SIMULTANEOUS POLYNOMIAL RECURRENCE

NEIL LYALL AKOS MAGYAR

ABSTRACT. Let AC {1,...,N} and Pi,..., Py € Z[n] with P;(0) = 0 and deg P; = k for every 1 <17 < £.
We show, using Fourier analytic techniques, that for every € > 0, there necessarily exists n € N such that
[AnA+Rm) (1Al : .
N N

holds simultaneously for 1 < ¢ < ¢ (in other words all of the polynomial shifts of the set A intersect A
“c-optimally”), as long as N > Ni(g, P1,..., Pg). The quantitative bounds obtained for Ny are explicit but
poor; we establish that N; may be taken to be a constant (depending only on Pi, ..., Pp) times a tower of
2’s of height CI:,Z +Ce—2.

1. INTRODUCTION.

1.1. Background. The study of recurrence properties of dynamical systems goes back to the beginnings of
ergodic theory. If A is a measurable subset of a probability space (X, M, u) with u(A) > 0 and T is a measure
preserving transformation, then it was already shown by Poincaré [24] that u(ANT~™A) > 0 for some natural
number n (and hence for infinitely many). This result was subsequently sharpened by Khintchine [16], who
showed in particular that for every € > 0 there in fact exist n € N such that u(ANT"A) > p(A)? —e. Note
that in general this lower bound is sharp, since u(ANT""A) — u(A)? as n — oo whenever T is a mixing
transformation.

A polynomial version of Khintchine’s result, where the set of natural numbers n is replaced by the values
of an integral polynomial P(n) that satisfies P(0) = 0, was established by Furstenberg [10], for a proof
see also [23] or [4]. Recently, far reaching generalizations of Furstenberg’s result have been obtained in the
settings of multiple recurrence: let (X, M, u,T) be an invertible measure preserving system, A € M and
Py, ..., P; be any linearly independent family of integral polynomials with P;(0) = 0 for all 1 <i < £, then
Frantzikinakis and Kra [8] have shown that for any € > 0, there necessarily exists n € N such that

(1) /J,(AQT_Pl(")Aﬂ...QT—PZ(")A) > M(A)E-‘rl e

We note that it follows from an earlier counterexample of Ruzsa [5] that this result cannot hold in general
for dependent polynomials when ¢ > 2 nor even in the setting of ergodic systems when ¢ > 4. Bergelson,
Host and Kra established in [5] that (1) does hold, under this additional assumption that 7" is ergodic in the
case of (dependent) linear polynomials when ¢ = 2,3. Frantzikinakis [7] has investigated the situation for
higher degree polynomials.

These multiple recurrence results contrast sharply with the situation when one drops the requirement that
the measure of the intersections in (1) are “optimally” large: the Polynomial Szemerédi Theorem of Bergelson

and Leibman [6] implies that if (X, M, u, T') is an invertible measure preserving system and Py, ..., Py € Z[n|
with P;(0) =0 for all 1 <i¢ < ¢, then for any A € M with p(A) > 0 there necessarily exists n € N such that
(2) pANT M AN AT~ P 4) > 0.

Note that the case when all the polynomials are linear corresponds to Furstenberg’s Multiple Recurrence
Theorem [10], which is, via Furstenberg’s correspondence principle, equivalent to Szemerédi’s Theorem on
arithmetic progressions.

For a comprehensive survey of the impact of the Poincaré recurrence principle in ergodic theory, especially
as pertains to the field of ergodic Ramsey theory/additive combinatorics, see [9], [3] and [18].
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1.2. Statement of Main Results. In this article we will concern ourselves with the study of simultaneous
(single) polynomial recurrence. The following result gives a full generalization of Furstenberg’s result in this
direction and can be established, as we shall see below, using current and well-known methods in ergodic
Ramsey theory.

Theorem 1.1. Let (X, M, u, T) be an invertible measure preserving system, Py, ..., Py € Z[n] with P;(0) =0
forall1 <i <t and A € M. For every € > 0, there exists n € N such that

(3) wANTPMA) > (A2 —¢ forall 1<i<t.

Note that there are no assumptions that the polynomials in Theorem 1.1 are linearly independent.

In the special case when k& = 1, that is when all of the polynomials are linear, this result can be established
using only combinatorial methods and the following quantitative result can be obtained.

Theorem 1.2 (Griesmer [14]). Let (X, M, pu,T) be an invertible measure preserving system, ci,...,cq €
Z\ {0} with £ < 2™ for some m € N and A € M. For every € > 0 and B C N with log™ |B| > Ce™*, there
ezists a non-zero n € B — B such that

(4) WANT4"A) > u(A)? —e  forall 1<i<{.
It follows from a variant of Furstenberg’s correspondence principle (see Frantzikinakis and Kra [8], in
particular the proof of Theorem 2.2), that Theorem 1.1 has the following combinatorial consequence.

Corollary 1.3. Let Py,..., Py € Z[n] with P;(0) = 0 for all 1 < i < £. For every € > 0 there exists
No = No(e, Py, ..., Py) such that if N > Ny and A C [1, N], then there exists n € N such that

o) Ancas r)l (14

2
— 1<i<V/.
N N> e for all <3</

We note that this correspondence gives no quantitative bounds in the finite setting of Corollary 1.3 (other
than the special case when all of the polynomials are linear). However, if we relax the requirement that
the intersections are “optimally” large and ask merely that they are non-empty then one has the following
result.

Theorem 1.4 (Lyall and Magyar [21]). Let 0 < <1 and Py,..., Py € Zn] with P;(0) =0 and deg P, < k
for all 1 < i < £. There exists a constant C = C(Py,...,Py) such that if N > exp(Cé_e(k_l) logé—1) and
A C 1, N] with |A| > 6N, then there exists n € N for which

(6) AN(A+P(n)#0  forall 1<i<U{.
While if we continue to insist on “optimally” large intersections, but restrict ourselves to the case ¢ =1,
namely the case of a single polynomial, then we have the following result.

