A NEW PROOF OF BOURGAIN’S THEOREM ON SIMPLICES IN R?
NEIL LYALL AKOS MAGYAR

ABSTRACT. We present a new direct proof, in fact two, of Bourgain’s theorem on simplices in R? in which
he established that any subset of R% of positive upper Banach density necessarily contains an isometric copy
of all sufficiently large dilates of any fixed non-degenerate k-dimensional simplex provided d > k + 1.

1. INTRODUCTION

1.1. Background. A result of Katznelson and Weiss [2] states that if A C R? has positive upper Banach
density, then its distance set

dist(A) = {|lz — 2| : z,2' € A}
contains all large numbers. Recall that the upper Banach density of a measurable set A C R? is defined by

(1) §*(A) = lim sup w’
N—00 teRrd Qn|

where | - | denotes Lebesgue measure on R? and @y denotes the cube [—N/2, N/2]%.
This result was later reproved using Fourier analytic techniques by Bourgain in [1] where he established
the following more general result for arbitrary non-degenerate k-dimensional simplices.

Theorem 1.1 (Bourgain [1]). Let Ay, C RF be a fived non-degenerate k-dimensional simplex.
If A C R? has positive upper Banach density and d > k + 1, then there exists a threshold Ao = \o(A, Ag)
such that A contains an isometric copy of A - Ay for all X > Ag.

Recall that a set Ay = {0,vy,...,v} of k+ 1 points in R¥ is a non-degenerate k-dimensional simplex if
the vectors vy, ..., vy are linearly independent and that a configuration AJ, is an isometric copy of A - Ay in
RYif A} =ax + X U(Ay) for some x € R? and U € SO(d) when d > k + 1.

2. UNIFORMLY DISTRIBUTED SUBSETS OF R% AND A NEW PROOF OF THEOREM 1.1 WHEN k = 1

In this section we introduce a precise notion of uniform distribution for subsets of R? and prove an
(optimal) result, Proposition 2.1 below, on distances in uniformly distributed subsets of [0, 1]¢. Proposition
2.1 immediately implies Theorem 1.1 when £ = 1 and hence provides a new direct proof of

Theorem 2.1 (Katznelson and Weiss [2]). If A C R? has positive upper Banach density and d > 2, then
there exists a threshold Ao = \g(A) such that for all X > A\ there exist a pair of points

{z,2'} CA with |zv—2'|=\
2.1. Uniform Distribution and Distances.

Definition 2.1 ((g, L)-uniform distribution). Let 0 < L < e < 1 and Qf = [~L/2, L/2]%.
A set A C [0,1]% is said to be (g, L)-uniformly distributed if

AN (t+Qp)| ?
(2) /H Anii+Qr)

—|A]| dt < €2
QL
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Proposition 2. 1 (Distances in uniformly distributed sets). Let 0 <A <e <1 andd > 2
If A C[0,1)% is (e,e*\)-uniformly distributed with o = |A| > 0, then there ezist a pair of points

{z,2'} CA with |zv—2'|=\
In fact,
// La(z)1a(x — Azy) do () de = o® + O(e2/3).
where o denotes the normalized measure on the sphere {x € R? : |z| = 1} induced by Lebesgue measure.

Before proving Proposition 2.1 we will first show that it immediately implies Theorem 2.1. To the best of
our knowledge this observation, which gives a direct proof of Theorem 2.1, is new.
2.2. Proof that Proposition 2.1 implies Theorem 2.1. Let ¢ > 0 and A C R with §*(4) > 0.
The following two facts follow immediately from the definition of upper Banach density, see (1):
(i) There exist My = My(A, ¢) such that for all M > M, and all ¢ € R¢

AN(t
AN+ Qum)l < (1+¢*/3)5*(A).
Q|
(ii) There exist arbitrarily large N € R such that
A
| N (tO +QN)| > (1 —64/3) (5*(14)
|@Qn]

for some ty € RY.
Combining (i) and (ii) above we see that for any A\ > e=* My, there exist N > =4\ and ¢y € R? such that
|AN (4 Qern)| |AN (to + Qn)|
Qe 1Qn]

for all + € R%. Consequently, Theorem 2.1 reduces, via a rescaling of AN (ty + Qx) to a subset of [0,1]%, to

establishing that if 0 < A <& < 1 and A C [0, 1]¢ is measurable with |A| > 0 and the property that
|AN (¢ + Qean)|

|Qs4>\|

for all t € RY, then there exist a pair of points z, 2’ € A such that |z — 2/| = \. Now since AN (t + Q.1y) is
only supported in [—e*\, 1+ *A\]? it follows that

