X = )AL
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Also, since k > 3,
exp(—yr-1 * Xg—1)"" = exp(yr-1 * Xp_1)

and that term commutes with all the terms on its right in the above formula.

Thus
g-h =-exp(y; * X1)...exp(yp_2 * X2 ...

cexp(yp_1 + Tp_1) * Xj_1 exp {Z (yz + z; + ZAefyk 1x1> le}

v

= exp((y1 + 21) * X1) exp(Q2(y1 - -yk72) - Xy

+ -+ Qr(Yrs - Yk—2, %1, - Tp—2) - X)

- exp(Yp—1 + Tp-1) Xp—1 exp (Z (yk + ap + ZAe - 11’1> Xk)

U 7f
Since [Xy_1, X, = 0 for u > 2 (k > 3) the conclusion follows.
We turn to the proof of (c).

Recall that s, + 5,11 - - - + sx = i, where s, is the subspace of the Lie algebra spanned by X}L,
Xg---Xff(u). Then since s, C i, if u+ « > k we have that [s,,s.,] = 0, because [i,,i,] = 0.

Therefore, i, = [g,ix_1] = [51 + 52+ - + 5,561 + 6x] = [51,5¢_1], which gives iy = [s51,5,_1].

So i is contained in the span of the commutators X7 and X;_; of length 2. That is, we can

write each X as

Xk_ZB (xe ., X{].

Thus the matrix By ; is a left inverse for A7,

Corollary 3.6: If g € G and

9 = exp(z1 * X1) -+ exp(xp * Xj)

gt = exp(z1 * X1) - exp(z, * Xyp)

where 21 = —x3
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and for 2 < u < k

Zy = —Xy + P;/(.Il, Ce .Tg_l) .
Here P! are polynomials satisfying the following conditions.

(a) P! has rational coefficients

(b) P! has homogeneous degree at most u.

(c) PJ(0) = 0.

To prove Corollary 3.6 put vy, + 2z, = 0 in Proposition 3.5 and solve for y, recursively. Also use

part (d) of Lemma 3.2 to check the homogeneous degree of the P”.

Corollary 3.7: If
g = exp(y1 * X1) ... exp(yr * Xi)

and
h = exp(zy * Xy) ... exp(xg * X)
then
g 'h = exp(z1 * X1) ... exp(z * Xi)
where

21 = T1— W%
and for 2 <u <k
2y = Tu—Yu + Poyr, - Yue1, %1, .- Tyq)

Here the P. are polynomials satisfying the following conditions.

(a) P! has rational coefficients; P (y,y) = 0; P.(0,z) = 0 and P)(y,x) has homogeneous degree

at most u.

(b) P, = (P},... P;d(k)) where each P}° has the form
y,r Z Ae f Yi 1=T1

+ polynomial in y

+ polynomaial not involving yr_1 or xp_1 .
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Corollary 3.7 is a consequence of Corollary 3.6 together with Proposition 3.5 and conclusion (d)

in Lemma 3.2.

We need analogues of Propositions 3.4 and 3.5 and its corollaries for G’. Since 7 is a homorphism

onto and 7,(X}) = 0, each element ¢’ in G’ can be written in the form
(35) ¢ =exp(z - m(X1) + - + 21 - (X))
and

(3.6) ¢ = exp(xy * m (X)) o -+ 0 exp(wp_1 * mT(Xp_1))

Proposition 3.8: If ¢’ has expressions (3.5) and (3.6), then for 1 <u <k —1,

(37) Yu = Ty + Qu ($17- . '$u71>

and
/
Ty = Yu + @ (1, Tum1)
where the q, and q,, are the same polynomials as in Proposition 3.4.

Proof: Proposition 3.8 follows from Proposition 3.4 because 7 is a homomorphism onto.

The fact that 7 is a homomorphism onto also gives us the following analogues of Proposition
3.5, Corollary 3.6 and Corollary 3.7.

Proposition 3.9: Suppose ¢’ and h' are in G' with

g = exp(yr * T (X1)) 0 exp(yo * m(X3)) 0 -+ 0 exp(ay_1 * m(Xp1)) .

Then
g ol = exp(z1 x m(X)1)) o exp(z2 * T (X2)) © -+ 0exp(zp_1 * Tu(Xp1)),

—1

g = exp(z) *m(X1)) o - exp(apy * Tu( X))

and
/71

(9" oh) = exp(z; * m(X1)) © -+ 0exp(zg_y * Tu(Xpo1))
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where for 1 <u <k -1

Zy = Yu + Ty + Pu(xl---xufhyla"'yufl)

Ze = —Yu+ By )
and
2= Ty —Yu + P21, Tu1,Y1, - Yu1)
where the polynomials P,, P! and P, are the same as in Proposition 3.5, Corollary 3.6 and Corol-

lary 3.7.

Next we want to define the balls B and BY on G and G’ in terms of coordinates of the second

kind; these will be “equivalent” to the balls B, and B! introduced earlier in Section 1. Let

B ={ge€G:g=exp(z*X)) - exp(zp * X)

with
sup Jxp] < r*
1<v <d(u)
for
1 <u<k}.

We set BY = 7(BY). So
BY ={¢d €G: g = exp(a; *m(X1)) 0 --- 0 exp(zp_1 * To(Xp1))
with

sup x| < "
1<v<d(u)

for
1 <u<k-1}

The balls B, and B? are equivalent in the following sense.

Proposition 3.10:

(a) There exists a positive constant ¢ such that whenever r <1,
B. c B
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and
B c B,.

(b) There exists a positive constant ¢ such that
B0, c BY

and
B) c B,

(¢) The ratios
BN |BY N 1|
D and T

are bounded above and below.

(d) The ratios
1B, NT| |B.NTY|
——— and ———

D D’

T r

are bounded above and below.

Proof: Suppose first g € B, so that
g = exp(t1Y + -+ 1Y)

with ¥, € Z, N O. (O a fixed neighborhood of 0 in G), and |t,| < r*. Then by writing Y, in

terms of the X, we see

g:exp(21X1++Zka)
with
|z < Cr™.

We then use Proposition 3.4 to write
g = exp(z * Xq) -+ exp(zg * Xi) .

The homogeneity conditions on the polynomials ¢/, in Proposition 3.4, then imply |z¥] < Cr*.
Thus
B. c B.
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Similarly the homogeneity conditions on the polynomials ¢, in Proposition 3.4 imply D, C B,,.
This proves (a). The proof of (b) is the same. The conclusion (c) is clear, and then (d) follows

from (c) and the inclusion relations in (a) and (b).

Notes: o Since we have not assumed that the dilations {z!} — {0*X"}, § > 0, are automor-
phisms, the properties of the balls B, in the above proposition, as well in Proposition

(3.12) below, can only be asserted for n strictly bounded from below.

e The definition of the balls B makes them more convenient for calculation than their
equivalent balls B,. However not to further encumber the notation, we shall from now

on designate the former balls as B,, (and designate the projected balls BY as B.).

We now consider the appropriate norm and distance functions.

If gisin G and
g = exp(z1 * X1) -+ exp(ay * Xp)

we define
lgll= sup |ag'/",
1<v<d(u)
1<u<k
If g and h are in G, we set
plg,h) =1 tg || .

We gather together the basic properties of || || and p in the next proposition.

Proposition 3.11 Suppose g and h are in G.

