Math 3100 Assignment 8
Continuity and Differentiation
Due at 12:00 pm on Friday the 6th of April 2018

1. Let f:[0,1] — R be continuous with f(0) = f(1).
Show that there must exist z,y € [0,1] satisfying |v — y| = 1/2 and f(x) = f(y).

2. Give an example of each of the following, or provide a short argument for why the request is impossible.

(a) A continuous function defined on [0, 1] with range (0, 1).
(b) A continuous function defined on (0,1) with range [0, 1].
(¢) A continuous function defined on (0,1] with range (0, 1).

3. Suppose f is a continuous function, f(1) = —4, f(-2) = 3, Em f(z) =2and lim f(z)=-1.
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Prove that there exist ¢,d € R so that f(c) < f(z) < f(d) for all z € R.

4. Exactly one of the following requests is impossible. Decide which it is, and provide examples for the
other three. In each case, lets assume that the functions are defined on all of R.

(a) Function f and g not differentiable at o = 0, but where fg is differentiable at z¢ = 0.

(b) A function f not differentiable at g = 0 and a function ¢ differentiable at xg = 0 where fg is
differentiable at xg = 0.

(¢) A function f not differentiable at zo = 0 and a function g differentiable at xg = 0 where f + g is
differentiable at g = 0.

(d) A function f differentiable at xo = 0, but not differentiable at any other point.

5. Use the definition of the derivative to find f’(x¢) for all 2y € R if:

(@) f(z)=va2+1 ) f(z) = -

22, ifx>0
6. (a) Let f(x) = {0 fo<0

i. Compute f'(z) for z # 0.

ii. Use the definition of the derivative to find f’(0).
iii. Is f’ continuous at 07 Give your reasoning.
iv. Does f"(0) exist? Give your reasoning.
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i. Compute ¢'(x) for z # 0.
ii. Use the definition of the derivative to find ¢'(0).
iii. Is ¢’ continuous at 07 Give your reasoning.

iv. Does ¢”(0) exist? Give your reasoning.

(b) Let g(z) =

7. Prove that if g is differentiable at xg, and g(zq) # 0, then 1/g is differentiable at x¢ and
1)’ —g'(xo)
() (o) = —220)
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8. (a) Suppose f is continuous on [a,b], twice differentiable on (a,b), and f”(z) # 0 for all = € (a,b).
Prove carefully that f has at most 2 distinct zeros in [a, b].

Hint: Use Rolle’s Theorem
(b) Prove that the function f(z) = 2% — sinz has precisely two roots.




