DISTANCES AND TREES IN DENSE SUBSETS OF 74

NEIL LYALL AKOS MAGYAR

ABSTRACT. In [4] Katznelson and Weiss establish that all sufficiently large distances can always be attained
between pairs of points from any given measurable subset of R? of positive upper (Banach) density. A second
proof of this result, as well as a stronger “pinned variant”, was given by Bourgain in [2] using Fourier analytic
methods. In [9] the second author adapted Bourgain’s Fourier analytic approach to established a result
analogous to that of Katznelson and Weiss for subsets Z¢ provided d > 5. We present a new direct proof of
this discrete distance set result and generalize this to arbitrary trees. Using appropriate discrete spherical
maximal function theorems we ultimately establish the natural “pinned variants” of these results.

1. INTRODUCTION

1.1. Distance sets and existing results. A result of Katznelson and Weiss [4] states that all sufficiently
large distances can always be attained between pairs of points from any given measurable subset of R? of
positive upper (Banach) density. Specifically, if A is a measurable subset of R? of positive upper Banach
density, they established the existence of a threshold Ao = A\g(A) such that the distance set

dist(A) = {|lr —y| : =,y € A} D [Ag,0).

Recall that the upper Banach density 6*(A) of a set A C R? is defined by
ANt
d*(A) := lim sup —l (t+ QN)',
N—00 ycRra Qn]

where | - | denotes Lebesgue measure on R? and @y denotes the cube [~N/2, N/2]<.

This result was later established using Fourier analytic methods by Bourgain in [2]. Bourgain also
established a “pinned variant”, namely that for any Ay > Ag there is a fixed z € A such that

dist(A;z) = {|lz — y| : vy € A} 2 [Xo, M1]-

In [9] the second author adapted Bourgain’s Fourier analytic approach to established a result analogous to
that of Katznelson and Weiss for subsets Z¢, namely that if A C Z? of positive upper Banach density and
d > 5, then there exists A\g = A\g(A) and an integer ¢, depending on d and the density of A, such that

dist?(A) = {|z — y|? : 2,y € A} D [\o, 0) N ¢*Z.
Recall that the upper Banach density 6*(A) of a set A C Z% is analogously defined by

0*(A) := lim sup ——————~,
) N‘*‘X’tezrt)i |QnN|

where | - | now denotes counting measure on Z¢ and Qx the discrete cube [—~N/2, N/2]* N Z4.

Note that since A could fall entirely into a fixed congruence class of some integer 1 < r < §*(A)~'/¢ the
value of ¢ in the result above must be divisible by the least common multiple of all integers 1 < r < §*(A4)~1/<.
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1.2. New results. We will denote, for any integer A, the discrete sphere of radius v/A by Sx, namely
Sy:={zeR?: [z = Nz

In this paper we will present a new direct proof of the following discrete distance set result from [9].

Theorem 1 (Unpinned Distances). Let A C Z% with d > 5 and §*(A) > 0.
There exist ¢ = q(6*(A)) and Ao = A\g(A) such that for any integer X > X\ there exist a pair of points
{z,x+2,} CA with |21]* = ¢\
In fact, for any € > 0 there exist ¢ = q(e,d) and Ao = Ao(A, ) such that for any integer A\ > Ay one has

|[AN (x4 qSy)|

> 0"(A) —e for some x € A.
[Sxl

It is impossible to take Ao above to depend only on 6*(A) since for any positive integers ¢ and M the set
(Qqn NZ) + (4dgMZ)? will have density (4d)~¢ but never contain pairs {x,z + 1} with |z;| = gdM.

By considering sets A of the form (J,. {(1,.q}d A, with each set Ag a “random” subset of the congruence
class s + (¢Z)? one can further easily see that the second conclusion above is best possible or “c-optimal”.

The first main new result of this paper is the following “pinned variant” of Theorem 1 above, in other
words a discrete analogue of Bourgain’s pinned distances theorem in [2].

Theorem 2 (Pinned Distances). Let € > 0 and A C 7% with d > 5.
There exist ¢ = q(e,d) and Ag = Ao(A, ) such that for any Ay > Ag there exists a fized © € A such that

|Aﬁ(|a;+|qS>\)| > 6"(A) —e  for all integers Ao < X\ < Aj.
A

Our approach to Theorems 1 and 2 allows us to establish generalizations to arbitrary finite trees.

