MULTILINEAR MAXIMAL OPERATORS ASSOCIATED TO SIMPLICES

BRIAN COOK NEIL LYALL AKOS MAGYAR

ABSTRACT. We establish LP1 x --- x LPk — L" and ¢P1 X --- X fPk — {" type bounds for multilinear
maximal operators associated to averages over isometric copies of a given non-degenerate k-simplex in both
the continuous and discrete settings. These provide natural extensions of LP — LP and ¢P — ¢P bounds for
Stein’s spherical maximal operator and the discrete spherical maximal operator, with each of these results
serving as a key ingredient of the respective proofs.

1. INTRODUCTION

1.1. The spherical maximal operator. Let d > 3 and A > 0. For f : R? — R define the averages

Mt = [ fasxdoty)

and the maximal operator

A f(z) = sup[Axf(2)]
A>0

where ¢ denotes the normalized surface area measure on the unit sphere S! = {z e R?: |z| = 1}.

Stein’s spherical maximal function theorem [15], states that for p > d/(d — 1) one has the estimate

(1) ANy < Cpall £l

where by || f||, denotes the LP(R?) norm of the function f. Note that Bourgain [3] extended the above result
for d = 2, and that the condition p > d/(d — 1) is sharp.

1.2. The discrete spherical maximal operator. The study of discrete analogues of central constructs of
Euclidean harmonic analysis, initiated by Bourgain [4, 5, 6, 7], has grown into a vast, active area of research.
An important result in this development is the ¢P-boundedness of the so-called discrete spherical maximal
operator [11], we now recall this operator and the main result of [11].

Let d >5, A2 € N, and Ny := [{y € Z?: |y| = A\}|. It is well-known, see for example [16], that
Cd)\d_2 < N, < Cd)\d_Q
for some constants 0 < cq < Cyg. For f: Z% — R define the averages
Axf(x) = Ny' Y fla+y)
lyl=x

and the maximal operator

Al f(x) = sgp\AAf(x)l'

The variables z, y in the two equations above, and throughout this short note whenever we are considering
discrete operators, are always assumed to in Z?, unless explicitly specified otherwise. Furthermore, in the
discrete setting the parameter A will always be assumed be in VN, that is satisfy A\2 € N.

In [11] it was shown that for p > d/(d — 2) one has the estimate

(2) 1A« fllp < Cp.a [l £l

where || ||, denotes the £7(Z%) norm of the function f. It was further noted in [11] that the condition that
d>5and p > d/(d — 2) are both sharp.
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2. MULTILINEAR MAXIMAL OPERATORS ASSOCIATED TO SIMPLICES

The aim of this short note is to show that estimates (1) and (2) imply LP* X --- X LP* — L" and
Prox ... x PPk — {7 type bounds for certain, seemingly more singular, multilinear maximal operators
associated to averages over similar copies of a given non-degenerate simplex in the continuous and discrete
settings, respectively.

2.1. Multilinear maximal operators associated to simplices in R?.

Let k € N and let A = {vg = 0,v1,...,v;} C R? be a non-degenerate k-simplex, that is assume that the
vectors vy, . .., v, are linearly independent. Given A > 0 we say that a simplex A’ = {yg = 0,y1,...,yx} C RY
is isometric to A if |y; — y;| = Av; —v;] for all 0 <4, j < k. We will write A’ ~ XA in this case.

For a family of functions fi,..., fx : R = R with d > k£ + 1 and A > 0 we define the multilinear averages
(3) Ax(frsoos fi) (@) = / : file+A-Ulvr)) - fulz+ A-Ulvp)) du(U)
50(d

where p denotes the Haar measure on SO(d) and the associated maximal operator

(4) Ac(fr,s fo) (@) Zili%\v‘lx(f17~-~»fk)($)|-

We quickly record the following trivial observation, which essentially appears in both [8] and [12].

Theorem 0. Let k € N and A = {vg = 0,v1,...,v:} C R be a non-degenerate k-simplex.
Ifd>k+1and1/r=1/p1+---+1/pp < (d—1)/d, then

[A(frs s )l < Cagallfillp, - 1l

Proof. For each A > 0 we have

s F)@)] < [ falloo - [ filloe / [+ Agn)| do ()

where o denotes the normalized measure on the sphere S=1(0,|v;|) = {y € R? : |y| = |v1]}. It therefore
follows from (1) that A, is bounded on LP x L™ X -+ x L — LP whenever p > d/(d—1) and d > k + 1.
Theorem 0 now follows by symmetry and interpolation. O

It is straightforward to verify, following the ideas in Section 6 of [12], that a necessary condition for A,
to be bounded on LP! x -+ x LP* — L is that 1/r = 1/p; + -+ + 1/py with p1,...,pr > d/(d—1). Tt
is therefore of interest to obtain estimates outside of the “trivial region” given by Theorem 0, namely for
1/p1+ -+ 1/px > (d — 1)/d. Theorems 4 and 5, in Section 8, establishes precisely this in sufficiently
high dimensions. We establish a convex region of points (1/p1,...,1/pg) for which A, is bounded that in
particular contains the cube ¢~*=1 . (d —1)/d - [0,1)* with ¢ = m/m — 1, in dimensions d > 2km + 2. In
particular, when k = 2, we establish that A, is bounded on LP* x LP2 — L", whenever 1/r = 1/p; + 1/ps
with py,p2 >m/(m—1)-d/(d—1) and d > 2m, see Figure 5.

2.2. Multilinear maximal operators associated to simplices in Z?.

Let k € Nand let A = {vg = 0,v1,...,v5} C 7% be a non-degenerate k-simplex. Given \ € VN we say
that a simplex A’ = {yo = 0,y1,...,yr} C Z% is isometric to A if |y; — y;| = Nv; — v;| for all 0 < 4,5 < k.
We will again write A’ ~ AA in this case and now denote by Nxa the number of isometric copies of AA,
namely

Nan = {1, un) €Z% 0 A ={0,y1,...,y} ~ AA}].
Note that for K =1 and v; = (1,0,...,0) we have that Nxa = N,.

Given any simplex A = {vy = 0,v1,...,v;} C R?, we introduce the associated inner product matriz
T=TA= (tij)lgi,jgk with entries ¢;; := v; - v;, where “-” stands for the dot product in R<. Note that T is a
positive semi-definite matrix with integer entries and T is positive definite if and only if A is non-degenerate.
It is easy to see that A’ ~ AA, with A" = {yo =0, y1,...,yx}, if and only if

(5) yi - y; = A forall 1<ij<k.
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Extending the work of Siegel [14] and Raghavan [13], Kitaoke [9] has proved that if A is non-degenerate,
then one has the estimate

(6) capdet (\2T)@=F=D/2 < N\ o < Cy i det (A2T)(@F=1D/2

in dimensions d > 2k + 3 for A > A\g . a. It is important to note that the constants 0 < cq,r < Cq,;, depending
only on the parameters d and k and are independent of the matrix T and hence the simplex A. For a self
contained treatment of the upper bound in (6), see Lemma 2.2 in [10]. In particular for sufficiently large A
one has that Nya > 0, in fact Nya =< A9 *+1) with implicit constants may depending on A.

For a family of functions fi,..., fr : Z¢ — R and X € VN such that Nya > 0 we define the multilinear
averages

(7) An(frsoo B @) = Nya Y fil@+un) - fule+ ) Ser(yr, - ur)
Yi,---5Yk
where Sxa7(y1,...,yx) = 1if y1,...,yx € Z% satisfies (5) and is equal to 0 otherwise, i.e. the indicator
function of the relation A’ ~ AA, and the associated maximal operator
(8) A*(fl,---7fk)($)ZSliP|AA(f1,---,fk)($)|

where the supremum is restricted to those A € VN for which Nya > 0.

