NOTES ON THE ALMOST EVERYWHERE CONVERGENCE
OF BOCHNER-RIESZ MEANS IN R"

NORBERTO LAGHI NEIL LYALL

ABSTRACT. In this expository note we present a result of Carbery, Rubio de Francia and Vega [1]
on the almost everywhere convergence of Bochner—Riesz means.

1. INTRODUCTION

We are interested in the pointwise convergence of Bochner—Riesz means Tﬁ in R™, these are defined
in terms of the Fourier transform for A > 0 and 0 < R < oo by

TAL(E) = (1- EE)3 7o),
We of course need only consider values of A below the critical index of %(n —1). It follows from
the uniform boundedness principle and scaling that convergence of T}A2 in LP is equivalent to the LP
boundedness of 7* = T}, it is conjectured that this should hold for 0 < A < 1(n —1) if and only if
2n 2n
n+ 142\ n—1-2\
It is easy to show that this inequality is necessary and well known that the conjecture is indeed a
theorem in R?; see [3]. There has been progress in higher dimensions but the problem is still open.

The following result in R™ for n > 2 concerning almost everywhere convergence is due to Carbery,
Rubio de Francia and Vega [1].

=p\<p<pr=

Theorem A. If2 <p < py then Rlim Téf(x) = f(x) almost everywhere for all f € LP(R™).
—0Q

We naturally need to consider the maximal operator: T2 f(z) = supg~q |Taf(x)]. Now for p > 2
almost everywhere convergence is no longer equivalent to the LP boundedness of a corresponding
maximal operator. As a result we can avoid the hard problem of proving LP boundedness, it will
in fact suffice to instead establish the following weighted L? estimate.

Theorem B. If0 < «a <142\ <n then ||T*)\f||L2(|m|fa) < Ca

| fll 22 (| ~) -

Note that 14+ 2\ =n(1 — p%) and that Theorem B implies the almost everywhere convergence of
TH(x) for all f € L?(|x|~®) as Schwartz functions are dense in L?(|z|~%).

The key idea is then to use the fact that LP C L%+ L?(|z|~®) whenever a > n(1— %), which follows
immediately from Holder’s inequality. Then for a fixed p such that 2 < p < p), we can certainly
choose a such that n(1 — %) < a <1+ 2), almost everywhere convergence of Th(x) for all f € LP

then follows from Theorem B.
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2. REDUCTION TO BASIC ESTIMATE

In order to prove Theorem B we are going to decompose the multipliers on dyadic annuli whose
widths are approximately their distances to the sphere |{| = 1. To be precise: choose smooth

functions ¢ supported where % <t < 1 such that 0 < ¢ <1, and 212021 or(t) =1 for % <t <1,

where ¢, (t) = p(2"t). Now define po(t) =1 — >3, ¢x(t), for 0 < ¢ < 3 and @o(t) = 0 otherwise.

Then we have -
L= 1) =D 1= ) en(1 - €P) 22"“ “(le),
k=0

m? " (j€]) = 2 (1 — €2 e (1 - €.

This allows us to decompose the operator

(1) TAf(x 22 REm? " () ().

where

For £ = 0 and 1 the terms are controlled by the Hardy-Littlewood maximal operator which is
bounded in LP(|z|~®) for n(1 — p) < a < n'; see Appendix. We will therefore study operators S?
defined by

SPF(E) = m(tfe) F(€) and SIf(x) = sup| ST (z)].

for 6 < % Notice that given a small § > 0, m®(¢) is a smooth function supported in [1 — §,1], we
have that 0 < m%(t) < 1 and |D'm?(t)| < C6~ for all | € N.

Lemma 1. Ford >0 and 0 < o < n we have

dx dx
/|Sf5 (@) < Codda(s /f P

where Cy, is independent of 6 and
1, if0<a<l,
Ay(6) = < [logd|, ifa=1,
st=e ifl <a<n.