Definition 1 (Trees and Down-Labeled Trees). A tree I' = T'(V, E) is a connected acyclic graph. It is easy
to verify that the vertex set V' and edge set E of any given finite tree I' = T'(V, E') must satisfy |E| = |V| -1
and that there exists an enumeration of V' = {vg, v1,...,v,} so that each edge e; from E = {ey,...,e,} takes
the form e; = {v;,v;} for some unique 0 <4 < j. We shall refer to a tree I on n + 1 vertices as down-labeled
if its vertex set {vg,v1,...,v,} has been enumerated as described above and use, for each 1 < j < n, the
convenient notation ir(j) to denote the unique 0 < i < j for which {v;,v;} € E.

FIGURE 1. A tree

The following result gives the aforementioned generalizations of Theorem 1 to arbitrary finite trees.
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Theorem 3 (Unpinned Trees). Let I' be a down-labeled tree on n + 1 vertices.

If AC Z% with d > 5 and §*(A) > 0, then there exist ¢ = q(6*(A)) and Ao = Ag(A,n) such that for any
integers Ay, ..., An > Ao there exists

{z+2z0,x+21,....,.04+2,} CA withzo =0 and |z; —xir(j)\z =g\ forall1 < j <n.
In fact, for any € > 0 there exist ¢ = q(e,d) and Ay = Ao(A,n,€) such that for any integers \q,..., A\p > Ag

H{xl,...,xn}gA—m DXy — T 5) € qSh, forlgjgn}‘ .
>0
[Sacl - [

for some x € A, with the understanding that xq = 0.

(A" —e

n |

We remark that no result of this type can possibly hold with a threshold Ay independent of n and that a
quantitatively weaker (and non-optimal) version of Theorem 3, in which the parameter ¢ also depended on
n, was previously established by Bulinski in [3] using methods from Ergodic theory. Related results on the
embedding of specific distance graphs in subsets of R? of positive density have recently been obtained by the
authors in [8], for subsets of RY of measure zero but large Hausdorff dimension by Bennett, Iosevich, and
Taylor in [1], and in the setting of finite field geometries by losevich and Parshall in [6].

Our main result, which we stress does not follow from the arguments presented in [3], is the following
“pinned variant” of Theorem 3 which generalizes Theorem 2 above.

Theorem 4 (Pinned Trees). Let I' be a down-labeled tree on n + 1 vertices, € > 0, and A C Z¢ with d > 5.
There exist ¢ = q(e,d) and Ao = Ag(A,n,e) such that for any A1 > Ag there exists a fivred x € A such that
|{{x1,...,xn} CA—x: 25—y €qSx, for 1 <j < n}|

[Sxil---[Sx,

for any choice of integers A1, ..., An that satisfy Ag < Aq,..., A\ < Ay, with the understanding that xo = 0.

> 5" (A)" — e

1.3. Outline of paper.

In Section 2 we state analogues of Theorems 1-4 for uniformly distributed subsets of Z¢ and reduce their
proofs to that of analogous results for uniformly distributed compact subsets of Z%.

In Section 3 we complete the proofs of Theorems 1 and 3 by proving the analogous result for uniformly
distributed compact subsets of Z¢, namely Proposition 1. To do this we introduce a norm which measures the
uniformity of distribution within residue classes modulo g with respect to a scale L. We then prove that this
norm controls the frequency with which certain distances appear in compact subset of Z¢, this is analogous
to the so-called von-Neumann type inequalities in additive combinatorics. We ultimately demonstrate that
this control on the frequency with which certain distances appear allows us to actually control the frequency
with which trees with certain prescribed edge lengths appear in compact subset of Z¢.

In Sections 4 and 5 we complete the proofs of Theorems 2 and 4 by proving the analogous result for
uniformly distributed compact subsets of Z¢, namely Proposition 2. In Section 4 we reduce matters to
the Discrete Spherical Mazimal Function Theorem of Magyar, Stein and Wainger [10] and a closely related
“mollified variant” thereof, namely Proposition 5, whose statement and proof we presented in Section 5.