(a) || g |l= 0 if and only if g is the identity in G.

(b) p(g,h) = 0 if and only if g = h.
For the remaining conclusion we assume || g || and || h || are > 1.

© g < C gl
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(d) p(g,h) < Cp(h,g)
@ llg-hlI<Cgl + 1Rl
(f) plg,h) < Clp(g,w) + p(w,h)) for and w € G.

(8) plg-h.h) < Clgll + 1A I=Y5] g [IVF).

Proof: Statements (a) and (b) are clear. Conclusion (c) follows from Corollary 3.6. Furthermore,
conclusion (c¢) implies conclusion (d). Property (e) is a consequence of Proposition 3.5 - that is
the homogeneity properties of the polynomials p,. If we write h=lg = h™lw - w™g, we see that (c)
and (e) imply (f). We turn to the proof of (g). If || g ||[>]| & ||, we see

plg-h.h) = |[h7lgh | < C(lgll + 1A 1)
< Clgll + [T A1)
< Clgll + A% g V%)

So we may assume || g || <|| h ||. Let

g = exp(y1 * X1) -+ exp(yr * Xy)

and
h = exp(zy * X1) - -exp(ag * Xj).
Then
h™tgh = exp(z * X1) ---exp(z * Xi)
where

Zu = Yu + Qu(yl,...yu,l,:cl,...xu,l)

where each @, is a polynomial of homogeneous degree at most u, and Q,(0,z) =0 So

|Qu(yax)| S Z|ys||Q;(ylv'"yu—lxla---$u—1)|
s=1

where each @/, is for homogeneous degree at most u — s. (Here |y;| denotes the Euclidean norm of

the vector y;.)
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Soif[[g||=Aand | hl|=DB
|zu| < C(A" + A°B*7%).

Thus s
|zu|1/“ < C(A+ AS/“Bl_E)

< O(A + Al/kBl—l/k)
since A < B.

This completes the proof of Proposition 3.11.
Notice that B, ={g € G, || g ||< r}.

More generally, for g € G, we now set

B.(9) = {h€G: plh,g) <r}.

Proposition 3.2 implies the following Vitali properties of the balls B,.(g).

Proposition 3.12:  There is a constant ¢ > 0 so that if r > 1

(a) If B, (g9) N B.(h) # 0
B,(9) C B..(h).

(b) If h € B.(g), then
g € B.(h).

Let us define averages A’ f for functions f on I' as follows.

For a € T’

(38) AL f(a) = 4 > fla-R(B)).

B'eB. NI’

Then in view of Proposition 3.10, we have the following assertion:
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To prove our main theorem, it suffices to prove

I sup Al e < C L f llee -
>

§4. Coordinates

The use of the cannonical coordinates of the second kind allows us to identify the group G with
RY x R¥F) or G’ x R¥F) as follows.

Every g € G can be written as a pair (¢', xy)

with ¢’ = exp(z * m(X1)) - exp(zg * m(X3)) - - - exp(wg_1 * T(Xp_1))

and g = exp(z1 * X1) exp(xg * Xo) -+ exp(xgp_1 * Xp_1) - exp(zy * Xi).
It will then be convenient to write

g = (2,x1), where © = (z1,...24_1) € RY, with &’ = d(1) +d(2)---d(k — 1), 2, € R4¥)_ In this
way we identify G with RY x RU%) and G’ x R*¥) and identify G’ with R?. It then follows that

g = (z,2) = (2,0)- (0, z1) and 7(x, ) = .

Similarly, any o € I' can be represented as a = (a, az), with a € Z% and a; € Z¥* | and I" is
then identified with Z¢'.

Suppose
g = exp(yr * X1) ... exp(yr—1 * Xp_1) - exp(yr * X)

= (¥, ur)
and
h = exp(xy * Xy) ... exp(xp_1 * Xp_1) exp(z * Xy)

= (z,zy).

Then we have the following relation between multiplication in G’ and G.

Proposition 4.1:

(a) g - h = (Zazk)
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where

2 =Yk + T + Po (Y1, Yb—1 21, . Tp—1) -

gfl — (y’l, Z”’“)

where y~' is the inverse of y with respect to the group structure of G' and
Z]Z = —Yk + Pg(yl, e yk—l) .
g h=(yox, )
and

/ /
2y = T —Ye + Py, Yr—1, 21, ... 21, D)

Here Py, P, and P/ are as in Proposition 3.5. The proof of Proposition 4.1 is an immdiate
consequence of Proposition 3.5, Proposition 3.9 and the fact that exp(zy * Xj) is in the

center of GG.

We now consider the polynomial mapping R : G’ — G. Recall that by assumption 7R is the

identity on G’. Using the coordinates above it therefore follows that

R(z) = (z, R(x)).

Since multiplication is given by polynomials, R is therefore a polynomial map (from R? to R *)),
and so we write R = (R', R?,--- R¥®). We then have:

Proposition 4.2 The polynomials R', R?,--- R*® each have homogeneous degree < k. Each poly-

nomial has rational coefficients, and is of the form

(4.1)

R'(x) = ), Blpuiaf



where A is a polynomial of homogeneous degree at most k.

Proof: Note that the R" are polynomials in the variables x1, xs, ... x;_jonly. If R’ had homoge-
neous degree greater than k there would be an 2 # 0 with |2 | < 1 such that R”(\ o z) would be

a polynomial in \ of degree at least k£ 4 1, according to Lemma 3.2. But then
R(By) ¢ B.

for any ¢ > 0 contradicting the assumption on R. Given that R} is of homogeneous degree at
most k, it must have the form (4.1).

Finally, we deal with the rationality assertions in Proposition (4.2).

The fact that R takes I' into I' implies that for m = (m; ... mg-1)) with each m, € 74w
R(m) is an element of Z* . Thus, the rationality assertions concerning the coefficients of R in

Proposition 4.2 follow from the following lemma.

Lemma 4.3: Let R be a polynomial of degree at most k in d variables.

Assume that for every lattice point m in R, R(m) is an integer. Then the coefficients of R
are rational, and each coefficient may be written with denominator that divides some fized integer
that depends on d and k.

Proof: Let us first suppose d = 1, and suppose
R = apx"+---.

Let (AR)(z) = R(z) — R(z —1). Then A* R = k! a;. So klay, is an integer.

Consider
K'R(z) = Kaz® + klag_ 281 + ...

= k'akxk + Ry
Since R(x) takes integers into integers and klay is an integer, Rjy_; takes integers into integers.
Arguing inductively we see k!(k — 1)!...2la; is an integer for each j,1 < j < k. Also ay must be

an integer since R(0) is an integer.
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Now suppose
k
R(z,y) = > v pil)
=0

where py is a polynomial with degree p, < k. Then the preceding argument shows that for each
integer m, p,(m) is a rational number and the denominator divides C'(k) for some integer C'(k).
(In fact, C'(k) = kl(k — 1)!---1.) Then the polynomials C(k)ps(x) takes Z into Z. Thus the
polynomials C'(k)p,(z) have coefficients which are rational numbers with denominators that divide
C(k). Thus, the coefficients of R(z,y) are rationals with denominators that divide C(k)?. This
proves the lemma for d = 2, and the lemma follows by an inductive argument, which shows that
the demoninators that divide C'(k)?.

§5. The standard picture
We now want to reformulate our main theorem in a more concrete fashion.
First we recall the identifications above.