‘A| :/ ‘Aﬂ(t+Q54>\)|dt:/ |Aﬁ(t+Qe4)\)‘ dt+0(€4|A|),
R |Qcal 0.1] |Qcaal

from which one can easily deduce that

<(1+eh

<(1+eh 4

ANt
Ht e [0,1]4 M <(1-¢?) |A|}‘ = 0(£?)
|Qa4>\|
and hence that A is (e, e*)\)-uniformly distributed. The result therefore follows, provided d > 2. O

2.3. Proof of Proposition 2.1.

Definition 2.2 (Counting Function for Distances). For 0 < A < 1 and functions
anfl : [07 1]d - R
with d > 2 we define

T(fo, f1)(A /fo Vfi(x — Azy) do(zy) de.

Definition 2.3 (U'(L)-norm). For 0 < L < 1 and functions f : 4 5 R we define
£ 17z / ’Ld / fla dx’ dt = / <L2d // F(2)f(2) da dx)d
[0,1]4 t+QrL [0,1]4 z,x' €t+QL

where Qr, = [-L/2, L/2]¢.
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It is an easy, but important, observation that

(3) 1130y = [[ 1@ = 00)n o) doy s + O(E)

where 1y, = L72% 14, % 1¢,. Note also that if A C [0,1]? with o = |A| > 0 and we define
fA = 1A - 041[0’1](1
then
[AN(t+ QL) ’
1 | )d ‘ dt = Al| dt+O(L).
@ [z | e /] o, Al o)
0.1]  t+Qr

Evidently the U!(L)-norm is measuring the mean-square uniform distribution of A on scale L. Specifically
if Ais (¢, L)-uniformly distributed, then || fal/y1(z) < 2e provided 0 < L < e.

At the heart of this short proof of Proposition 2.1 is the following “generalized von-Neumann inequality”.
Lemma 2.1 (Generalized von-Neumann for Distances). For anyc >0, 0 < &, A\ < min{1,c™'} and functions
fos f1:[0,1]% — [-1,1]

with d > 2 we have
IT(fo, AN < TT Ifilloseany + O™ /0/3).

j=0,1
Indeed, if A C [0,1]¢ with d > 2 and « = |A| > 0, then Lemma 2.1 (with ¢ = 1) implies
|T(14,14)(N) = T(alp 1), alpg1ja) (V)] < 3| fallir(eany + O(?)
for any 0 < e, A < 1. Since T(alg 14, ljg 15a)(X) = @® + O(]A) it follows that
T(14,14)(A) = a® + O(e*/?)
provided 0 < A <e <« 1.

To finish the proof of Proposition 2.1 we are therefore left with the task of proving Lemma 2.1.

Proof of Lemma 2.1. An application of Parseval followed by Cauchy-Schwarz implies that

T(fo. f1)(c //fo ) f1 a:—c)\:cl)do(arl)da:)
(|, 1h@IA©IzE0)d)

I1 [ \i@raes)a

7=0,1

IN

I A

where
i) = [ e duto)
Rd

denotes the Fourier transform of any complex-valued Borel measure dy and g(€) is the Fourier transform of
the measure dy = g dz. Combining the basic fact (see for example [3]) that

5()] < min{1, Cl¢]~ D72
with the simple observation that |1 — 1Z(§)| < min{1, C|{|} gives
[F(eX)] = [F(A)[D("AE) +[F(ADI(1 = D(e*AE)) < P(e*AE) + O(min{e*AlE], (eAIE])~1/?}).
The result now follows, since | f;]|3 < 1,
min{=Al¢], (cAle])"/2} < /3

and a further application of Parseval (and appeal to (3)) reveals that

/ FOPd(eNe) de = / / £ @) 5 — 1) bear (1) doy dz = [ f5113 con) + O(EMN). 0
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3. A NEw PROOF OF THEOREM 1.1

In light of the reduction argument presented in Section 2.2 it is clear that in order to prove Theorem 1.1 it
would suffice to establish the following result for uniformly distributed subsets of [0, 1]%.