2. REDUCTION TO UNIFORMLY DISTRIBUTED COMPACT SUBSETS OF Z¢%

2.1. Distances and Trees in Uniformly Distributed Subsets of Z<.
Definition 2 (Definition of ¢,, and n-uniform distribution). For any 1 > 0 we define
gy = lem{l < ¢ < Cn~?}

with C' > 0 a (sufficiently) large absolute constant and A C Z? to be n-uniformly distributed (modulo ¢, ) if
its relative upper Banach density on any residue class modulo ¢, never exceeds (1 + n*) times its density on
Z%, namely if for all s € {1,...,¢,}? one has

0*(Als + (a,2)") < (1+1n") 6°(A).
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Theorems 1 and 3 are immediate consequences, via an easy density increment argument which we sketch
in Section 2.2 below, of the following analogous result for uniformly distributed sets.

Theorem 5 (Theorems 1 and 3 for Uniformly Distributed Sets).
Let e >0 and A C Z% with d > 5 be n-uniformly distributed for some n > 0.

(i) If 0 <n < €2, then there exists Ao = Ao(A,n) such that for any integer X\ > Ay one has
|AN (x4 S))|
|9l
(ii) If0 < n < &2/n, then for any down-labeled tree T' on n+ 1 vertices there exists Ag = Ao(A,n,n) such
that for any integers A1, ..., A\, > Ao there exist © € A for which

H{xl,...,xn} CA—x: |z —xir(j)|2 =\ for1<j< n}’ .
>4
[Sx, |-+ 1S

with the understanding that xo = 0.

> 0"(A) —e for somex € A

(A)" —e

n |

In Theorem 5 above, and throughout the paper, we use the notation @ <« 8 to denote that o < ¢f for
some suitably small constant ¢ > 0.

Theorems 2 and 4 likewise reduce to the following analogous result for uniformly distributed sets.

Theorem 6 (Theorems 2 and 4 for Uniformly Distributed Sets).
Let € > 0 and A C Z% with d > 5 be n-uniformly distributed.

(i) If 0 < np < €3, then there exist Ao = Ao(A,n) such that for any Ay > Ag there exists a fized v € A

such that
[AN (x+ Sy)|

|SAl
(ii) If0 < n < &3/n3, then for any down-labeled tree T' on n+ 1 vertices there exist Ag = Ag(A,n,n) such
that for any Ay > Ay there exists a fixred x € A such that
H{xl,...,mn} CA—x: |z —xir(j)|2 =\ for1<j< n}’ .
>0
[Sxul -+ 19, |
for all integers Ay, ..., A\, that satisfy Ag < A1,..., A\n < Ay, with the understanding that ro = 0.

> 6% (A) —e  for all integers Ao < X< Ajy.

(A)" —e

2.2. Proof that Theorem 5 (i) implies Theorem 1. Let 0 < ¢ < a < 1 and A C Z¢ with d > 5. To
prove Theorem 1 it is enough to prove that if §*(A) > « then there exists Ag = Ag(4,¢) and ¢ = ¢(e,d) such
that for any integer A > Ay one has

AN S
(1) W>a—€ for some z € A.
A

Let 0 < n < 2. We prove the above for aj := (1 + n*)~* inductively for all k& > 0, using Theorem 5 (i). For
k = 0 the statement is trivial as §*(A4) = agp = 1 and hence A contains arbitrarily large cubic grids. Suppose
it holds for @ = ay, and assume that 6*(A) > ag41. If A is p-uniformly distributed then the result holds for
o = aj41 by Theorem 5. In the opposite case there is an s € Z¢ so that §*(A4|s + (¢,Z)?) > (1 +7*) . Let
¢ : s+ (qyZ)* — Z be defined by ¢(m) := ¢,/ (m — s) and let A’ := ¢(A). Then 6*(A’) > ay thus (1) holds
for A" and a = oy, with some ¢’ = ¢/(e,d) and 2’ € A’. Note that |A'N(z"+¢'Sx)| = |AN((gnz’ +5)+nq’ Sr)|
which implies that (1) holds for A, a = ag41 with ¢ = ¢,,¢ and = = g2’ + s. O

2.3. Compact variants of Theorems 5 and 6. We shall now show that Theorems 5 and 6 can in turn
be directly deduced from analogous compact variants, namely Corollary 1 and Proposition 2 below.

In what follows we shall use 15 to denote the characteristic function of any B C Z¢ and define

o\ = |S)\|_113A.