We have
= {a: a = exp(a; * X1) ...exp(ag * X},)
with
ay = (al,...,a®™) € 7i® o¢* 7,1 < v < d(u)}.

w’ )’ u

We set d = d(1) + -+ d(k), D = d(1) +2d(2) + --- k - d(k),
d =d1)+ - +dk—1), and D' = d(1) + 2d(2) + -~ (k—1)d(k — 1),

and use the notation

a = (a17a27"'a ak—laak) - (aaak)'

Our averages A in (3.8) are now recast as follows.

(61) A(f)0) = o 3 flaoba+ Pulad) + (),

beBLNZY

where P, and R are the polynomials described in Propositions 4.1 and 4.2. Also the polynomials

involved in the multiplication have 0, as well as P, and R have rational coefficients.
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Proposition 5.1 The assertion of the theorem is equivalent with the inequality for (5.1):

| sup AL(f) lleezay < C | f llezza
§6. A last reduction

Now that we have obtained the form (5.1) with rational polynomials we shall show that we
may assume that coefficients of the polynomials are integers. For this reduction we need first of

all to consider
Qo' = {a = (a1,...ax) e ' : Qola, for each a; .}

where (g is an integer so large that all of the denominators of the coefficients of the polynomials

P? divide Qy.

Proposition 6.1: Qo' is a subgroup of T'.

Proof: Let Qoo = (Qgay,...Qoax) and Qo5 = (Qob1, . .., Qobr) be points of QpI". Then

(QoOé : QOﬂ)u = Q(]au + Qoﬁu + Pu(QOOC, Q()ﬁ) .

But the monomials in P} have at least degree 1 in a and 3. So

P2 (Qoc, Qo) = Q0 > C2, Q8 as - Q1 g
le|>1
[f1=]

where each C7, is a rational number with denominator which divides Q. Thus P} (Qoc, Qof3) is
an integer multiple of Qy. So QoI is closed under multiplication. The coefficients of (aQ)~! are
found inductively by solving the equations Qoa, + b, + P,(Qoa1, ... Qoay_1,b1,...by_1) = 0 so we
see inductively that the components of (Qpa,)™" are of the form @, times an integer. So QoI is

closed under inverse and thus QoI is a subgroup of I'.

Proposition 6.2:  With the re-parametrization above, the multiplications in Qol' is expressed by

polynomials with integer coefficients. That is, the polynomials PY, PV and PY have integer coef-
ficients. Moreover 5.1, 5.2, 5.3 and 5./ still hold.

Proof: This is essentially done in the proof of Proposition 6.1. Note the polynomials expressing
the multiplication in QyI" differ from those expressing the multiplication in I" only in that each

coefficient gets multiplied by a power of ().
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Proposition 6.3: FEach o € I' has a unique decomposition

a =0 - Qop
where Qop € Qol'yo €T and o = (s1 ...s) €[0,Q — 1]¢

0<s, <Q—1,1<v<du),l <u<lhk,

Proof: Suppose « has coordinates (ay,...ax). Then we want to find lattice points (my,...my)
and 1, ...k such that the 0 <s? <@ — 1, for 1 <v <d(u), 1 <u <k such that

a; = s1 + Qomy

and
Ay = Sy + QOmu + PIL(Sl? < Su—1, QOml Tt Qomu—l) .
Since P,(s,0) = 0 and since the denominators at the coefficients of P, divide @y, we can solve the

equations inductively for s, and m,,.

We have a similar result for IV. We let QoI denote the points in IV whose coordinates are
divisible by Q.

Proposition 6.4:  Qol"” is a subgroup of I". If the points with coordinates (Qoay,...Qoax_1) are

parametrized by (ay, . ..ax_1), the polynomials expressing the product and inverse in Qol"” are the

same as the first k — 1 arising in Proposition 5.2.
Moreover, each 3’ € I has a unique decomposition
f=Quw ot
where Qo' € Qol"” and the coordinates t of 7’ satisfy the inequality 0 < ¥ < Qo — 1.
Next for each 7/ € Z% with 7/ € [0,Q — 1]¢ we define the polynomial R™ on Q,I" by setting
RT’(QOV/) = R((Qov) o7') — R(7') — Pu(Qo',7'),
with v/ € Z%'.

Also if 0 € Z% with o € [0,Q — 1]¢ and f a function on I'(= Z¢), then we define the function
for on QoL by
for(Qop) = flo-(Qop)) - (7', R(7')).

37



Note that
fla - R(3))
= f((o-Qop) - (Qov" o7, R(Qov" © 7'))
= f((o-Qop) - (Qov/; R(Quv" o ') = Pi(Qov/, 7)) - (7, 0)
= flo-Qop) - (Quov', R(Qov' o 7') = Pr(Qor/, 7" = R(7')) (7', R(1'))
= f(o - [Qou- (Qov', R™(Quo)) - (', R(T))
= for (Qopt - (Qov', R (Qov)) -

Thus A/ appearing in (5.1) can be written as a finite sumof such expressions (with f replaced
by f») and in each the corresponding polynomials for the multiplication low o and Py have integer

coeflicients

We wish next to show that we may assume the polynomial R has integer coefficients. We first
observe there is a number (); such that the denominators of all the coefficients appearing in the
polynomials R (z) = R(zoo’) - R7(¢’) divide Q,. (We know the coefficients of R are rational

so the same is true for R7!(¢”).)
Now we form groups Q1 o I' and QI”. The group QI is as before but

ol ={ael: a=(aQ1,a20Q1,...ap-1Q1,ax), ay € Zd(“)}-

In other words, @) o' consists of points whose first £ — 1 coordinates are divisible by ¢);. We then

have the following analogue of Propositions 6.1 and 6.3.

Proposition 6.5: Q101" is a subgroup of I', and for each oo € T', there exists a unique decomposition
a=0c-(Qu) with o € [0,Q; — 1]°.

Now
R (Qz) = R(Qiz o 7) — R(7') — Pu(Quz, 7).

Then what is important to notice is that R’ (Q,x) has integer coefficients. Thus, if we re-

parametrize Q1 o I' by identifying (a1Q1, a2Qa, . .. ax_1Q1, ax) by (ay,as,...a,_1), the expression
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for R” has integer coefficients. Moreover, Q1" is a subset of @1 o I and all the structure of

Section 5 is preserved.

Thus, we have achieved the following result.

Proposition 6.6: In proving

I'sup | ey < €L F ey
r>
we may assume that all the polynomials arising in (5.1) have integer coefficients.

§7. The basic decomposition

Let us fix a smooth compactly supported function ¢ on R* which is one in a neighborhood of

the origin.

Then for f a function on I' and o € T', a = (a, ay), we set
M;f(a) =Y ;(b) flaob,ax + Pi(a,b) + R(b)),

beZ!
and

Pi(b) = 270" (277 o).
It then suffices to prove

| sup M;f lle@ay < C || f lle@ay -
J

Now
f(a © ba ap + Pk(aa b) + R(b>)
_ / 6727m'ak-9 efQﬂiG-[Pk(a,b)+R(b)} f(a o b, 0) do
Td(k)
where

fla.0) =" fla,a) ™7

Thus for a = (a, ax)
() My(f)(a) = [ e S, 0)(a)db.
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Here SJQ is an operator acting on functions on Z' defined as follows: if F is a function on Z’
(71*) S?F(b) — Z ¢](b/) 6—27Ti[Pk(b,b’)+R(b’)}40 F(b o b/) )
ber
We wish to analyze the integral 7.1 by the circle method.