Proposition 3.1 (Simplices in uniformly distributed sets). Let Ax = {0,v1,..., v} be a fized non-degenerate
k-dimensional simplex with ca, = min;<;<y dist(v;,span {{vi,...,ve} \ v;}).

Let 0 < A <ex min{l,cgi} and A C [0,1]¢ with d > k+1 and o = |A| > 0. If A is (g,e*\)-uniformly
distributed, then A contains an isometric copy of A - Ay and in fact

(5) // La(@)la(e —A-U(v1)) -+ La(x — A - Uwy)) du(U) dz = P+t + Op(cx /%)
where p denotes the Haar measure on SO(d).

Note that Proposition 2.1 is the special case of Proposition 3.1 with £ =1 and v; = 1.
3.1. Proof of Proposition 3.1.

Definition 3.1 (Counting Function for Simplices). For any 0 < A < 1 and functions

f()afla"'7fk : [071]d_>R
with d > k + 1 we define

(6) T, (fos f1s-o s f)(A / fo@)filx = A-U(vr)) - f(x = A-U(vk)) du(U) dz.
Proposition 3.1 is an immediate consequence of the following “generalized von-Neumann inequality”.
Lemma 3.1 (Generalized von-Neumann for Simplices). For any 0 < £, A < min{1, czi} and functions
forfurs fie s [0,1]7 = [=1,1]

Tan(for fisos X< _min ooy + Ol %),

Indeed, if A C [0,1]¢ with d > k + 1 and a = |A| > 0, then Lemma 3.1 implies
T, (14, 1a)(N) = Ta, (aljgyja, ..., ol ga)(N)] < (25 = 1)|| fallo can) + Onleal/°?/?)
for any 0 < e, A\ < min{l,cgi}. Since Ta, (ol qja, .., alpqja)(X) = o1 4 O(]) it follows that
Ta,(Las .- La)(A) = aFH 4 Oy (3 /e%/%)
provided 0 < A <e <« min{l,cgi}.
To finish the proof of Proposition 3.1 we are therefore left with the task of proving Lemma 3.1.

Proof of Lemma 3.1. By symmetry it suffices to show that
(7) ITa,, (fo, f1, -5 ) M < [ frllor@an + O(Cgi/652/3)_

As in [1] we start by writing

Tay, (fos frse ooy i) (A // /fo V(@ = Xan) - fulae = M) dolS TR, (en) - doli (xa) do(an) da

where o now denotes the normalized measure on the sphere S?~1(0, |v;|) and ol j)

2 < 7 <k, the normalized measure on the spheres

(8) SET = SO NS @ oy — ) N 1S oy — )

LlyeeeyTj—1

x;_, denotes, for each

where S9! (z,r) = {2’ € R? : |z — 2’| = r}. Since

T (oo Frve o SION < [ [ o [| [ fuo-ran) dold 2, (on)] dotd F2D (o) - dotid=? (az) doan) de
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it follows from an application of Cauchy-Schwarz that

) |Tay(fo, froeo o fe)(A / // /fk (@ — Aeg) dol ) () S

dol@FD (zy 1) - dol@D) () do(ay).

L1y Th—2

An application of Plancherel therefore shows that

Ty frseo s OV < [IROPIOO
where
(10) O = [ [0 e O ol A0 (o) - dold = az) o).
Estimate (7) will follow if we can show that
(11) I(X8) = T B(e*XE) + T (1 — (e X€)) < (e AE) + O(cx, *e*)

since || fx||]2 < 1 and an application of Parseval and appeal to (3) reveals that
12 [IREPHEN & = [[ 5o) e~ m)veino) dodey = [l + OEN).

To establish (11) we argue as in [1], in particular we use the fact that in addition to being trivially bounded

by 1 the Fourier transform of ag(ff k?wk , also decays for large ¢ in certain directions, specifically

—— —(d—k)/2
(13) ol O] < € (r(SEE L, L) - dist(€ span{an, .. o))
where r(S47F ) = dist(vg, span{v1,...,vx_1}) denotes the radius of the sphere S4% .

This estimate is a consequence of the well-known asymptotic behavior of the Fourler transform of the
measure on the unit sphere S¢~% C R¥~*+! induced by Lebesgue measure, see for example [3].