First we introduce a second related notion of uniformity.
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Definition 3 (Definition of (1, L)-uniform distribution). Let n > 0 and ¢, < n?L < nSN.
We define A C Qn to be (n, L)-uniformly distributed if

S ’Am<t+Qqn,L>|_ ALP e
|quL‘ ‘QN| - 7

where as before @y denotes the discrete cube [—N/2, N/2] N Z% and now Qg 1, := Q1 N (¢Z)%.

Proposition 1 (Average count of distances and trees in uniformly distributed subsets of Qx).

Let T be a down-labeled tree on n + 1 vertices. If n >0 and A C Qn C Z% with d > 5 is (1, L)-uniformly
distributed, then for all integers A1, ..., \n that satisfy n74L? < A1,..., A\ < n*N? one has

! - RN
m Z La(w) Z HlA(ﬂf—ﬂUj)O'Aj(l‘j —Jiir(j)) = (|QN|> + O(nn)

zeZ4 T1,..., 0, €L j=1
with the understanding that xo = 0.

In particular, by taking n = 1 above, one obtains that
on £ 14 X tate e osm) = (15 ) +om)
Qn| =, . QN
TEL r1E€EZL

for all integers X that satisfy n~*L? < X\ < n*N?2.

It is easy to see that Proposition 1 immediately implies the following

Corollary 1 (Unpinned distances and trees in uniformly distributed subsets of Q).

Lete >0 and A C Qn C Z% with d > 5 be (n, L)-uniformly distributed for some n > 0.

(i) If 0 < n < €2, then for all integers \ that satisfy n~*L?> < X\ < n*N? there exists v € A such that
|[AN (z+ Sy Al

= la(x —x1)oa(21) > —— — €.
ST 2 el > gy

(i) If 0 < n < €2/n, then for any down-labeled tree T' on n + 1 vertices and integers Ay, ..., \, that
satisfy n74L% < A1, ..., An < N? there exist x € A for which

- 1A \"
Z HlA(m_mj)UAj(%‘—xip(j))> <Q | —€
T1,...,en€Z4 j=1 N

with the understanding that xo = 0.

We will ultimately also establish the following “pinned” variant of Corollary 1.

Proposition 2 (Pinned distances and trees in uniformly distributed subsets of Qy).

Lete >0 and AC Qyn C Z% withd > 5 be (n, L)-uniformly distributed.

(i) If 0 < n < 3, then there exists x € A such that
AnG+sl Al
|Sx] Q]
for all integers X that satisfy n~*L?> < X\ < n*N2.
(i) If 0 < m < &3/n3, then for any down-labeled tree T' on n + 1 vertices there exist x € A such that

n A n
Z H La(z —xj) on, (25 — 230(5)) > <|QJ\|/|> —c

T1,...,xn €24 j=1

g

for all integers A1, ..., Ay satisfying 4L < Ai,..., A, < n*N2, with the understanding that xo = 0.
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2.4. Reduction of Theorems 5 and 6 to Corollary 1 and Proposition 2.

The task of deducing Theorems 5 and 6 from Corollary 1 and Proposition 2 respectively simply amounts
to establishing the following precise relationship between our two notions of uniform distribution.

Lemma 1. Let n > 0. If A C Z% with 6*(A) > 0 is n-uniformly distributed, then there exists a positive
integer L = L(A,n) and an arbitrarily large integer N with N > n~*L such that the set (A —to)NQN satisfies

[(A—t) N Qx|
Q]

for some to € Z¢ and simultaneously has the property that it is (Cn, L)-uniformly distributed for some C > 0.

> (1-2n") 6" (4)

Proof. Since A C Z¢ is n-uniformly distributed we know there exists a positive integer L = L(A,7) such that

AN(t+Qq
(2) | ( quL)| S (1 + 2774) 5*(A)
|Qq7,,L|
for all t € Z?. Since §*(A) > 0 we further know that there exist arbitrarily large N € N such that
®) AU O] > (1 )57 (a)
QN
for some to € Z%. Combining (2) and (3) we see there exist N € N with N > n~*L and t, € Z? such that
AN(t+ AN(t
AN+ Quul _ (|, 5y [AN G +Qu)
|Qqn,L| |QN|

for all ¢ € Z. Setting A" := (A — tg) N Qn we further note that since A’ N (t + Q1) is only supported in
Qn + Qr it follows that