Theorem 1.5 (Lyall and Magyar [22]). Let A C [1,N], P € Z[n] with P(0) =0 and € > 0. There exists a
constant C = C(P) such that if N > expexp(Ce~'loge™1), then there exists n € N for which

- AN (A+P(m)| (|A|) .

N N

The main objective of the present paper is to present the proof of a (partial) common generalization of
Theorems 1.4 and 1.5. To be more precise, our objective is to establish, using Fourier analytic methods,
Corollary 1.3 with explicit quantitative bounds, in the special case when all of the polynomials are of the
same degree. In particular we are able to establish the following.

Theorem 1.6. Let Py, ..., Py € Z[n] with P;(0) =0 and deg P, =k for all 1 < i < {. For everye > 0 there
exists Ny = N1(g, Py, ..., Py) such that if N > Ny and A C [1, N], then there exist n € N such that

N N

In particular, the number Ny(g, Py,...,P;) may be taken to be a constant (depending only on Py,...,P;)
times a tower of 2’s of height C. , + Ce2.

2
) —e  forall 1<i</.
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The constant Cj; , in Theorem 1.6 above can be taken to satisfy C , < log™(k) + log"(¢) + C where log”
denotes the inverse of the tower function T'(n), see the proof of Theorem 1.6 in Section 3.3.

The reader will undoubtedly have noticed that the bounds obtained for Ny(e, Py, ..., P;), while explicit,
are rather poor. It is our belief that these are far from the best bounds possible, indeed we expect theses to
grow at most exponentially in e.

We also note that, because of the introduction of different scales (specifically in Lemma 3.1), our current
Fourier analytic approach appears to be insufficient for the task of establishing quantitative results along
the lines of Theorem 1.6 for polynomials with different degrees. In particular, we are not aware of any

quantitative result of this type even in the simplest case, namely ¢ = 2 with P;(n) = n and Py(n) = n?.

1.3. An outline of the paper. As we have been unable to find a proof of Theorem 1.1 in the literature,
we give a complete proof of this result in Section 2. We feel that the inclusion of this argument will also
illuminate the proof of our main result, namely Theorem 1.6, which we present in Section 3.

In Section 4 we communicate an elegant combinatorial proof of Theorem 1.2, using Ramsey’s theorem,
that was shown to us by John Griesmer. We are grateful to John for both showing us this argument and
giving us his permission to include it here.

Theorem 1.4 was first established in [20], but only in the case of linearly independent polynomials. In
Section 5 we include a simple modification of the lifting argument used in [20], to extend the original result
in [20] to the case of linearly dependent polynomials, thus establishing Theorem 1.4 as stated above and in
[21].

Finally, we also include a short appendix on counting solutions to systems of polynomial diophantine
equations as well as a somewhat lengthier appendix on simultaneous polynomial diophantine approximation.

1.4. Notational convention. Throughout the paper the letters ¢, C will denote absolute constants. These
constants will generally satisfy 0 < ¢ < 1 <« C'. Different instances of the notation, even on the same line,
will typically denote different constants.

2. THE PROOF OF THEOREM 1.1

Let € > 0 and (X, M, u,T) be an invertible measure preserving system.

We define Ur f(z) := f(T'z) and note that Up then defines a unitary operator on the Hilbert space of all
square integrable function L?(X, u). If we define f = 14, then

9) pANT P 4) = (f,UR™ )
for each 1 <7 < /.
2.1. Decomposition. We now proceed by decomposing f into an almost periodic (structured) component

and a weakly-mixing (anti-structured) component, thus obtaining the so-called Koopman-von Neumann
decomposition.

Proposition 2.1 (Koopman and von Neumann [17], see also [23]). Let H := L?(X, ), then

(10) H = Hc 2] HwnL

where

(11) H.={feH: {ULf:neZ} is pre-compact}
and

1
(12) me:{fEH : A}im N|{1§n§N:|<U7T1f,g>|26}|=()f0ralle>0 andgE'H}.

Moreover,
Hopm = HE.
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Using Proposition 2.1 we can therefore uniquely decompose

(13) f=rf+fe

with f; € H. and f2 € Hym. Moreover, it is easy to see that these functions also enjoy the property that
0 < f1 <1and (fs,1) = 0. We note that it follows immediately from the Cauchy-Schwarz inequality that

(14) /‘I’(A)2:<f?1>2:<f151>2§ <f17f1>
2.2. Proof of Theorem 1.1. Inserting our decomposition f = f; + f2 into (9) we see that
(15) pANT= PO A) = (1,07 1) + (£, U7 o) + (U7 7 o, 1)

for each 1 <1 < /.
Our stategy to prove Theorem 1.1 will be to show that U;i(")fl ~ f1 and hence
(U7 fi f1) = (fr f1) = (A)?

simultaneously for all 1 < i < ¢ for a positive proportion of 1 < n < N, while for any given g € L?(X, 1)
and P € Z[n] the proportion of 1 < n < N for which (g, U;’(n)f2> ~ 0 tends to 1 as N — oo.

More precisely, we will establish the following two lemmas from which Theorem 1.1 follows immediately.

