Math 8100 Exam 2
Wednesday the 27th of November 2018

Answer any THREE of the following four problems

1. Let f,g € L'(]0,1]) and for each 0 < z < 1 define

Fa) = / fw)dy and Gla) = / " g(y) dy.
Prove that

/OF(x)g(:c)dx:F(l)G(l)—/O F@)G (@) da.

2. Let ¢ € L'(R™) with [, ¢(x)de =1 and ¢ (x) := ¢t "¢t~ a). Prove that if f : R — C is bounded
and uniformly continuous, then f * ¢; converges uniformly to f as ¢t — 0.

Hint: You may assume, with out proof, that for any € > 0, there exists N such that

/ lo(@)|do < e.
2| >N

3. Let g € L=([0,1]).
(a) Prove that ph—>nolo lgllze o) = lgllze(o,1))-

(b) Let L'([0,1])* denote the space of all continuous linear functional on L'([0,1]). Prove that the
mapping A, : L'([0,1]) — C defined by

Ag(f) = / g

for each f € L'([0,1]) defines an element of L*([0,1])* with norm [|Agl| L1 (0,17« = |9l o ([0,1])-

4. Let {u, 52, be an orthonormal set in a Hilbert space H.

(a) Let « be any element of H. Verify that

N
Hx — Z(z,un>un

n=1

9 N
= [lz]* = Y [{w, un)?
n=1

for any N € N and deduce from this Bessel’s inequality, namely that
o0
>l un)® < ).
n=1

(b) Let {a,} be any element of ¢*(N). Prove that there exist z € H such that a, = (x,u,) for all
n € N, and moreover that x may be chosen so that

foll = (Y Jan?) "

n=1

(c) Prove that if {u,, }52; is complete, namely that it has the property that & = 0 whenever (z, u,) =0
for all n € N, then

(@, un)|? = ||z||* for every z € H.

hE

n=1