We let x’ be an even C'* function on R which is supported in [—2,2] and which is one on the
interval [—1,1] and 0 < x' < 1. For 6 = (64, ... 04x)), set x(0) = x'(01) ... X'(Oaqw)). So for X > 4,
x(A9) is supported in [—3, 3]. If A > 4, we let x,(0) denote the periodic extension of x(Af). Then

xa(0) = Z W (v) e 7 where
)

veZa(k

and

(A >4).
If 6= (1,... Lyp) isin 79%) we write (£,q) = 1 when the only positive integer dividing ¢, /1, . . .

and ¢ is 1. We also write § to represent (% e %’“) in R Further we set

M Jla) = [ o0 =) S0 @,

where A = 27=9) for an appropriate small € positive. The choice of the € is fixed throughout. In
fact we will see below that it suffices to require 0 < e < 1/k(k + 3/2).

We shall also systematically write A = 27~ in what follows. Here we note that 27¢ < (2))'/2,
and in fact this holds on the basis of our requirement since what is needed here is € < k/3. (The
stronger restriction € < 1/k(k + 3/2) is needed in Section 11).

We collect together all the ./\/lg-g’Q) with 2¢ < ¢ < 2¢* for some integer x. So we define

Meifl@) = > 3 M f(a).

28 <g<2rtl Ly =1
=1 () =1
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Next we fix a v with 1 <~ < 2. We put

M]l — Z M}{/,j
2Ly
M} = Z M
Jr<ont1<26d
and write
(7.2) M f = Mjf + M:f + E;f,

where

Bf(a.m) = [0 B(6) ] f(.6) (a) db.

&

Let us make the following clarifying remarks about this basic decomposition.

(i)

For each fixed j we have split the possible demoniators into essentially three classes: the
small ¢, for which ¢ < j7; the intermediate ¢, for which j7 < ¢ < 29; and the remainder, for
which 29 < gq.

The restriction ¢ < j7 is crucial in having common demononators @ that are O(2"), for all

n > 0, as was already seen in Section 2.

For both the small ¢ and the intermediate ¢ (these for which ¢ < 29), we have that the
supports of the cut-off functions y,(# — ¢/q) are disjoint. In fact if two such supports
intersect one would have |% — Z—f’\ < 4/X, which implies ﬁ < 4/), and this contradicts the
assumption that ¢, ¢ are both < 27¢, while A = 2/(h=¢).

Since B(f) = 1— Z xXA(0—1/q) and the supports are disjoint, it follows that 0 < B(#) < 1.
q<2¢d

Moreover, if |0, — ¢,/q| < 1/X for g and £, 1 < v < d(k), with (g, €1, 02, laay) = 1 and
q < 29, then x\(0 — £/q) = 1. So B(A) = 0 and thus 6 # &;, where &; is defined as the
support of B.

An additional remark about the tri-partite range of the ¢’s described in (i) above and the

choice of A = 2/%=9 One could have chosen seperate €’s, one for the size of the ¢’s
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(i.e. 271), and the other for A\, (i.e. A = 2/*=<)). Now the restriction that arises for e,
(in Section 9), is 0 < €3 < 1/k. While the restriction that is needed for ¢ in Section 11 is

then € (k + 1/2) < 1/k — €5. If for simplicity we take €; = €5, we then get € < m

Returning to the decomposition (7.2), our main theorem will be a consequence of the following

3 estimates:

(7.3) I sup |[My;f| o< C277,  for some 1 > 0

J
2t <57

(from which it obviously follows that || sup [M, f| ||z < C || f |le),
J

(74) | M2 flle< C52 | f e,
and

(75) | E; f lle < C27 || f ||,  for some n > 0.

8. The splitting of M, ;

In this section we consider J\/[j1 and thus assume 257! < j7. We choose a 6 > 0 with % <0< %,
(where the inequalities are strict.) We let F be a subset of the ¢’s with 2% < ¢ < 2°"! containing
at most 2% of the ¢’s, and let

q
ME; =30 > MP.

qEF tv=1
(q)=1

Since we may divide the ¢’s with 2% < ¢ < 2!, into 2(=9% such groups F, the estimate (7.3)

will follow from the estimate

K/2

(8.1) || sup./\/lf,jf e < C2777 || f e
J

The advantage of decomposing the ¢’s into these smaller classes F, as we have shown in Section

2, is that for any n > 0, we have
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(82) Q = Hq < annj‘

qeF

For 2% < g < 2°FL (since 2% < j7, thus 22¢ < \ = 2/(:=9) we can write for a = (a, ay,)

Mg@,q) f(Ck) _ /e2m'ak-9 X}\(e . g) Xeo2s (0 _ g) S]e fA(’ 9) (a) do .

(The factor x.o2« (6 — f[) has been inserted.) We now define functions £ by the relation

FD () = F(8) yoree (6 5) |

So we may write

(8.4) MY f(a) = / e 2mian 0 | (9— g) S? fED (-, 0)(a) db.

The advantage of (8.4) is that the functions f(»? are orthogonal since their Fourier transforms

have disjoint support.
Next we expand x,(0 — g) in its Fourier series.

4 1 N —omiby -0 —2miby- L
w(o-0) = X g i) et

by € Zd(k)

We also expand f(¢9(6),

f(e,q)(g) _ Z f(&q)(u) 2t

uEZdUV)

Then if we perform the integration in (8.4), we find

£, i (b — A 1 ~ bk — R(b)
(8.5) Mg ) fla) = ; 2milbi—R(b)) - § ;(b) X X < 3 f(ﬁ,q) (a-3).
B=(b,by)

(We have identified (b,by), b € T" and b, € Z%*) with points 3 € I', and we have used the fact
that if 5= (b,b;) and ' = (V/,0,.), -3 = (bob', by + b} + Pi(b,1)).
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The next step will be to write

a=Qu-cand f = Qu-71

with @ as in (8.2), where ¢ and 7 have their coordinates in [0,Q — 1], i.e. belong to [0,Q — 1]%.

The advantage is that the factor 220k =RO) - i) depend only on 7. This will enable us to write
J\/l,J;r ; approximately as a composition of operators - one an averaging operator in the Qv variables,

and the other arithmetic in the 7 variables.

We shall find it convenient to use the following notation. For each v € I' (thought as a point
in Z4) we denote by {7} the element of I' whose elements are congruent to those of 4 modulo Q,

and where {7} lies in [0, Q — 1]%. Also for each v and 7 in I we set 5(7) = {y - 7}.

Proposition 8.1: Let QI denote the points in I' whose coordinates are divisible by (). Then

(a) QI is a normal subgroup of T.

(b) Each o € T' can be written uniquely in the form

a=Qu-o
with Qu in QT and the coordinates of o in the interval [0, Q — 1].

(c) If
a=Qu-cand = Qv -1

a-f=Qu-(Qu){o 7}
where for each fived o and T the mapping
Qv — (Qu)’
is a bijection from QT onto QT.
(d) p(Qr,(Qv)") < C(l Qv ['V*FQY* + Q).