Al AN (t+ AN+
| _ Z ‘ Qqn Z | Qq,,,L)| +O(L/N)7
On| |QN\ = |Qq,,L |QN| oo |Qq,,Ll
from which one can easily deduce that
1 ‘ AN+ Q1) n? A’ 2
—~ ey : b g = ‘ O
auil €@y s g, T S0 g = o)
provided L/N < n? and hence that A’ is (Cn, L)-uniformly distributed for some C' > 0. O

We are thus left with proving Propositions 1 and 2. These proofs are presented in Sections 3 and 4 below.

3. PROOF OF PROPOSITION 1

3.1. Reduction to a Generalized von-Neumann Inequality.
Let Qx denote the discrete cube [~N/2, N/2]? N Z4 with d > 5.

Definition 4 (Counting Function for Distances and Trees).

(i) For 1 < A < N? and functions fo, f1 : QN — [—1,1] we define
T(fo, f1)(A > fol@) Yo filz —a1) oa(z).
|Q | z€Zd z1 €24

(i) While, for any given down-labeled tree I' on n + 1 vertices, 1 <m <n, 1 < A1,..., A\ < N? and
functions fo, f1,..., fm : Qn — [-1, 1], we define

TF,m,(fO,fla'"7fm)(>‘13"~7)\m |Q | Z fO Z Hfj(xij)o_)\j(xj 7mir(j))

reZd T,y €2 j=1

with the understanding that o = 0.
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Definition 5 (U'(q, L)-norm). For 1 < ¢ < L < N and functions f : Qn — R we define

1 1/2
(4) 7l = (g 22 1 * xae OF)
N tezd
where x4, denotes the normalized characteristic function of the cubes Qg 1 := Q@ N (qZ)?, namely
d
4 if z€(¢2)!n[-%, L)
®) Xaalw) = 1 (1) @int sl
0 otherwise

In (4) above and in the sequel we denote the convolution f * g of two functions f and g by

Frgl@) = fl@—y)gy).

y€eZd

We note that the U'(g, L)-norm measures the mean square oscillation of a function with respect to cubic
grids of size L and gap ¢. It is a simple observation, that we record precisely below, that sets A C Qn that
are (1, L)-uniformly distributed have the property that their “balance functions” have small U'(g,, L)-norm.
Lemma 2. Letn >0 and 1 < L < n*N.

|A

If A C Qn is (n, L)-uniformly distributed, then || fallu1(q, ) < 21 where fa =14 — ‘QiNlllQN.

In light of Lemma 2 we see that the engine that drives our proof of Proposition 1 for n = 1, and thus our
short proof of Theorem 1, via Part (i) of Corollary 1, is the following “generalized von-Neumann inequality”.

Lemma 3 (Generalized von-Neumann). Let > 0, and A\, L, and N be integers with n~*L? < X < n*N?2.
Given any functions fo, f1 : Qn — [~1,1] on Qn C Z% with d > 5 we have
1T (fo, f1)N] < N fillorg,,) +O).

In fact, as we shall see below, this result is also sufficient to establish Proposition 1 for any n and hence
Theorem 3 via Part (ii) of Corollary 1.
Proof of Proposition 1. Let n >0 and A C Qn C Z? with d > 5 be (1, L)-uniformly distributed.

We let a = [A|/|Qn] and note that Lemma 2 ensures that || fall1(q,,z) < 217 where f4 =14 —alg,.
Case n = 1: In this case Proposition 1 follows immediately from Lemma 3 since

T(1a,14)(N) = aT(1a,1gy) + T(La, fa)(N) = &® + || fallvr(g,,2) + O)

for all integers A that satisfy n~4L%? < X\ < ntN2.
Case n > 2: We first fix 2 < m < n and make two key observations.