Lemma 2.2 (Main term estimate). There exists co = co(g, k, £, f1) > 0 such that for all large N

(16) ‘{1 <n<N: HU?(")fl - le <e/2 foralll<i< e}( > ¢oN.
Lemma 2.3 (Error term estimate). Let P € Z[n] with P(0) =0 and g € L*(X, 1), then
o1 P(n)

— <n< : > =0.
a7 Jm {1 <N (wr " p0) 2 e/l =0

Indeed, if N is large enough then from Lemma 2.2 it follows that there must exist at least co /N values of
n € [1, N] for which ||U£i(n)f1 — f1]l £ &/2 and hence

FoOP ™ f) = (f f) = [, UZ O = )] 2 n(A)? —e/2
simultaneously for all 1 < i < ¢. While from Lemma 2.3 it follows that if N is taken sufficiently large then
the absolute value of the last two error terms in (15) can be made less than /4 for all but at most ¢y N/2
values of n € [1, N] simultaneously for 1 < i < ¢. Thus for any € > 0 there exists n € [1, N] (in fact a
positive proportion) for which
WANT P A) > (A2 — &
for all 1 <4 < {. This completes the proof of Theorem 1.1. O

2.3. Proof of Lemmas 2.2 and 2.3. The proof of Lemma 2.2 is based on van der Waerden’s theorem and
the magical identity
j .
(7 - I

18 x + td)’ 17" = jld’

(18) Stwruiy () 1 =
the validity of which can be easily verified for all j € N by induction. Lemma 2.2 is of course in essence a
result on simultaneous diophantine approximation and the proof we present below is essentially an adaptation
of the proof of Proposition 1.5 (on quadratic recurrence) in [25].

The proof of Lemma 2.3 follows from the Hilbert space version of van der Corput’s Lemma (for a statement
of this version see either [4] or [23]) and is well-known, but for the sake of completeness we have chosen to
also sketch its proof below.

Proof of Lemma 2.2. Let Py(z) = Y%

=1 c;;@?, and let n = (e, k) > 0 be a small constant to be chosen later.

Cover the orbit {T™f; : n € Z} by balls By,..., By of diameter n and use this to define a (matrix-
valued) coloring x : Z — [1, M]**¢ of the integers by setting, for each 1 <i < ¢ and 1 < j <k, x;;(n) = r if

.o
us™ f € B,



SIMULTANEOUS POLYNOMIAL RECURRENCE 5

By (the averaged version of) van der Waerden’s theorem there is a constant ¢; = ¢1(M, k, ) such that
the number of monochromatic (k + 1)-term arithmetic progressions in [1, N] is at least ¢; N2, provided N
is sufficiently large. Note that this implies that there will be at least ¢; N monochromatic (k + 1)-term
arithmetic progressions in [1, N| with different step sizes d.

Let d be the step size of a monochromatic arithmetic progression {x +¢d : 0 <t < k} with respect to
the coloring x in [1, N]. Then for any fixed 4, j one has
i d)7 izt
U5 U A <
for all 0 < t < k, thus by (18) it follows that

CuZ o(@+td)’ (1) (=1)"~

HUL”J'del lef f1 bil

cis Yi_o(@ttd)? (3)(=1)7

L J J(3\(_1)i—t
_ ’ Uy fi— U;m i (t)( 1) fIH
J ,7 Cij (:l)thd)j CijIj
SZ()HUT fi= U g
t=0
<27,

Here we have used the facts that [|[UZ ™ f; — UZ T2 f1 || < | UF f1 — Upt 1| + |UF2 f1 — UZ2 f1]| and
|USr f1 — U2 f1 || < || |UR fr — U f1]| which follows from the triangle inequality and the fact that Ur is a
unitary operator on L?(X, p). Thus

Uz ™ 1 = | < k970 ||UR" - | < ()2
Letting n = k!d it follows that for all 1 < i < ¢ we have
(19) HUﬁ"’(")fl - le < k(k)k2kn < /2

provided 7 is chosen small enough. Since the number of such d € [1, N/k!] is at least (c¢1/k!)N, the lemma
follows. O

Proof of Lemma 2.3. We give a proof by induction on the degree of P, using the fact that (17) is equivalent
to

N
. 1 P(n
(20) lim NZ‘(UT( )fg,g> =0

and that when deg P = 1, that is P(x) = ma for some m € Z, then the conclusion of the lemma is an
immediate consequence of the weak-mixing properties of fs.

Let k > 1, P € Z|n] be a polynomial of degree k + 1, and assume that (20) holds for all polynomials of
degree at most k. We will show that (20) holds for all g € L?(X, u1). To this end we note that

N Z‘ 7 fa. )

and hence that it suffices to show that

2 1 N P
) :NZI<(UT><UT) ™(f % f2),9 % g)

XxX

lim =0.
N—oo

N
Z Ur x Up)"™ (fa % f2)

L2(XxX)
Let x, := (Up x Up)P"™(fy x fo) for n € Z, and let h € Z\ {0}. Since
(Trths Tn) xxx = <(UT x Up) P tm=P)=PW) (g, 5 fo), (Up x Ur) =P (fa x f2)>

2
_ ‘<U7}f’(n+h)fP(n)fP(h)f27 U;P(h)f2>‘

XxX
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it follows from the inductive hypothesis, since the polynomial P(n+ h) — P(n) — P(h) has degree at most k

and Uz "M £, € L2(X, ), that
N

. 1
J\}gnoo N Zl (Tnths Tn)xxx =0

The claim now follows from the Hilbert space version of van der Corput’s Lemma, see either [4] or [23]. O

3. THE PROOF OF THEOREM 1.6

Let e >0 and Py,..., P, € Z[n] with P;(0) =0 and deg P, =k for all 1 <i <.
3.1. The Fourier transform, uniformity and polynomial shifts. Let Zy denote the group Z/NZ.

3.1.1. The Fourier transform. Given f : Zy — C we define its (discrete) Fourier transform, fA: Z;V — C, by

F©) =5 3 Fyel-at/N)

TELN

2mix

where e(z) = e and Z;v denote the dual group of all characters on Zy.

It is easy to see that we can identify Z, with its dual. There are two natural measures that one can
put on Zy, namely uniform probability measure and counting measure. As is customary, we shall use the
uniform probability measure on Zy and the counting measure on Zy when it is being identified with its
dual group. We then define LP-norms and /P-norms as follows.

We define LP to be the space of all functions from Zy to C, with the norm

17l = (5 3 @),

TELN
where this is interpreted as max,ez, |f(z)| when p = co. We define £P to be the space of all functions from
Zy to C, with the norm
1/p
1El, = (X 1F©F)
§ELN
where we again interpret this as maxeez, |F'(§)| when p = oo.

