ASYMPTOTIC PROPERTIES OF LAGUERRE FUNCTIONS

NEIL LYALL

Recall that Laguerre functions of type 6, § > —1, form an orthonormal basis for L?(R*) and are given by

1/2 _lp s
Aj(z) = ((kf&)!) Ly(x)e”#"a,

where L{(z) = Z?:o (’ij) (_ﬁ)j are the Laguerre polynomials of type 4.

The two asymptotic formulae below which hold uniformly in their respective ranges of validity (which
overlap) are due to Erdélyi [2]; see also [1] and [3]. In what follows v = 4k + 26 + 2 and N = v/4.
1. THE BESSEL ASYMPTOTIC FORMS

Let 0 <z <bv, b < 1. Then for k > ko,

S+EN2 s 1 s 3 3 L~
a) = (S5 2t () (5) (o) + 00 () Tl
and so
1) M) =i@)(2)" (%) (Usr0) + 0l () T
where C1(9) is a constant independent of k, ) = ¢(¢) satisfies
i 171 2
@ vi=5(:-1)
andt:%. For 0 <t <1,
P(t) = [t —1?)% +sin~' ¢3],

and

T(u) = Js(u) if u sufficiently small,

T 0@ P + 1Y@)P)?E otherwise,

here Ys and Js are Bessel functions of order 4.

1 1
Lemma 1. If0 <t < %, then %tz < (t) <tz.

Proof. Let f(t) = (t — t2)2 + sin~'¢2, notice then that f/(t) = (1), Now if 0 < s < 3, we have
ls=2 < f'(s) < sz, and so

2
t t t
%/ s72ds < / f(s)ds < / s72ds
0 0 0
which implies t3 < f(t) < Qt%, since f(0) = 0. O

2. THE AIRY ASYMPTOTIC FORMS

Let 0 < av <z, a > 0. Then for k > ko,

s _i%N+é—N—%W%~_§ —1 7502
A (z) = (56 15 26 NV s Vy (—¢’) {Ai(—v3¢) + Oz~ Ai(—v39)]},

and so, using Stirling’s formula

Nl=

(3) ML) = Co@)(-Drviat (=) (Ai-vie) + Ol Ai(—via)
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where C3(9) is a constant independent of k, ¢ = ¢(t) satisfies

, 1/1
(4) o0l = (3 -1).

and again t = £. Now one can show

o) = (§) {[COS% —(t-t)iE ifo<t<,

4/ 1 —[(t2 —t)z —cosh™'t2]3 ift > 1,
and
—~ Ai(z) if 2 >0,
Ai(z) = 1
(JAi(2)|* + |Bi(2)]?)* if 2 <0,
here Ai and Bi are Airy integrals®.
Lemma 2. If 3 <t <1, then $(1—t) < ¢(t) <1—t.
1
Proof. Let g(t) = cos™'t2 — (t — t)%, notice then that ¢'(t) = — (1£)?. Now if 3 < s < 1, we have

(1—s)2 < —g'(s) <2(1—s)z, and so

[(1 _s)kds < —/tlg'(s)ds < 2[(1 — s)kds

which implies 2(1 — )2 <g(t) < 21— t)2, since g(1) = 0. O
Note also that, for z > 0

3. TRIVIAL ESTIMATES

It follows from the asymptotics above that for k£ large we have the following crude estimates for our
Laguerre function; see Askey and Wainger [1].

(zv)2 fo<z <l
(zv)~7 if L <z<,
|A5( J<c V*%(V—x)*% if%gxgl/—u%,
T .
k - Vo5 lfV—V%§£U§U+V%7
voi(z —v)Tae v 2@w)? ifu—|—V%§:c§37”,
e 2® ifx >3

where 71,72 > 0 are fixed constants.
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L Recall that Ai(z) and Bi(z) are independent solutions of the differential equation 9% = zy and have the integral

o
1 o 1 1 ooy Le3qa 1 v
representations Ai(z) = = [ cos(5t% 4 zt)dt and Bi(z) = = [;°{e3 + sin(5t3 + zt) }dt.
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