We remark that there is no direct analogue of Theorem 0 in the discrete setting. This difficulty arises from
the fact that for fixed y;, we do not necesssailly have control over the count

Z S/\2T(y17 R yk)
Y2,--,Yk

Our results do however rely on leveraging the fact that the above sum is well behaved on average.

3. MAIN RESULTS FOR OUR DISCRETE MULTILINEAR MAXIMAL OPERATORS

In the discrete setting we choose to present our results in an increasing order of generality, first presenting
the following special case of our most general result in the special case of discrete bilinear maximal operators
associated to triangles.

Theorem 1. Let A = {vg = 0,v1,v2} C Z¢ be a non-degenerate triangle.
(i) Ifd>9, r>2d/(d—2), and 1 < p1,p2 < 00 with 1/r = 1/p1 + 1/p2, then one has the estimate
(9) [A«(f1, f2)llr < Caallfillp Ml f2lps -

(ii) If d > 11, then for any r > d/(d—2) and p1,ps > 2d/(d—2) that satisfies 1/r = 1/p1 +1/p2, one has
[A«(f1; f2)llr < Caallfillp I f2llp.-

For a visualization of those p; and ps for which Theorem 1 gives boundedness for these discrete bilinear
maximal operators, see Figure 3 (with m = 2).

Note that if we know that A, is bounded on ¢P* x ¢P2 — (" then we automatically get all bounds
{1 x 092 — (% for all g1 < pq, all go < po, and s > r due to the nested properties of the discrete norms.

Furthermore, note that in Theorem 1 above, and in all subsequent theorem and propositions in this paper
(except for Theorem 3), part (ii) implies part (i) for the range of dimensions in which part (ii) holds.

We remark that it was independently and simultaneously established by Anderson, Kumchev and Palsson
in [1] that in dimensions d > 9, with A being a equilateral triangle, that estimate (9) holds in the larger
range 7 > max{32/(d +8), (d+4)/(d — 2)}. Their result follows as a direct corollary of £7 x {>° — (P bounds
obtained by employing very different methods than those contained in this short note.

Our proof of (i) above also follows from ¢P x ¢ — (P estimates. In Section 6 we discuss a generalization of
our method that allows us to obtain better bounds in larger dimensions. In particular, we obtain £P* x P2 — ("
bounds whenever r > m/(m—1) - d/(d—2) and 1 < p1,ps < oo with 1/r < 1/p; +1/p2, provided d > 2m +5.
This represents an improvement on the results in [1] for d > 15. See Theorem 3, with k = 2, and Figure 3.
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We remark that our proof of (ii) above, which we emphasize gives non-trivial estimates for a range of p;
and po for any given r > d/(d — 2), provided d > 11, does not follow as a corollary of ¢P x £>° — P estimates.

For an indication of the sharpness of Theorem 1 (as well as its generalization, Theorem 2 below, to
multilinear maximal operators associated to k-simplices) see the example discussed in Section 7. This should
be compared with the strengthening of Theorems 1 and 2 that we obtain in higher dimensions in Section 6,
namely Theorem 3.

Before stating Theorem 2, which generalizes Theorem 1 to multilinear maximal operators associated to
k-simplices, we define for each integer k > 2, a symmetric convex region C; C [0, 1]*. We define Cj, to be all
those points (z1,...,zx) € [0,1]F with 21 +- - - + 21, < 1 that also have the property that for any 1 < j < k—1
one has y; + -+ +y; <1—277 for any choice {y1,...,y;} C {z1,...,2x}.

We note, in particular, that if (z1,...,25) € Cg, then 0 < x1,...,2; < 1/2, and that both the points
(1/k,...,1/k) and (1/2,0,...,0), while not in C, are contained in the boundary of C. See Figure 1 below.

3
(0,0,1)

Figure 1. Illustration of C3 where &1 = (1/2,1/4,1/4), @2 = (1/4,1/2,1/4), and Z3 = (1/4,1/4,1/2).

Theorem 2. Let k € N and A = {vg = 0,v1,...,vx} C Z¢ be a non-degenerate k-simplex.
(i) Ifd>4k+1,r>2d/(d—2), and 1 < p1,...,px <00 with 1/r =1/py + -+ 4+ 1/pg, then one has
[As(frs s folllr < Cageall fillps - 1 fillpe-

(ii) If d > 4k + 3, then for any r > d/(d — 2) and p1,...,px > 2d/(d — 2) whose reciprocals
(1/p1y...,1/p) € (d—2)/d - Cy
and satisfy 1/r =1/p1 + -+ + 1/pk, one has the estimate
[AxCfrs s flllr < Capalfillps - [ fellpy-

For a visualization of those p1, ..., px for which Theorem 2 gives boundedness for these discrete multilinear
maximal operators, see Figure 4 (with m = 2).

Note, as above, that if we know that A, is bounded on /P! x .-+ x fP= — (" then it is automatically
bounded on £9 X --- x £ — (5 for all ¢1 < p1,...,qx < pg, and s > r.

In Section 6 we discuss a generalization of our method that allows us to obtain better /P x --- x Pk — ("
bounds provided that d is sufficiently large. In particular, we obtain ¢P* X --- x fP* — (" bounds whenever
r>m/(m—1)-d/(d—2)and 1 < py,...,pr <ocowith 1/r <1/p; +---+1/pg, provided d > 2m(k —1) + 5,
and more general estimates whenever d > 2mk + 3. See Theorem 3 and Figure 4.

We conclude discrete matters in Section 7 by demonstrating that 7 x £*° x --- x > — (P boundedness
fails for every p < d/(d — 2) in dimensions d > 2k + 3.
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4. PROOF OF THEOREM 2

The crucial ingredient in our proof of Theorem 2 is pointwise estimates for A.(f1,... fx) in terms of the
spherical maximal operator applied to appropriate powers of the functions f;, specifically

Proposition 1. Let k € N and A = {vg = 0,vy,...,vx} C Z¢ be a non-degenerate k-simplex.
(i) Ifd > 4k + 1, then for any fi,..., fr : Z¢ — R, one has
(10) Au(ftse s ) (@) <€ Capoa | filloo - Il fetlloo Au(f7) ()"

uniformly for x € 7.

(ii) If d > 4k + 3, then for any fi,..., fr : Z* — R, one has

(11) A(fry ooy fi)(@) < Capon Ac(f2, o, fRo) (@)Y A (F7) ()2
and hence
k .
(12)  A(fro (@) € Caa A D)@Y A @V [T A0 @V
j=3

uniformly for x € 7.

We prove Proposition 1 in Section 5 below. It is straightforward to see that Theorem 2 (i) follows
immediately from (10) and (2), indeed these estimates imply

2
1A(fr o fllle < Capa [ filloo - it oo I A (FRI 5y < Camoa ILfrlloo -+« | fitllocll fill

provided pi > 2d/(d — 2). By symmetry and interpolation we then obtain part (i) of Theorem 2.