(e) For each v € T, the mapping ¥ is a bijection of [0,Q — 1]<.
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Proof: We already know from Proposition (6.1) that QI" is a subgroup of I". Now we know in
addition that the polynomials expressing multiplication and inverse have integer coefficients. Thus,
if 5 €T and Qa is in QT', with say § = (by,...b) and Qo = (Qay, ... Qay)

(B7HQ)B)w = Qa, + Pu(Qa, ),

where P, is a polynomial with integer coefficients. Also, P,(0,3) = 0. Thus, P*(Qa, 3) = @ times
an integer, for 1 < v < d(u). Hence QI is normal. The proof of (b) is the same as the proof of
Proposition 6.3.

We turn to the proof of part (c).
a . ﬁ = Q,LL . O’ . Ql/ . T

= Qu-0-Qu-ot-0o-T.

Since QT isnormal in T, o - Quo~! = (Qv)’ for some (Qv)" € QT'. Moreover, (Qv)’ is uniquely
determined by Qv and o.

We want to see that the mapping Qv — o - Qv - o' is onto QI'. Given Qv in I, take
Qv = o 'Qv'o. Now by (b), o7 = Qv - {o - 7} with Q" uniquely determined by ¢ and 7. We
now put (Qv)* = (Qv) - (Qv)”. Since multiplication by Qv"” is a bijection of QI" onto QI" and the
mapping Qv to Qv is a bijection, it follows that the mapping Qv — (Qv)* is a bijection from
QT onto QI'. Conclusion (d) follows from Proposition (3.11), (g).

To prove (e) it suffices to see that the mapping is surjective. Suppose, therefore, that o =
(a1,...,a;) € T and also a € [0,Q — 1], We want to find a 7 € [0,Q — 1]¢ so that ¥(7) = a.
Now here is a 71 € Z%1), whose coordinates are [0,Q — 1], so that the coordinates of v, + 7 — ay
are divisible by Q. Next choose 7 € Z¥®?) with coordinates in [0,Q — 1] so that the coordinates
of v9 + 7o + Pa(71,71) — an are divisible by @, and then proceed inductively to determine 7 =

(T17T27 o 'Tu)'

We now want to write ./\/lff) in (8.5) in terms of the decomposition of Proposition 8.1. Recall

that we are using the notation
a = (ay,...ap_1,a;) = (a,a)

and
6 = (b27"'bk717bk> = (ba bk)
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for o and G in T

We will write

Qu = (Qmy,...,Qmy_1,Qmy) = (Qm, Qmy,)
Qv = (ina'--aanflaan) = (QTL,QW)

o = (81,.--Sk_1,8K) = (s, k)
and
T = (tl, ce tkfl, tk) = (t, tk)

Then employing the decomposition in Proposition (8.1), we see
by = Qni + ty + Pu(@Qn,t) = ¢ (mod Q)
since P;(0,v) = 0. Then since R has integer coeflicients
R(nQot) = R(t) (modQ).

Thus the factor

(2milbe—R(b)) - %

I
o

Thus for a = Qu - 0 we have

M f(a) = Oy (Qno ) 1
T= (t,tk) Quv= (Q"%Q"”ﬁ:)

% ((@w)k—AR(cznot)) x fED(Qu- (Qu)* - {o - 1}).
Let
MEDFQueo) = 3 3 T (@) -
7= (ttr) Qu=(Qn,Qny)
(=M@ pea) (Qu - (Qu){o - 7).

We shall try to replace MgZ’Q) by M;(e’q), but to do this we first transform M;-(K’Q). We recall
from Proposition (8.1) that the mapping Qv — (Quv)* is a bijection on QI'. So we may drop the

*’s in the sum above.
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Next we set h(7) =t — R(t), 7 = (t,tx). Then h(1) = h(c~!-07), and since the multiplication
has integer coefficients o' - 07 = 67! - {o - 7} modulo Q. Therefore since R also has integer
coefficients we get h(7) = h(c~'-{o-7}) modulo Q. Thus since q divides Q the term e?™(t—E(t)¢/a
can be replaced by e2ml(e” o mhs=R(s""e{or}) ¢ /q - Finally by (e) of Proposition (8.1) we may

replace {o - 7} by 7 and thus find that

4 m — o lor ]'
/(q F(Qu - o) ZZ 2 )i — R( )).¢j(Qy)W

X (M> JED(Qu - Qu - 1),

This would allow us to realize M ; as a composition of two operators (“tensor product”) N

acting on the QT variables and H acting on the [0,Q — 1]¢ variables. In fact, we define A for a
function F' on QI', by setting

50 NP = 2@ - 3 (PO pgue u,

and

— Z eZWi((”_l'T)k—R(s‘IOt))'5 fe’q (Qu - 7).

74,q
qEF

Thus, if we could replace ./\/ly’q) by M;-(K’Q), we would have, in effect

M F(Qu - o) = Ny H(Qu) .

Then to prove (8.1), it would suffice to obtain the following estimates

(8.6) | sup Nj F [leory < CQ™ || F |l
J
and
. CQZd
(8.7) S IH (Qu))? < I f 112y
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/'(Z,q)

Therefore let us now consider the error in replacing My’q) by M.

We have to replace /\dl(,c) % (a’“) ¥;(a) by

where

a = Qn7 ap = (Qy>k - R(Qn>7

b = (Qn)ot, by = (Quv-7)y — R(Qnot).
Now by the support conditions on ¢; we have || Qu ||< ¢27 and || Qnot ||< ¢27, and therefore
since |t| < cQ, Proposition 3.11 insures that p(Qnot,Qn) < QY+ 270-1/2) 1 Q.

Next we invoke the following simple observation. If & = (ay,...ax), and 5 = (by,...bx) have
the property that | a ||< N, || 8 [|< N, and p(«, 5) < 6 (with N,d >), then

(8.8) |ay — bu| < (6" + 6N,  for 1<u<k.

This can easily be verified by an induction in w.

Applying this to N = 27 and 6 = Q/*27/0-1/k) L O < cQ2/'=1/%)  and being somewhat wasteful

in the powers of (), we see that
|y — by| < cQU2% . 279k ] <y < k—1.

Therefore by the mean-value theorem
k—1
[ (u) = ;(b)] < 797 QF Y202k < QP2 IP 27Ik,
u=1
Similarly |ax — br| < QF27%279/k. We now invoke the fact that e < 1/k (which is a consequence

of our assumption ¢ < i to get that

1
k+3/2))

x(5) - % (%’“) | < QYR < Qra
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Altogether then we see that
£:q) k 9—nj
(8.9) | A7 | < @277,

for some n > 0 (in fact n = (1/k) — €).

Since /\/lkf ; 1s obtained by adding at most () terms of the kind M?’q, we see that we have
produced an error which is O(Q**+! 27, which however is much smaller 27%/2, since Q = O(2™)

for any 1, > 0, and 2 < j7. Thus the error is consistent with the inequality (8.1).
§9. The maximal estimate for N

We write N; = N} + (N; = N?), where N7 is defined as follows: for Qu = (Qm, Qmy) in QT
and F' a function on QT',

1
— o

o (@m)™ o Qn)

NPF(Qp) = 55, sr D, W
Qv =(Qn,Qny)

ng —Qm (Qm,Qn) — m)~ ! on
X(Q K — Qmy + PL(Q 2]%) R((Qm) Q)) . F(Qn).

