THE DISCRETE SPHERICAL MAXIMAL FUNCTION:
A NEW PROOF OF />-BOUNDEDNESS
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ABSTRACT. We provide a new direct proof of the £2-boundedness of the Discrete Spherical Maximal Function
that neither relies on abstract transference theorems (and hence Stein’s Spherical Maximal Function Theorem)
nor on delicate asymptotics for the Fourier transform of discrete spheres.

1. INTRODUCTION

The study of discrete analogues of central constructs of Euclidean harmonic analysis, initiated by Bourgain
[1], has grown into a vast, active area of research. An important result in this development is the ¢P-
boundedness of the so-called discrete spherical maximal function [5].

Beyond its own intrinsic interest, this operator, or more precisely certain “mollified variants”, play a crucial
role in studying certain geometric point configurations in positive density subsets of the integer lattice, see [2].

Let d > 5, A2 € N, and N, := |[{m € Z¢: |m| = A}|. It is well-known, see for example [7], that
Cd)\d_2 < N, < Cd)\d_Q

for some constants 0 < cq < Cy4. For f : Z¢ — R define the discrete spherical averages

Axf(n) =Ny' > f(n—m)

Im|=X

and the maximal operator
Acf(n) = sup [Axf ()]

The variables n,m in the two equations above, and throughout this short note, are always assumed to be
in Z?. Furthermore, the parameter )\ will always be assumed to satisfy A2 € N.

In [5] it was shown that for p > d/(d — 2) one has the estimate

1A« fllp < Cp.a |l £l

where || f]l, = (3, |f(x)[P)}/P denotes the ¢P(Z?) norm of the function f. It was further noted in [5] that the
condition that d > 5 and p > d/(d — 2) are both sharp.

The approach taken in [5] had three main steps. The first step was to approximate A, by an infinite
sum of simpler operators M:\l/q, each associated to a reduced fraction a/q, with 0 < a/q < 1. A general
abstract transference theorem, which allows one to pass from certain convolution operators on R? to analogous
operators on Z%, was then used to analyze each M;\l/ 9. In particular, this approach makes use of Stein’s
Spherical Maximal Function Theorem [6]. The final step of the argument is to show that the approximation
taken in the first step is adequate, this step uses the full asymptotic expansion for the Fourier transform of
(the indicator function of) the discrete sphere of radius A in Z.

In this note we provide a short direct proof of the 2 case of the main result in [5]. Our direct proof
relies on the observation that one obtains gains in £? for maximal operators at a single dyadic scale, when
applied to functions whose Fourier transform is suitably localized away from rational points with suitably
small denominators, specifically Proposition 1 below. This combined with an almost orthogaonality argument
quickly leads to the proof Theorem 1 below. Note that we do not need the full asymptotic expansion of the
underlying multipliers neither any transference arguments to utilise Stein’s spherical maximal theorem.
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Our main result is the following,
Theorem 1. If d > 5, then
[Afll2 < Call fll2-
2. KEY ESTIMATES FOR MAXIMAL OPERATORS AT A SINGLE DYADIC SCALE

Recall that for f € ¢1(Z%) we define its Fourier transform f: T¢ — C by

fla) =" fnye2mme,

nezd

Before stating Proposition 1 we need to introduce some additional notation. For any integer j > 0 we let
g; =lem{l,2,..., 27} and note that g < e?’. For any non-negative integers j and k that satisfy 2/ < k , we
let

(1) Qip:={aeT :ae -2 27"+ (¢;'2)"}.
Proposition 1. Ifd > 5, k € N, and 1 < j <log,(k) — 2, then one has the estimate

(2) sup Al <2792 e
QkSASQk+1 2

whenever suppfg Qik, where Qj’k denotes the complement of €1, ..

In the Proposition above, and for the rest of this short note, we use the notation A < B to denote that
A < CB for some constant C' that may depend on d, which we consider fixed and greater than or equal to 5.

The proof of Proposition 1 is presented in Section 4, while the reduction of Theorem 1 to Proposition 1 is
presented in Section 3 below. We conclude this section by noting that Proposition 1 immediately implies the
following “mollified variant” of Theorem 1 which is of independent interest.

Theorem 2. Ifd>5,1n>0, and L > qf,, then one has the estimate

(3) | sw jansl] < nilsl
A>n—2L 2

whenever supp f C Q5 ., with Q1 ={a € T¢:a¢[-L7', L7+ (q;lZ)d} and g, = lem{1 < g <n~?}.
Indeed, note that in proving (3) one may restrict the sup to n72L < A < 2n~2L. Choosing k, j € N such

that 2% < 77_2L < 2k+1 and 27 > 77_2 we have that 25779 < L and hence Q1 €y, . Applying Proposition 1
with j and k chosen as above implies Theorem 2.

This provides a slight strengthening of Proposition 5 in [2], more importantly it provides a significantly
simpler direct proof.