Assuming the validity (12) for now, we can also quickly establish Theorem 2 (ii). An application of Holder
gives that

k—1 1/2 kl 12 k+1— 1/2k+1—3
I Sl < Canal A I 2 A OIS 1HHA A [

whenever 1/7 = 1/py +--- 4+ 1/pg. Now if

d . d .
p1,p2 > T3 and pj>2kJrl jﬁ for 3<j<k

then by (2) we obtain
[A«(frs s fdllr < Carall fillpy - - [ llp
with 1/r =1/p1 +---+1/pr < (d — 2)/d. Theorem 2 (ii) now follows by symmetry and interpolation. [

5. PROOF OF PROPOSITION 1

The key ingredient of the proof of this proposition is an upper bound on the ¢! norm of the function
St(y1,...,yk) defined in (5) (when A = 1), proved in Lemma 2.2 in [10], namely if T' = (¢;;) is a positive
definite integral k£ x k matrix then for d > 2k + 3 one has

(13) Z ST(yla e 7yk) < Cd,lc (det(T)(d_k_l)/2 + |T|(d_k)(k_1)/2)
Y1yeens Y €LY
with [T :== (32, 1512])1/2
Let A = {vg =0, v1,...,v} be a non-degenerate k-simplex with inner product matrix 7" = (¢;;). Note

that for A < Ay a we have that Nya < Cg,a thus by Holder’s and Minkowski’s inequalities we have that
AXCf1s s f)llr < Capallfillpy - - - | fellpy, whenever 1/py + - -+ +1/pg = 1/r. Thus the supremum in (8)
can be restricted to sufficiently large A. Then because of Ny =< )\k (d=k=1) one may replace the factor Ny
with A=%(d=%=1) i formula (7) and assume without loss of generality that A > Agx A.

We choose to focus first on establishing part (ii) of Proposition 1.
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Proof of Propostion 1 (ii). For a solution y,...,yr to the system of equations (5) we will write y, =

(y1,-..,Yk—1) to group the first £ — 1 variables and T} for the corresponding inner product matrix, i.e. for the
k—1 x k —1 minor of T. For given = € Z%, by the Cauchy-Schwarz inequality, in dimensions d > 2k we have

Ax(fr, - fo)(@)? < ATARmDERGED st\le(gl)ff(x+y1)"'f1§—1(33+yk—1)

Yy
N~ d(k+1)+E7 43k Z (Z fr(x + yk)SAzT(yl,yk))z
Y, Yk
< AfE - fro) (@) Ba(fes fi) ()

where
Ba(fi, fi) (@) = A MEDTRE N f (@ ) fu( + k) Waer (9, o)

Yk Yy,
with a weight function

(14) Waer (ks vk) = D Sxer(y,, ) Sxer (5 Uh)-

Y
By a slight abuse of notation let Sy(y) = 1 if |y|? = txxA? and equal to 0 otherwise. Then one may write

Ba(fi, fi)(x) = AT UEFDFREEE N p o) fi(@ + i) Sa () Sx () W (e, o)

Yi Y}

and an application of Cauchy-Schwarz gives
Ba(fis fi)(@)? < (A2 Y S +9)Say)) (A2 ST Waar (e, ph)?).
Yy Yk sY,
Thus, in order to establish (11) and complete the proof of the proposition, it suffices to show that
Z W,\zT(yk,ny)2 < O \20k—2k> —6k+4

Yk Yy,

with a constant C' = Cy 1 > 0. By (14), we have that

S Waer(uevi)? = Y. Swer(y ue)Ser @) un)Ser u,, vi) Sxer (), vi)-

Yk, Y Y YkY,
The above expression is the number of solutions y1,..., Yk, ¥1,..., Yk € Z% to the system of quadratic
equations
Yi Y = Yi Y = Nt for 1<i,j<k-—1
(15) Yio Yk =YYk =YYk =YY = At for 1<i<k—1
Y Yk = Vi Ve = Ntk
For any solution y1,...,Yk, Y1, - -, Yy} of the system (15) introduce the parameters (s;;)1<i j<k—1 and Sk
such that
(16) Yiy; = Msifor 1<i,j<k—1and -y} = \spr.

We call the set of parameters S = (s;, Skk)1<i,j<k—1 admissible if the system (15)-(16) have a solution.
For any admissible set of parameters S let A\2Ts denote the 2k x 2k inner product matrix of the system
(15)-(16), and note that ATy is a positive semi-definite integral matrix with entries Or()\2).

We consider two cases.

Case 1: Assume that the matrix Ts is positive definite. Then in dimensions d > 4k + 3 one may apply
estimate (13) to the matrix A2Ts which shows that the number of solutions to the system (15)-(16) is bounded

by C \2dk=2k(2k+1) - Gince there at most C' A2k=1*+2 admissible sets S, such admissible sets contribute to at
2
most C \2@k—2k"=6k+4 golutions to the system (15), for some constant C' = Cy 7 > 0.
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Case 2: Assume det(Ty) = 0. Then the vectors y1,...,Yx, ¥}, ..,y are linearly dependent. Let M :=
span{y1, ..., Yk, Y1, .-, y,t € R% Since yi,...,yx are linearly independent one may extend these vectors
with vectors ygl yeen ygl, for some 1 <[ < k, to obtain a basis of of the vector space M. Write I = {iq,...,4},
if j ¢ I, then y; € M moreover the inner products y; - y; for 1 <1i <k, and y; - y; for ¢ € I are all determined
by equations (15)-(16). It follows that y/ is uniquely determined for j ¢ I, thus the number of solutions for a
fixed index set I is bounded by the number of & 4 I-tuples y1, ..., yx, ¥;,, - - - y;, satisfying equations (15)-(16).
The inner products of these vectors form a positive definite matrix, thus applying estimate (13) we obtain
that number of solutions is bounded by CA\I(k+)=(k+D(E+H1) o ¢ \2dk=2kQ2k+1) in dimensions d > 4k. As
the number of possible index sets I depends only on k, the total number of linearly dependent solutions to
the system (15)-(16) is also bounded by C A\2dk—2k*~6k+4, O

Proof of Propostion 1 (i). We use the same notation as above and assume that || f1lloo;-- - || fi—1lloo < 1.
For any given x € Z% we have

A(frsee fi)@) < ATEERED N T (@ — ) Saun) D Sher(y, )

Yk v,

and hence, after an application of Cauchy-Schwarz, we obtain

An(frseeos i) (@) < AL () ATIERTDERRED =208 g (s yk) Sxer (85 vk)-

YeoY, ,y
The sum in the expression above is the number of solutions y1,...,Yk—1,Y1,. -, Yr_1 € 74 and y, € Z% to
the system of quadratic equations
Yiyp =y -y = Nty, for 1<ij<k—1
(17) Yi Y = yioyn = Nti, for 1<i<k—1
Yk Yk = Ntk
If one now argues, as in the proof of part (ii) above, it follows from estimate (13) that
Z Sxer (Y, yk) Sxer (Y, yk) < Capr ATER=D) =2k (A )+2,
YkoY, Y

We choose to omit the details of this calculation. O

6. A STRENGTHENING OF THEOREM 2 IN HIGH DIMENSIONS

If, in the proof of Proposition 1, we apply Holder’s inequality with conjugate exponents m/(m — 1) and m
instead of the Cauchy-Schwarz inequality, this results in y,...,yx—1 and y1, ...,y being increased m-fold
as opposed to being doubled, in parts (i) and (ii) respectively.

Working through these details, which we omit (but one may consult Section 9.2 for the analogous, and
somewhat similar, details in the continuous setting), one obtains the following
Proposition 2. Let k € N and A = {vg = 0,vy,...,vx} C Z¢ be a non-degenerate k-simplex.

Let m > 2 be an integer and set ¢ = m/(m — 1).