Theorem B is an immediate consequence of Lemma 1; it is clear from (1) that

e _ k
IT2 Fllr2qa)-o) < C D 27FISE fllz2(af-o).
k=0

so setting § = 27% we see that T2 is bounded on L?(|z|~®) provided that A > 0 (in the 0 < a < 1
case) or that A > 271 (in the case when 1 < a < n).

Let L f be the usual Littlewood—Paley operator, defined by f;:f(f) = d)(2k|§\)f(§) where supp ¢ C
[$.4] and ¢(t) = 1 for 3 <t <2. If n(1 — p) < @ < n then we have, see Appendix, that

Cullf oo < | (f: L fwz);

< —ay.
(el = Coll fll Lo (2]

I This condition ensures that |z|~® is an A, weight.



Using this fact we can reduce matters to establishing the local maximal operator estimate
5 2 2
<
(2) HIS§1222 ‘St f(x)|HL2(\x|—0<) = CocAa(é)HfHLz(‘ﬂ—a)-
By homogeneity (2) also holds for Sf{t for any R > 0. Lets now see that this estimate in fact implies
Lemma 1.

5 2 — 0 ;
Isup 17 £ @[ z2gay-e) = llup | sup 1S F @121y

| s istr@r)’

L Qk—lgtgzk

ZH(Z sup |57 (Lif)(@)?)

2k—1<t<2k

L2(Jz| =)

= 3 s, sten ],

L2 (Ja| =)

< Codo(0 ZHka [

O (Siart)’|;

< CoAn(d )HfHL2(|ac|*°‘)'

We are therefore left with verifying estimate (2). Let F(t) = |S? f(z)|, then by the Fundamental
Theorem of Calculus we have

L2 |Z| a

1 1
sup F(t) < F(1) +c|Fl3[I1F"]l5-
1<t<2

d 3 d 3 5
2

fE OF )" < (firw P e +c/uFu 1),
1<t<2 ]

Of course by definition

Therefore

IE @) p2(je-a) = I15° Fll2(faf-o)

1
2 dx
J1etetete = [( [ istrpa)’ ([ igstrwpa) &

<|[([ 1stspar)’ ([ 1strpar)’

-1,
Argument for a = 0: Then we of course have by Plancherel that

IE@ll2 = 15°Fll2 = [m®(| - D Fll2 < CIfll2-

while

L2(Jz[=) L2 (|| =)

Notice also that

2 2 R N 2
i< [Cisirlar= [ [ mociehFiordsat= [IFOF [ m el P
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Now if for fixed ¢ the ¢ integrand is non-zero then necessarily [(1 — 6)|¢|71, €]~ N [1, 2] must be
non-empty, which implies that 1 < |£|~! < 4 and therefore that the effective size of the region of
integration is in fact bounded by 40. It therefore follows that

~ 2 ~
If < / F(OF /1 ne(t)lm? (tI¢]) Pdtdé < / a(ENIFE)IPde < Co| f]3-

Now for I3 notice that |%m‘5(t|§|)| < C|€|6! so arguing as above we get that

13 < [ Badenifora < cs i3,
we therefore have that I7 - Iy < C/||f||3, this establishes Lemma 1 in the special case where a = 0.

We of course wish to obtain this result for 0 < o < n, we claim that proving estimate (2) holds
boils down to establishing the following result.

Lemma 2. Ford >0 and 0 < oo < n we have
18 @R < Caa) [ 1P

|z

This clearly takes care of the F'(1) term, we claim that it also implies I - [s < C A, (9 )HfHL2 (z|-2)"

Claim. Lemma 2 implies that

Proof of Claim. We shall first consider I;, we wish to show that Lemma 2 implies

(3) // 158 1( tW<C A /|f |2|;l‘ra

It follows from duality that this is equivalent to

(4) /‘/2 S8 f,(x) dt‘2|x\adx < CadAa(é)//Q |, () [2dt || .