Since R has homogeneous degree of most k, |R((Qm)™' o Qn)| < C2*,
whenever 2% o (Qm)~! o @Qn is in the support of 1. Thus,

A F(@Qn)] < 2%@2 2(27 o (Qn)™ Qv) F(QV)

with ® decaying rapidly at infinity. For Qu € QI set

BE(uQ) = B,(pQ) N QT.

Then since the balls B, satisfy the conclusions of Propositions 3.10 and 3.12, so do the balls BY.
Also

MF@W < 55 Y IF@).

Que B, (Qu)
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Moreover,

Q 27
1By, (@)l ~ 5z

since

By (Qu) = {Qu: |Qmi — Qu| < 2

|Qmy — Qny + Py(Qmy,any)| < 2%

|Qmy, — Qni, + PL(Qmy,...Qmy_1,Qny...Qng_y)| < 2%
with P/ homogeneous of degree at most u and P, (Qu,Qu) = 0. Thus by the standard argument,

we have the estimate

(9.1) I'sup [N? F leery < CQ7 I F ller) -
J

We are going to analyze N; — NP by using Fourier analysis on the group @ - Z%"%. For U a

function on Q Z¥*) | we put, for § in the d(k) dimensional torus,

(92) U0) = > U(Qny) e @’

Qny € Q24K
Then
(9.3) U(Qny) = Q1™ e~2miQn-0 79 (9) df
~25 <0" <55
and
(94) S U(Qny)2 = Q¥ T9(0) [ db.
~25 <0 <35
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For U; and U, two functions on Z%*) | we define their convolution as

Uy * U (Qm) = Zm Qm — Qn) Us(Qn) .
Then
(95) Umg == [71 . ﬁQ.

Next, we consider the Fourier transform of %)2 (QT) (that is, the Fourier transform on the
group QZ*®)). Recall that we always take \ = 2/(+=¢)

3 (QTn) - %/ x(&) e X de

(Ag) e2mame€ dg

-/
— Qi) / o-2miQu-0  X(AE)

Qd(k)

By definition

dg |

So then the Fourier transform of % X (T) = Qi

Thus we see from (9.5) that

Qd(k

NG F(@m,Qmi) = QU9 [ ermame e (00) S F(,6) (@) df
v

IN

1 1
2Q <Q

Here S;e acts on functions V defined on QI" by

SPV(Qm) =

555 Z¢ (277 o (mQ)™" o nQ)) e 2" (P (mQnQ) — R((mQ) ™! 0nQ)) V(nQ).
nQ
This is just a variant of (7.1x) defined on QI instead of I".
We will prove the following lemma.
Lemma 9.1: For 277F < |f] < 277(k=<),

C 1
10
157 1= gr gy
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Let us assume Lemma 9.1 for the moment. Then using Plancherel’s Theorem, we see

D NG F(Qu) — NP F(Qu)P?
Qmy

C , , .
< g [ @ E00) — X0 - 1S F(-,60) @ d.

So if we use Lemma 9.1, we see
>IN F(Qu) = NP F(Qu)f
Qu

C 1 2 )
S Qo / (W) ' QZ |F(Qm, 0)]*d .

1 1
sit—a > 101> 5%

Thus
SN IV F(Qp) — NP F(Qu)P?
J Qu

C A C 2
< g | LIFMQOP® < crpa | F [

mQ
16 < 565

1
We have used the fact that ——— is uniformly bounded in 6, if the summation in j is
—|6]27%
J

restricted to the range |0]27% > 1, (when j > 1). Thus since

sup [N (F) = N)(F)P < ) ING(F) = N)(F)F,
! j
we have proved

(9.6) || sup| (NG = NO)F Jlaary < CQ || F llear -
J

If we take into account that d = d’' + d(k). Together with (9.1), (9.6) gives (8.6).
We turn to the proof of Lemma 9.1.

To estimate the norm of S;-(’, we will need to discuss the oscillatory term
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o~ 2mi0 - (P (Qm,Qn) — R((Qm) ™" -nQ))
Let

r(m,n) = P,(m,n) —

R(m™" o n).
From Propositions 3.7 and 4.2 we see that

r(m,n) - 0 = Z Z A:’fmi_ln{GU
e,f v

=2 Bly(niy —miy) (] — m{)e
e,f v

+ terms involving only m
+ terms involving only n

+ terms not involving my_1 or ng_1 .

(The terms involving only m or only n will not affect the norm of S.)

Here, the AY ; and By, are integers and the matrix (A7 ;) has a left inverse, as was discussed
in Section 5.

Thus we can write

(9.7) r(m,n) - 0 = Z(b;f mp_y n{ + Z%,f Mg m{
e,f e.f
+ terms depending only on m
+ terms depending only on n
+ terms not involving my_1 or ng_
where

Cbi,f = Z(_A:,f + Bg’f)év

v
and

¢§,f = ZB:,f‘gv'
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We will need the following lemma.

Lemma 9.2: We have

1 1 2 2
=Y Dlsols+ Y D2;ol;
e7f e’f

where the D}, ; = D}, ((v), i = 1,2 are rational numbers.

Let us assume Lemma 9.2 and complete the proof of Lemma 9.1. Recall that
277F < |9 < 27779 Notice that at least one of the ¢ ; satisfies ¢ ;| > 6]6] for some uni-
form ¢ > 0. Let us suppose |¢71 ;| > 016].

Let K(Qn,Qn’) denote the kernel of (S7)*S?. Then

K (Qn,Qn')| < Z DD Z Y (27((Qm) " o Qn)) Y27 ((Qm) ™" o Qn'))

Mmg—o m§_,
e>2

d(1)

il {[(n} ~(n} Q2¢11+Z ))Q% b1}

e |

Consideration of the arguments of ¢ in the above, shows K (Qn, @n') is supported in p(An, Qn’) <
C2.
We wish to replace the sum in (9.7) by a sum of integrals, replacing the variable mj_, by a

continuous variable ¢ below. In doing this, since |n; — n}| < ¢2’ the error due to K(Qn,Qn’) will
be at most
-~ . . [ . . -/ . ].
C 277727 max ¢} ,|) < C279P" 2727709 < €2 272 if e < 5
since k > 2.

Thus the error in

D K (@Qn,Qn)| + > |K(Qn,Qn)]
Qn Qn’

is at most < C'279/4Q~2¥. So the error gives a contribution to the norm of 5% which can be

subsummed in the right hand side of the inequality in Lemma 9.1.
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Returning to (9.7), note that the number of terms to be summed in my, ...my_o,m2_,, ... mz(fl_l)

is at most C 252% - 2= k=1iQ),

In the integral on m},_,, we put ¢t = 27*=D Qm! . The integral becomes

93 (k=1) o0 {2mi2? =D Qu{(ny—n}’ Q2¢11+Z =y ¢1e}d
t)e t.
Q
2 d(k—1)

Here zﬁ(t) depends on my,mg ... mj_, ... my, ', but its derivatives are all uniformly bounded.

Thus, the integral is at most
o 93 (k—1) { 1 }
Q@ 1+ [20¢=1D Q[(n] _n1)¢11+L]|

. . L : . d(k—1
where L is a linear combination of the n{ —n¢ with e > 2. Summing over my, —m2_, .. .mk(_1 ),

we see

) C
| K(Qn,Qn")| < Q2D {[1 + |206=1) Q(n}

Then summing over ni, we see

1

- ny) ol + H}'

C 1
Z|K (@Qn, Qn')| < Q42D ' 2j(k_1)|Q||¢i1|

1

Now summing over the rest of the n-variables, we see
c
D IK(Qn, Q)| < TV
n

__c
Q2 2K Jg]

IN

which completes the proof of Lemma 9.1.