(i) If d > 2m(k — 1) + 5, then for any fi,..., fr : Z% — R, one has
Au(frs s f1)(@) € Camon I f1lloo -+ I fetlloo Aullfil®) ()4
uniformly for x € 7.
(ii) If d > 2mk + 3, then for any fi,..., fr : Z% = R, one has
Ac(frye s ) (@) < Cama Aol [ feoa|) (@)Y T AL(| o] ) ()

and hence
k
Ac(fro o, Fi)(@) < Cama A(LAIT @)Y A7 ) (@)Y TTASHIET ) @)

Jj=3

uniformly for x € 7.
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Proposition 2 allows us to establish a strengthening of Theorem 2 in high dimensions, namely Theorem 3
below. Before stating this result we define for each integer k£ > 2 and 1 < ¢ < 2, a symmetric convex region
Ck,q C [0,1]%. We define Cy 4 to be all those points (z1,...,z%) € [0,1]F with

€1 + .+mk < q_l +q_2+... +q_(k_1) +q_(k_1)

that also have the property that for any 1 < j <k —1onehasy; +---+y; < g '+ -4 ¢ for any choice
{y1,...,y;} C {z1,...,2}. Note that C, = Ci 2, and that Cj 4 contains the cube q~*=1 . 10,1)* which
approaches [0,1)% as ¢ — 1.

€3
(0,0,1)
0,07 G-,
-7 X3 .57
i ‘@"if plolinlie] bttt .-,..é_—';’ O
R v

|
|
|
|
! (0,1,0)
|
(¢71,0,0) | Z
q ) ’ L : /‘I/v//
/@/_@ _____________ O;__:?// (0*(1 ! 0)
1 (17070)

Theorem 3. Let k € N and A = {vg = 0,v1,...,vx} C Z¢ be a non-degenerate k-simplex.
Let m > 2 be an integer and set ¢ =m/(m — 1).

Q) Ifd>2m(k —1)+5, r > qd/(d—2), and 1 < py,...,px < 0o with 1/r < 1/py + -+ 1/p, one has
[A(fr - fi)llr < Camoa L fillpy - | ol
(ii) If d > 2mk + 3, then for any
r> (@ g 4 Y 4T q/(d - 2) and pr, .., pr > qd)(d - 2)
whose reciprocals (1/p1,...,1/pr) € (d—2)/d-Cyq and satisfy 1/r =1/p1 + -+ 1/pi, one has
[Afrs - Fi)llr < Cama L fillpy - | follp-
For a visualization of those p1, ..., pg for which Theorem 3 gives boundedness for these discrete multilinear

maximal operators, see Figures 3 and 4 below.

Note that Theorem 3 provides us with a strengthening of Theorem 2 (i) and (ii) for all d > 6k — 1 and
d > 6k + 3, respectively. Note that Theorem 3 is of particular interest as m — oo (and hence d — o) for
fixed k, since this corresponds to ¢ — 1 through values of the form m/(m — 1) with m € N.
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Figure 3. Region of boundedness for the Discrete Bilinear (k = 2) Maximal Operator in 7. We
obtain the lower gray triangle if d > 2m + 5 and the full square provided d > 4m + 3.
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Figure 4. Region of boundedness for the Discrete Trilinear (k = 3) Maximal Operator in 7. We
obtain the dark grey tetrahedron if d > 4m + 5 and the larger convex region provided d > 6m + 3.

Proof of Theorem 3. We first establish part (i). Proposition 2 (i) implies

1
1A« (fro s Fidlpe < Camoa [ filloo =+ [ - alloollALFRI D 1%, < Camoa [ filloo ==+ I fit ool fillp
provided px > qd/(d — 2). By symmetry and interpolation we then obtain part (i) of Theorem 3.

To establish part (ii), we note that Proposition 2 (ii) ensures that

1 k41—j

k .
Afr o F)@) € Cama AT )@Y A £l ) @)Y T AT @)

Jj=3
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An application of Holder, as in the proof of Theorem 2, then gives

k—1 k— k+1—j k+1—j
1A(frsee s Sl < Camall A (£ T A fal I HIIA (2T [

p1/q pz/qk 1

whenever 1/7 = 1/py +--- 4+ 1/pp. Now if

d od
k—1 k4+1— .
p1,P2 > ¢q m and pj>q+ Jm for SSJSk

then by (2) we obtain

1A« (frs- s f)llr < Camall fillps - I fxllps
with 1/r=1/p1+--+1/pr < (/g +1/¢* + - +1/¢" " +1/¢" ") (d - 2)/d.

Part (ii) of Theorem 3 now follows by symmetry and interpolation. O

7. AN EXAMPLE FOR MULTILINEAR OPERATORS IN Z¢

Let d > 2k + 3. Simple examples show that estimates || A, (fl,fg, s Tlls < ClAllp ool 1 fellps
are not possible when % = p% ot , for any r > 1, p1 < %5, 1 < p; < oo. By symmetry, this shows
that the reciprocals (1/p1,...,1/ pk) for Wthh the discrete maxnnal operator is bounded is contained in the

cube Qq = (d —2)/d - [0,1)* and contains the smaller cube ¢~ *~1) . Q, with ¢ = m/m — 1, in dimensions
d > 2km + 2 by Theorem 3.

Assume first that p; < oo for 2 < i < k. Let f; := §g the point mass at the origin, and for 2 <7 < k let
fi(z) = |z|~%P: (log (|z|)) " » T (1 > 0) for |x| > 2, and set f;(z) = 0 of |z| < 1. Given x € Z%, v # 0 and
X € VN, we have

k

AN(fry o i) (@) = AR NG (1w, - k) So(z — w) [ [ filz — wa).

Y15 Yk =2

Choosing A = |z, one has that y; = x and |z — y;| > c|z| for 2 < i < k, for any non-zero term. Thus one
estimates

[
A*(flvﬂfk)( )>C|{L‘| (k1) ‘LL‘| )(log(|x‘)) i ) VV\zl(x)
where Wig(z) :== 32, o, Sjzp2r(@, 42, .., yr). We will show that
(18) Do W@ =3 > W) > 22” 270 W) =00
zEZd J=0 2i<|z|<2i+1 27 <|w| <29+

for which it is enough to show that

27 N W) 22T

25 < |z <2+
Using the notation |z| ~ 27 for 29 < |z| < 2/F! one has

(19) 2790 3" Wig(z) 2 e2 0 mm) G i@k ) ST ST G (g, )

|z|~227 |z|~27 Y2, Yk

Writing A = |z| € V/N the right side of the above expression can further estimated from below by
27j(dk7k(k+1)) Z Z S)\2T(yla R ayk) > c Z 1 Z C 22j

27 <A<29+ Y1,y 27 <A<29+1

for some constant C' = Cy 1 > 0, using estimate (6) and the fact that there are approximately 2% values
of A € VN satisfying 2/ < A < 2071, This implies that for p; < d/(d —2), 7 < 1/kp; the left side of (19) is
bigger than

C o @=2= 5+ ot R S oo -3
This shows the validity of (18). The same argument works when p; = oo for some 2 < i < k by choosing f;
to be the constant 1 function.



MULTILINEAR MAXIMAL OPERATORS ASSOCIATED TO SIMPLICES 11

8. MAIN RESULTS FOR OUR MULTILINEAR MAXIMAL OPERATORS ON R

For simplicity we first state our main result, in the continuous setting, in the bilinear (k = 2) case.

Theorem 4. Let A = {vyg = 0,v1,v2} C R? be a non-degenerate triangle.
Let m > 2 be an integer and set g=m/(m —1). If d > 2m, r > q/2-d/(d — 1), and p1,p2 > qd/(d —1)
with 1/r = 1/p1 + 1/p2, then one has the estimate

[A(f1s f2)llr < Caa [ fillp [l f2llps-

If for each 1 < ¢ < 2 we define new symmetric convex region C~27q C [0,1])? to be the convex hull of
the region Ca 4, as defined in Section 6, and the triangle of points (z1,x2) € [0,1]? with 21 + 22 < 1, then
combining Theorem 0 with Theorem 4 gives the following
Corollary 1. Let A = {vg = 0,v1,v2} € R? be a non-degenerate triangle.