Lets see this: let T := SP and G(z) := {g:(x)}, then T : L?(|z|~®) — L2 (]2]7%) s0
dx
{Tf, G>L§,t(\x|_a) - // e dtm

// /K5 (y)dy ge(x )d,;lxa
:/f(y)/ /Kf(ﬂc—y)gt( )‘d|adtd3/
= [ [ westan

= ([, T*G) (o)),

2
:/ |$|asg[9t()
1

where (since K7 is even)

(x)dt



So estimate (3) is equivalent to

/‘/ St ’;1;|O‘dt’ — < O, 514 // ’9t | dt |a’

so if we let fi(z) = g¢(x)|x|™ %, this is equivalent to

/(/ 9 f,(x |x]adt’ i<c A // \fu(z |\x|2adtm.

So we have reduced matters to showing that Lemma 2 implies estimate (4).

that is

For 0 < a < 2 we let

D% fla) - (/ |f(m+y)—f(w)\2dy>é’

ly|® ly|™

if a = 2 we replace f with V f and then for 2 < o < 4 define D3 f as above but with f replaced by
V[, etc. Then a simple application of Plancherel’s theorem (see [2], p. 139) shows that

ID% 712 ~ / FORlelde.

By Plancherel, estimate (4) is equivalent to

(5) (Dz/ m®(t] - ) Ful- dtH < CadAn( )/12/\D3ﬁ(§)]2d§dt.

We shall now argue as we did in the model case where a = 0, we see that the left hand side of
estimate (5)

~ 2
[t / mo e fuerar ag = [ ] / ey (P (1) T €-+) —ne (OmP HEN Tt Ty~ dyde.
Now we shall define yg(§,y) to be the characteristic function of the set

E={&y) 6l <1 =0)[g+yl} U{(&y): l§+yl < (1 -09)El},

and notice that

SUpp g4y Nsuppne = 0 <= (§,y) € E.
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With this in mind we write
2 o~
/(D%/ m (¢[€]) fi(€ dt’2d§
= [ [ixe + @ xel€ )] | Tnes@m i + sDTe + )~ neommieDTuear] 1o~y
—c [ [xeen)| [ eat + el m<trf+y|>ﬁ<s+y>—m5<t\s|>ﬁ<§>1dtf|y|—"-adyd§
+ [ [ xun| [ Teommae + ubice + ) - e Fuelan] i ayas
2
. m6 At _m(s /; 2 —n—o
<0 [ [xetew) [ en@ +nerar [ md i+ yDFie + o) m DT aty~ e
2 o~ o~
+ [ [a-xeew) / et [ m (e + s Fe + )~ mOEDT (P dely| ™y
2 o~ o~
< [ [xoteolehnts-+ o)+ Eateh] [ m 1€+ uDFe + ) — m DT (O atlyl " dyee
+ [ [a=xeenigioe) / [mP (£l + Y1) Fo(E +y) — m® (t1g) T Pdtly| " dyde
2 ) k) o~ 2 o
<3 [ [ [ mtle + u)Fie ) — m (e F€) Pty dyde

2 o~
< C / / 1D [md (11¢]) Fu(€)) 2de dt.

So we need to show that m’(¢| - |) is a pointwise multiplier of the homogeneous Sobolev space
L% = {f :|D2 f||2 < co} with a constant < C’aAa(é)%, that is
2

(6) [ DE DT < Cara(o) [ 102 FuePae

uniformly in 1 < ¢ < 2. By homogeneity it suffices to prove (6) for t = 1. Now by Plancherel again
estimate (6) is equivalent to

[18°5@Pleldn < Caa) [ 150 Plal

and this follows from Lemma 2 by duality. Now for the integral Iy we note that

Do (1]e]) = 5 -md(s)

s=t)¢|
So if we define
ml(s) = sé%m‘s(s),

it is easy to see that m’ satisfies the same estimates as m?, if we now define

57 (€)= b (el F (&),

then we have S9f(z) = té%Sff(x). Now since 5S¢ satisfies the same estimates as S the argument
above runs through with a lose of 6. O



3. PROOF OoF LEMMA 2

In the proof of Lemma 2 we shall separate the cases where 0 < o < 1 and where 1 < a < n. In
both cases the proof relies on the following two lemmas that we shall for the moment assume.