In contrast to the situation for the Fourier transform on R, the Fourier inversion formula and Plancherel’s
identity, namely

f@)= Y f@e(ag/N)  and |2 =IIf]

€ELN
are, in this setting, immediate and simple consequences of the familiar orthogonality relation

1 1 if £€=0

3 X ot = {}

N ot 0 if £€#40
3.1.2. Uniformity and polynomial shifts. We now fix a set A C [1,N]. In order to use Fourier analytic
techniques we will, as is customary, identify [1, N] with Zxy and consider A as a subset of Zy. In order

to ensure that working in Zy will not, in any essential way, affect the validity of (8), we will restrict our
attention to those values of n for which

(21) 1<n<M:=c(eN)/k

with ¢ = ¢(Pi, ..., P;) chosen sufficiently small such that |P;(n)| < eN for all 1 <4 < ¢. Note that doing
this we will ensure that the size of AN (A + P;(n)) will increase by at most eN, due to overlapping when
the shifts P;(n) take place in Zy, and as such working in Zy will not affect the validity of (8) (other than
changing ¢ to 2¢).
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Note that if we define f = 14, then

(22) ARAC RO _ L S™ @) (e - i)

N
erN

for each 1 <7 < /.

It is well-known (and easy to verify, see Lemma 2.2 in [12]) that if g,h : Zy — C with both ||g||2 and
||2||2 bounded by 1, then ||h||s < 7 is equivalent to

Zh gz —n)

JEZN

2
<n

_771/3}

The main aim of this section is to show that this phenomenon continues to hold for each of the polynomial
shifts P;(n) for almost all n satisfying (21). In particular we show the following.

and consequently that

<n'’N

Zh g(z —n)

xGZN

ngnSN:

whenever h satisfies the uniformity assumption that [|h/le < 7.

Lemma 3.1 (Error term estimate). Let ¢ >0, P € Z[n] with deg P =k > 2 and M = c¢(sN)'/*.
Ifg,h: Zx — C with ||g]2 < 1, ||k]l2 < 1 and |[h]|so < 7 with 0 <7 < &, then

% > h@)g(z — P(n))| > nl/K}

TELN
for any positive integer K > C k?logk, where then Cy is a large constant depending only on P.

(23) <o ntEM

{1§n§M:

3.1.3. Theorem 1.6 for uniform sets. We quickly remark that from Lemma 3.1 we can immediately deduce
Theorem 1.6 in the special case of (suitably) uniform sets A. Recall that a set A is said to be n-uniform if
1T4(€)] < nfor all € € Zy \ {0}, or equivalently HEHOO <7, where f4 = 14 — |A|/N denotes the so-called
balanced function of A. Inserting the decomposition f = fa4+|A|/N into (22) and recalling that the function
fa has mean value zero, we obtain the following corollary to Lemma 3.1.

Corollary 3.2. If A C Zy is n-uniform with 0 < n < & and K > Ck?logk, then there necessarily eist
at least (1 — £C 0" SYM walues of n € [1, M] (and hence at least one if n*/* < min{e, 1/2¢C,}) for which

AN (A; b))l (;1;')2

<e

holds simultaneously for 1 <1i < (.

3.1.4. Proof of Lemma 3.1. We make use of the following well-known fact from number theory which we
state here, and whose proof will be given in Appendix A for the sake of completeness.

Proposition 3.3. Let P € Z[n] with degP = k and K > Ck?log k be a natural number. Then for any
M € N, the number of 2K -tuples (ny,...,nx,mi,...,mg) € [1, M]*X satisfying

(24) P(ny)+---+ P(ng) = P(my) + - + P(mg)

is bounded by CoM?5=% where Cy is a large constant depending only on P.

In order to prove Lemma 3.1, with 4K in place of K, it suffices to show that

(25) Z Z 2)g(x — P(n))| < Cin'/?K M.

n=1 $€ZN
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In order to verify (25) we introduce a weight function w : Zy — {—1,1} such that the left side of (25)
may be written (using Fourier inversion) as

M
(26) L3S haate — P)uln) = 3 REFESME)

n=1z€Zn E€ELN

where
M
(27) Z n)¢/N).

Note that we have no control over the weight function w(n) and hence cannot hope for any non-trivial
pointwise bound on |Sy,(§)|, nevertheless we can obtain sharp estimates for the higher moments of \S,, using
Proposition 3.3. Indeed for any positive integer K > C k2 log k one estimates

I1Swll3i = Y 1Sw(@)**
E€ELN
M

= Y wlm)--wmg) Y e((P(n) + -+ Plng) = P(m1) = - = P(mg)) €/N)

ni,...,ng=1 E€ELN
ml,..,szl

< N’{(nl,...,nK,ml co.,mK) E [1,M]2K : P(n1)+ -+ P(ng) = P(my) + --~—|—P(mK)}‘ .
Since 1 <n;,m; <M and M =c (sN)l/k with a sufficiently small constant ¢, the equality
Plm) 4+ P(n) = Pm) + - + Plmg)
holds in Zy if and only if it holds in Z.
It therefore follows from Proposition 3.3 and Hélder’s inequality that

> OISO < Ngll2 1Pl 25 [[Swllac < 0¥ (CoNMKF)2E < Cynt/2K pp
EELN

with C1 = (Co/c*) /2K since |[h 2 < [ [RIS*V/% <y and M = c(=N)/*. O

3.2. Decomposition. In order to exploit the phenomenon exhibited in Lemma 3.1 in a proof of Theorem
1.6 one would naturally try, as we did in the proof of Theorem 1.1, to make use of a decomposition theorem
that will allow us to decompose f into a structured component and a suitably uniform (anti-structured)
component.