Let m > 2 be an integer and set g =m/(m —1). If d > 2m, r > q/2-d/(d — 1), and the reciprocals of p1
and po satisfy both (1/p1,1/p2) € (d—1)/d-Caq and 1/r = 1/p1 + 1/p2, then one has the estimate

[A(f1s f2)llr < Caal[fillp |l f2llpo-

Theorem 4, and hence Corollary 1, are a special case of Theorem 5 below, they in fact form the base case
of an inductive argument that will be used to prove Theorem 5.

For a visualization of those p; and ps for which Corollary 1 gives boundedness for these bilinear maximal
operators, see Figure 5 below.

ZE (d;l’ d;l)

PDrmm— - - - - - - - - - - - ©
(07 dgl) O :
] I

(rri;l (1;1 7'_.,”',;11 dgl)
I
I
I
|
S
L
B
B
s
i

«‘,h 1

p1

(0,0) (1,0

Figure 5. Region of boundedness we obtain for Bilinear Maximal Operator in R?, provided d > 2m.

The simple observation that

(20) Ac(frys o) (@) < [ frlloo Ae(frs oo, frm1) ()

implies that bounds for multilinear maximal operators associated to (k — 1)-simplices will always give rise to
some corresponding estimates for multilinear maximal operators associated to k-simplices. In particular, it is
easy to see using symmetry and interpolation that Corollary 1 gives the following non-trivial new bounds for
trilinear operators.
Corollary 2. Let A = {vg = 0,v1,v2,v3} C RY be a non-degenerate 3-simplex.

Let m > 2 be an integer and set ¢ = m/(m —1). If d > 2m, r > q/2-d/(d — 1), and the reciprocals of
P1, 2, ps satisfy both (1/p1,1/p2), (1/p2,1/p3), (1/p1,1/p3) € (d—1)/d-Cayq and 1/r =1/p1 +1/p2 + 1/ps,

then
[A(f1s fo, f3)llr < Caa || fillpy | F2llps | f3llps -

For a visualization of those p1, p2, p3 for which Corollary 2 gives boundedness for these bilinear maximal
operators, see Figure 6 below.
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I
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Figure 6. Region of boundedness obtained in Corollary 2 for Trilinear Maximal Operator in R?,
provided d > 2m.

Before we can state our generalization of Corollary 1 to k-simplices, which will in particular also strengthen
Corollary 2 for 3-simplices in higher dimensions, we define inductively, for each integer K > 2 and 1 <¢g<2a
new symmetric convex region C ¢ C[0,1]~.

We start with C2 4 <0, 1)? as defined immediately after Theorem 4 above. Then, for each integer k > 3
we define C;W to be the convex hull of the points (z1,...,z;) € [0,1]¥ such that mi(x1,...,x,) € @_1,,} for
each 1 < j <k, where 7; denotes the projection onto the coordinate hyperplane x; = 0, with the region Cj, 4
as defined in Section 6.

Theorem 5. Let k € N and A = {vg = 0,v1,...,vx} € R? be a non-degenerate k-simplex.
Let m > 2 be an integer and set ¢ =m/(m —1). If d > mk, then for any

r> (g g g Y g YT/ (d - 1)

and p1, ..., pr whose reciprocals satisfy both (1/p1,...,1/px) € (d—1)/d- C~k7q and 1/r=1/p1 + -+ 1/pg,
one has the estimate

[A(frs s fi)lle < Camoa [ fillpy - L frllo-

For a visualization of those p1, ..., pg for which Theorem 5 gives boundedness for these multilinear maximal
operators, see Figure 7 below.

As with Theorem 3, we note that Theorem 5 is of particular interest as m — oo (and hence d — oo) for
fixed k, since this corresponds to ¢ — 1 through values of the form m/(m — 1) with m € N.

8.1. Proof of Theorem 5. As in the discrete case, the crucial ingredient in our proof of Theorem 5 is
pointwise estimates for A.(f1,... fx) in terms of the spherical maximal operator applied to appropriate
powers of the functions |f;|, specifically

Proposition 3. Let k,m > 2 be integers and A = {vg = 0,v1,...,v1} € R? be a non-degenerate k-simplex
with d > km. Then for any fi,..., fr : R = R, one has
Ac(frs s i) (@) < Cama Al fils s frma| ) (@) VAL fi] D) ()4
and hence
k
Au(fro s F)(@) € Cama AR @Y A1) @)Y TTAHE @)V
=3

uniformly for x € RY, where ¢ = m/(m — 1).
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Figure 7. Region of boundedness we obtain for Trilinear Maximal Operator in R?, provided d > 3m.

We will prove Proposition 3 in Section 9 below. As in the discrete case, this proposition quickly implies
Theorem 5, however in this setting we proceed by induction.

Note that Corollary 1 constitutes the base k = 2 case of Theorem 5. We are thus required to first prove
Theorem 4. An application of Holder to the k = 2 case of Proposition 3 gives

1A (frs )l < Camal A AL A L2119,

p1/q

whenever 1/r = 1/p; + 1/p2. Now if p1,p2 > qd/(d — 1), then by (1) we obtain

[A(fr, F2)llr < Cam,all fillp [l follps

with 1/r =1/p1 +1/p2 < 2/q- (d — 1)/d. This establishes Theorem 4.

We now let & > 3 and assume that Theorem 5 holds for k — 1. An application of Hélder, as in the proof of
Theorem 3, gives

-1 1—j k+1—j
JA(Fr - fille < Cama A1 AR HIIA* F7IC |

p1/qht pz/q’C 1

whenever 1/r = 1/p; + -+ + 1/px. Now if

d . d
prp2> ¢ o and p; >t o—— for 3<j <k

then by (1) we obtain
[A(frs s fi)lle < Camall fillpy - [ fxllp

with 1/r=1/p1+-+1/p < (/g +1/¢* + - +1/¢" " +1/¢" 1) (d - 1)/d.
Theorem 5 now follows for all (1/p1,...,1/px) € (d—1)/d-Cy,q by symmetry and interpolation, and for all

such reciprocals in (d —1)/d - 5k,q by further interpolation with the estimates one obtains using observation
(20) and the inductive hypothesis. O
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9. PROOF OF PROPOSITION 3

Let A = {vg =0,v1,...,v;} C R? be a non-degenerate k-simplex and T'= Ta = (t;;)1<i,j<k With entries
t;; := v; - v; denote the associated inner product matriz. Recall that T is a positive semi-definite matrix and
that T is positive definite if and only if A is non-degenerate. In fact one has that

(21) det T = vol(vy,. .., vp)?

where vol(vy, ..., v) denotes the volume of the parallelepiped spanned by the vectors vy, ..., vg.
It is easy to see that A’ ~ AA, with A" = {yo =0,y1,...,yr}, if and only if

(22) yi-y; = Nty forall 1<i,j<k.
Thus the configuration space of the isometric copies of the simplex A is the algebraic set

SA = {(yl,...,yk)Ede: yi'yj_tij:07 fO’I“ 1§Z,j§]€}

Writing y = (y1,...,yx) and fi;j(y) = y; - j — ti; the set Sa is the common zero set of the family of
polynomials F = {f;;} and is a smooth d — k(k + 1) /2-dimensional sub-manifold of R, in dimensions d > k.
Indeed, for any y = (y1,...,yk) € Sa the vectors y1,...,yx are linearly independent, and then it is easy to
see that the gradient vectors V f;;(y) are also linearly independent thus the algebraic set Sa has no singular
points. B

To any algebraic set S, defined as the zero set of a family of polynomials F, which has a non-singular
point one may associate measure wx supported on S, also referred to as the Gelfand-Leray measure, this is a
natural analogue to the counting measure used in the discrete setting, see Birch [2]. In Section 10 we provide
a self-contained discussion of properties of this measure that are needed for our results.

