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Recall that Laguerre functions of type δ, δ > −1, form an orthonormal basis for L2(R+) and are given by

Λδ
k(x) =

(
k!

(k+δ)!

)1/2
Lδ

k(x)e−
1
2 xx

δ
2 ,

where Lδ
k(x) =

∑k
j=0

(
k+δ
k−j

) (−x)j

j! are the Laguerre polynomials of type δ.
The two asymptotic formulae below which hold uniformly in their respective ranges of validity (which

overlap) are due to Erdélyi [2]; see also [1] and [3]. In what follows ν = 4k + 2δ + 2 and N = ν/4.

1. The Bessel asymptotic forms

Let 0 ≤ x ≤ bν, b < 1. Then for k ≥ k0,

Λδ
k(x) =

( (δ + k)!
k!

) 1
2
2δ− 1

2 ν−
δ
2

(ν
x

) 1
2
( ψ
ψ′

) 1
2 {Jδ(νψ) + O [ν−1( x

ν−x )
1
2 J̃δ(νψ)]},

and so

(1) Λδ
k(x) = C1(δ)

(ν
x

) 1
2
( ψ
ψ′

) 1
2 {Jδ(νψ) + O [ν−1( x

ν−x )
1
2 J̃δ(νψ)]}

where C1(δ) is a constant independent of k, ψ = ψ(t) satisfies

(2) ψ′(t) =
1
2

(1
t
− 1

) 1
2

and t = x
ν . For 0 ≤ t < 1,

ψ(t) = 1
2 [(t− t2)

1
2 + sin−1 t

1
2 ],

and

J̃δ(u) =

{
Jδ(u) if u sufficiently small,(
|Jδ(u)|2 + |Yδ(u)|2

) 1
2 otherwise,

here Yδ and Jδ are Bessel functions of order δ.

Lemma 1. If 0 ≤ t ≤ 1
2 , then 1

2 t
1
2 ≤ ψ(t) ≤ t

1
2 .

Proof. Let f(t) = (t − t2)
1
2 + sin−1 t

1
2 , notice then that f ′(t) =

(
1−t

t

) 1
2 . Now if 0 ≤ s ≤ 1

2 , we have
1
2s

− 1
2 ≤ f ′(s) ≤ s−

1
2 , and so

1
2

∫ t

0

s−
1
2 ds ≤

∫ t

0

f ′(s)ds ≤
∫ t

0

s−
1
2 ds

which implies t
1
2 ≤ f(t) ≤ 2t

1
2 , since f(0) = 0. �

2. The Airy asymptotic forms

Let 0 < aν ≤ x, a > 0. Then for k ≥ k0,

Λδ
k(x) =

(−1)k(
k!(δ + k)!

) 1
2
2

5
6NN+ 1

6 e−Nx−
1
2

( π

−φ′
) 1

2 {Ai(−ν 2
3φ) + O [x−1Ãi(−ν 2

3φ)]},

and so, using Stirling’s formula

(3) Λδ
k(x) = C2(δ)(−1)kν

1
6x−

1
2

( 1
−φ′

) 1
2 {Ai(−ν 2

3φ) + O [x−1Ãi(−ν 2
3φ)]}

1
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where C2(δ) is a constant independent of k, φ = φ(t) satisfies

(4) φ(t)[φ′(t)]2 =
1
4

(1
t
− 1

)
,

and again t = x
ν . Now one can show

φ(t) =
(3

4

) 2
3

{
[cos−1 t

1
2 − (t− t2)

1
2 ]

2
3 if 0 < t ≤ 1,

−[(t2 − t)
1
2 − cosh−1 t

1
2 ]

2
3 if t > 1,

and

Ãi(z) =

{
Ai(z) if z ≥ 0,(
|Ai(z)|2 + |Bi(z)|2

) 1
2 if z ≤ 0,

here Ai and Bi are Airy integrals1.

Lemma 2. If 1
2 ≤ t ≤ 1, then 1

2 (1− t) ≤ φ(t) ≤ 1− t.

Proof. Let g(t) = cos−1 t
1
2 − (t − t2)

1
2 , notice then that g′(t) = −

(
1−t

t

) 1
2 . Now if 1

2 ≤ s ≤ 1, we have
(1− s)

1
2 ≤ −g′(s) ≤ 2(1− s)

1
2 , and so∫ 1

t

(1− s)
1
2 ds ≤ −

∫ 1

t

g′(s)ds ≤ 2
∫ 1

t

(1− s)
1
2 ds

which implies 2
3 (1− t)

3
2 ≤ g(t) ≤ 4

3 (1− t)
3
2 , since g(1) = 0. �

Note also that, for z > 0
Ai(−z) = 1

3z
1
2 [J1/3( 2

3z
3
2 ) + J−1/3( 2

3z
3
2 )]

Bi(−z) =
(

z
3

) 1
2 [J1/3( 2

3z
3
2 ) + J−1/3( 2

3z
3
2 )].

3. Trivial Estimates

It follows from the asymptotics above that for k large we have the following crude estimates for our
Laguerre function; see Askey and Wainger [1].

|Λδ
k(x)| ≤ C



(xν)
δ
2 if 0 ≤ x ≤ 1

ν ,

(xν)−
1
4 if 1

ν ≤ x ≤ ν
2 ,

ν−
1
4 (ν − x)−

1
4 if ν

2 ≤ x ≤ ν − ν
1
3 ,

ν−
1
3 if ν − ν

1
3 ≤ x ≤ ν + ν

1
3 ,

ν−
1
4 (x− ν)−

1
4 e−γ1ν−

1
2 (x−ν)

3
2 if ν + ν

1
3 ≤ x ≤ 3ν

2 ,

e−γ2x if x ≥ 3ν
2 ,

where γ1, γ2 > 0 are fixed constants.
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1 Recall that Ai(z) and Bi(z) are independent solutions of the differential equation d2y
dz2 = zy and have the integral

representations Ai(z) =
1

π

R∞
0 cos( 1

3
t3 + zt)dt and Bi(z) =

1

π

R∞
0

˘
e

1
3

t3+zt + sin( 1
3
t3 + zt)

¯
dt.