Together with the trivial uniform bound I(£) < 1, and an appropriate conical decomposition (depending
on &) of the configuration space over which the integral I(£) is defined, this gives

(14) 1(6) < min{1, Clea, |g) =772}
Combining (14) with the basic bound |1 — ¢(¢)| < min{1, C|¢|} we obtain the uniform bound
1= (" AOII(E) < min{(Aea, 6) 7 eMNE]} < ex) %
from which (11) follows. O

3.2. A Second Approach to our New Proof of Theorem 1.1. In this final subsection we present an
alternative approach to proving Proposition 3.1, and hence Theorem 1.1, with the slightly worse error bound
Oy (cgi/ 121/ 3). Specifically, we establish the following (slightly weaker) generalized von-Neumann inequality
for simplices using only Lemma 2.1, namely the generalized von-Neumann inequality for distances.

Lemma 3.2 (Generalized von-Neumann for Simplices II). For any 0 < A < & < min{1, cgi} and functions
forfuss fie 2 10,17 = [=1,1]
Ta(for fur oo SOV < V2T _mmin 15l + Olea, ),

In the proof below we will make use of the following straightforward observations:
(i) If we let Ag_q ={0,v1,...,05_1}, then
(15) TAk(fO? Jisooos fe—1, 1[0,1]4)()‘) = TAk—l(f()? Jioooo, fk—l)(/\) + O(/\)
(ii) If we let A} = {0,v1,..., v} } with v} = vp_; —vg for 0 < j <k —1 and v}, = vy, then

(16) Ty (fos frs o f)N) = Ty (fr foe1s -5 fo) (M)
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Proof of Lemma 3.2. By symmetry it suffices to show that

(17) ITa, (for f1, - f) V)P < 27 || il ean) + O(ca —1/6 £2/3),

We initially follow the proof of Lemma 3.1, but after (9) we now proceed differently. Instead of applying
Plancherel to the right hand side of

ITa, (fos fis-- oy fe) NP < // /‘/fk T — Ary) dU(d k)wk,l(l“k) dUa(c?, k;i) ,(@p—1) - do(xy) da.

we now “square out” the right hand side to obtain

(18) //// frl@=Azp) fr(@—Azps1) dold™F  (wpyr) dold™R - (ag) doldTFED (zpo1) - do(a) da.

If d = k + 1, then for fixed x1,...,x; we can use arc-length to parameterize of the circle Sd k Ly With
f# =0 and 0 = 27 corresponding to the point x, to write
27
(19) / Fele = Aapp) dol0, (ap) = [ fule — Aapga (@, . 2k, 6)) do.
0

For any fixed 6 € [0, 27] we then define Ap41(0) = {0,v1,..., vk, vk11(0)} with vp41 = vey1(6) satisfying
|Vk41] = |vk|, [ve+1 —v;| = Jvg — ;| for all 1 < j <k —1 and use 6 to determine the angle between vy and

v, measured from the center of the circle Sg;k___zkil, consequently

|vgt1 — vi| = 2sin(0/2) - dist(vg, span{vy, ..., vk—1}).
It follows that
2m
|T‘A1C (f()a flv CERE) fk)()‘)|2 < / TAk+1(9)(1[0,1]da SR 1[0,1]‘17 fkv fk)(A) df + O()‘)
0
and in light of (15) and (16) that

2
|TAk(fo,f17~-~,fk)(/\)|2S/O Ty, 0) (e Jrs Ljo,pas - -+ Lo,) (A) d + O(A)

= [ st S0 0+ 000
where
Tar0)(frs fr)(A) = T(fre, fr)(c(O / fe(@) fr(x — c(0)Az1) do(z1) dw
with ¢(0) = 2sin(0/2) - dist (v, spanf{vy, . . . ,vk_l}). Lemma 2.1 now implies that
I Taq ) (Fr )N < |l eany + O(sin(60/2)) "5 1 0e2/2)

since ¢(f) > 2sin(0/2) ca, . This completes the proof, when d = k + 1, as fOQTr(Sin(G/2))_1/6 df < 00, and in
fact establishes the result in general, since if d > k 4 2, one can define a new non-degenerate simplex

Ago1={0,01, .., V1,V V0,05 1}
with v/,_; = v and use the fact that
Tay(fos frse s f)N) = Ta,_, (fo, - fr—1, Lo agas - - -5 Ljo,1345 i) (A) + O(N). u
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