Lemma 3. For0 < < % we have
/ FOPAE < Coda(5)5° / (@)L,
|1-1¢1| <6

where C,, is independent of 9.

In particular, for 1 < a < n we have

[ 1fera <o [15@raran,
§1=1

o~ —

and since f(RE) = R7"f(5)(£), that

/ F(RE)Pde < CaR™ / F(2)Pla|odz = CuRO™ / (@) Pl
|€]=1

In the same way we can, for 0 < o < n, rescale the § = % case to obtain

/ F©)Pde = R” / F(RO)2de < CoR™ / (@) Pl d.
sREISSR 3<lel<3

We now let K = K° be the kernel such that K = m?(|¢|) and dyadically decompose our kernel
K(x) = >_; K;(x), where for each j > 1 we have that K is supported where [z| ~ 27671 and Kj is
supported where |x| < C5~!. Then we see that the main contribution to K comes from Ky. The
following Lemma makes this precise.

Lemma 4. For 0 < a <n and all m € N we have

K1 < Cna2™  and / K (r)|r* L < Crp 02796,
0

3.1. Proof of Lemma 2 for 1 < a < n. First notice that A,(6) = 6!~ > 1 and that by
Plancherel we trivially have

186 s < 029 [ 7@

We of course would like to divide both sides by |z|* and we can do this if |z[ is about a non-zero
constant. With this in mind we shall divide R™ into disjoint cubes {Q;}3, with sidelength 275!
each centered at x; with ¢ = 0. It is immediate from the support properties of K; that

/ K f(a)Pde < 02‘j/ |f(2)Pda
|z—;| <2761 |z—x;|<10-276—1
Therefore for |z| > 27§~ we have
d ; d
[ s <o [P

|
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Now for |z| < C2/6~! we use the fact that

[ 16 517 = [ 1K ©PIF©)Pde
/ / F(rw) Pdw| K (r) P tdr

0

by Lemma 3. Now H.f(\JHOO <1, and so Lemma 4 gives that for each m € N,

/ K+ f[2dx < Chpa2 ™5 / (@) o) da,
and hence, by duality
/yK *f|2‘ T < Cra2” mJ&/\f ) [2dz.

Now using the fact that |z|% < 2/%6~%, we see that

/\K FRAE ) otammigie “/If 2

|z Ed
If we now pick m > « + 1, as we are free to do, then we have

g [ 125 < caziate [lp@p e

| |

We are therefore done modulo verifying Lemmas 3 and 4.

3.2. Proof of Lemma 2 for 0 < a < 1. By (6) for ¢t = 1 it shall suffice to show that
IDEm’ f]13 < CaAa(9)D2 FI3-
Now using the following Leibniz rule for DB , namely
D(gh)(2) < lgllwDPh(2) + [1(2) D9 ),
we see that
ID2m’ F|13 < |Imllo|| D2 FII3 + || fD2m? 3.
It therefore suffices to show that

(8) /|f J2[D% md (€)[2de < CaAa /\D%’ ).

Lemma 5. For 0 < o < 2 we have

5@ if 11— €] <29,
DEm’(€))* < Ca qo[1— 7> if 0< ¢ <2,
slg|—on if 1§l =2

Assuming Lemma 5 for the moment we see that the left hand side of equation (8) is dominated by

F©)Pde + /K B G N e G

Il+IQ+I3:5a/
|€1>2

[1—-l¢l[<26



Now it clearly follows from Lemma 3 that
I < CA0) [ If(@)Plal*ds
While

I < Cész(aH)/

k=1 11—

~ 2d Cé - 2d -~ 2d 7
A (/OSM%U(&)\ £+ / RG] )

and

Iy < 05y o ketn) / Flo)de.

k=1 |g|~2F
It then follows from Lemma 3 and the remarks proceeding it that

ZQ’“("‘“)/ 1F(O)|Pde < szA /|f )2 || “dex,
par] |1—Je[|<2-*

de<C / oPde < C 2—’m/ f(2))?|z|de,
/ oo TOP Z Z £(@)2lal

smgz‘ @) d£</2<|5|< M )P de < Ca /f )Pzl dz,

ook [ figpas <0y ot [ Plapeae
=1 k=1

N|w

and
|g]~2k
It therefore follows that

< CAD) [If@Plelde  and 5 < [ |f)Pleda,

and so (8) is established. This completes the proof of Lemma 2 modulo proving Lemma 3, 4 and 5.

