Math 8100 Exam 1
Wednesday the 10th of October 2018

Answer any FOUR of the following five problems

1. Let E be a bounded subset of R™. Prove that the following two statements are equivalent:

(i) For any € > 0, there exists an open set G and closed set F' such that F' C E C G and m(G\ F) < e.
(ii) There exists a G5 set V and an F,, set H such that H C E CV and m(V \ H) = 0.

2. Let {fr}2, be a sequence of extended real-valued Lebesgue measurable functions.
(a) Prove that supy fx is a Lebesgue measurable function

(b) Deduce that if klim fr(z) exists for every x € R™ this is also a Lebesgue measurable function.
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Clearly indicate what definition/properties of Lebesgue measurable functions/sets you are using.

3. (a) Prove that if F C R" is Lebesgue measurable, then for any h € R the translated set
E+h:={z+h:zecE}
is also Lebesgue measurable and satisfies m(E + h) = m(E).

Clearly indicate what definition/properties of Lebesque measurable sets you are using.

(b) Prove that if f is a non-negative measurable function on R™ and h € R™, then 7, f, defined by

™nf(x) = flz—h)

is also a non-negative measurable function and

/f(ﬂf)dx:/f(m—h)da:.

Clearly indicate what definition/properties of the Lebesque integral you are using.

4. Let f :R™ — R be a Lebesgue measurable function.
(a) Prove that
m({a R s [f(@)] > a)) < 2 [ If(@)]ds
for all & > 0.
(b) Prove that
/|f(x)| dr =0 <= [ =0 almost everywhere.

5. Let {f,}?2, be a sequence in L'([0,1]) which converges in L' to a function f.

(a) Prove that f must also be in L([0, 1]).
(b) Give an example illustrating that {f}32,; may not converges to f almost everywhere.

(c) Prove that {f;}72, must however contain a subsequence which converges to f almost everywhere.