3. PROOF OF THEOREM 1

3.1. A smooth sampling function supported on ;. Let ¢ € S(R?) be a Schwartz function satisfying
1(6) < 9(6) < 120(¢)
where Q = [-1/2,1/2]¢ and
W) = [ (w)e P Edr
Rd
denote the Fourier transform of 1 on R%. For a given ¢ € N and L > ¢ we define VgL * 74 - R as

B e () ifme (gz)
Ya.r(m) = {OL : otherwise

Writing m = qr + s with 7 € Z% and s € Z%/qZ?, it follows from Poisson summation that

Vgr(@) = D p(m)e e

mez?
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is a ¢~ '-periodic function on T¢ that satisfies

Yar(a) = > ¥(L(a—/q)).

Lezd

For a given k € N and 0 < j < Ji := [logy (k)] — 2, we now define the sampling function
(4) Wik =g, 200

and note that supp \T/Lk C Qg
Finally we define AV, ;, = ¥, — ¥, and note the important almost orthogonality property they enjoy.
Lemma 1. There exists a constant C = Cgy > 0 such that
> AT () <0
k>2i

uniformly in j € N and a € T?.

Proof of Lemma 1. Note that Qp1,; C Q. ;. Now fix j € N. If a ¢ Qy; ;, then Z\\I/;w-(a) =0.

If @ € Qy; ;, then we define k; = k(j) := max{k > 2« € Q. ;}. Then there exists a unique
(1 € Z% such that |a — £1/q;| < 277F1. Clearly @k’j(a) = 0 if k > ki, while if 2/ < k < k; we have
Uy () = U(28 (a — £1/q;)). Tt therefore follows, by writing AWy ; = (V) ;41 — 1) + (1 — ¥y ;), that

AT ()] < Cy 2o — b1 /g5 < Cy 270
and hence that

AU 4
Z AU, ()]* < Cy Z 9—2(k1—k) < §C‘I" -
k227 1<k<ky

3.2. Proof that Proposition 1 implies Theorem 1. Let
(5) Mpf:= sup |Axf]

ng)\gzk+1
Writing
Je—1

F=FxWot+ Y frAU;+ (f = fTs,)

§=0
it follows by subadditivity that

Jp—1

(6) Myf < My(f % o) + Y My(f % AWy )+ My (f — f+ Vg p,)
j=0

Theorem 1 will now follow from a few observations and applications of Proposition 1, in light of the fact
that

A, f =sup My f.
k
First we note that it is straightforward to verify that the first term on the right in (6) above satisfies
Mi(f Vo) < CoHf
uniformly in k, where

Hfm)=swp | S )

.ot d
>0 (2 2 +1) me[—2¢,2¢]4nzd

denotes the discrete Hardy-Littlewood maximal operator. Since, by the same arguments as in Euclidean
spaces, we have || f|2 < || f]|2, it follows that

SngMk:(f* Uiollle < [ f]l2-
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For the middle terms in (6) we first note that

Ju—1 o Jp—1 /2
st}ip Z Mi(f * ATy ;) < (Z Z Mk(f*A\I/;”)‘ )
3=0 k=0 j=0

Taking ¢? norms of both sides of the inequality above and applying Minkowski’s inequality, followed by an
application of Proposition 1, gives

s 3 s e aw)|, < S (S Ins « awiE)

0<5< Ik j o k>29

<Xz 12( 3 15w awl3) " < £l

k>2
where the last inequality above follows from Lemma 1.

One more application of Proposition 1 with j = [logy k] — 2 to the last term in (6) gives

= (ot remnf) " < (S o)) il < 151

k=1

Hsgp My (f = f* Yk g,)

4. PROOF OF PROPOSITION 1

Fix ¢ = 272k, We start by observing that
e i(|m|? =A%)t SO ilm|? (t+ie) ,—2mir>t
1{|m\:/\}(m):/ eriim dt = > / e2milml(t+ie) o =2miNt gy
0 0

where 1¢,,|=x} denotes the indicator function of the discrete sphere of radius A in Ze.
Since Ny =< A%2 it therefore follows that
1 1
Mpf <  sup ﬂ/ | f * s¢|dt
2k <A<2RHL A 0

where s;(m) = e2imI”(t+i2) and hence that

1 1
e N IR ( | 1s 1n;,k||oodt) 11l

Thus, in order to prove Proposition 1 it suffices to show that
1
(7) /0 |5 1951}9 lloo dt < e (d=2)/29=j/2 ;-1

To do this we will employ the circle method and decompose the interval into Farey arcs, that is neighborhoods
Va,q of reduced rationals a/q which allows us to estimate $;(€) by using Poisson summation and properties
of Gaussian sums. Specifically, we decompose the interval [0,1] into neighborhoods of rationals whose
denominator is smaller than 2* as follows: Let

H={a/qg:1<q<2*0<a<q (aq) =1}
and define
Vaﬁq:{te[o,l]|t—a/q|:£1’é1}:}|t_r|}

Note that, by Dirichlet’s principle, for every t € [0, 1], there exists a/q € H such that |t —a/q| < 27%¢7 1,
thus we have that |V, ,| < 2—k~+1 ~L1. Also, if a/q # a' /¢’ with (a,q) = (a/,¢') =1 and 1 < ¢q,¢' < 2* then
la/q —a'/q'| > 1/(qq") > 27%q 1 , hence |V, 4] > 27%¢~1. Thus the Farey arcs V, , at level 2% provide a
partition (up to endpoints) of [0, 1] into intervals of length |V, ,| ~ 27 Fg~1.