It is easy to see that for any given n > 0 and f : Zy — C with || f||2 < 1, the number of £ € Zy such that
1F(€)| = n is at most =2, since || f|l2 < 1. Using the Fourier inversion formula together with this fact, we
have the decomposition f = g + h, where

=" f(&)e(€x/N) and h(z) =Y f(€)e(€x/N)
ger £¢r
with T' = {& € Zy : |f(€)] = n}. It is then immediate that [h(£)| < 1, and that g is indeed “structured” in
the sense that it involves only a bounded number of characters.
As we shall see below this simple decomposition will unfortunately be insufficient for our purpose. The
problem is that we need a much stronger relationship between ||h||s and the upper bound on the size of T.

The following result, which shows that one can indeed obtain this, modulo a small L2-error, is a standard
result in additive combinatorics (see for example [13] Proposition 2.5).

Proposition 3.4. Let f: Zy — C with ||f|ls < 1. Write Zy = {&1,...,Ex} so that |F(&1)] > -+ > | F(En)].

For every e > 0 and n: N — R a positive function that decreases to 0, there exists m = m(e,n) € N and
a decomposition

f=hHa+fo+ 1
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with

m

Z Je(&z/N)

while | f2]lo < n(m) and || fs]|2 < e.

We note that the proof of this result gives the desired decomposition for some m € N that is bounded
above by a number that results from starting with 1 and applying the function ¢ — 7(¢)~2 at most =2 times.

To find the appropriate function n(m) we use the following result from the theory of diophantine approx-
imation, the proof of this result is presented in Appendix B.

Lemma 3.5 (Main term estimate). There exists a constant C o such that for all 0 < e < 1/2 we have
(28) H1<n<M:||P(n)é/N| <eforall<i<t1<j<m}|>(e/m)Cr™ M

provided M > (s/m)*c’cv“"ﬂ, where ||a| denotes, for each oo € R, the distance from « to the nearest integer.

3.3. Proof of Theorem 1.6. Inserting the decomposition from Proposition 3.4, for say £/8 and a positive
decreasing function n: N — R+ to be chosen later (using Lemma 3.5), into (22) we obtain

ANALPI LS f@file - B + 1 Y (o + f)@)gla — Pi(n)
TELN T€LN
Z fi(@) f1(x — Pi(n ))‘ - % Z (f2+ f3)(x)g(z — Pi(n))
:EGZN 2E€ZN

for each 1 < i < ¢, where g : Zn — R is some function that satisfies ||g||2 < 2.

By the Cauchy-Schwarz inequality it follows that

=3 St~ ()

mEZN

for all n € N, while from Lemma 3.1 it follows that for all but at most £Cyn(m)*/ ¥ M values of n € [1, M]
we also have

(29) < I fsll2llgllz < e/4

(30) /K

Zfz Fi(n))

xGZN

<n(m)

simultaneously for all 1 <7 < /.

Using the fact that & = 0 (a consequence of f being non-negative) one can conclude that for each 1 < ¢ < ¢
we have

\f(ﬁj)lze(EjR-(n)/N)

INgE NgE

—

Zfl )fi(z — P (>>|

wEZN

)

Y

-

Zlfg%l le(&;Pi(n)/N) =1

)H

— <

> |f(€ 1)|2—5/2
(¥) 3

provided that [e(§;Pi(n)/N) — 1] < g/2 for all 1 < j < m. It therefore follows from Lemma 3.5, since
le(z) — 1| < 27|z, that for at least (g/4mm)C+™" M values of n € [1, M] the main terms will satisfy

+ 3 A@hE - P) >(';3)2_;

xEZN

simultaneously for all 1 < ¢ < ¢, provided M > (E/47Tm)_ck*em2.
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Therefore, if we choose n(t) := (ZC’l)’K(5/47rt)c’*‘w"'Kt2 /2, it follows that £Cyn(m)Y/% < (5/47rm)c’“vﬂm2,
thus establishing Theorem 1.6 with
Ni(e,Py,...,Pp) = C(6/47Tm)7kc’”m271
where the constant C' depends only on the polynomials Py, ..., P,.

Since, as we remarked above, m is bounded above by a number that results from starting with 1 and
applying the function t — n(t)~2 at most =2 times, N; will clearly be a tower type bound with height
proportional to e 2. To be more precise, it is not hard to verify that

(/4mm) KO =1 — (O, 4 Ce72),
where T(1) = 1, T(j + 1) = 270) is the tower function.

Finally we remark that if one uses explicit Vinogradov type bounds for the Weyl sums, then one obtains
the constant Cy o = Ck“¢¢ in Proposition 3.3 and hence Cy o < log™(k) +log™(¢) + C* where log™ denotes
the inverse of the tower function T'(n). O

4. SIMULTANEOUS LINEAR RECURRENCE
In this section we will give a combinatorial proof of Theorem 1.2, shown to us by John Griesmer [14].

4.1. A combinatorial proof of Khintchine’s theorem. We first establish the result for £ = 1 (which
of course corresponds to the case m = 0). This is a quantitative formulation of the e-optimal extension of
Poincaré’s recurrence theorem, due to Khintchine, that was discussed in the introduction.

Lemma 4.1 (Bergelson [3]). Let (X, M, u,T) be an invertible measure preserving system and A € M. For
every € > 0 and B C N with |B| > e™!, there exists a non-zero n € B — B such that

(31) WANT™"A) > u(A)? —e.

Proof. Let € > 0 and v1,...,vy be distinct natural numbers with N > e~1. Since

N
Npu(A) = /X > AT di

it follows from the Cauchy-Schwarz inequality that

N 2
NQ,u(A)Qg/X<ZlA(T”jx)> du
Jj=1

and hence that
LS T ANT R A) > (A
1<4,k<N
It then follows from the fact that there are only N diagonal terms that there must exist apair1 < j <k < N
for which
p(ANT= =) 4) > [ (A)? — ¢, O

4.2. Proof of Theorem 1.2. Let m be a non-negative integer. It clearly suffices to prove the Theorem
for £ = 2™. We proceed by induction on m, noting that Lemma 4.1 above covers the base case, namely
when m = 0, since we can simply apply that result to the transformation 7°* in place of T for any given
a1 € Z\{0}.