Let us now consider Lemma 9.2. Since the matrix A” . has a left inverse, there is a d(k) x d(k)
sub-matrix that is invertible. Thus, Lemma 9.2 will be a consequence of an observation about
n x n matrices, where n = d(k). Suppose A = (a;) is an invertible n x n matrix and B = (b;)

is any n X n matrix. Set

(98) Ujl = Z (aj,k + ijg) Vk

k
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and

k

The equations (9.8) and (9.9) define 2™ linear transformations from R" to R", by mapping

(V1 ... 1) — (Uf(l),...Ufl(”))

with choices i(j) fixed to be 1 or 2. Then to prove Lemma 9.2, it suffices to show (if A is non-

singular) at least one of these 2" transformations is non-singular. Since A is non-singular, it is

easy to see that we may assume A is the identity.

Then we are in fact reduced to the following assertion.

Lemma 9.3: Let F' = (f;x) be any n x n matriz. Let F be any of the 2™ matrices

5(1) 0 0
F=F+ 0 402 0
0 0 d(n)

where §(j) is either 0 or 1. Then at least one of the 2" matrices F' is non-singular.
In the above, the matirx F'is B and A is the identity matrix.

For n = 1 the assertion is obvious. We prove the general case by induction on n.

Suppose we know the lemma to be true for n x n matrices, and let F' = (f;;) be an (n+1) x (n+1)

matrix. Put

fn+1,1
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and

fin + 1, fie oo fingr

fan

fn—l—l,l

where E is any of the 2" matrices of the size n x n arising from the matrix

fig2<j<n+1, 2<k<n+1.

By induction hypothesis, one of the matrices £ is non-singular. Now if det E! = 0 and
det E? = 0, then by expanding on minors of the first row, we would find det £ = 0 for all the

appropriate 2" choices of the matrices F, contradicting the induction hypothesis.

The statement concerning the rationality of the D; s follows because they are the coefficients of

matrices inverse to matrices formed from the AZ’ 7 and B; 5

This finishes the proof of Lemma 9.2 and then also of the estimate 8.6.

§10. The estimate for H°.

In this section, we will obtain the estimate 8.7. We will continue with the notation
0=(81,...Sk-15) = (8,sx) and T = (ty,...tx_1tx) = (t,tx). Then werecall for 0 < s? < @Q—1

H?(Qu) = Z Z Z p2milr(s,t) + (be—s)] - § FED (Qu - 1)

Z T
€ G <q o<i<oo1

(La)=1

where as in Section 9,
r(s,t) = P'(s,t) — R(s™ ' o t).

So we can write

HOQu) =D D, e ™ i Vg,
qeF £

(£,q)=1
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where

Vil g.s) = Y el trlg p6a (Qp - 7).

So
STIHOQuP = Q™S V (L, q,5)
Sk l,q
since ,
Z —2m‘sk~(5—§)
Sk
OSSZSQ—I
d, - ¢ _ 0
_ Q% if = o
0 otherwise
That is
i) r(s L
(10.1) STUHO@Qu) [P = QU0 ST | S0 @t o) (@ . 7y 2
Sk (6a) T=(ttx)

mir(s,t) - £
S QU N X T S @Qu ) P
lq tg t

For a function F define on Z¢ /q, and s € Al /q, let us put

; A
T F(s) = Y ™0 ap(d).

tEZd//q
0<ty <q-1

We will prove below the following lemma.

Lemma 10.1:

| Tyg F H§2( < CQQdLl | F H?z(

74 Jq) = 7% /q) -

Let us assume Lemma 10.1 and show how it gives (8.7). Note that the factor 250 hag

period ¢ in the s and ¢ variables. So applying Lemma 10.1, the estimate 10.1 becomes

2d’
S HTQu)P < QX0 Y (%) P (Qu P

o Eq T
0< sy <Q-1 ’ 0<ty <Q-1
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Next we sum on Qu. Since ¢ = 2% and the functions f9 are orthogonal, we obtain 8.7.

We turn to the proof of Lemma 10.1. One difficulty is that we only know ({1, ... lyx),q) = 1
and not that (¢,,q) = for any v. In order to remedy that situation we first reduce matters to the

case that ¢ is a power of a prime. (In that case, we would know (¢,,q) = 1 for some v.)

To this end, we would like to prove a multiplicative formula for T;,. That is, if (£, q1g2) = 1

and (q1,¢2) = 1, we would like to say
Togig, = Torq © Titogs

with (¢1,q1) = (f2,q2) = 1. In order to achieve such a formula, we must consider a slightly

generalization of T ,. Let

O(s,) = (Q(s,1),... Q) (s5,8))

where each QF(s,t) is a polynomial. Moreover, assume for 1 < v < d(k)
QV(s,t) = — ZAefsk 1
+ > BYrsitf
ef
+ ZBef Po1s]

+ pl(s) + pg(t)

+ pg(Sl, C Sk_27t1, e tk_g) .
with A7 ; and By, as in the expressions for P (s,t) and R(s~' o t). Here we allow more general

P1, P2, P3, as opposed to the particular ones that arise after (9.6).

Set in the more general case

Téq Z 27 Q(s,t) - s t)

We will prove Lemma 10.1 by showing
| Tog FIP< O || F P2
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where C' does not depend on the particular choice of the polynomials p;, po and ps.

We need the following lemma.
Lemma 10.2: Let ¢ = q1q2 with (q1,q2) = 1. Also, suppose (¢,q) = 1. Then

| Tt HZ2(Zd//q) <1770 Hé2(Zd’/q1) 1'%, 40 HEQ(Zd'/QQ)
with {1 = Lgy and ly = Lq;.

The polynomials py, ps and ps arising in 7, . and 7},

L t2.q» Will in general differ from those in Tj .

Proof of Lemma 10.2:

Consider the mapping from

Zdl/ﬁh X Zdl/QQ - Zdl/Qle
that sends (s}, s7) into s}, with

[ v v
5, = @5, +qs,

(mOdqqu)H
1<p<k-1,1<v<dp), 0<s/ <gp—-1,0<s" < q—1.
This map also sends

(ty, t,) into ¢,

with
th = qt, +at).

By the Chinese remainder theorem, this map is one-to-one and onto.

Then we may write
T F(s'qn+ 8"q2) = (Tg'hq1 o (Te;,qQ) F) (s'q +s"q2),

where Ty, . acts only on the ¢ variable, and Ty, , acts on the ' variables. Then Lemma 10.2

follows.

In view of Lemma 10.2 it suffices to show that for all but a finite set of primes, p,
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(10.2) || Ty, 1P < p@¥=0r
and for all primes
(10.3) || Ty 1< Clp) p>*=r .

To prove (10.2) and (10.3) we will employ Lemma 9.2. As in Lemma 9.2, put

;f = Z(—AZ,Q + B ;) 0"

v

ir= > Blo

and

Then by Lemma 9.2, we may write

(10.4) Q" => DI'y¢l, + D2 ¢

where @', D’lf and D’ ¢s are integers with a bound depending only on the coefficients of the

polynomials arising in the group multiplication.