4. PROOFS OF LEMMA 3, 4 AND 5

4.1. Proof of Lemma 3. By the usual duality argument it suffice to show that

[ 6P < Cotat@s [ lgla)Pa.

[1—|z[[<é
where suppg C {z : |1 — |z|| < d}. Now if a # 0, then

J50r g = [ o750

_¢ / g% §(@)|a]* " dz

—c [ s@illa -y s dy

|1—|x||<d
[1—[yl|<é

< Ollg|3sup / & — gy,
[1—|yl|<6

xT
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by Schur’s Lemma. Changing variables we see that

/ |z —y|* "dy = / ly|* " dy.
1—yl|<s [1—|z—yl|<s

Now here we are integrating over an annulus centered at x and of width 4. The integral is clearly
majorized if the origin falls inside the annulus, it is then controlled by

/ |v|*"dv = / |o|* " dv + / [v|* "dv = I + I,

|on|<6 |on|<8 |vn|<6
[v'|<1 [v'|<6 5<’|<1

this is easily justified by a switch to tangential and normal coordinates and some error analysis.
Now

)
|| < C’/ r*ldr = 05 < CAy ()0,
0
and

0 1
|I5| < C/ dvn/ [ |* " dy’ = 05/ 7 2dr = C An(6)5%.
0 [v'|>6 5

4.2. Proof of Lemma 4. Recall that K = K? satisfies K(¢) = m%(¢). We shall now make the
decomposition of K precise, we define

‘ ~Je(lz)), ifj=0,
hj(z) = {¢(2j\$|) — (24 2)), ifj>1,

where ¢ is a smooth function with supp ¢ C [%, 2] and ¢(t) =1 for % <t<
kernel K as

[NJ[9M

. We decompose our

=Y Kj(@)  where  Kj(a) = K(x)h;(6).
j=0

We therefore have f(\](g) =m? % hj(5-)(€). If we now let h(z) = ¢(|z|) — ¢(2|x|), then we get that
/m £—2 Jén)/ﬁ(n)dn.

Now since h = 0 in a neighborhood of 0 it follows that [ nﬁﬁ(n)dn = 0, for any multi-index S.
Therefore, expanding m? in a Taylor series about 0 we get

- / Ron (€, )R,

where [Rm (&, 1) < 32 52m 1 DPm? || oo 279 6m|™ < 279m|n|™. Now since h € S(R™), this implies
[K5(6)] < Cr2 ™™,

for all m > 0 and £ € R"™. However, looking at the definition of I/(\](f ) and the fact that suppm® C
[1 —4,1] it follows that if [¢| < 3, then necessarily || > 2771671 and it follows that

Eie)<C / (1 + [n) ="y < C2-migm,
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for any m > 0 and |¢| < . Thus

=

/ R ()| dr < Com2 ™8™,
0
On the other hand consider the set S ={¢ € R": 1 -2 < |{] < 1+ 26}, and look at

| Bt [ R e

—c [IR@uerc [ R

< CR27 ™S + /

i) / md (€ — 279 8)de dn
|n|>27

< szmj5+0|ym5\\oo/ h(n)|dn
[n|>27

< Cp27™8.