We now assume that the result holds for a given non-negative integer m, fix ¢1,...,com+1 € Z\ {0} and
distinct natural numbers vy, ...,vy with N > 220 where logh* L > Ce~!.
We now define a coloring of the edges of the complete graph Ky on the vertices vq,...,vy. Color the

edge between vertices v; and vy red if
p(ANT=¢Wi=v) A) > 1(A)? —

for all 1 < ¢ < 2™, and color it blue if this is not the case.
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Since N > 22L and logh' L > Ce~!, it follows from Ramsey’s theorem and the inductive hypothesis
that K must contain a complete red subgraph with at least L vertices. In other words, there exists a
sub-collection

{wy,...,wr} C{vy,...,on}
such that for every 1 < j,k < L we have
p(ANTeWimw) 4) > (A)2 — ¢

for all 1 < ¢ < 2™. Applying the inductive hypothesis once more, this time with com_q,...,com+1 to the
collection w1, ..., wy of distinct natural numbers obtained above, it follows that there necessarily exists a
pair 1 < j < k < L such that

p(ANT=e Wi A) > 1 (A)? — ¢
for all 2™ + 1 <4 < 2™+ This completes the proof. O

5. THE PROOF OF THEOREM 1.4

It is easy to see that in order to prove Theorem 1.4 it suffices to establish the following reformulation.

Theorem 5.1. Let k > 2 and Py,..., Py € Z[n] with P;(0) =0 and deg P; < k for all 1 <1 < /.
If AC[1,N] and {Pi(n),...,Pi(n)} £ A— A for any n # 0, then we necessarily have

@<C’ log log N 1/6(k=1)
N — log N

for some absolute constant C = C(P, ..., P).

As remarked in Section 1.3, Theorem 5.1 was established for families of linearly independent polynomials
in [20]. In the case of a single polynomial (¢ = 1), this result was originally obtained by Lucier [19] (with
slightly weaker bounds) and, to the best of our knowledge, constitutes the best bounds that are currently
known for arbitrary polynomials with integer coefficients and zero constant term.

A simple modification of the lifting argument utilized in [20] will enable us to deduce Theorem 5.1 as a
corollary of the following higher dimensional result, which was the main result in [21] (see also [20]).

Theorem 5.2 (Lyall and Magyar [21]). If B C [1,N]* and (n,n2,...,n*) ¢ B — B for any n # 0 then we
necessarily have

|B| loglog N L/(k=1)

Pl oo 28250

Nk — log N

for some absolute constant C = C(k).

We note that this result (and Theorem 5.1) originally appeared in [20] with slightly inferior bounds
involving (loglog N)? instead of loglog N. The improved bounds stated above follow immediately from
an elementary modification of the the proof of Lemma 6 in [20], see [21]. The modification of the lifting
argument utilized in [20] is however less elementary and it is this that we choose to present below.

As in [20], we again speculate that the methodology of Balog et al. [2] may be applied in this higher
dimensional situation to obtain far superior bounds in Theorem 5.2 and hence also in Theorem 5.1.

5.1. Proof that Theorem 5.2 implies Theorem 5.1. Let P;(n) =cayn+---+ cank for 1 <i<4.

Suppose that the coefficient matrix P = {¢;;} has rank r with 1 < r < £. Without loss of generality
we will make the additional assumption that it is in fact the first » polynomials P, ..., P. that are linearly
independent and use R to denote the r x k matrix corresponding to the first » rows of P. As a consequence
of this assumption it follows that the remaining polynomials, P,.;; with 1 < i < /¢ — r, can be expressed as

Pryi=dnP+ - +dip Py



12 NEIL LYALL AKOS MAGYAR

where D = {d,;} is some (£ — r) x r matrix with rational coefficients. Note that
VAR
R:ZF 7"
D:R(ZF) — 7t

Pe) = (Dgz(l()z))») |

Let A = A x---x ACIlN]¢ and set § = |A|/N. The full rank assumption on the matrix R ensures
that there exists an absolute constant ¢, depending only on the coefficients of the matrix R, such that

R(Z*)N (A" = s)| = 6" N”

and

for some s € [1,c¢!]". Thus, if we choose N’ to be a large enough multiple of N (again depending only the
coefficients of the matrix R) and let

B ={be[-N ,NT*:R(}) e A —s},
it follows that
|B'| > cé"N".

Since

S Y L (DRE) + 1) = A7 B]

teZt—r beB’

it follows that there exists ¢ = ¢(P) and ¢ € Z‘~" such that
[{be B : D(R(b)) € A" " —t}| > 6" "|B|.
Hence, if we let
B={be[-N',N1": P@b)e A" —m},
where m = (s,t) € Z*, it follows that
|B| > c6'N*.
Theorem 5.1 now follows from Theorem 5.2 since if there were to exist an n # 0 such that
(n,n?,...,n") e B-B
this would immediately imply that
(Pi(n),...,Py(n)) € A® — A",

since P(B) C A* — m. O

APPENDIX A. COUNTING SOLUTIONS TO SYSTEMS OF POLYNOMIAL DIOPHANTINE EQUATIONS

The aim of this section is to prove Proposition 3.3. We do this by showing that it follows easily from
counting the integer solutions 1 < x1,...,Zx,Y1,---,Yx < M of the system of equations

(32) T O =Yk

where the exponent ¢ ranges from 1 to k, this is known as Tarry’s problem. An asymptotic formula for the
number of solutions Jk ;(M) (as M — oo) was originally obtained by Hua [15], see also Wooley [26]. In
particular, it follows from these results that