. : ' b
Now since Af ; and By, are integral, each of the ¢ , equal ;;f

: i
for some integers b ;

There are two cases: either p divides all the b; s> or p does not divide at least one of them. Let

us begin with the second case and assume p does not devide bil. Let K (t,t") denote the kernel of

Ty Ty, Then
2 Z

b
Zeprmsk 1{ Bl — ) + Z b (t5 — t/e}
Sk 1 e>2
Since (b1, p) = 1, bj, has an inverse modp”. Hence, for 0 < #{' < p" — 1, there is only one

value of #] such that
bi(ty — 1) + Zb 5 — ) = 0(p").

e>2

Thus the sum on s, , is non-zero for at most one value of #;, 0 < ¢} < p” — 1. Thus

SOIK ()] < preh.
t
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Similarly,
DK )] < pr®hh.
m
This shows
1Ty, < =D

in this case.

In the first case, if p divides all the integers b27 s, then p must necessarily divide @, because it
does not divide 1,0y, ... Lqx). Thus if mg is the largest integer so that p™° divides @', a similar

argument shows

| Thpr < P2 pr @2,

This finishes the proof of Lemma 10.2 and hence of (8.7).

§11. The estimate for sz

The purpose of this section is to prove the estimater (7.4). To obtain this it suffice to show
that for j7 < 2% <29

(1L1) | Mef lle< C272 | f |l

uniformly in j.
In fact, since |[M?(f)] < Z IM,.;(f)], then (11.1) would give || M? || < ¢j~/2, which is

]'Y<2“

(7.4). So because Sup |MZ(f)]? < Z\M 2(f)]?, the convergence of Z] 7 would yield the desired
j>1

control of sup ]Mf(f)\.
J

As before,
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because 22 < X\ = 27(-=9) Thus, if 2% < ¢ < 2¢+1

. /4 A
M gy = [ et (0-0) s e (0 @,
Td(k)

where f(“9 is defined by the relation
A ¢ A
FED0) = Xepon (e —~ 5) F(0).

—

For any f, not only are the supports of the f (t.9) disjoint, but also the supports of the M;g’q) o

are disjoint. So to prove the estimate (11.1), it suffices to prove that for each (¢, q)
(11.2) | M7 f fla< g2 | f e -

To obtain this estimate we use the arguments in Sections 7-10, but in a simpler setup. This is
because it suffices to make the key estimates for each ¢, with 28 < ¢ < 25! instead of the

corresponding estimate for the collection of ¢’s (whose product is Q).

We proceed throughout with the sub-group ¢I' in place of QI'. We begin, as in Section 8, by
replacing M;@,q) by /\/l;-(g’q), giving an error (see (8.4))

| AV || < egba™ | with = 1/k — .
Suppose we could prove that
1(4,q) 1/2
(11.3) [| MG ]| < eq'/2.
Then we would have

| M5 ||< cqg™/?, because g2 < cq7/?

whenever ¢ < 29 and n = 1/k — ¢, in view of the fact that ¢ < m Thus would have
established (11.2) and therfore (11.1).

To prove (11.3) we factor the operator into the corresponding tensor product, where the oper-
ator j is defined as in ((8.5*)), but now with @ replaced by ¢. The main simplification occurs in

that we need only observe that uniformly in j.
TG T < eq™.
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This is a simple ¢? estimate, as opposed to the more difficult maximal estimate (8.6).

Also the estimate (8.7) is replaced by the parallel estimate with ¢ instead of @), with the same
proof as in Section 10. This then yields (11.3) and therefore (11.1).

§12. The error term

We shall now prove (7.5).

Since E;(f)(-,ar) = / e 299 B(9) S7 f(-,0)d and 0 < B(9) < 1, it suffices by Plancherel’s
&j
theorem to prove that uniformly in j,

(12.1) || S¢ || < 277, for 6 € &,

and 1 a (small) positive number.

Recall from (7.1%), that

Z ¢J —271'7, Pk m TL)+R( )] 0 F(m (@) n)

neZd

= 3" y(m o n) T f(p),
nezd’
where r(m,n) is given by equation (9.7). Here the coefficients of the principal terms of r(m,n)
(the monomials m§ _,n, f or nf,_;m]) are respectively designated by pe ; and @2 ;. Now in (10.4)

we have inverted the relation between 6 and the ¢’s and have obtained

(122 Qlev ZDef¢ef+D2f¢ef) 1§U§d(k)

where Q', D!, = D'¢(v), and D?; = D?;(v) are fixed integers.
Now let N = 2d(1)-d(k—1), the number of different indices (i, e, f) for D? . Set D = Z D} |

Our claim is that of § € &; then for at least one index (4, e, f) of the N possible choices, there
2€j/N

are integers af, , q. ; with (aj, ;,q. ;) =1, o < gl ;s < AD, (recall that A = 27*79) so that
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; a, 1
(123) ’(,02710 - f,;l < qi,fAD.

In fact, such an approximation exists for all (i,e, f) by Dirichlet’s principle, without how-
ever the assurance 29/V /Q" < qé’ - Suppose the assertion fails, because the reverse inequality
qiﬂ P < 2¢9/N /" holds for all choices. Then picking the last common multiple of ¢’ and all the qé’ 5
we could find a ¢, with ¢ <29, and f;,... Ly so that (qifs,. .., Laxk)) = 1, and because of (12.2)
and (12.3) we would have

10" — 0, /q| < 1/A, for 1 <ov <d(k).

This means x»(0 — ¢/q) = 1, and thus B(#) = 0, that is § ¢ &;. This is a contradiction, and so
(12.3) must hold for at least one (i, e, f), which for simplicity we take to be the triple (1,1,1).

Once we have (12.3) our desired estimate falls in the framework of known estimates for opertor
Weyl-sums; see [SW2], Proposition 5. However we can also prove (12.1) directly as follows. It

suffices to estimate the norm of the operator (S?)*S?. Its kernel K (m,n) is given by

(124) Z ¢j (a—l o ’I’L) ?,Ej (a;1 o m) 627ri(7’(a,n)—7’(a,m))-07

acZ

and it suffices to see that

(125) > |[K(m.n)| < 27,

nezd

Recalling the equation (9.7) we see that

(r(a,n) = r(a,m)) - 0 = aj_y [pry (i —mj) + Y oi g(nf —mi)]
+ terms that do not involve aj,_; .
In the sum (12.4) we sum first in the aj_, variable, and then in all the other a variables. Schemat-

[K(mn) < Y 1)l

other a
variables k—1

ically,
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We see that the inner sum is majorized by

270" 273P" min [Qj(k_l) Apn(ng —my) + Z (,O%x (i =)}

where { -} denotes the fractional part.

Next, we sum this in n! and simplify the notation by writing ¢ for qil. We follow the usual
argument (as in [M0], §2 in Chapter 3) where we break the range of n} into essentially 27 /¢ blocks
of length ¢, and use (12.3) for o},. This gives an estimate

c(277P 279 I 97 fg 4 279727 (log q) 27 /q) .

We must still sum over all the remaining a variables (introducing a factor 2/ 2-9*+~1)) and
all the remaining n variables, (introducing a further factor of 2/”'277). This then shows that
Z!K(m,nﬂ < ¢/q < 27 with n = €/2N, since ¢ > 29/V/Q’'. Thus (12.5) is proved and

(12.1) is established.
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