Since 0 <'ip(j) < j and f; : Qv — [~1,1] for all 1 < j < m, and no function o, involves the variable z,
it follows that

m—1
(6) |Tf,m(f0;f17~-~,fm)<)\1,...,)\m)‘ < Z H U/\j(‘rj _xir(j)> T(Ta:z‘p(m)anfm)()‘m)‘
Il,“.,ﬂ?m71€Zd Jj=1

where 7, ., fo () = fo(x + 7. (m)). We also note that
(7) TF,m(anfl; .. -7fm713 1QN)()\17 .. 7)\771) = TF,’ITL71(f07f17' . '7f7ﬂ71)()\17' . '))‘mfl) +O( V )\m/N)

It then follows from Lemma 3, together with observations (6) and (7) above, that
Tp’n(lA, ey lA)()\l, ey )\n) =" Tp’l(lA, lQN)()\l)

(8) + Z a™m TF,m(lAa ceey lAa fA)(Ala teey )\m) + O(an)

m=1
="+ 0| fallvrg,,n)) + Onn)
for all integers A1, ..., \, that satisfy n~4L? < Ay,..., A\, < niN2. O
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In order to prove Proposition 1 we thus left with the final task of establishing Lemma 3.

3.2. Proof of Lemma 3. For any f: Qn — [—1, 1] we define its Fourier transform f:T¢ > C by

F&) =" flaye2mins

reZ4

noting that the support assumption on f ensures that the series defining ]?convergcs uniformly to a continuous
function on the torus T¢, which we will freely identify with the unit cube [0,1)¢ in R<.

It is easy to verify, using Cauchy-Schwarz and basic properties of the Fourier transform, that

T (o, [N < @ / RO de
where

(9) ax(6) : 1 Z o 2miz €

|S>‘| €S

It is clear that whenever |£|? < A~! there can be no cancellation in the exponential sum (9), in fact it is
easy to verify that the same is also true whenever £ is close to a rational point with small denominator. The
following proposition is a precise formulation of the fact that this is the only obstruction to cancellation.

Proposition 3 (Key exponential sum estimates, Proposition 1 in [9]). Letn > 0. If A > Cn~* and

¢ (6,'2)" +{€eRY g2 <y A1,

‘ 1 —2mix-&
DK
|SA| TESN

then

<.

We now define 1, 1 indirectly via the identity

Va,.1(€) = Xg, L(6)*.
Since the definition of x4, 1 in (5) above clearly implies that
(1) 0<ty p(6)<lforall¢ €T and (i) by, 1(¢/g,) =1 forall £ € Z¢

it follows that

0<1 71][}/(1;]:(5) < Z il}qu(:E)|1 B 627rim-(f*l/‘1n)| < L|§,£/qn‘
z€Z4

for all £ € T and ¢ € Z%. In particular we note that
(10) |1 — w/qn\L(fﬂ <n if |€—20/g,| <n72A7Y2 for some ¢ € 77
while Proposition 3 ensures that

(11) o) <n if |€—£/q| > 02NV for all £ € 27

Hence, if we write

X = [aX(&)*tq,.2(€) + X ()P (1 = tq,.2(€))
use the fact that |ox (&) < 1 for all £ € T¢ and appeal to Plancherel we can deduce that

T (for FONP < —— / RO Ry 1. ()2 € + O(P) = | fill2n g, + O7P)
|Qn]

which completes the proof of Lemma 3. O
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4. PROOF OF PROPOSITION 2

Let Qu denote the discrete cube [-N/2, N/2]¢ N Z.
Definition 6 (Discrete Spherical Averages). Let f: Qn — R be any function.
For any integer A with 1 < A\ < N2 we define the discrete spherical average

M) = f ror@) = 51 3 S =),

yESK

In Sections 4.1 and 4.2 below we reduce Proposition 2 to the Discrete Spherical Maximal Function
Theorem of Magyar, Stein and Wainger [10], see Proposition 4, and a new “mollified variant” thereof, namely
Proposition 5. The statement and proof of Proposition 5 is presented in Section 5.

4.1. Proof of Part (i) of Proposition 2.

Let ¢ > 0 and 0 < n < 3. Suppose, contrary to Part (i) of Proposition 2, that there exists a set
ACQy CZ*withd>5and a=|A|/|Qn| > 0 that it is (1, L)-uniformly distributed, but has the property
that for every x € A there exists an integer A with 77_4L2 <A< 774N2 such that

Ax(1a)(z) = 'A”%JSA)' <a-c

It easily follows that for every z € A’ := AN Qn_,/5 there exists an integer A with N 4L? <\ < piN?
such that

Ax(fa)(z) < —€
where f4a =14 — alg, . Hence for every z € A’ we may conclude that
(12) Au(fa)(z) = €
where for any function f : Z% — R, A.(f) denotes the discrete spherical mazimal function defined by
Au(f) () = sup  JAX(f)(=)]-
N4 L2<A<niN?