(33) JKJ@(M) < CkMQK_k(k+1)/2

as long as K > Ck?log k. For additional discussion of Tarry’s problem, see [1] and [26].
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Proof of Proposition 3.3. Let P(x) = c;a* + --- 4 c12 be an integral polynomial. For given
1 Swlw"axKvylv"‘vyK < M

and for 1 <i <k, let

(34) si=ay o F T — Y~ Yk
Then z1,...,TK,Y1,...,Yx is a solution of equation (24) if and only if ¢151 + - -+ + cxsp = 0.
For given s1,..., sk, let Jx (M;s) denote the number of integer solutions of the system (34). Then, as

usual, one can express the number of solutions as a multiple integral of the form
1 1 _
Ji x(M;s) = / , / 1S(0y, . ..,0p) | e 2milsiOittsubn) g, dg,
0 0

where

M
S(61,...,0,) = Z p2mi(mO1 - tmFoy)

m=1

Therefore, we have that Jx 1 (M;s) < Jgk k(M) uniformly in sq,...,s5. For a solution of (24) the values
S1,...,8k—1 determine s, and since |s;| < KM for 1 <i<k—1, one estimates the number of solutions of
(24) from above by Cj, M(k=Dk/2\p2K=k(kE+1)/2 — ) M2K—F  This proves Proposition 3.3. O

APPENDIX B. SIMULTANEOUS POLYNOMIAL DIOPHANTINE APPROXIMATION

The purpose of this section is to supply a proof of Lemma 3.5. We in fact establish the following more
general result.

Proposition B.1. Let Py,..., P; € Zn] with P;(0) =0 anddeg P; < k forall 1 <i </{ and 0y,...,0,, € R.
Then for any 0 < e <1/2 and N € N we have that

(35) H1<n< N :|Pn)by| <eforalll <i< 1<i <m} >(e/d)*N
where d = kfém and Cy, > 0 is a constant depending only on k.

It is easy to see that Proposition B.1 is an immediate corollary of the following result.

Proposition B.2. Let di,...,d; € N and aj € R% for 1 < j < k. There exists C, > 0 such that for any
0<e<1/2 and N € N we have

(36) H1<n< N :|nfayl| <e foralll <j<k}>(e/d) "N

where d = dy + -+ - +dy, and |o;|| denotes, for all a; € R%, the distance from «; to the nearest integer point
in Z%.

Proof of Proposition B.1. Let P;(n) = Z§:1 cijn for 1 < i < k. For any given 1 <i</land 1 <i <m
we of course have || P;(n)0;|| < & whenever ||n’c;;0;|| < £/k for all 1 < j < k. Thus, if we apply Proposition
B.2 to the vectors ai,...as € R where a; = (¢ij0ir)1<i<e, 1<ir<m for 1 < j < k, then Proposition B.1
follows. O

We are therefore reduced to the task of proving Proposition B.2. The special case k = 2 and oy = 0
is precisely Proposition A.2. in [11]. In fact, their argument generalizes to our case in a straightforward
manner and as such we will sketch only the main steps and refer to the proofs in [11].
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B.1. The proof of Proposition B.2. Let A = A; X --- x Aj, where each A; C R% is a full rank lattice.
Recall, from [11], that the theta function

2 2
(37) Z e~ Ttlz—m]| — Z e TIE  te(e - x)
meA t / det(A) EEA™
where A* ;= {£ € R? : ¢-m € Z for all m € A} is the dual lattice of A, from which it follows that
21 &
(38) Fa o(N) :=det(A Z Oar(l,now) Z el i Z e(¢-(noa))
EEN™ n=1
where a = (aq,...,ax) and for each n € N we define n o a := (nay,n’as,...,n*ay). As in [11] we also
define the quantity
(39) Ap = det(A) Z emIml* = Z e mIel’,
meA cenr

The crucial ingredient in the proof of Proposition B.2 is the following lower bound on Fjy (), whose
proof we outline in Section B.3.

Proposition B.3. Let A = Ay x--- x Ay, where A; C R% (d; > 0) is a full rank lattice, such that det(A) > 1.
Then for all a = (ay, ..., ax), with a; € R% and N € N one has

(40) Fpa(N) > (Cd)=Cr" A O
where d =dy + - +di > 1.

Note that in the statement we allow the degenerate case d; = 0, when A; = R% = {0}.

Assuming Proposition B.3 we can now establish Proposition B.2 as in [11].

Proof of Proposition B.2. For simplicity of notation we set cq := (Cd)=% . Let ¢ > 0 and A := (RZ)?
where R := C Cyd?e~2 (with a suitable large constant C). Note that

(41) Ay =R Y e ™Iml < (10R)%,
mezd

If [noal| > e that is [n o a — m| > ¢ for all m € Z¢, then for 3 = Ra one has that

Ino B — Rm|> > R?*/2+ |no 3 — Rm|?*/2
for all m € Z4. Thus by (37) and the choice of R it follows that

det(A)OA(1,nof) < e/ det(A)OA(1/2,n0f)
< e TR 202 B el
EEA*

Cd y—Cid
< Saz0.
If one defines the set G := {n € [1, N] : |lnoal < e}, then by (38) and (40) it follows that

— Z det(A)Ox(1l,n0B) > ¢ Axc’cd.
N
Also, by (41), we have
det(A)Ox(1,n 0 ) < Ap < (Crd?e2)?
for all n. This implies (36) since
Gl | ca

N 25 AT 2 (Cd) O (e ) 2 (/) .
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B.2. Three Lemmas. In order to prove Proposition B.3 we need the following three lemmas, which we
present without proof. These lemmas correspond to Lemmas A.5, A.6 and A.7 in [11] and are proven in
essentially the same way. We leave this for the interested reader to verify.

Lemma B.4 (Properties of Fj ). Let A = Ay x -+ x Ay, where each A; C R% is a full rank lattice. Let
a=(a,...,ax), with a; € R% and N > 20.

(i) For any c € (75,1), we have Fao(N) > SF) o(cN).

(ii) For any integer 1 < q < %, we have Fy o(N) > %FA’qoa(%),

(iii) Let0 < e < é, If B=(B1,-..,B) is such that |3 — ;| < eN~% for1 <i <k, then forall1 <n < N
we have

Or(l,noa) > cF Outea(l,no(14+¢)p)
and hence

Fpa(N) > Fayon ates(N).