In particular, for any family of functions fi,..., fr : R = R with d > k + 1 and A > 0, our normalized
multilinear averages

AA(fl,---,fk)(I):/ file +X-Uvr)) - fr(z + X - Ulwg)) du(U)
SO(d)

satisfy

(23) Ax(fl,...,f,c)@):%/ Fulz+ ) - ol + Age) dwr (i, - )

Y1, Yk

for some absolute constant Cyq A > 0. This crucial observation follows by writing

An(f1,- - fi)(@) = /fl(IJr)\yl) - fila 4 Ay) do?Hyn) dog 2 (yo) - dog F L (),

with daﬁ;f Y1 (y) being the normalized surface area measure on the sphere S, given by the equations

coYi—1

ly — yi|? = t;; for 0 < i < j, as a special case of (49), see Section 10.

In order to aid the exposition we first prove Proposition 3 in special case when k£ = m = 2 below, delaying
the proof of the general case until Section 9.2.

9.1. Proof of Proposition 3: Special case when k = m = 2. Recall that our goal is to show that

(24) |AL(f1, f2)(@)] < Can A2 () Au(f3)2 (),

uniformly for 2 € R%. Towards this end we first note that

(25) / / £+ M) fole + Mg2) dwr (g1, 92) = / / S+ M) ol + M) duory, (y2) doz, (1)

where F = {fi1, fi2, f22}, F1 = {f11} and Fiy, = {fi12, fo2} considered as function of y, for fixed y;.
Indeed, since the function fi1(y1,v2) = |y1|?> — t11 depends only on the variable y; and the partition of
variables z = y; and y = ys is admissible, Fubini (48) applies, see Section 10. Furthermore, we note that

wr, = 2710y, where o1 denotes the surface area measure on the sphere |y;|? = t11.
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Observation (25) allows one to apply Cauchy-Schwarz in the y; variable, which in light of (23) yields

gy AU Sas [ o) < [ ([ s o, 02) doro)

Saa Au(f7) (@) Br(fa, f2)(2)

where
(27) Bi(fa f2)(z) = /y y fo(2 + Ay2) fa (@ + Mya) w(y2,ys) doa(y2) doa(ys)
2-Y2
with oo denoting the surface area measure on the sphere {y € R? : |y|? = t22} and weight function
(28) w(ys2, y3) = /y dog,, . (1)

where WE, is the Gelfand-Leray measure defined by the system F,, ., = {f11(yn), frz(yi,v2), fr2(yi, v5) )
2
These facts, specifically the form of (28), follows since the partition of variables z = (y2,95) and y = y; is
admissible for the system
F'={fu(y), fro(yi, y2), fr2(y1,95), foa(y2), fo2 ()}

Applying Cauchy-Schwarz once more, we obtain

Bx(f2, f2)*(z) < ( f3 (x4 Aya) dUz(QQ))Q (/ w(y2,y5)* dffz(yz)d@(y/z))

/
2,Ya

(20)
< A2 (@) / Wy yh)? doa(y2) dors (4.

Y2,95
Thus by (26) and (29), to prove inequality (24) it is enough to show that

(30) / w(ye, 43)? doa(ya) doa(yh) < co.
Y2,Yh

The set S, Foout is the intersection of three spheres, whose surface are measure is either zero or cgr¢=3,
Y2,Y5

with r := dist(y1, span{ysz,y5}) being its radius, for any y; € SF,. .- Note that
Y2,Y2

r=vol(y1,y1 — y2,y1 — ¥5)/vol(ya, y3),

thus by (21), (28) and (49) we have that

—d+3

(31) w(y2, ¥h) = cavol(yr, y1 — ya, y1 — yb) " vol(ya, yb) < car vol(ya,ys) "

To show (30), note that for given y» € Sy := {y € R%: |y|? = ta2} and j € N we have that
O'Q({:l/é € 5y 277 < VOl(yQ,yé) < 2_j+1}) < Cd,T 2_(d_1)j.
Thus, in dimensions d > 4, we have

/ w(y2, yh)? do(ys) do(yy) < car Z 2% 9=(d=1i < o0, O
y2,y§

720

9.2. Proof of Proposition 3: General case. We will now show that inequality (24) can be improved in
high dimensions, specifically when d > 2m, by replacing the Cauchy-Schwarz inequality by Holder’s inequality
applied with conjugate exponents ¢ = m/(m — 1) and m for any positive integer m > 2. This results in
increasing the variable yo m-fold as opposed to being doubled in the proof of the special case when k = 2 and
m = 2 presented above. We will simultaneously also generalize this result to k-simplices.

Let k,m > 2 be integers and A = {vg = 0,v1,...,05} C R? be a non-degenerate k-simplex. Recall that
our goal is to show that for any fi,..., fi : R? = R, one has

(32) Ac(frsoo o Fi)(@) < Cama A fal? o [ fema D) (@) 9 A1l ) (@)1

uniformly for x € R%, where ¢ = m/(m — 1).
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Let T = Ta denote the inner product matrix of the simplex A = {vg = 0,v1,....vx}. Consider the
partition of variables y = (g17 yr) with Y, = (y1,-..,Yk—1) which is admissible for the system

F={fijly): 1<i<j<k}
with fi;(y) = i - yj — ti;. Indeed, the gradients of the family of functions F1 = {fi;(y,), 1 <i<j<k-1}
are linearly independent at any point Y, € Sr,, moreover the gradients V,, fikle of the system
Fy, = A{fiky, k) = vi - yr —tix, 1 <i <k}

are also linearly independent at any point y € Sr. Thus one may proceed in light of (23), using Hélder’s
inequality in the y L variable, to obtain

Ax(fi, - i) (@) Saa (/ ’f1($+)\y1)'"fkf1(fv+)\yk71)|quI1(yl))l/q

(33) x (/ ( ez + Ayi)| dwir, (%))mdwﬂ (£1)>1/m

Y, Yk

Saa ALl et @)Y BA Sl - L) (@)™

where

Bl i@ = [ [ Ul el e+ Azl ds, (1) - i, (o) o, (1)
(34) Y, Y21, Zm
= [ Ul )l o A (et zm) don() - don(n)

with o, denoting the surface area measure on the sphere {z € R% : |2|2 = t3;}. In this more general setting
the weight function now takes the form

(35) w(zi,szm) = [ dwr, L (y,)

where wr_, with 2 = (21,..., z), is the Gelfand-Leray measure defined by the system

(36) Fo={fij(y,)=wi-yj—tij; 1<i<j<k—1 hus(y)=vi-z—tw, 1<i<k—-11<1<m}

This can be justified by showing that both integrals in (34) are equal to the integral

(37) J 14 x| el Az sy, 2),
with wz being the Gelfand-Leray measure of the system
(38) F={fijw) = vi v — tigs haay,,2) = vi - 21— tin, 91(2) = 20+ 21— tar}-

To verify this, we show that both partition of the variables (yl,g) and (z, gl) are admissible for the
system (38). Given y, € Sz, the vectors z1,..., 2, have to be on the same (d — k)-dimensional sphere,
which is the intersection of the (d — k + 1)-dimensional affine subspace M = {z: z-y; = ti, 1 <i < k}
and the sphere S9! = {z: |2|?2 = tjx}. If d > k + m then one may choose z1, ..., z,, so that the vectors
Yooy Yk—1, 215 - - - , 2m are linearly independent. Then the gradient vectors V,g;(z) = 2z; , as well as for

given 1 <14 < k the gradient vectors V, f;;(y') = y; and V,, hy(y') = z;, are clearly linearly independent,
showing that the partition of coordinates (u,;) is admissible, see Section 10. By a similar argument, which
we omit, one shows that the partition of coordinates (z,y 1) is admissible at any point of Sz where each
vector z; is linearly independent of the vectors y1,...,yx_1.