It follows from Poisson summation that for 1 < a < ¢, (a,q) =1, 1 < ¢ < 2¥ one has
®) S0)] < g2 + [y~ 3 e F et e el

Lezd
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for each t € Vo with 7 =t — a/q. The details of the calculation to derive estimate (8) are laid out more
carefully in [3], but they can be briefly summarize as follows: First write §; as a product of one dimensional
functions. An application of Poisson summation and a change of variables leaves a double sum that can
be recognized as a quadratic Gaussian sum, which can be bounded by ¢~'/2, and a sum of terms involving
$-(¢/q — ) which has a simple closed form. See formula (12) in [3].

Since || < 27%¢71, it follows that ¢?(¢ + e~ !|7|?) < 1, and hence that
S e Fla—t/al (et

Lezd
which in turn implies that if ¢ € V;, , with ¢t = a/q + 7, then
) I5illoo < g~ 2 (e + )2,
We write
1
(R A NP S Sl B CEENEUED i Sl SR PN AT
Q‘Qj (aaQ):l @q qqu (a,q):l a,q

In order to estimate the first double sum above we consider separately the case when |7| > 27/2¢ and
|T| < 27/2¢. When |7| > 27/%¢ we use estimate (9) to bound it by

oo

S5 [ a e ae S [ el
Va,q

£24/2

(11) qlg; (a,q)=1 qlg;
< ¢ (d-2)/29—j(d-2)/4 Z q—d/2+1.
qalg;
When |7| < 29/2¢ we note that because q|q; we have that
j
,%‘@7£/q|2/(€+5*1‘7|2) _ *%‘affo/q\Q/(€+sfl|'r\2) 7%|0‘*2/q‘2/(6+671|‘r‘2)
(12) : . ey
ez i
where ¢y denotes the nearest integer to ga. For every a € ij we have |a — %0\ = |a — ‘%M| > 29—k and
’ J

hence that
(13) = Bla—to/al/(e4e T T1*)|  @me(@THP/ATH o me?

since £ + e~ 17]2 < 2-2/e < 2972k, To estimate the sum where ¢ # {; in (12) above we again use the fact
that ¢ + e~ 1|7|2 < 2972%. Since |qga — €] > 1/2 for £ # £y and q|q; with j < log, k — 2 it follows that

q2(5+5_1|7|2) < (229')22]'—% < oko—2k < 9—k
and hence that

& 37 emElactlal /e g2t
1+£0g

Combining estimates (13), and (14) it follows that
10 Tos oo < a2 (e + 7)) 7% (7 4+ 27")
whenever |7| < 29/2¢ and ¢|q;. Further combining this with (11) we obtain that

S X [t et $ 0 [ ) e
Va,q ’

qlgs (a,q)=1 qlg;
< e—(@-2)/2 9=j(d-2)/4 Z g/
qlg;
< e~ (d=2)/29—j(d=2)/4
as the sum over ¢ converges for d > 5.

In order to estimate the second double sum in (10) we need the following observation, whose proof we
delay until after completing the proof of Proposition 1.
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Lemma 2. Givenr > 1, k € N, then
E ¢ < k" (log k)t

HQk
where Qp = lem{l < ¢ <k} and <, denotes less than a constant depending on r.

Using estimate (9) and Lemma 2 one can bound the second double sum in (10) above by

>y

_d/2 (e +|7)~ /2 gy o o—(d— 2/2Zq—d/2+1 < e (d=2)/29—j(d~4)/2 ;1
atg; (a,q)=17Vaua

J
atq;

whenever d > 5 completing the proof of Proposition 1. O

Proof of Lemma 2. If ¢ € N such that ¢ t Q, then either a large power of a small prime divides ¢, or a

large prime divides ¢. Explicitly, for prime p <k, let a, = min{a € N : k < p}. If ¢ { Q then one of the
following must occur:

(i) there exists a p > k such that ¢ = pqy
(ii) there exists a p < k such that ¢ = p®»q;.

In the first case

o< Y pg

(i) holds p>k g1 €N

< Z p "

p>k

SO DD D

m2>0pe[2mk,2m+1k)

2™k
- E 27m7‘k7r - kfrJrl 1 k —1
© m>0 mlog(k) < ( o8 )

In the second case

DITRED IELD S P e :
(ii) holds p<k q1 €N
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