Proposition 4 (¢2-Boundedness of the Discrete Spherical Maximal Function [10]). If d > 5, then

Do AN@P <O Y [f@)f

TEZA TEZ

Since (12) implies, after an application of Cauchy-Schwarz, the inequality
(13) Z La(2)Au(fa)(z) < a”Q( Z | A (fa)(z )
T €LY €74

it follows that
Ql/?

€ 1 1/2 1 1/2

1) < (oo X A X ) @)+ (o X A= fa s xa, ) @)F)
2 Qn| =, Qn| =,
TEZ EA<YA
In light of Proposition 4 it follows that the first sum above satisfies

1 1/2 1/2
(m > A(fa xqmm(w)lz) < O(IQ | D Ifax xq,L(t)F) = C|fallvi(a,.1) < 2Cn.
z€Z?

tezd

Estimate (14) will therefore lead to a contradiction, if  is chosen sufficiently small with respect to 2, and
hence complete the proof of Proposition 2 if we establish that the second sum in (14) satisfies

1/2
(15) ( ZIA fas X, ) (@) < CylPalf?

for some absolute constant C' > 0. Estimate (15) follows immediately from Proposition 5 in Section 5 below.
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4.2. Proof of Part (ii) of Proposition 2.

Let € > 0 and 0 < n < €3/n3. Suppose, contrary to Part (ii) of Proposition 2, that there exists a set
ACQn CZ%withd>5and a = |A|/|Qn| > 0 that it is (1, L)-uniformly distributed, but has the property
that for every x € A there exist integers A1, ..., A, satisfying n™*L? < \,..., A\, < n*N? such that

(16) Y. 1l -2 on (@ —2ing) <a” —¢

T1,...,on€Z4 j=1

where zg = 0. As in (8) we may write the left hand side of (16) for every x € A" := AN Q_pp2)n as

n m—1
a” + Z o™ Z H La(z — x5) on; (25 — Ti(5)) Z Jalx —zm) o, (Tm — Tin(m))

m=1 T1,e,Tm_1 €24 J=1 Tm €24

where fg =14 — alg,. It therefore follows, from the pigeonhole principle, that for every x € A’ there must
exist 2 < m < n and integers Ay, ..., \,—1 satisfying 77’4L2 <A1, A1 < 774N2 such that

m—1
Z H ox, (@5 — i) | A (fa) (@ — 2 (my)| > €/n.

wl;nwxmflezd Jj=1

Since
m—1
Z Z H ox (T — Tip(5) |A*(fA)(x - Iir(m))|2 = Z \A*(fA)(I)F
T€ZA X1, Ty 1 ELE J=1 zeZd

for any choice of integers A1, ..., A\;—1, it follows by Cauchy-Schwarz that

1 m! 1o 1 2\ /2
m Z 1a(x) Z H o, (75 — Tin()) ’A*(fA)(z—xiF(m)H <ot/ (m Z [A(fa)(2)] ) .

reZ L1, Ty_1 €24 J=1 r€EeZa

We can therefore conclude that
1
17 — A(fa)(@)]? > —-
(17) On] wgz:dl (fa)(@)]

an estimate which, in light of Proposition 5 below, leads to a contradiction if 7 is chosen sufficiently small
with respect to €3/n3 (as described after estimate (13) in Section 4.1 above).

5. A “MOLLIFIED” DISCRETE SPHERICAL MAXIMAL FUNCTION THEOREM

Let n > 0 and A, L, and N be integers that satisfy n~*L? < A\ < n*NZ2. For functions f: Qn — [—1,1] we
now define

Axn(f)(@) = A\(f — f* Xq,.0)(x) = f * (0x — 0x * Xq,,1)(T)

1 . )
where oy = ——1g,, and introduce the corresponding “mollified” discrete spherical maximal function

|SAl
(18) Ain(f)(z) = sup |Ax . (f) ()] -

n=4L2<A<niN2

We note that the convolution operator Ay , corresponds to the Fourier multiplier o, := ox(1 — m)

Proposition 5 (/?>-Decay of the “Mollified” Discrete Spherical Maximal Function). If d > 5, then for any
n > 0 we have

(19) D ALD@P <O Y | f)].