Note that by removing an algebraic set of measure zero the integrals in (34) and (37) may be defined over
points (gl,g) € Sz such that the vectors y1,...,Yk—1,21,. .., 2m are linearly independent. Thus in particular
the second integral in (34) is restricted to linearly independent m-tuples z = (21, . .., 2m)-

Applying Hoélder’s inequality once more, we obtain

1/m
Ba(Ifiely - [ feD) (@) < Au(|ful®) (@)™ (/ w(z1,- s 2m)™ dog(21) - "dUk(zm)>

15:-3%m
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and hence (32) will follow if we can show that

(39) / W(21,y .-y 2m) " dog(z1) - dog(zm) < 0.
Z1yeeesBm

Estimate (39) follows immediately from the following two lemmas.

Lemma 1. Letk>2 m>2,d>m+k and let z1,. .., zm € R? be linearly independent vectors such that
the algebraic set Sx, has a non-singular point. Then one has

(40) w(z1, ...y 2m) < Camrvol(zy,... ,zm)_kH.
Lemma 2. Let s> 1,m>1 and d > m+s. Then one has
(41) /VOI(Zl, ces Zm) Cdog(z1) ... dog(zm) < 00
where the integration is taken over linearly independent m-tuples z = (21, ..., 2m)-
Indeed (39) follows immediately from (40) by taking s = m(k — 1) in (41). O
Proof of Lemma 2. For m = 1 this is immediate. For m > 2, given 21, ..., z;,_1, note that

o({zm € 8471 277 < dist(zp,span(z1, . . ., Zm_1) < 27971} < Cy,p 277 HDI,
Thus

/vol(zl, ceesZm) Sdog(z1) - dok(zm)

<Cim Z 9~ (d=m—s+1)j /VOI(Zl, coisZm—1) Sdog(z1) - dog(zm—1).

j=0
Estimate (41) follows by induction on m. O
Proof of Lemma 1. Recall that integration in (35) is restricted to non-singular points y, = (y1,...,yk-1) €
Sx, = {F. = 0} such that the vectors 21,..., zm,¥1,...,yr—1 are linearly independent. For given 1 <i <k,

let

Ti(gl) = dlSt(y’Lv Span(zh sy Zmy YLy e 7yi—1))
denote the distance from the point y; to the subspace spanned by the vectors y1,...,%i_1, 21, .-, Zm. Note
that r;(y,) > 0, in fact

(42) ri(gl) =VOl(Yiy Yie1y -+ s Y1y 21y - ooy Zm ) [VOL(Yim1s o o oy Y1, 21y e vy Zm)-

First we show by induction on k that
k—1
(43) dwfi(gl) = Cdm,T H ri(gl)d_m_k vol(z1, ..., 2m) * 1 do™™ Y y) dod" ™2 (ya) - - - do ™ R (1)
i=1

where do? denoting the normalized surface area measure on the j-dimensional unit sphere in R
Note that in order to verify identity (43) when k = 2 we must show that
) 2v0l (21, ey 2m) T do T ().

The algebraic set Sz, is the intersection of m + 1 spheres centered at the points 0, 21, ..., 2, and hence is a
(d —m — 1)-dimensional sphere of radius r1(y;) given by (42). By (50) we have that

dwr, (y1) = cam,r 71 (11

dwr_ (Y1) = Cam, vol(y1,y1 — 21, ..., Y1 — Zm) ()T do T (yy)
and (43) follows from (42) and the fact that vol(yi,y1 — 2z1,..., %1 — 2m) = vol(y1, 21, - ., Zm)-

For the induction step, suppose (43) holds for k£ and let y = (y1,...,yx) € Sz, be point such that the
vectors yi,...,Yk, 21, .., 2m are linearly independent. Then the partition of variables y = (ﬂvyk) with
y, = (y1,...,Yk—1) is admissible, thus one has

dwr, (y) = dwr, (y,) dwr, , (Yk)-
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The set Sz, is a (d — m — k)-dimensional sphere with radius r4(y) given by (42), thus by (50) one has

ESR <

dw}-i,gl (yk) = Cd,m,T VOI(yk» Yke—1y---5Y1,21,--- 7Zm)_1 Tk (y)d_m_k dod_m_k(yk)'

By repeated applications of (11) one has

k
VOl(ykvykfla e Y1, 21, 7Zm) = VOI(Zlv cey Z’m) Hrl(y)
i=1
Thus by the induction hypotheses we have that
k-1
dwr,(y) = cdm,T H Ti(yl)dfmfkfl re(y) T oz, ) T o T () - do T TR ().
=1

which is (43) for y = (y1,...,yx). Inequality (40) follows immediately in dimensions d > m + k as
ri(y,) < |yl < Cr forall 1 <i <k. O

10. MEASURES ON REAL ALGEBRAIC SETS

Let F = {fi,..., fn} be a family of polynomials f; : R? — R. We will describe certain measures supported
on the algebraic set

(44) Sr:={zecR: fi(x)=...= f.(x) =0}.

A point x € S is called non-singular if the gradient vectors V f1(x), ...,V fu(z) are linearly independent,
and let S% denote the set of non-singular points. It is well-known and is easy to see, that if S& # 0 then it is
a relative open, dense subset of Sz, and moreover it is an d — n-dimensional sub-manifold of R?. If z € 59_-
then there exists a set of coordinates, J = {j1,...,jn}, with 1 < j; < ... < j, <d, such that

, - Of;
(45) JF,g(x) = det (8xj ($)> Lcienses # 0.

Accordingly, we will call a set of coordinates J admissible, if (45) holds for at least one point z € 5’91-, and
will denote by S s the set of such points. For a given set of coordinates x s let V., f(x) := (0, f(7))es, and
note that J is admissible if and only if the gradient vectors V,, fi(x), ..., V., fn(z), are linearly independent
at at least one point € Sr. It is clear that Sr ; is a relative open and dense subset of Sr and is a also
(d — n)-dimensional sub-manifold, moreover

s = U Sro

J admissible

We define a measure, near a point xg € Sr ; as follows. For simplicity of notation assume that J =
{1,...,n} and let ®(z) := (f1,..-, fnsTnt1,-.-,2q). Then ® : U — V is a diffeomorphism on some open
set 29 € U C RY to its image V = ®(U), moreover Sr = ®~H(V NRI™™). Indeed, z € Sr NU if and
only if ®(z) = (0,...,0,Zp41,...,24) € V. Let I = {n+1,...,d} and write z; := (Tp41,...,24). Let
U(z7) = ®71(0,7;) and in local coordinates z; define the measure wx via

(46) /gdw}- ::/g(\I/(xI)) |Jacy (U(z1))| dar

for a continuous function g supported on U. Note that Jacg(z) = jr s(z), i.e. the Jacobian of the mapping
® at x € U is equal to the expression given in (45), and that the measure dwr is supported on Sx. It is not
hard to show that this measure is independent of the choice local coordinates x; and then wz is defined on
SY as the set S?T\S;, 7 is of measure zero with respect to wg, being a proper analytic subset on R4~" in any
other admissible local coordinates.