4.3. Proof of Lemma 5. Let us first consider the case when |1 — |¢|| < 24; if |y| > ¢, then

[ iy —md @y < [ ey <o
ly[>6 ly|>6

while if |y| < J, then

[ iy —mi @y <07 [ predy <o,
ly|<é ly|>é

since 0 < a < 2. Let us now consider the case when |£| > 2; now this implies that m9(¢) = 0, so if
the integrand is to be non—zero we must have that

E+tyl~1=lyl~ [ £1= |y " * < ClEIT",

therefore we have
DEMS QR = [ (€ ) — mi(©)Plyl " dy < Cle e

Finally we must consider the case where |{| <2 and |1 — |{]| > 2J; we are looking at

1(6) = / y| " dy.
{y:|1—|&+y||<6}

Now 26 < |1 — [¢]| <1 so we can break I(§) into dyadic pieces where |1 — [§]| ~ 277 and § < 277,
Consider the contribution from the annuli |y| ~ 27717 it is straightforward to see that

{y |1 =€ +yl| <8N {yl ~ 2797} < ¢o2- U1,

and hence that I;(¢) < €62~ 0=+ if we now sum in r it follows that

/ yl " dy < ColL — |||,
{y:[1—|&+y|| <6}
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APPENDIX

Here we prove that the Hardy—Littlewood Maximal function and the Littlewood—Paley square
function are bounded on LP(|z|~) whenever n(1—p) < a < n. These two results will be essentially
a consequence of the following weighted LP mapping property of singular integrals.

Proposition 6. Suppose that |K(x)| < Clz|™ and that Tf = f * K is bounded on LP, then

1T fll e ey < Clfllze(a|—e) for n(l—p) <a<n.

Proof. We shall smoothly break our operator into two pieces; a conic neighborhood of the diagonal
x = y of aperture € and the complement of this. Inside the conic region we use the fact that T is
bounded on L? and off the diagonal we observe that |K(x —y)| < Clz —y|™" =~ (|| + |y|)™"

(8) s the conic neghhorbood T
(frmsr )’ = ([ s dy‘pdx);
i fone-onr )
(52t frw (t;-y)x('%)dy\pm;
so(@r [l il

Now since T' is bounded on LP it follows that f — f x K X(%) is also bounded on L? provided
that ¥ € L'. We therefore have that

(f s ) ;§0(22ja / \f(xnp»z(g%)dx)
c( [ 11 doy

(b) Away from the conic neighborhood I'¢: here we have that

(Jirserie) <o [ (sl - a) 22).

Now, of course, there are two main possibilities, where |z — y|™" ~ |z|™" and |z — y|™" =~ |y|™".

B =

| /\
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() |x —y|™™ =~ |=|~™; here we have

(frrsergi) e ([([, 1wl su)e)
=o([(2 /M el ) as)?
(

<cy / a e (f L ) i)’

>1

:CZ(/ |$|_”p—a(2—€”|$’”/|yw2%l |f(y)|W> dl‘);.

>1

3=

Now it follow immediately from Holder’s inequality that

_dy - p__dy
/|;;|~2q;d |f(y)|2*£’n‘;p‘" — (/‘y|~22$l |f(y)| 27[nlz|n dﬂ?) y

( / |Tf<:v)lpjT“;)’l’ <oy / | PP | /lw%| PP e’

=

therefore

>1
—tn(1-1) 5
<e D ([iwr [ el dedy)”
>1 || ~2¢]y|
< 022 —¢1 5 (np—n+a) /‘f ‘p’y‘—ady>
>1

1
<c([1rwray)”.
provided a > n(1 — p).

(ii) |z — y|™™ = |y|™"; here we argue similarly to above and obtain the restriction that « <n. O

Remark. The above argument applies to our operators, as

(1 )fHMHLfZSUPwo\f’*\XBiﬂ

( ) f = (Zk ’ka’ ) < Zk |ka| < |f| Zk (1+2’€\x| N and Zk (1+2k‘ NN < C|x|_n

Note also that the £*° and ¢? norms respectively do not effect the argument inside I'..

REFERENCES

1. Carbery, A., J. Rubio de Francia and L. Vega, Almost everywhere summability of Fourier integrals, J. London
Math. Soc. (2) 38 (1988), 513-524.

2. Stein, E. M., Singular Integrals and Differentiability Properties of Functions, Princeton Univ. Press (1970).

s, Princeton Univ. Press (1993).