Lemma B.5 (Schmidt’s alternative). Let A = Ay X -+ X Ay, where each A; C R% is a full rank lattice and
let N > (4A5)%. One of the following two alternatives holds:

(i) Faa(N)=1/2
(ii) There is a positive integer ¢ < d(4Ax)C*, and a primitive & € A\{0}, such that

(42) & < C(Vd + \/log Ay)

and

(43) g - cillryz < (4AA)C;€N7¢

Recall that £ € A} is primitive if £/n ¢ AF for any integer n > 2.

Lemma B.6 (Descent). Suppose that A’ C R¥~! and A C R? are full rank lattices with A’ C A, where R4~1
is regarded as a subset of R, Suppose that o/ € R¥™Y, that o € R? and that & — o' € A. Then
det(A)

(44) FA,a (N) > m FA’,O/(N)

The only substantial difference from [11] in this section is in the proof of Lemma B.5, where we need
estimates for the exponential sums, defined for § = (6y,...,60;) € R* by

N
(45) Sn(0) = Z e(nfy + -+ nkﬁk).
n=1

2|~

The following is precisely what is required.

Lemma B.7 (Weyl Inequality). Let 0 < 6 < 1/2. There exist a positive constant Cy > 0, such that if
N > 6% and

(46) [Sn(0)] =6
then there exists a positive integer ¢ < 6~ % such that
(47) llgbil] < 6= N~
foralll <i<k.
This formulation follows easily form standard estimates on Weyl sums, see for example [20], Lemma 5. In

fact using the sophisticated estimates of Vinogradov, one may take Cj = C k?log k, however for simplicity
we do not develop such bounds here.



16 NEIL LYALL AKOS MAGYAR

B.3. The proof of Proposition B.3. As in [11], the proof of Proposition B.3 will follow, via an iteration,
from the following result.

Proposition B.8 (Inductive lower bound on Fj o). Suppose o = (o, ..., o), A=Ay X --- x Ay such that
a; € R% and A; € R% is a full rank lattice. Let N > (4A5)C* be an integer. Then either Fx o(N) > 1/2 or
there is an o € R¥™! and a full rank lattice A’ = A} x --- x A C R with

(48) Ay < C(Vd + \/log Ay) Ay
and an N’ > d=C(4A5)~*N such that
(49) Fro(N) > d=C(4A0) "% Fpr o (N')

Proof of Proposition B.8. Assuming Fi ,(N) < 1/2 and applying Lemma B.5, there exists an 1 <14 < k, a
primitive & € Af\{0} and a positive integer ¢ < d(4A4,)°*, such that

1€ - g ]| < d(4A5) kN
(by changing the value of the constant C}). Fixing the lattice A;, and arguing as in Proposition A.8 of [11],
it follows that there is a 3; € R% such that
(50) 18; — q'avi| < d(4A5)“* N~
and an m; € A; such that 8/ = 8; —m; € (RE)E ~ R4~ Let N, = cd=(4A4,)~* N, then by the choice
of N,, we have
(51) Bi —q'a;| <d7IN]T
and moreover by Lemma B.4 (i) and (ii) it follows that

Fpa(N) 2 d “(4Ax) " Fpa(Ny) 2 d"C(4A0) " Fi goa(N+/q)

If = (Bi,...,5) with 3; satisfying (50), and 3; := ¢’a; for each j # i, then by Lemma B.4 (iii) with
€ = 1/d we have
(52) Fa(N) 2 d™9(440) "% Fa goa (N4 /q) 2 d7C(442) " Fupoa (14005 (N)
where N’ = N,/q. Note that by the choice of N and the upper bound on ¢, N’ satisfies the claimed
lower bound. Finally let o’ = (1 + )3, where 3; = ; for j # i, and let A’ = A} x --- x A} such
that A} = (14 ¢)A; N (RE)* and A} := (1 +¢)A; for j # i. From Lemma B.6 using the facts that
det(A) = [T, det(A;) and (14 1/d)? < e, one obtains

_ det(A;)
Fro(N) > d ©(4A4,) : Frr o (N).
A7 ( ) — ( A) det(Az m (sz)l‘) A ) ( )
The rest of the argument goes exactly as in [11], one estimates
det(Ai) AA. 1
= d < &7t < C(Vd + \/log Ay,).
det(A; N (RE)T)  Ap;nmen ) “ ( v
Since Ay =[], Aa, and in particular Ay, < Ajp, the claimed bounds (48) and (49) follow. O

Note that if d; = 1 the (R&;)* = {0}, thus A} = {0}, dj = 0 and ©,/(t,z) = 1. We allow this to avoid
the need to discuss separate cases. Iterating this proposition leads to the claimed lower bound on Fi (N)
in Proposition B.3, in a straightforward manner, as in the proof of Proposition A.9 in [11].

Proof of Proposition B.3. By the trivial lower bound

Fp o(N) > det(A)/N > 1/N
one may assume N > ded (4A5)%9 for some suitably large constants C' and Cj. Set Ag = A, ag = «,
Ny = N. Applying Proposition B.8 repeatedly one obtains vectors a?) € R4~7 | lattices AU) C R%J and
integers N/). Thus there must exist a j < d such that Fj := Fyu) o) (NU)) > 1/2 (if j = d, then AU) = {0}
hence F; =1).

To check the validity of the iteration, since Ay > 1, one may use the crude bound

1/d
Vd+\/log X < CdAY
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X > 1, thus by (48) one has
Ay < (CA)AT
all 1 < j <d. This implies
N > d=C(4450)) " NU=D > (Cd)= AL

thus by the choice of N, we have that N) > (4A 7)) for all 1 < j < d, and hence by (49)

Fjp1 2 d 9 (4Ay0) O F) > (Cd)~ 1AL Fy

which gives the desired lower bound for Fy o(N). |
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