TEZ TEZ
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Proof of Proposition 5. We follow the proof of Proposition 4 as given in [10]. For each x € Z¢ we now define

B (f)(x) = Ax2(f)(x)

noting that when considering By we are now allowing all values of A for which A? is an integer, and that

Bu(f)(x):= sup  Ba(f)(z) = A(f)(z) and Biy(f)(2) = Bu(f = f*Xq,.L) ().

n=2L<A<n®N

We now recall the approximation to By given in Section 3 of [10] as a convolution operator M acting on

functions on Z? of the form o
My = ¢y Z Z 6727ri)\a/in/q

q=1 1<a<q
(a,q)=1

where for each reduced fraction a/q the corresponding convolution operator Mi/ ? has Fourier multiplier
m/ () == Y Glafa. ey (€ — H/a)5A(E — /a)
Lezk

with ¢4 (&) = ¢(¢€) a standard smooth cut-off function, G(a/g,!) a normalized Gauss sum, and 7, (§) = 7(AE)
where 7 (€) is the Fourier transform (on R?) of the measure on the unit sphere in R? induced by Lebesgue
measure and normalized to have total mass 1. By Proposition 4.1 in [10] we have

| s B =M, < CAT Sy
A<A<2A

£2(27)
provided d > 5. Writing
M.(f) = sup  [MA(f)] and M., (f) = Mu(f = f*Xxq,.L)

n=2L<N<n2N

this implies
1Bein(f) = Muy(Dllee < CnL™ 2| f = f 5 xg,.Llle < CoL™ 2| f |2
thus matters reduce to showing (19) for the operator M, ,,.

For a given reduced fraction a/q we now define the maximal operator

MY = sup (MY

n—2L<A<n2N
where M %/4 is the convolution operator with multiplier m/\/ (). Tt is proved in Lemma 3.1 of [10] that

(20) IME (Pl < Cq V2| fle2-

We will show here that if ¢ < Cn~2/3, then
(21) IM2(S = £ Xg )l < 022 e
Taking estimates (20) and (21) for granted, one obtains
[Ma(f = [ *Xq,L)llee < (771/3 oo q_d/2+1> Ifllee < 03| £l
1<q<Cn—2/3 q>Cn—2/3
as required. It thus remains to prove (21).
Writing ¢, (&) = ¢5,(€)pq(§), with a suitable smooth cut-off function ¢’, we can introduce the decomposition

m3/ (&) = (D Glafa, D)(¢ - e/q)(Zsaqs 0/a)(€ — t/q)) = g/1(€) n}(©),

LeLk

since for each £ at most one term in each of the above sums is non-vanishing. Accordingly

ME(f = £ % Xq2) = GO NI(f = £ % X, 1)
where the maximal operator N} and the convolution operator G, /q correspond to the multipliers n% and
g%/ respectively. Now by the standard Gauss sum estimate we have |g“/q(§)| < ¢~ %? uniformly in £, hence

1G4 NE(f = f % Xq.L)lle2 < g~ 2INZ(S = F 5 xgp2) o
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Thus by our choice ¢, :=1lem{l < ¢ < Cn~?} it remains to show that if ¢ divides ¢y then
(22) IV = f % Xap )l < 021 f o
As before we write N, (f) = N (f — f * Xq,,), and note that this is a maximal operator with multiplier
nf (O = X, 2)€) = D palé = £/a)(1 = Xq, . )(€ — £/a)an(E — /a).

Lezd

For a fixed ¢, the multiplier ¢4 (1 — X, ) is supported on the cube [—2—1q, 2—1q]d thus by Corollary 2.1 in [10]
INE lle2—sez < C N, [l L2 z2

where J\~/‘f777 is the maximal operator corresponding to the multipliers ¢4(1 — X/q;ﬁ)\, for n™2L < A < 72N,
acting on L?(R?). By the definition of the function xg, ,

1= Xg, . () < min{1, LIg]},
thus from Theorem 6.1 (with j = 1) in [5] we obtain

~ L\ /¢
||N’:‘I,’I7||L2—>L2 < <1’}—2[/> = /’71/3

which establishes (22) and completes the proof. O
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