A more geometric description of the measure dwz can be given as follows. Let zo € S%, and choose an
orthonormal basis ey, ..., eq of R? such that span{ey,...,e,} = span{V fi(zq),..., Vfn(zo)} and T,,Sr =
span{e,t1,...,eq}. This possible as V f;(x) is orthogonal to the tangent space of Sx at zo. Let x1,..., 24
be the system of coordinates associated to the basis. Then the tangent of the mapping ®(x) at z¢ is a block
diagonal matrix and its Jacobian Jacg (o) is the determinant of the n X n matrix whose rows are the gradient
vectors V f;(xg). Its magnitude further equals to the volume of the parallelepiped spanned by these vectors.
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On the other hand, the surface area measure dog, is equal to dz,41 ...dz4 at 2¢ in this coordinate system,
thus we have

(47) dwr(z0) = vol(V f1(x0), . .., Vfi(20)) " dos, (o).

This provides a coordinate free description of the Gelfand-Leray measure and shows that it is supported on S?r
and is absolute continuous with respect to the surface area measure with density vol(V f1(zo), ..., V fi(xo)) L.

Let = = (2,%) be a partition of coordinates in R?, with y = z5,, z = X,, and assume that fori = 1,...,m
the functions f; depend only on the z-variables. We say that the partition of coordinates is admissible,
if there is a point = (z,y) € Sz such that both the gradient vectors V., fi(x),...,V.fm(x) and the
vectors Vy fr41(), ..., Vyfa(z) for a linearly independent system. Partition the system F = F; U Fy with
Fir={f1,--, fm} and Fo = {fi+t1,---, fn}. Then there is set J{ C J; for which

, Ofi
JF,0;(2) = det ( (Z)> #0,
Ox; 1<i<m, jeJ]

and also a set J} C Jy such that

‘ 0f;i
JFa.0(2,y) = det (3 ,(Z’y)> 7
T m+1<i<n, j€J},

J

Since V, f; =0 for 1 < i <m, it follows that the set of coordinates J' = Jj U Jj is admissible, moreover
JF0 (Y 2) = 37,07 (2) J7s,05 (Y 2)-

For fixed z, let f; .(y) := fi(z,y) and let Fa , = {fm+1.2,---, fn,}. Then clearly JFa, 1, (y,2) = JFa, 4 (y)
as it only involves partial derivatives with respect to the y-variables. Thus we have an analogue of Fubini’s
theorem, namely

(48) [o@ duro) = [ [ oz dor, . dor o)

Consider now algebraic sets given as the intersection of spheres. Let z1,..., 2, € R t1,...,t, > 0
and F = {f1,..., fm} where fi(x) = |v — 24> —t; for i = 1,...,m. Then S is the intersection of spheres
centered at the points x; of radius r; = t} 2 If the set of points X = {x1,..., 2y} is in general position (i.e
they span an m — 1-dimensional affine subspace), then a point « € Sz is non-singular if = ¢ span{X}, i.e if =
cannot be written as linear combination of x4, ..., z,,. Indeed, since V f;(x) = 2(z — z;) we have that

ialsz(x) =0 <<= iaix = iaixiy
=1 =1 =1

which implies >, a; = 0 and ) ;" | a;z; = 0. By replacing the equations |z — 2;|* = ¢; with |z — 21|* — |z —
x;|? = t; —t;, which is of the form z - (1 — ;) = ¢;, for i = 2,...,m, it follows that Sz is the intersection of
sphere with an n — 1-codimensional affine subspace Y, perpendicular to the affine subspace spanned by the
points x;. Thus S is an m-codimensional sphere of R? if Sz has one point = ¢ span{z1,...,,,} and all of
its points are non-singular. Let 2’ be the orthogonal projection of x to span{X}. If y € Y is a point with
ly — 2’| = |& — 2’| then by the Pythagorean theorem we have that |y — x;| = |z — 2;| and hence y € Sr. It
follows that S is a sphere centered at =’ and contained in Y.

Let T = Tx be the inner product matrix with entries t;; := (x — z;) - (x — z;) for z € Sr. Since
(x — ;) - (x — x;) = 1/2(t; + t; — |z; — x;|*) the matrix T is independent of z. We will show that
dwr = cr dog, where dog, denotes the surface area measure on the sphere Sr and c¢p =27 det(T)_l/2 >0,
i.e for a function g € Cp(RY),

(49) /S g(z) dwr(z) = CT/ g(x) dos,(z).

SF
Indeed by (47),

(50) /s g(x)dwr(z) = 27" vol(x — 21,..., 2 — Tp) " /S g(x) dos,(z),
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and it is a well-known fact from linear algebra that

vol(z — 1,...,2 — 2,)? = det(T).

REFERENCES

[1] T. C. ANDERSON, A. V. KUMCHEV, AND E. A. PALSSON, Discrete mazimal operators over surfaces of higher codimension,
arXiv:2006.09968
[2] B. BIRCH, Forms in many variables, Proc. Royal Soc. London. Ser. A. 265.1321 (1962): 245-263.
[3] J. BOURGAIN, Averages over convex curves and mazimal operators, J. Analyse Math. 47 (1986), 69-85.
[4] J. BOURGAIN, On the mazimal ergodic theorem for certain subsets of the integers, Israel J. Math. 61 (1988), no. 1, 39-72.
[5] J. BOURGAIN, On the pointwise ergodic theorem on LP for arithmetic sets, Israel J. Math. 61 (1988), 73-84.
[6] J. BOURGAIN, Pointwise ergodic theorems for arithmetic sets. With an appendiz by the author, Harry Furstenberg, Yitzhak
Katznelson and Donald S. Ornstein, Publ. Math.-Paris 69 (1989), no. 1, pp. 5-45.
[7] J. BOURGAIN, Figenfunction bounds for the Laplacian on the n-torus, Internat. Math. Res. Notices (1993), no. 3, 61-66.
[8] L. HuckABA, N. LYALL AND A. MAGYAR, Simplices and sets of positive upper density in R®, Proc. Amer. Math. Soc. 145
(2017), no. 6, 2335-2347
9] Y.KI1TAOKA, Siegel modular forms and representation by quadratic forms Lectures on Mathe- matics and Physics, Tata
Institute of Fundamental Research, Springer-Verlag, (1986).
[10] A. MAGYAR, k-point configurations in sets of positive density of Z™, Duke Math. J., v 146/1, (2009) pp. 1-34.
[11] A. MAGYAR, E. M. STEIN, AND S. WAINGER, Discrete analogues in harmonic analysis: Spherical averages, Ann. Math. (2)
155 (2002), no. 1, 189-208.
[12] E. A. PALSSON, S. R. SOVINE, The triangle operator, (2019), arXiv:1910.01282.
[13] S. RAGHAVAN, Modular forms of degree n and representation by quadratic forms, Ann. Math. (2) 70 (1959), no. 3, 446-477.
[14] C. L. SIEGEL, On the theory of indefinite quadratic forms, Ann. of Math. (2) 45 (1944), 577-622.
[15] E. M. STEIN, Maximal functions I: Spherical means, Proc. Nat. Acad. Sci. 73 (1976), 2174-2175.
[16] R. C. VAUGHAN, The Hardy-Littlewood Method, Second ed., Cambridge University Press, Cambridge, 1997.

DEPARTMENT OF MATHEMATICS, VIRGINIA TECH, BLACKSBURG, VA 24061, USA

Email address: briancookmath@gmail.com

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GEORGIA, ATHENS, GA 30602, USA

Email address: 1lyall@math.uga.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GEORGIA, ATHENS, GA 30602, USA

Email address: magyar@math.uga.edu



